Exercises for Section 4

Lemma 0.1 (Analyticity from derivative bounds) If u € C°°(D) and there exist Cy,Cy > 0 such that
10 12y < C1(C2)! ]! for all a, (0.1)
then wu is real analytic in D.

1. Prove Lemma 0.1 via the following steps.

(a) Show that the result follows if there exists ng € Z* such that
10%ull e () < (@) (Ja] + o)t (0.2)

Hint: bound the Lagrange form of the remainder in the Taylor-series up to n — 1 terms, i.e.,

> E el ot - 21),
|a]=n

for some ¢ € (0,1), and use the consequence of the binomial theorem that

> g =d". (0.3)

loe|=n

Solution: By (0.2) and (0.3),

Z (SE;#(@QIL(:U’JrC(xfx’))) < Z g(n+1)...(n+n0)5'1(52)n|x7x/|n7
lal=n laj=n

= 51(71 +1)...(n+ no)(d52|33 - l‘/|)n,

which — 0 as n — oo if |z — 2/| < (dCy) L.
(b) Prove (0.2) using the Sobolev embedding theorem (see, e.g., [1, Theorem 3.26]).

Solution: Let ng := [(d + 1)/2]. Then, by the Sobolev embedding theorem (see, e.g., [1, Theorem
3.26]), (0.1), and the fact that |« + 8| = |a| + |a], there exists C' > 0 such that

10%ull ey < C D 0% P oy scclc;“'( > c£“<|a+|a|>!),

la|<ng la|<no

<o (ol +no)( Y cé“'),

|| <ng
so that (0.2) holds with Cy := C5 and C := CCl(Z\a\Sno C’éa‘).

2. (Proof of the bound on the solution of the “modified Helmholtz equation”.) Given f € L%(R?), and A
and n satisfying Assumption 1.1 with Q_ = (), let u € H'(R?) be the solution of —k~2V - (AVu) +nu = f
in R%. Prove that u exists, is unique, and satisfies the bound

ol ey < e
u 1 2
Hk(Rd) ~ min {Aminvnmin} L (Rd)

for all k£ > 0. Hint: consider the variational problem satisfied by u. Solution: u € H'(R?) is the solution
of the variational problem

/ k™2(AVu) - Vo + nuv = fo forallv e HY(RY).
Rd Rd

The sesquilinear form on the left-hand side is continuous and coercive on H*(R?) (compare to the sesquilin-
ear form in Question 1 from the exercises in §2), with coercivity constant min{Amin, Nmin } in the H} (R%)
norm. The result then follows from the Lax—Milgram theorem.
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