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Abstract
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1 Introduction

The goal of these lectures notes is to present questions, as well as a few results, on random walks on the
exclusion process, mostly in dimension 1, where interesting behaviour can possibly be observed. This
process models the motion advected by a turbulent fluid and has been studied, under various forms, in the
physics literature and in the mathematical literature. Later in these notes, we will present some puzzling
questions raised in physics papers, see [3, 8], about a possible super-diffusive regime for the motion of
the particle. We will even attempt to provide a (very) heuristic self-consistent argument, which may
convince someone that, if super-diffusive, the scaling should be of the order of t2{3, which is actually
not the unanimous prediction.
When studying some models of random walks in dynamic random environment, many of the traditional
techniques fail to apply and results become very challenging to obtain. For instance, one of the power-
ful techniques is the martingale approximation theory developed by Kipnis and Varadhan in [11], and
generalised by many others. This technique requires to first understand the environment as seen from
the walker which, for static environments, or reversible models, may be doable. Here, we will see that
describing the environment seen from the walker is far from being easy, if possible at all. Hence, in order
to study models in dynamic environment, where the walk is not reversible and the environment mixed
slowly and non-uniformly, hence needs to develop new techniques in order to handle the long-range
correlations created along the trajectory of the walk.
The general questions we will be interested in are around the recurrence/transience of the walk, whether
it obeys a law of large numbers, i.e. if Xn{n converges almost surely to some limiting speed v, and
whether a central limit theorem holds (a standard diffusive behaviour), or if one could expect some
atypical fluctuations.

We will first review a static version of the model, where the environment is random but fixed through
time. We will be interested in some of the atypical behaviours that have been proved for this model in
[13]. In the second section, we will see our first example of dynamic environment: the independent spin
flips. Unlike the exclusion process, this model mixes fast and uniformly, which allows one to develop
regeneration methods to obtain limit theorems. In the third section, we will finally present the model of
the random walk on the exclusion process, and discuss the results and proof of [9, 6].

2 The static model on Z

We will here define a very particular case of random walk in random environment, far from being the
most general model one can be interested in, or has been understood. Our goal is simply to introduce a
static version of a model with dynamic environment where the environment is induced by some interact-
ing particle system. We will also use a simple case for the law of the walk, again with the idea that we
simply want to showcase the results available and some of the atypical behaviour that can be observed.
Generally speaking, random walks in random environments model the motion of a particle in a medium
with impurities.

The environment. Let us start by defining our environment. Colour each vertex of Z black with
probability ρ P p0, 1q, or white with probability 1 ´ ρ, independently over all vertices. This defines a
random collection η “ pηpxqqxPZ in t0, 1uZ of independent Bernoulli random variable with parameter ρ,
where we interpret a “1” (or black vertex) as an environment particle, and a “0” as a hole (i.e. a location
without a particle). We call the parameter ρ the density of the environment, since it corresponds to the
average density of particles in it. We will denote Pρ the law of η with density ρ P p0, 1q, and Eρ the
corresponding expectation.

The walk. Fix a parameter p‚ P p1{2, 1q. Fix a realisation η of the environment under Pρ and let us
define a nearest-neighbour discrete-time walk pXnqně0 conditionally on the realisation η. Let X0 “ 0
and, for n ě 0, Xn`1 P tXn ´ 1, Xn ` 1u and the evolution of the walk is given by the conditional
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transition probability

P η pXn`1 “ Xn ` 1|Fnq “

"

p‚ if ηpXnq “ 1,
1 ´ p‚ if ηpXnq “ 0,

where Fn “ σpX0, . . . , Xnq. This process is pictured in Figure 1 below.

1− p•p• p•1− p•

Figure 1: A random walk in a random environment η, where a vertex x is coloured black if ηpxq “ 1 and white if ηpxq “ 0.

This provides the law of pXnq when the realisation of the environment has been fixed, i.e. under P η

which is referred to as the quenched law of the walk. One can also look at the law of walk after averaging
over the environment by defining Pρr¨s “ EρrP ηp¨qs. The measure Pρ then provides the annealed law
of the walk, and we will denote Eρ the corresponding expectation.
Under the quenched law, pXnq is nothing else than a Markov chain, but in a totally inhomogeneous
medium. Under the annealed law, the medium is average, which should smooth things out, but one
drawback is that pXnq is not a Markov chain anymore but becomes a self-interacting random walk:
indeed, knowing the steps the walk took at x in the past provides information on the environment there
and thus condition/influence the future evolution of the walk.

The results. A more general version of this model has been studied by Solomon [13] in 1975. As we will
see below, this result is pretty much complete as far as recurrence/transience and law of large numbers
go. The fluctuations of the walk has been studied as well, as we will see with results of Sinai [12] and of
Kesten [10] which show a heavily sub-diffusive behaviour.

Theorem 2.1 (Corollary of [13]). Let ρ P p0, 1q and p‚ P p1{2, 1q.

A. (i) If ρ ą 1{2 then Xn Ñ `8 Pρ-almost surely;

(ii) If ρ ă 1{2 then Xn Ñ ´8 Pρ-almost surely;

(iii) If ρ “ 1{2 then Xn is recurrent, i.e. lim supnXn “ ´ lim infnXn “ `8, Pρ-almost surely.

B. We have that limnÑ8
Xn
n “ vpρq, Pρ-almost surely, where

(i) If ρ ą p‚ then

vpρq “
p2p‚ ´ 1qpρ ´ p‚q

p‚ ´ ρp2p‚ ´ 1q
ą 0;

(ii) If ρ ă 1 ´ p‚ then

vpρq “ ´
p2p‚ ´ 1qpρ ´ 1 ` p‚q

1 ´ p‚ ` ρp2p‚ ´ 1q
ă 0;

(iii) If ρ P r1 ´ p‚, p‚s, then vpρq “ 0.

Remark 2.2. This result is quite complete in dimension one. Much less can be said in dimension two and
more. A reason for that seems to be that this random walk is reversible only in dimension one, which
allows one to study it via martingale methods and using the environment seen from the walker, as we
will see in the proof below. In higher dimensions, reversibility is lost and these techniques collapse.

Remark 2.3. As can be seen in the result above, there exists, in dimension one, a regime where the walk
is transient, say to `8, but has a limiting speed equal to 0, which is often called a transient sub-ballistic
regime. Here, this happens when ρ P p1{2, p‚s. We can see a graph of the function vp¨q in Figure 2,
showing this extended zero-speed regime. Below, we will see that the question of a transient zero-speed
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Figure 2: Graph of vpρq for p‚ “ 3{4.

regime for random walks on the exclusion process remained open until recently.
It should be noted that it is conjectured that this phenomenon is purely one-dimensional, in the sense

that, for dimension two and more, if the random walk is transient in a given direction ℓ (and assuming it
is uniformly elliptic), then it has to be ballistic, i.e. Xn{n converges a.s. to some non-zero vector (which
has a positive scalar product with ℓ). This is the content of Sznitman’s conjecture, who proved it under
a stronger transience assumption in [14], known as Condition (T). A lot of work has been done towards
solving this conjecture, in particular weakening Condition (T), see e.g. [2] among many other and more
recent progress. Nevertheless, proving the conjecture, or proving that Condition (T) holds, still remains
open and challenging today and is one of the central questions on the topic.

Proof. Here, we give a very partial proof of Theorem 2.1 due to Solomon. Throughout these notes,
we will be more concerned about communicating the general ideas and methods of proofs rather than
providing a complete proof, and we trust the reader to go and read the references given if they wish to
understand the details of the proofs. The complete proof of a more general version of this result can be
found in Solomon’s original paper [13] or the excellent notes by Sznitman [15].

Proof of Apiq. Here, we want to that when p‚ ą 1{2, then the walk is transient to the right. The argument
is purely based on a standard martingale method, hence it is pretty straightforward.... one you found the
martingale! Here, viewed from today’s modern techniques and in particular electrical networks, it is easy
to see that this martingale is actually the signed resistance from 0 to the position of walk, which is now
a usual suspect, hence should not be surprising anymore.
For an environment η P t0, 1uZ, define the function fη : Z Ñ R by

fηpxq “

$

’

&

’

%

´
řx´1

z“0

´

1´p‚

p‚

¯

řz
k“1p2ηpkq´1q

if x ě 0,

ř´1
z“x

´

1´p‚

p‚

¯´
ř0

k“z`1p2ηpkq´1q

if x ă 0,

noting that fηp0q “ 0 and fηp1q “ ´1.

Exercise 1. Prove that fη is harmonic, that is, prove that, for all x P Z,

pηpxqf
ηpx ` 1q ` p1 ´ pηpxqqf

ηpx ´ 1q “ fηpxq,

where we use the notation pηpxq “ p‚1tηpxq“1u ` p1 ´ p‚q1tηpxq“0u.
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Once you have proved the exercise above (because I know all of you will do it, obviously), it is a
standard fact that this implies that

the process pfη pXnqqn the process is a martingale.

Now, let us rewrite slightly fη as

fηpxq “

$

’

&

’

%

´
řx´1

z“0 exp
´

´z ln
´

p‚

1´p‚

¯
řz

k“1p2ηpkq´1q

z

¯

if x ě 0,

ř´1
z“x exp

ˆ

|z| ln
´

p‚

1´p‚

¯
ř0

k“z`1p2ηpkq´1q

|z|

˙

if x ă 0.
(2.1)

Since we are proving piq, we are in the case where p‚ ą 1{2, and thus, by the usual law of large numbers
for i.i.d. random variables, we have that

lim
zÑ`8

řz
k“1p2ηpkq ´ 1q

z
“ lim

zÑ´8

ř0
k“z`1p2ηpkq ´ 1q

|z|
“ 2ρ ´ 1 ą 0, Pρ-a.s.,

which thus implies that

lim
xÑ`8

fηpxq exists and is finite Pρ-a.s., while lim
xÑ´8

fηpxq “ `8.

By the martingale convergence theorem and because, Pρ-a.s., pfη pXnqqn is a lower-bounded martingale
and therefore converges fη pXnq P η-a.s. to a finite limit, which necessarily implies that Xn Ñ `8

(otherwise, either the process would not converge, or would diverge to infinity). The proof of Apiiq is
identical.

Proof of Apiiiq. Now, we assume ρ “ 1{2. So, under Pρ, the processes z ÞÑ
řz

k“1p2ηpkq ´ 1q and
z ÞÑ

ř0
k“´z`1p2ηpkq ´ 1q, for z ě 0 are simply symmetric simple random walks, and thus, one has

that, Pρ almost surely,

lim inf
zÑ`8

z
ÿ

k“1

p2ηpkq ´ 1q “ ´8 and lim sup
zÑ´8

0
ÿ

k“z`1

p2ηpkq ´ 1q “ `8.

Therefore, both sums appearing on the right-hand side of (2.1) have infinitely many terms greater than 1
as |x| goes to infinity. Hence, one has that, Pρ-a.s., limxÑ`8 fηpxq “ ´8 and limxÑ´8 fηpxq “ `8.
Now, let A P Z, let TA “ inftk ě 0 : Xk “ Au and consider the stopped martingale pfη pXn^TA

qqn.
This martingale is lower-bounded if A ą 0, resp. upper bounded if A ă 0, hence, by the martingale
convergence theorem, converges to a finite value P η almost surely. Therefore, the only possibility is that
it converges to A, that is TA ă 8 Pρ-a.s. (or P η-a.s., for Pρ-almost all η). This implies that pXnqn is
recurrent.

Proof of B piq: The environment seen from the walker. Here, we use this occasion to introduce the
method of the environment seen from the walker in a relatively simple context. This technique is very
powerful, when it can be applied. The basic idea is to observe, at any given time, the environment from
the point of view of the random walker: consequently, the picture we will see around us will evolve with
time and we obtain a process living in the space of environments. If one can understand the evolution
of this process, for instance by proving that it is a reversible Markov chain with some invariant measure
(hopefully absolutely continuous with the a priori measure), then this will give us access to the environ-
ment surrounding the walker at large time and understand the local drift of the walk, eventually enabling
us to prove a law of large numbers and identify the speed of the walk, typically via some martingale
approximation.
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Let us define the shift operator θ¨ as follows: for all y P Z, θyη is an environment on t0, 1uZ such
that θyηpxq “ ηpx ` yq. Then, the environment seen from the walker is the process pηnqn on t0, 1uZ,
defined, for all n P N, by

ηn “ θXnη.

In particular, we have that ηnp0q “ ηpXnq is the state of the environment at the location of the walk at
time n. Let us also define the local drift of the walk at time n P N by

dpXn, ηq “ p2p‚ ´ 1qηnp0q ´ p2p‚ ´ 1qp1 ´ ηnp0qq.

For all n P N, let us define

(2.2) Mn “ Xn ´

n´1
ÿ

k“0

dpXk, ηq.

It is easy to check that pMnqn is a martingale. Moreover, since |Mn`1 ´ Mn| ď 2 almost surely, we
obtain by Azuma-Hoeffding inequality that

P η
´

Mn ą n3{4
¯

ď exp

ˆ

´

?
n

4

˙

.

The above right-hand side is summable, hence by the first Borel-Cantelli lemma, we obtain

lim
nÑ`8

Mn

n
ÝÑ 0 Pρ-almost surely.

Hence, in view of the above and (2.2), proving a law of large numbers for Xn boils down to proving a
law of large numbers for the integrated local drift on the right-hand side (2.2). For this purpose, we will
study pηnqn the environment seen from the walker, as a Markov chain with kernel R given by

Rhpηq “ pηp0qh ˝ θ1pηq ` p1 ´ pηp0qqh ˝ θ´1pηq,

where we again use the notation pηp0q “ p‚ηp0q ` p1 ´ p‚qp1 ´ ηp0qq. Now, we would like to find an
invariant measure for this process: finding one may be easy (e.g. if the original measure is invariant) but
here the formula is not exactly straightforward even if it becomes less surprising when interpreted as a
multiple the effective resistance on the right of the walker.

Exercise 2. Define the function g : t0, 1uZ Ñ R` by

(2.3) gpηq “ vpρq ˆ
1

pηp0q

ˆ

`8
ÿ

y“0

ˆ

1 ´ p‚

p‚

˙

y
ÿ

k“1

p2ηpkq ´ 1q

,

where vpρq is the expression given in the statement of B piq. Prove that Q “ gPρ is an invariant
probability measure for the kernel R. In other words, prove that, for all bounded measure function h,
ş

RhdQ “
ş

hdQ, and that the total mass is equal to 1.

Since g ą 0, we have that Q „ Pρ, that is, they are mutually absolutely continuous. Moreover,
from quite general arguments, see [4], one can prove that Q is the unique ergodic invariant probability
measure that is absolutely continuous with respect to Pρ.
Finally, by Birkhoff’s ergodic theorem, we have that, Q-a.s., and thus Pρ-a.s.,

lim
nÑ8

1

n

n´1
ÿ

k“0

dpXk, ηq “ lim
nÑ8

1

n

n´1
ÿ

k“0

dp0, ηkq “ Q rdp0, ηqs .

Exercise 3. Calculate from (2.3) that

Q rdp0, ηqs “ vpρq.
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The above exercise allows us to conclude the law of large numbers for Xn{n with limiting speed
vpρq.

Proof of B piiq: This one is identical as above, with symmetric arguments.

Proof of B piiiq: We will describe only briefly how to prove this point, which is done via coupling.
Consider ρ P r1 ´ p‚, p‚s, which is equivalent to p‚ ě ρ and p‚ ě 1 ´ ρ. We will define three
environments: the original η, an environment η´ with lesser density, and an environment η` with greater
density.
For ε P p0, 1´p‚q, define ρ` “ ρ` pp‚ ´ρq `ε ą ρ and ρ´ “ ρ` p1´p‚ ´ρq ´ε ă ρ. We will define
the triplet pη´, η, η`q such that, under some coupling measure Pρ,ε, pη´pzq, ηpzq, η`pzqq are i.i.d. for
z P Z and

pη´pzq, ηpzq, η`pzqq “

$

’

’

&

’

’

%

p0, 0, 0q with probability 1 ´ ρ`,
p0, 0, 1q with probability ρ` ´ ρ,
p0, 1, 1q with probability ρ ´ ρ´,
p1, 1, 1q with probability ρ´.

In particular, note that, Pρ,ε-almost surely, η´pzq ď ηpzq ď η`pzq for all z P Z. Now, one can naturally
define three coupled walks on these environments pXnqn on η, pX

p`q
n qn on η` and pX

p´q
n qn on η´, so

that they all start at 0 and X
p´q
n ď Xn ď X

p`q
n , almost surely for all n ě 0 (let them walk independently

in their respective environments when they do not share their location, and couple them monotonically
when they are on the same site, using that their environments are nicely ordered).
Now, note that ρ` ą p‚ and ρ´ ă 1 ´ p‚, then both X

p`q
n and X

p´q
n satisfy a law of large numbers with

the velocities given in Bpiq and Bpiiq, hence we have that

´
ε

1 ´ ε
ď lim inf

Xn

n
ď lim sup

Xn

n
ď ε

2p‚ ´ 1

p‚ ´ pp‚ ` εqp2p‚ ´ 1q
.

Intuitive explanation for the transient zero-speed regime. Here, we want to provide a more intuitive
justification for the zero-speed regime in Bpiiiq, which will explain, qualitatively, why this is happening.
According to the statement, we have a zero-speed transient regime if 1{2 ă ρ ă p‚, but here we will
restrict ourselves to p‚ ą 2{3 and 1{2 ă ρ ă p2p‚ ´ 1q{p‚, since it will make the exposition simpler
(but more precise computations can be done to obtain the full result).
Start by considering an interval of length roughly c lnpnq which is empty for the environment, for some
c ą 0 to be chosen later. That is, we work on the event, for some z P Z,

Enpzq “

tc lnpnqu´1
č

x“0

tηpx ` zq “ 0u .

On this event, let’s look at how the time Tz it takes for the random walk to cross from the left-end to the
right-end of the interval rz, z ` tc lnpnqu ´ 1s, reflecting at z: by standard Gambler’s ruin estimates, the
expectation of this crossing time is equal to

(2.4) E rTzs ě c0 exp

ˆ

c lnpnq ln

ˆ

p‚

1 ´ p‚

˙˙

“ c0n
c ln

´

p‚
1´p‚

¯

.

Now, observe the probability for the environment to create such an interval which is completely empty:

Pρ pEnpzqq ě p1 ´ ρqc lnpnq “ nc lnp1´ρq.

Then, we can estimate the probability to see such an empty interval somewhere between 0 and n, by
simply considering the non-overlapping intervals of length c lnpnq (i.e. choosing z multiple of c lnpnq),
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so that we can use independence. Define the event:

En “

tpn`1q{tc lnpnquu
ď

k“0

En pktc lnpnquq

Pρ pEnq ě 1 ´

´

1 ´ nc lnp1´ρq
¯

n
c lnpnq

´1

ě 1 ´ exp

ˆ

´

ˆ

n

c lnpnq
´ 1

˙

nc lnp1´ρq

˙

.

Choosing c P p0,´1{ lnp1 ´ ρqq, we have that Pρ pEnq ě 1{2 as soon as n is large enough.
Now, on the event En, the time Tn it takes to go from 0 to n is lower bounded by the time just to cross the
one empty interval once, hence its expectation is lower-bounded by the expectation calculated in (2.4),
hence we have

Eρ rTns ě Eρ rTn| EnsPρ pEnq ě n
c ln

´

p‚
1´p‚

¯

ˆ
1

2
.

If we can choose c so that the probability above is larger than n by an order, than the time it takes to go
from 0 to n will be larger than na for some a ą 1, which indicates that Xn{n can only converge to 0.
So, all in all, we need to be able to choose c such that

1

ln
´

p‚

1´p‚

¯ ă c ă ´
1

ln p1 ´ ρq
.

This is possible as soon as the interval p1{2, p2p‚ ´1q{p‚q is non-empty and ρ belongs to it. This interval
is non-empty for p‚ ą 2{3.

Fluctuations in the recurrent case, at ρ “ 1{2. Let us say a word about the fluctuations in the recurrent
regime, known as Sinai random walk. Here, even if the martingale in the proof above could satisfy a CLT,
the position of the walk itself does not satisfy a CLT. Indeed, it was proved by Sinai [12] that the position
of the walk is actually heavily sub-diffusive and is typically at distance ln2pnq at time n. The limit in
law of Xn{ ln2pnq was identified by Kesten [10] and as a nice description. We will describe Kesten’s
result at the intuitive level. The description below is not very accurate, we ignore some subtilities and
technicalities in the hope to convey the idea of what is happening more clearly.

If ρ “ 1{2, the environment can be described, as mentioned above, as a potential which in this case

ln(n)

0

1 > ln(n)

a
b

L

y z

Figure 3: Graph of vpρq for p‚ “ 3{4.

is nothing else than a symmetric simple random walk trajectory, going up at sites where ηpxq “ 0 and
down if ηpxq “ 1. The random walk on this environment is then driven by the negative gradient of
this potential. The potential will therefore have peaks and valleys (since it looks like a random walk
trajectory), and there exists a valley of depth larger than lnpnq which is the closest to 0, i.e. there is a
closest point y ă 0 and a closest point z ą 0 where the values of the potential exceed lnpnq. Let x be
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the minimum of the potential between y and z (this is not exactly true, but let’s think of x as such). This
valley may itself contain other deep valleys. Then, Kesten defines a refinement procedure that allows to
find the valley of depth larger than lnpnq for which the walk is the most likely to go and hit the bottom of
this valley, say x, quickly. It will take a very long time to escape the depths of this valley, exponential in
the depth of the valley and thus of an order longer than time n. Since the potential behaves like a random
walk, x is typically at depth of order lnpnq for the potential and thus x is of order ln2pnq. Hence, at time
n, Xn will be concentrated around this local minimiser, at distance of order ln2pnq.

3 Dynamic environments

In this section, we start discussing random walk on dynamic environment and point out to the difficulties
encountered when trying to use the environment seen from the walker. The main object of these notes
is the random walk on the exclusion process, which presents several difficulties: among those, 1) the
random walk is not reversible, nor is the environment seen from the walker, 2) the environment is non-
uniformly mixing, and 3) the environment mixes slowly. As we will see below, the lack of reversibility
is not a definite barrier towards using methods à la Kipnis-Varadhan to study the environment seen from
the walker but makes it certainly harder. We will argue below that, even being optimistic in thinking that
one could in principle find an explicit invariant measure for the environment seen from the walker, there
are other barriers that seem to indicate that this route is not likely to be successful, due to the strong and
persisting interactions of the model.
We start by discussing a first model, which shares some of the features above, but where the environment
mixes fast and uniformly, which enables us to use probabilistic methods in order to prove limit theorems
on the trajectory of the walk.

3.1. A nice example: the random walk on independent spin flips. Here, we start considering the
case where the environment is dynamical, described by a Markov process pηtpxq, x P Zqtě0 on t0, 1uZ.
We initiate this process by choosing pη0pxq, x P Zq to be a collection of i.i.d. Bernoulli random variables
with parameter ρ P p0, 1q, where ρ will again be the density of the environment. The dynamic of this
Markov process are then given by the generator

Lfpηq “
ÿ

xPZ
νρ

`

fpηx,1q ´ fpηq
˘

`
ÿ

xPZ
νp1 ´ ρq

`

fpηx,0q ´ fpηq
˘

,

where, for i P t0, 1u, ηx,ipxq “ i and ηx,ipzq “ ηpzq for all z P Zztxu, and where ν ą 0 is the rate of
the environment. In words, at rate ν, each site x updates independently its configuration, taking value 1
with probability ρ and 0 with probability 1 ´ ρ. Let us denote P the law of the environment (we do not
emphasise the parameters since they will be fixed throughout).
Similarly as before, we now define the random walk pXnqn by first fixing a realisation of pηtqt and
defining X0 “ 0 and, for all n ě 0,

(3.1) P η pXn`1 “ Xn ` 1|Fnq “

"

p‚ if ηnpXnq “ 1,
1 ´ p‚ if ηnpXnq “ 0,

where Fn “ σpX0, . . . , Xnq. Here again P η is the quenched law of the walk and we can define the
annealed law P of pXnq by integrating this measure against the law P of the environment.

What are the traditional methods one may want to use? A natural approach is to see the (centred)
position of the walk as a martingale plus some additive process, which is nothing else that the integrated
local drift of the walk, similarly to what we established in (2.2). This integrated local drift can then itself
be seen as a martingale plus an error term: two points one may want to prove would then be that the error
term is small and that this second martingale does not ‘cancel out’ with the first martingale, i.e. the sum
of these martingales has a non-trivial variance.
1. The classical Kipnis-Varadhan approach [11]. This is an analytical/algebraic L2 method to prove
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central limit theorems. A key starting point to apply this strategy is to work under the invariant measure
for the environment seen from the walker: in the better cases, this invariant measure is explicit and it is
known that the initial law of the environment is absolutely continuous with respect to it (or even better if
they are the same measures). Generally, while it is often possible to know the existence of an invariant
measure seen from the walker (for instance by considering the Cesàro mean), the absolute continuity is
very far from trivial. We will describe the method in the continuous-time setting, since some quantities
are nicer to write down in that case. We consider some environment pηtqtě0 wit. As above, we define
the environment seen from the walker η “ pηtqtě0 by setting, for all t ě 0,

ηt “ θXt ˝ ηt,

that is, ηtpcotq “ ηtpXt ` ¨q. This process has a generator which can be written as the sum of the
generator coming from the dynamics of the environment and the generator coming from the jumps of
the random walk, but we can also write it L “ S ` A, where S is the symmetric part and A the anti-
symmetric part of the generator in L2pµq. If we assume that we start the process with measure µ which
is reversible, and invariant, for η, then the anti-symmetric part vanishes. Let’s work in that case. Then,
the Kipnis-Varadhan approach is a martingale approximation, where we write

(3.2) Xt “ M
p1q

t `

ż t

0
dpηsqds,

where dp¨q is the instantaneous drift and M p1q is a martingale. Now the idea, is that M p1q should easily
satisfy a CLT and then the goal is to prove that the integrated drift also satisfies a CLT. We will work in
the case where the drift has mean 0 under µ, for simplicity (but things apply anyway if not). To prove
that the integrated drift satisfies a CLT, we write it as a sum of another martingale and an error term,
often called the corrector:

(3.3)
ż t

0
dpηsqds “ M

p2q

t ` χt.

Again, the martingale M p2q should easily satisfy a CLT. Then, then conclusion follows if we then prove
two things: 1) the error term behaves sub-diffusively (i.e. χt{

?
t goes to 0 in L2pµq), and 2) the variance

of M p1q ` M p2q is non-trivial in the sense that it grows linearly, i.e. the two martingales do not cancel
out each other.
To handle the error term, one can try and prove that the Green-Kubo condition is satisfied, which can be
written as

(3.4)
ż `8

0
Eµ rdpη0qdpηtqs dt ă `8.

One can see that the above integral says something about the correlations along the trajectory of the
walk. This condition can be dealt with either if the correlations are clearly decaying fast enough or
if some symmetry considerations, such as reversibility, allow to control the integral (we will comment
more about this below). Note that, in the general non-reversible case (i.e. when the anti-symmetric part
A of the generator does not vanish), then the integral above is taken over the dynamics for S only.
Proving that the sum M p1q ` M p2q has a linearly growing variance seems to be more model dependent
and indicates that, along the walk, there is always a non-trivial local noise: the noise coming from
the randomness of the random walk cannot be completely compensated by the noise coming from the
environment.
Let us note that reversibility is not strictly necessary, and can be replaced by other conditions such as
the Sector condition (which control the influence of the anti-symmetric part in terms of the Dirichlet
form of the symmetric part), or by properties of the observable considered (the drift) for instance if
it is divergence-free, i.e. the spatial gradient of some function, which allows to prove the Green-Kubo
condition.
A famous example where this technique was applied, by Kipnis and Varadhan themselves [11], is to
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prove a CLT for the motion of a tagged particle of a simple symmetric exclusion process, in dimension
two and more. In that case, the environment seen from the walker has the product measure as reversible
(invariant) measure, with an extra particle at 0 (this is the tagged particle). The Green-Kubo condition is
satisfied due to the reversibility, which can be interpreted by the fact that any initial local drift will quickly
be washed away: this is true in all dimension, including dimension 1. The fact that the martingale part
has a linearly growing variance is true only in dimension two and more, not in dimension 1: in higher
dimension, the tagged particle can easily go around any local trap, which is not the case in dimension 1
(hence the noise of the walk is compensated by the noise of the environment), where the motion of the
tagged particle is actually sub-diffusive.
2. L2-perturbations approach. In the example we want to consider in this section, the random walk
on independent spin flips, it is already much less clear what would be the invariant measure for the
environment seen from walker and whether absolute continuity holds (even though we know it exists,
as mentioned above). Hence, it is hard to even get a start with the Kipnis-Varadhan method. For this
reason, other methods have been developed: here we will briefly discuss the strategy adopted by Avena,
Blondel and Faggionato in [1]. The idea for this paper is to consider the case where the random walk is a
perturbation of an “unperturbed” random walk, where this reference walk has an invariant measure µ for
the environment seen from the walker. Moreover, it is assumed that the environment satisfies a Poincaré
inequality, which is an algebraic statement (asking for a spectral gap) which implies that the environment
is exponentially mixing, in the sense that there exist a constant CP P p0,8q such that, for any functions
f and g in L2pµq, we have

|Covµ pfpη0q, gpηtqq| ď e
´ t

CP ¨

c

Varµ

´

fppηq

¯

¨ Varµ

´

gppηq

¯

.

The method is quite similar to Kipnis-Varadhan in the sense that the authors use a martingale approxi-
mation as in (3.2) and (3.3) above and prove that the corrector χt behaves sub-diffusively. The Poincaré
inequality allows to control the correlations along the trajectory of walk, similar to (3.4), and also to
compare the random walk to the unperturbed random walk. Their results apply to the random walk on
the independent spin flips as long as the rate of the environment belongs to some explicit interval, or if
the bias of the walk is close enough to zero (with an explicit bound in terms of the Poincarè constant).
Below, we provide an alternative proof.

3. Regeneration methods. Here, we will consider the random walk defined at the start of Section 3.1
and prove a law of large numbers and a central limit theorem by constructing regeneration times, very
much in the spirit of the cone-mixing of Comets and Zeitouni [5]. For this purpose, let us first define a

Figure 4: Graphical construction: the arrows are functions of the uniform random variables and the environment at each space-
time point. Figure taken from [6].

graphical construction for the random walk, depicted in Figure 4.
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To each space-time point px, nq P Z ˆ N, we attach a uniform random variable Ux,n, such that these
random variables are i.i.d. over x and n. Then, given the environment pηtqt, we generate the walk by
fixing X0 “ 0 and, for n P N, if Xn “ x, then we let

Xn`1 “

"

Xn ´ 1 if Ux,n ă p‚ ´ p2p‚ ´ 1qηnpxq,
Xn ` 1 if Ux,n ě p‚ ´ p2p‚ ´ 1qηnpxq.

It is straightforward to check that the step has the same distribution as in (3.6). We extend the quenched
and annealed measures to include those extra random variables. Stated as such, the random walk is then
a function of the environment and of the uniform random variables.
Below, it will be convenient to consider the environment from time ´1 rather than 0, hence we naturally
extend ηt to all times t ě ´1.
For each space-time point px, nq P Z ˆ N, let us define the space-time cone rooted at px, nq by

Cx,n “ tpy, tq : t ě 0, x ´ t ď y ď x ` tu ,

which is depicted in Figure 5. When started at px, nq, since its trajectory is Lipschitz, the walk will stay
inside the this cone Cx,n from time n onwards.

t

Zx

n

Cx,n

Figure 5: The cone Cx,n.

Regeneration will occur at px, nq when the following good event occurs:

Bx,n “
č

yPZ
Bx,npyq where Bx,npyq “ tpηn´1`spyqqsą0 updates before time |y ´ x|u .

On this good event Bx,n, we have that ppηkpyq, Uy,kq, py, kq P Cx,nqq is independent of the collection
ppηtq0ďtďn´1, pU¨,kq0ďkďn´1q, since all points in the space-time cone have updated their configuration
for the environment since time n ´ 1. Observing (3.6), one can see that, under the annealed law P,
pXn`k ´ Xnqkě0 is independent of pXkq0ďkďn, since the former a function of ppηkpyq, Uy,kq, py, kq P

Cx,nqq and the latter is a function of ppηtq0ďtďn´1, pU¨,kq0ďkďn´1q.
In words, on if Xn “ x and on Bx,n, the future increments of the walk are independent of its past
trajectory: this is what we call a regeneration event.
Now let us prove that a regeneration happens with constant probability, regardless of the past. Indeed,
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using that Bx,n is measurable with respect to pηt, t ą n ´ 1q, which is independent of Fn, we have that

P pBx,n|Fnq “ P pB0,0q

“
ź

yPZ

´

1 ´ e´ν¨p1`|y´x|q
¯

“
`

1 ´ e´ν
˘

exp

˜

2
8
ÿ

k“1

ln
´

1 ´ e´ν¨k
¯

¸

“ Cpνq,

where Cpνq is a positive constant, since
ř8

k“1 e
´ν¨k ă 8. This tells us that, for any time n, as long as

we have not revealed information about the environment after time n ´ 1, we have a constant chance
of regenerating. Intuitively, we can already guess that we will achieve regeneration after a geometric
number of attempts. But, when we observe that regeneration fails at a given point, say p0, 0q, i.e. we
observe Bc

0,0, this conditions the future of the environment (and thus of the walk), hence we need to
control the failure time R0, which is a time after which we can safely attempt regeneration, without
suffering from conditioning. Let us define

R0 “ sup t1 ` |y| : y P Z and B0,0pyq failsu ,

see Figure 6 for a depiction. Indeed, if R0 is finite, then after time R0, for each y P Z, we have either

t

Z

C0,0

−1
0

R0 − 1

Figure 6: The red disks are places where the environment locally updates its configurations. The red lines hitting the cone C0,0

with a cross depicts locations where the environment does not update its configuration on time; all those locations are within
distance R0 ´ 1 from the origin.

observe 1) that ηtpyq has refreshed on time, thus its configuration is unconditioned in the cone C0,0, or
2) that ηtpyq has not refreshed by time |R0|, but its refresh rate after that random time is again ν, by
memoryless property.
We now need to control how big the failure time R0; if it cannot be too big than one can see that
the random walk will try and fails regeneration a few times (a geometric number of times), each time
loosing a time distributed like R0, and then it will achieve regeneration. This should allow us to control
the time to the first regeneration event. For all t ą 0, we have that, for some positive constant c whose
value changes from line to line, and as long as t is large enough (only depending on ν), we have by a
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computation similar as for Bx,n,

P
`

R0 ě t ` 1|Bc
0,0

˘

“ 1 ´
P

´

Ť

y:|y|ătB
c
0,0pyq

¯

P
´

Ť

yPZB
c
0,0pyq

¯ P

¨

˝

č

y:|y|ět

B0,0pyq

˛

‚

ď 1 ´
1

2

ź

y:|y|ět

P pB0,0pyqq

“ 1 ´
1

2
exp

¨

˝2
8
ÿ

k“rts

ln
´

1 ´ e´ν¨k
¯

˛

‚

ď 1 ´
1

2
exp

¨

˝´4
8
ÿ

k“rts

e´ν¨k

˛

‚

ď 1 ´
1

2
expp´ce´νtq

ď ce´νt.

(3.5)

Hence, on the event Bc
0,0, we have a very good control on the tail of R0. Note that, on the event B0,0, we

have that R0 “ `8.
It is now time to define our first regeneration time τ1. For this purpose, let us define S0 “ 0 and, for all
k P N,

Sk`1 “ Sk ` θSk
˝ R0,

where θ¨ is the canonical shift along trajectories. Define the following random index:

K “ inf tk ě 0 : Sk ă 8 and Sk`1 “ 8u .

Then, we define the first regeneration time to be

τ1 “ SK .

Note that, one can write

τ1 “

G
ÿ

i“1

Rpiq,

where G is a geometric random variable on N (so, possibly 0), with success parameter Cpνq, and Rpiq,
i ě 1, is an i.i.d. family of random variables, independent of G, and distributed like R0 under P

`

¨|Bc
0,0

˘

.
Hence, since these random variables have exponential tails by (3.5) and G is geometric, we have that

E rτm1 s ă 8 for all m P N.

This regeneration time τ1 “ τ1pX, ηq is not a stopping time. But τ1 has the renewal property that,
starting from τ1, since the walk will stay inside CXτ1 ,τ1

, and the environment inside that cone has a fresh
configuration (from the starting, invariant distribution), the future increments of the walk are independent
of its past and distributed as the law of the walk starting from 0. In particular, we can repeat this
construction in order the second regeneration time, the third one, etc. We define, for all k ě 1,

τk`1 “ τ1 ` τk pXτ1`¨ ´ Xτ1 , ητ1`¨ pXτ1 ` ¨qq .

The key property is the following: setting τ0 “ 0, the collection
´

`

Xpn`τkq^τk`1
´ Xτk

˘

ně0
, pτk`1 ´ τkq , k ě 0

¯

is independent and identically distributed, with the same law as pXτ1 , τ1q under Pρ. In words, the incre-
ments of the walk between two regeneration times are i.id. and the times between two regeneration times
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are i.i.d. as well. From there, it becomes quite easy to obtain a law of large numbers and a (functional)
Central limit theorem. Indeed, note that, using the usual law of large numbers for i.i.d. random variables,
we obtain

Xτk

k
“

1

k

k´1
ÿ

i“0

`

Xτi`1 ´ Xτi

˘

ÝÑ E rXτ1s a.s. as k Ñ `8

τk
k

“
1

k

k´1
ÿ

i“0

pτi`1 ´ τiq ÝÑ E rτ1s a.s. as k Ñ `8.

This implies that, almost surely,

lim
kÑ`8

Xτk

τk
“

E rXτ1s

E rτ1s
“: vpρq.

A simple interpolation argument, justifying that, at time n, we are never too far from the previous or next
regeneration time, one obtains that Xn{n converges almost surely to vpρq as well. The proof for the CLT
goes along the same lines, we’ll give a rough argument that the reader should be able to make rigorous
without too much difficulty. For n P N, denote kn the index such that τkn is the closest regeneration time
around n (for a rigorous argument, one should consider the last and next regeneration times), and note
that one can write

Xn ´ nvpρq
?
n

«
Xτkn

´ τknvpρq
?
kn

¨

d

kn
τkn

.

Similarly as before, using the traditional central limit theorem for sums of i.i.d. random variables, the
first term on the right-hand side converges in distribution to a centred Gaussian random variable, while
the second term converges in probability to the square root of 1{Erτ1s. Therefore, the product converges
in distribution to a centred Gaussian random variable. Moreover, it can be shown that the variance is
non-trivial and can be expressed in term of the variance of the walk at τ1 and the variance of τ1. With a
bit of work, but using standard arguments for the convergence of stochastic processes, one can turn this
to a functional central limit theorem and obtain

ˆ

Xtntu ´ ntvpρq
?
n

˙

tě0

ñ pBtqtě0 ,

where the convergence holds in distribution, for the annealed measure Pρ, in the space of càdlàg functions
equipped with the Skorohod topology.

Remark 3.1. It is not too hard to see that the argument above can be carried on very similarly for the
same model define on Zd, d ě 2.

Remarks on the mixing properties of the environment. What makes the regeneration argument above
work particularly well is the fact that the environment we consider has excellent mixing properties.
First, the mixing is exponentially fast, meaning that it does not take long for the environment to become
random again after observing it. Second, this mixing is uniform, meaning that the mixing properties stay
excellent, regardless of the observation we make: however bad is the configuration, the environment will
become random and typical very quickly. For instance, looking back at the Green-Kubo condition in
(3.4), one can argue that, for instance at ρ “ 1{2,

E rdpη0qdpηtqs “ p2p‚ ´ 1q2P ppηsp0qsě0 does not update by time tq ď cd´νt,

which is clearly integrable. In the next model we consider, the environment will not be uniformly mixing
and the mixing will be slow.

Remarks on the properties of vp¨q. We proved that a law of large numbers holds for all densities ρ P

p0, 1q, with diffusive fluctuations. It can be easily proved, by symmetry arguments, that we necessarily
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have that vp1{2q “ 0. Moreover, at ρ “ 1{2, using for instance a result from [7], one has that the
walk is recurrent. Now, we can even prove continuity and strict monotonicity of vp¨q on p0, 1q. This can
be done by coupling monotonically two environments, one with density ρ and one with density ρ ` ε;
then coupling two random walks, on of each of those environments, such that the first walk always stays
on the left of the second walk; finally, one has to consider joint regeneration times, meaning times one
regeneration happens on some sort of double cone, with one root at each of the positions of the random
walks. This construction is a bit more technical, but will enjoy the same nice properties as before,
in particular the first regeneration time will behave very nicely and have all moments. On one hand,
taking ε small enough, the probability to see any difference between the two environments can be made
arbitrarily small, providing continuity. On the other hand, for ε ą 0, there is always a positive probability
that the two walks separate right at their last step before regeneration, providing strict monotonicity. This
argument will work well because the regeneration structure we defined works for any density ρ P p0, 1q,
and actually the regeneration event does not depend on the density, only on the update times. So, it
should be not too hard for the reader to believe that the speed for this model looks like pictured in Figure
7. This should be put in contrast with Figure 1 and what happens for the random walk on static random

ρ

v(·)

0
1/2

1

Figure 7: Speed for the random walk on independent spin flips. The speed is strictly monotone and continuous, with value 0
at 1{2. The derivative is likely not correct, this is just for illustration purposes.

environment, where an open interval of densities have speed 0. Below, we will explain that this was
an open question to know if this could happen for the random walk on the exclusion process, where
the environment is dynamic, but much slower than the independent splin flips, and conservative, with
long-range correlations.

3.2. The random walk on the simple symmetric exclusion process. This model is defined very sim-
ilarly to what we did in the section above, except that the environment now is given by the states of
a symmetric simple exclusion process. The exclusion process describes the motions of particles each
performing a continuous-time symmetric simple random walk, at the exception that they obey the exclu-
sion rule, meaning that they are not allowed to jump on top of each other, thus any jump leading to two
particles being at the same location at the same time is suppressed. Now because all that matters for the
random walk on top of that environment is the occupation field of that process, i.e. whether there is a par-
ticle at a given location at a given time, it is equivalent to consider the interchange process instead. For
the interchange process, all location have a particle or a whole, and each edge has an exponential clock;
when the clock rings, we swap the state of the two neighbouring vertices (possible changing nothing to
the occupation field). It is not too hard to see that the occupation field of these two environments are the
same. On the other hand, if we decide to tag a particle and follow its trajectory, this two models are very
different: for the interchange process, a tagged particle will simple behave like a simple random walk
(for the exclusion, the tagged particle behaves very differently and is actually sub-diffusive in dimension
one).
So, let us now define the model, using the interchange model. Consider a Markov process pηtpxq, x P

Zqtě0 on t0, 1uZ. We initiate this process by choosing pη0pxq, x P Zq to be a collection of i.i.d. Bernoulli
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random variables with parameter ρ P p0, 1q, where ρ will again be the density of the environment. The
dynamic of this Markov process are then given by the generator

Lfpηq “
ÿ

xPZ
ν

`

fpηx,x`1q ´ fpηq
˘

,

where ηx,x`1pxq “ x`1, ηx,x`1px`1q “ x and ηx,x`1pzq “ ηpzq for all z P Zztx, x`1u> As before,
ν ą 0 is the rate of the environment. Let us denote Pρ the law of the environment.
Again, we now define the random walk pXnqn by first fixing a realisation of pηtqt and defining X0 “ 0
and, for all n ě 0, Xn`1 ´ Xn P t´1, 1u, with

(3.6) P η pXn`1 “ Xn ` 1|Fnq “

"

p‚ if ηnpXnq “ 1,
p˝ if ηnpXnq “ 0,

where Fn “ σpX0, . . . , Xnq. Here, we define two parameters such that 0 ă p˝ ă p‚ ă 1, which are the
two biases that the walk will use depending on whether it is on top of a whole or a particle at the time
and location of the jump.
Once again, P η is the quenched law of the walk and we can define the annealed law Pρ of pXnq by
integrating this measure against the law Pρ of the environment.

Why is this model hard to study? The environment we consider, the exclusion process, has massive
differences compared to the environment of the previous section. The exclusion is a conservative sys-
tem, meaning that the particles do not ever disappear or appear in the system, and its mixing is both
non-uniform and slow. The fact that the mixing is non-uniform can for instance be seen as follows: let’s
observe the environment over a finite interval at time 0, and let’s ask what is the probability to see a par-
ticle at location 0 at time t, conditional on this observation. If the mixing was uniform, this probability
would be close to ρ, regardless of the event we observe at time 0. Here, on one hand, we can consider a
large interval at time 0, around 0, and consider the event where this whole interval is empty of particles:
then, the probability of seeing a particle at 0 at time t can be made arbitrarily small by taking the size of
the interval large enough (a particle would need to travel for outside this interval to 0 by time t, which
is not likely). On the other hand, if we consider the event where this interval is full of particles, then the
probability to see a particle at 0 at time t can be made arbitrarily close to 1.
Next, the mixing is quadratic: if we observe a box of size n, it takes a time at least n2 for it to look
random again, which is a very long time! Alternatively, consider the interchange process and the event
that there is a particle at 0 at time 0, then the probability to see the same particle back at 0 at time t is of
the order of 1{

?
t, since this particle performs a simple random walk. This means that the correlations in

space-time can decay very slowly for some events: here 1{
?
t is considered slow, for instance because it

is not integrable.
Could we apply the Kipnis-Varadhan method? Well, we can certainly define the environment seen
from the walker. General arguments would give the existence of an invariant measure for it, but proving
that our initial product measure is absolutely continuous with respect to it is a whole different story,
and a priori not trivial at all. Hence, to apply Kipnis-Varadhan, we would need to have a good idea of
what is the invariant measure for the environment seen from the walker, and then prove some absolute
continuity, possibly uniqueness, or something that allows us to conclude that convergence towards this
measure happens. It turns out that the product measure is not invariant for the environment seen from
the walker (no product measure is). Someone more optimistic than the author may object that this only
means that we were not able to find this convenient measure, which is fair enough. But, let us provide a
better argument why we believe that Kipnis-Varadhan is not likely to work in that context.
Consider the case where p˝ “ 1 ´ p‚ and ρ “ 1{2, for simplicity, and let’s assume we believe that the
walk is diffusive in that case (which is not clear, as we will explain below). Assume that a much more
clever friend provide us with a very convenient invariant measure seen from the walker, and let’s even
make it reversible, which is the best case scenario. But now, remember that a key element is the conver-
gence of the integral of the two-point function in the Green-Kubo condition given in (3.4). Remember
that this condition involves the product of the instantaneous drift at 0 and at time t. Considering the
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interchange process as environment, each particle or hole perform a simple random walk. At time 0, the
walker observe the configuration at 0 seeing, say, a particle (the same holds with a hole), then at time
t, either this particle will be at the same location where Xt stands providing a positive correlation, or it
will be somewhere else, and in this case, the correlation will be 0. Note that there should be any negative
correlation created, since seeing a particle at time 0 should not increase the chances to see a hole at time
t. Now, we know that this environment particle is diffusive and if we believe that the walk is diffusive as
well, they will both be distributed at time t over a window of order

?
t, hence the probability that they

land at the same position should be of the order
?
t as well (we do not claim that this part is rigorous,

due to the interactions along the trajectories, but we believe that this is reasonable). We give a depiction
of this event in Figure 8. Hence, one can write

Z

time

t

0 Z

time

t

0

≈
√
t

Figure 8: On the left-hand side, the event where the random walk meets again the same environment particle at time t as the
one it saw at time 0. Since, for the interchange process, holes also behave like simple random walk, this red dot could be an
actual particle for the environment, or a whole. On the right-hand side, we have the event where the particle/hole from time 0
lands at a different location than Xt: in that case, Xt stands on top of this green dot which represents either a hole or a particle
and each case should happen with probability 1{2, by symmetry.

(3.7)
ż `8

0
Eµ rdpη0qdpηtqs dt ě

ż `8

0

c
?
t
dt “ `8.

We do not claim at all that this argument is rigorous, or even actually true, but we believe it to be a
convincing hint that, even being optimistic about the invariant measure seen from the walker, the strong
correlations along the trajectory of the walk for this model makes it very unlikely to be able to apply a
method along the lines of Kipnis-Varadhan, at least not without having a major innovative approach that
would allow to deal with those long-range correlations.
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