
Lesson 6

-Random walks on Galton-Watson trees-
-

-
biased .

RW an randomgraphs.

Fix a bias /30 , and define a RW (Xu)

st . Xo = g ,

where g is the root of a treeT :

root- -

-- IF x



Fall all no
,

Fuet
, if Xn= U

,
then Letting To

be the parent of m
,
& U
,-,

and are the offspring of se,

then

(i) if n = - then Ye =We wat ,
Fieh-19

(ii) ifr + &
then

- we
Xn

+ 1
= S Us w . p.d

We denote ET the expectation given
T

.

We can
i to be picked as a Galton-



Watson tree, with law

Define the annealed measure I=[PY()].

altonWatson trees
:

randomtreaesse

Bienayme-WatsonIBierayme

Start with a single particle /individual
,
thet

ConsiderLan integer-valued r
.
w., L 0

,
whose

distribution is called the of springdistribution

Gal :Define En)



Let Zo = 1
.

Forno; given
En
, we

consider ↳vitzu kind.

Copies ofL ,
indep of everything else.

that the i-th individual at generation
We say

n
, gar

1iZu
,

has Li children and set

Enti =

-----



That inductively define a branching process. ↑

This treeI can be finite or infinite.

what is P(IT) = + c) [ ]
This determined by m= [L]

#mut theTo0

↳4 finite as

R : E[En] = m2.



When studying random trees
,

the generating
function of L is an important quantity :

f(z)=[m = E[a] , 360

f'(l) = m = E[L]
, f(0) = p(=0) .

1-

#



Let T be a BGW-tree in the super-critical

regime mc
1
.

Let (m) be a d-biased RW on

T

.

Th(R . Lyons, 1990) .
For me I, a.s. on the event

of
non-extinction ,

the d-biasedRew on T is

it visite the root
-

1)Tramient if o < Xm,finitely many
timesI2) Recurrent if i, m = returns to g as.

We will prove
the (non-critical) cares using

the proof of A .

Collevecchio (2006).



Reminder : The Gambler's ruin
-

Consider a RW on 40, 1 ,2, ... 4 Sit . if Yu=jal ,
·

+ W. P . pelai , ortop .

1- p-

Yu = J- I
Let Yo = 1

,
then : ·

P ( if p + 1-P-Tuto=L # if p=

# Y2



Eroof (of Lons's result)

(2) Recurrence : First moment method.

Fix>1 -

FreY s .
t .

(v=n
~ generation oa

Define : Tv = inf 4k0 : Xm =v

Hu = inghkTr : Xn= )

T



↑Y (X hits level u before)
= PT(wh To < 3)

- [P"(Tuce)
v : (=n

= En
P (Xhitslvdnbefore) . (x-1)

= C . (&"sunnable



By Borel-Cantelli Lenne X returns to >

almost surely

-okm ,
mc1

.

(1)Transience

---
No

2no 340

that e +
0 a. s. (ie .

X recurrent).
Assume

This would imply Th + & as . &Hr < +C as

VET.



Besides ,
starting from TV

,
and up

to Hu
,

the vando-behaves like anew
b-biaseda

(Xr)/Re

Choose no
st

mir (1,

Frano

For a vertex v
,

with IV) = (h-1740
, define up

the number of sites at level kno visited between

times Too & Hp : (Vriv
:Machine

is an iiodgarily.

We will add a parentf to the roots
=>T + 0 a. S .



Follow the coloring schere where :

· I is
colored green

· For any
vertex V

,
N =K . No

,
we

colour so

green if :1) the ancestor of V at generation

CR-1) . No is green , and 2) v is
hit between

time Tv & Hr.
with

This gives us a
branching process

#1
offspring

dist UV.

ET[v]= children of v at generation



EIU] <, moxg no.

=> The coloring scheme is a super-critical

branching process.

= (Xn) is transient.

#
-

-

-

Transient if mc 1,0x m



It (R . Lyous,Demantle
,

& Y
.Peres) Let ockm.

The speed him v exists as upon no-

Think
->

i

extinction .
Moreover f'() = 1

Ciluso if f(a) < x <mI (ii) W =o if <Daf : generating fato of L

q =
P((( + 0) =T

E--
-
-



We will distinguish X1 (bias to the root)

and b21 (dias towards the bottom of the tree).

We will not consider d = 1 (obtained by adopting
the case f'(a)< x < 1

.

1)Thecar1alinearly intime

↳ vertices visited by the walk.

Define the Green function of X on Y

G(x ,y)= (X =y) averagenorta ny
from

d(n) = # children of2.



Prop : Fix (1 and St. X is transient

L
VueY

,

·T
RWhilled J(r , 3) = ↑ (Inco : Xe =y)

at s. j(y) = 4 (Enro : X = y ,
n <Ts).

G( ,m) < Crm) + f(x, 578( ,2) G(4,2)

=> G(m)) =
G(u, m) + G(s ,3).

1- S(3,3) [8(3 ,
3)< 1 From



En parent ofn.

1 - j(a,n)id(1-f(i ,x)

Gambler'sini
As G(u ,m)=g(u ,m)

(iif Grom)

G(u ,2)m G(
#



Pop : /61 .
T St .

X is transient
-

Vash
,

IET]+3) + x - 1

where Ru = /neY : inen3) .

↳of : Fren ,

pT (fje (k , n]
,

Xj = Xm(Xm)xn
,
Xm)

Note
that :



ET[Rn] = 1 + ET[HjeCkn] , XX3]
Towerprope

-1 + ETX)]
EIR]<, 1 +T]

This bound is good for small
, typical degrees.

Otherwise , for large degree , we
can use

E[(1-(a)(Xm=n]=
EIR]c, 1 + ETLIXuBa, I + ETT]



(3) + 1) EY(R)

↳(, )
+ 1 + 2 ET]O+ EY[5]

in

= E[rn]1
#



To obtain the limit
, we

will consider :

Freshepochs : noost . Xn# Xn
,
Fran

Regenerationepoch, imore a

-
Consider T

,
add a parent is to 5. to obtain T.

Y

augmented tree



I
-(T) = 4 [T = +0]

Prom = Pl . (IT1 = +0]

Lemma Let A be a measurable setoite trees

-
Let En be the r-field generated by 4x:Xj],

ocicien .

Let a be an (F)-stopping time

suchthatis a fresh epoch . T :
Subtree at Xa.

TherI
Pron [T* AlFa] = Prom [TeA].

Proof : Left as exercise



Leune : I infinitely many regeneration epochs .
-

-
Proof :

fin Un[E regeneration. N/ Froh]
h+ + 2

lining Prom [Freg. N+h) Furz]
↳ Enon [f(T)]

T pob
that g is a regen . epoch

#


