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Let's prove partB of Solomon's Theorem

↳ Use the environment seen from
the particle.



- = [K, 1JE
,

with KE(0 ,2) , endowed with canonical
product field3.

- For mech
,
we define , Fuel

In : canonical translation
w(x ,1) = p

on th PreservesE Ic(x ,
-1) = 1-Pu

typu = Pity #

Note (52 ,33 , (tu) nee
,

#) is egodic
TFs.Ftrt = A

then PCA)EG0,13)
*Define wn = tyw ,
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R-valued process

Ex : Prove Conluso under Po
,
wer

,
is a Markow

Chain with state space
te and translation Kernd

IRf(w) = pofot ,(2) + (1 -40) got (w),



Vf bounded
,

measurable on they In==Land initial law Su

1) Assume [1]1(= Elb(s)] <0).

Find an invariant probability Q = foR
-

that is (Rh . dQ = Sh - dQ
,

th bondedmeasure
a

Define S(u)4,

with :

f(r)= (1 +j)(,)

- Q is an invariant probat. measure for R.



Note Hutf.
JRh - dQ = (S(w) (Phot , (a) + Cl-porlhot ,(wild

1/a
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= (C) (1+++-) = f()
(1) = Jh(u/fluid = Sh . d Q.

= Q invariant for R .

As 830 P-asy, we
have QP

.
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Q is ergodic

Define =& : Space of -valued trajectories.

: canonical shift on O Er : law of the process

5 : r-field I associated toR started

in ~
. (es)



Ihavetoprovariant set ( "(A) = A)
I#(A) = (()d040 , 13 .

Define 4(r) = PrCA) , for A invariant set

Exercise : Prove that (1) lego is aFo-
-

[martingale
En[1a/wo, -,n] = en)

T1A (Levy's 0-1 law),



Let us prove
that U(W)tho , 13 Qa . s.

4 RY = 0 Q- a . S.

First, assume
that zocacb

,
sit.

Q [YC) -[a,b]] > 0 , and not that

Birkhoff's ergodic Th .

implies
invariat

o

A
E1440) +[a,633([]

Note that Eo[4] =Po[Ycuol +[a ,53]
= Q [ecale[a,b]] To.



This contradictsa(n)-> 1A Pas.

= KleaB Q-a . s .

The second point is obtained by the martingale

-po40
, i

Q [Qcal = 1].

This will imply :

↑ (A) = [(A)dQ = (a(w)dQe40, 1.



To this end
,

note that Q-a . S
,

hence P-a . S
,

[QCulvRU(k, 1s Not (2) + 1 Yot (a)

As U(w) + 20 , 13
,
one

can prove that
9 =Hi

((w) = Yotu(r)
,
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4-as. I B invariant for (tr)
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As P is ergodic for Ctrl
,
we have

P(r(w)= 1) + 40 ,
13 )Q[4()=1] 40 , 13.

Finally , one can prove
that I isunique

Lux Birkhoff's ergodicTh with fotog
Foltg(in)] -- IsdQ



To sun up : We know thatDis an

Fergodicinvariant probet . measure (unique) forR.

Define the local drift : d(u ,w) =4n
- Cl-Put

= 24 - 1

= En[X,
- Xo]

By Birkhoff's ergodic Th,
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This also holds for Pra .

e .
W

Ex:
Prove that Jd(0,4 d=



To conclude
, define the mortingale (withbound

Mn = Xn-Xo-(Xm, w) . Lunder 40%

By Azuma's inequality :

Po[EM-12] = e
-

↑

Choose X = n"t and apply Bovd-Cantelli Lemna

Pas ,
for ea

* - So,4 d=P



2) E[S"] < 1 : Save arguments

3) Assume E1E[s].
We'll use a coupling.

We say
that ww if , Fre 42.
-

For two such environments
,

define a Markov

chain on [ with law For" 3 .

6
.

(Xo
,

Xo) = 10,0)

underT
,

(Xu) has the Same law as under Do

-
(Xi)-Po

E(Xn = Xn'
,

FueN) = 1
.
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ifX=Xn : Xx = 1 + Xn = Xnx = 1 + Xin [vy - Pa]
Xh+ =Xn - 1 => Xu+= Xn-1 [mp . 1 -41]

w .p . 1- (utHE) : YneXn-1, Xi = X +

When at different sites

X walks according to w, independently
X-

M -
-



Sample w from P
,

and define wist
.,

Feet,

pa = Pr (1 - 2) + m + (1- k)
, for ye (0 , 1) (recllK(h)

We can
choon n

close to 1 so that E [51]1.

Therefore for Pae
.
w
,To as

limsupinsup
As we can make the RHS vanish by takinga

closer to o
,
we have that

,
Flo-as

linsup&0.



By the symmetric argument :

limi, o Po-as

=> - o
Do-as

#
We can say more in

the recurrent case :

Sinai's walk(s]] = 0.

↳



r
Let = Ellosisa2]

Llog(ul2·t)

W()(t)=t log (2 : ) x Sign (t) , feR.

(WC(t)) converges weakly to (BBE) +E/

B
.

= standard Brownian motion



Next
,
we

call (a ,
b
, c) , with acoe,

a valley of was if :

wal (6) =
wrl(t)

winl(al =me
Walt4 warl(t)

Y
n()(c) =mat Kepthof (a

,
b
, c)

d(a
,
b
,c)

=min(W(l(a) -W((b),i I warl(c) - Wal(6)}



If ade < 6 are such that

walcel-wal (d) = max (Wil (g) - WiCr)
acucy = b

then (a ,
d
,e) & (e, 6,c) are valleys, obtained

by a left refinement : Similarly ,
one can define

right refinements. ·Define'
= minhto : G((H) = 1)

a =
mahteo : Whl(t) 31]

6 " : WH (60") =minWl



Proceed to a sequence of refinements to
-
finite

find the allest valley Caxtc) s.
t-

an <0 In
and dan

,
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1
.

(Sinai
Ih: For any 770,

P(up-Enk 2)
n+ +0L
-> 0

Kosten identified the limit in law of Ton

Fosm


