
Exercises for Section 4

Lemma 0.1 (Analyticity from derivative bounds) If u ∈ C∞(D) and there exist C1, C2 > 0 such that

‖∂αu‖L2(D) ≤ C1(C2)|α||α|! for all α, (0.1)

then u is real analytic in D.

1. Prove Lemma 0.1 via the following steps.

(a) Show that the result follows if there exists n0 ∈ Z+ such that

‖∂αu‖L∞(D) ≤ C̃1(C̃2)|α|(|α|+ n0)!. (0.2)

Hint: bound the Lagrange form of the remainder in the Taylor-series up to n− 1 terms, i.e.,∑
|α|=n

(x− x′)α

α!

(
∂αu

(
x′ + c(x− x′)

))
,

for some c ∈ (0, 1), and use the consequence of the binomial theorem that∑
|α|=n

n!

α!
= dn. (0.3)

Solution: By (0.2) and (0.3),∣∣∣∣∣∣
∑
|α|=n

(x− x′)α

α!

(
∂αu

(
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))∣∣∣∣∣∣ ≤
∑
|α|=n

n!

α!
(n+ 1) . . . (n+ n0)C̃1(C̃2)n|x− x′|n,

= C̃1(n+ 1) . . . (n+ n0)
(
dC̃2|x− x′|

)n
,

which → 0 as n→∞ if |x− x′| < (dC̃2)−1.

(b) Prove (0.2) using the Sobolev embedding theorem (see, e.g., [1, Theorem 3.26]).

Solution: Let n0 := d(d + 1)/2e. Then, by the Sobolev embedding theorem (see, e.g., [1, Theorem
3.26]), (0.1), and the fact that |α+ β| = |α|+ |α|, there exists C > 0 such that

‖∂αu‖L∞(D) ≤ C
∑
|α|≤n0

∥∥∂α+βu∥∥
L2(D)

≤ C C1 C
|α|
2

( ∑
|α|≤n0

C
|α|
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)
,

≤ C C1 C
|α|
2 (|α|+ n0)!

( ∑
|α|≤n0

C
|α|
2

)
,

so that (0.2) holds with C̃2 := C2 and C̃1 := C C1

(∑
|α|≤n0

C
|α|
2

)
.

2. (Proof of the bound on the solution of the “modified Helmholtz equation”.) Given f ∈ L2(Rd), and A
and n satisfying Assumption 1.1 with Ω− = ∅, let u ∈ H1(Rd) be the solution of −k−2∇· (A∇u) +nu = f
in Rd. Prove that u exists, is unique, and satisfies the bound

‖u‖H1
k(Rd) ≤

1

min
{
Amin, nmin

}‖f‖L2(Rd)

for all k > 0. Hint: consider the variational problem satisfied by u. Solution: u ∈ H1(Rd) is the solution
of the variational problem∫

Rd

k−2(A∇u) · ∇v + nuv =

∫
Rd

fv for all v ∈ H1(Rd).

The sesquilinear form on the left-hand side is continuous and coercive on H1(Rd) (compare to the sesquilin-
ear form in Question 1 from the exercises in §2), with coercivity constant min{Amin, nmin} in the H1

k(Rd)
norm. The result then follows from the Lax–Milgram theorem.

References
[1] W. C. H. McLean. Strongly elliptic systems and boundary integral equations. Cambridge University Press, 2000.

1


