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Abstract

This thesis formulation report (TFR) explores plug-and-play (PnP) regularisation tech-
niques for imaging inverse problems, with a particular focus on computed tomography (CT).
Inverse problems involve reconstructing a quantity of interest from indirect and often noisy
measurements, which can lead to instability when inverting the forward model directly.
Regularisation has been widely used to combat these issues with traditional techniques of-
ten relying on handcrafted regularisers to impose properties such as smoothness. Recently,
data-driven methods, such as PnP, offer an adaptive approach by integrating learned priors
from training data. This report reviews variable-splitting algorithms with various denoisers
in a PnP framework and studies their fixed-point convergence theorems. Numerical exper-
iments demonstrate PnP’s effectiveness in CT, empirically test the fixed-point convergence
theorems and analyse the residual noise distribution of denoisers compared to the measure-
ment noise in the inverse problem. Overall, this work lays the foundations for research ideas
to be pursued in a forthcoming PhD.
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CBSD - Colour Berkley Segmentation Dataset
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BM3D - Block Matching 3D
CNN - Convolutional Neural Network
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1 INTRODUCTION

1 Introduction

1.1 Background and motivation

In inverse problems, we are interested in reconstructing unknown quantities from an observation.
Often a forward model or operator is used to describe the measurement process to obtain this ob-
servation. For example, in computed tomography (CT) the task is to reconstruct the image of the
object of interest (e.g. an organ in a human body), using a sinogram measurement, which is related
to the absorption pattern of transmitted X-rays. Other examples include image deblurring and de-
noising [Scherzer et al. (2009)] each with the main goal of reconstructing the quantities of interest.

We have an unknown ground truth & € X given an observation y € ), where X', ) are Hilbert spaces.
Note that in practical applications, such as medical imaging, these spaces are always approximated by
finite dimensions for computation. In this instance, the image pixel resolution might be determined
by measuring equipment that can only take 1024 x 1024 pixels for example. The two quantities are
related by a forward operator (usually known) A : X — ) such that

y=Ax+e (1.1)

where € denotes noise for the observation (e.g. additive Gaussian noise). A common forward operator
is the Radon transform used in CT, which will be the main application used in this report (see Sec-
tion 2.3). This report only considers (1.1) in finite dimensions (e.g. * € R",y,e € R™ A € R™*")
and discrete linear inverse problems, where A is a linear operator.

The challenge with inverse problems such as (1.1) is that often these problems are ill-posed against
Hadamard’s criteria for well-posedness [Hadamard (1902)]. This is where the inverse problem
violates the following conditions for the solution x to be well-posed:

1. A solution exists for all y € )
2. The solution is unique

3. The solution depends continuously on data, i.e. small errors in y, result in small errors in x
(stable to perturbations).

For our purposes, we assume that the first two conditions are satisfied, while the third condition is
violated. This implies that our focus lies on the noise present in y, which induces instability in our so-
lution . The resulting estimate for @ is amplified with noise if the forward model is inverted naively.

A popular method to overcome the ill-posedness is to use variational methods for regularisation,
where for (1.1) we solve
¥ =argmin{ f(x) + Ag(x) } (1.2)
x ~—— ——

data fidelity  regulariser

where x* is a minimiser and f(«) is the data-fidelity term, trying to best approximate the solution,
e.g. f(x)= % | Az — y||3. The term g is a regularisation functional representing a regulariser with a
regularisation parameter A > 0, to keep (1.2) well-posed. This functional can encode prior knowledge
about @« in the reconstruction. An example for g is using total variational (T'V) regularisation where
g =TV(z) = ||Vz||1 [Rudin et al. (1992)]. Often these methods are hand-crafted by being analyt-
ically defined to reconstruct the characteristics of a solution, for example, the edges or smoothness

of the ground truth (see Figure 1 for an example).
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(a) Zero-fill reconstruction (b) Hand crafted TV prior (c) CNN-based reconstruction

Figure 1: Comparison of different reconstruction methods for magnetic resonance imaging (MRI)
from sub-sampled data of a human body. (a) Zero-fill - setting unknown data measurements to zero
naively, (b) total variation (TV), (c) a convolutional neural network (CNN) [Habring and Holler
(2023)]

Recently, data-driven methods such as plug-and-play (PnP) [Venkatakrishnan et al. (2013)], algo-
rithm unrolling [Monga et al. (2020)] and adversarial regularisers [Lunz et al. (2019)], have been used
to learn what features of the ground truth to construct, as well as the regularity of the solution from
training data (Figure 1). These are often more adaptable to different data than classical methods
and have given interesting insights into tackling inverse problems as indicated in a review paper by
Habring and Holler (2023) on such data-driven techniques.

1.2 Report structure

The main focus of this report is on PnP methods for data-driven regularisation. We begin with
the mathematical preliminaries involving the optimisation framework and algorithms required for
PnP, while introducing the CT inverse problem application (Section 2). In the next two sections, we
concentrate on the PnP setup from a theoretical and a numerical perspective. First, we concentrate
on the PnP literature with its theoretical formulation, involving the adaptations of these algorithms
with different plug-in Gaussian denoisers, alongside an overview of theorems regarding the fixed-
point convergence of such adapted algorithms (Section 3). When tracking the development of these
theorems and denoisers used in PnP, this leads us to a particular interest in gradient-step denoisers
(Section 3.4). Then for the numerical experiments, we first put the PnP theory into practice for the
CT inverse problem, with investigations using different types of images and empirically testing the
fixed-point convergence theorems (Section 4.1).

Next, there is a focus on the denoising operation of classical and deep learning denoisers for this
inverse problem (Section 4.2). Here, we investigate the type of noise a denoiser removes within the
steps of a PnP algorithm and how this type of noise may change over algorithm iterations when com-
pared to the assumed measurement noise (e.g. Gaussian) of the inverse problem. We study whether
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this “residual noise” distribution (the difference between the inversion and denoising steps in the
algorithms) matches the assumed measurement noise distribution for the inverse problem. From the
PnP literature [Venkatakrishnan et al. (2013); Zhang et al. (2021)], one might expect these noise
distributions to match, but this remains an open question. In our experiments, we aim to test the
hypothesis that the measurement noise is linked to the noise the denoisers remove across algorithm
iterations. For instance, the change of measurement noise (e.g. Gaussian to Poisson) might not be
always replicated in the corresponding denoiser’s residual noise distribution.

We then conclude this report with a discussion reviewing PnP as a whole with our numerical experi-
ments and look forward to ideas of what the PhD would entail for the immediate future (Section 5).
Some of these potential ideas include, further investigating the impact of types of measurement
noise affecting the denoisers, taking PnP forward in other formulations such as a consensus-based
optimisation framework [Buzzard et al. (2018)] and looking into the wider industry application of
PnP compared to other data-driven regularisation methods.

Note that, while this report focuses mainly on PnP regularisation, the overarching PhD theme will
be on data-driven regularisation methods in general, for imaging inverse problems.
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2 Mathematical preliminaries

Before we discuss the main parts of this report, we will first look at some mathematical preliminaries
such as the optimisation framework and algorithm settings for PnP to work.

2.1 Maximum a-posteriori optimisation framework

Data-driven methods for regularisation often build from the Bayesian perspective of (1.1) [Habring
and Holler (2023)]. First, let X and Y be finite-dimensional. Then, @,y and € are modelled
as random variables X and Y (with values in X and ) respectively) with € as Gaussian noise,
N(0,0%1d) for Id € R™ = Y as the identity operator in finite dimensions. We use Bayes’ theorem
on the posterior distribution of P(x|y)

P(y|z)P(x)
P(zly) = ~ P (2.1)
—log P(x]y) = —log P(y|x) —logP(x) + logP(y) (2.2)
posterior likelihood prior

where P(y|x) is the data likelihood and P(x) is the prior distribution of the ground truth & € X'
We can seek the maximum a-posteriori (MAP) estimate where we maximise P(x|y) to find x*

x* = argmax {P(x|y)} = argmin {— log P(y|x) — logP(x)} . (2.3)
By letting the data-fidelity term f(x) := —logP(y|x) and regularisation term g(x) := —logP(x)
we retrieve (1.2)
x* = argmin {f(z) + Ag(z)}, (2.4)
x

giving the general MAP estimate formulation for proper (function is not co everywhere) and lower
semi-continuous (l.s.c) functions f,g : R™ — R. Note that we can consider f to be convex and
sometimes differentiable but g is non-convex. For the Gaussian noise case with standard deviation
o, we have differentiable f(x) = 31|y — Ax||3 and g(x) is weighted by the regularisation parameter
A = 02, The relationship between (1.2) and (2.4) exists for other types of noise, where f(x) can
have different expressions. For instance with Poisson noise, f(x) is the Kullback-Leibler divergence

f(x) = ;yz log <(1§/;)Z> + (Ax); — y;, where y; > 0 and (Ax); > 0, (2.5)
for the measurement y = (y1,...,ym)’ € R™ from (1.1).

Often the data-likelihood term P(y|x) is modelled by the forward model and the prior P(z) is mod-
elled by various methods including classical priors such as total variation. Here we focus on the
data-driven approaches in particular PnP, which uses different priors that can often be trained on
different datasets than the inverse problem we use the prior for. In the latter case, we would like to
train a model that can approximate a quantity related to P(x). The goal is to use this prior distri-
bution to combat the ill-posedness of the problem, by modelling realistic priors to fit the problem
setting.

Generally (2.4) cannot be solved analytically and numerical optimisation algorithms are required.
In the next section, we discuss such algorithms and later on (Section 3) we see how they can be
adapted in the PnP setting.
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2.2 First-order variable-splitting algorithms

When solving (2.4), we can consider optimising for f(x) and g(x) separately into two sub-problems,
one focusing on the data fidelity f and the other on the regulariser g. This splitting into the different
sub-problems, allows one to optimise on two separate problems more easily than solving the entire
problem itself. The algorithms used for variable-splitting, often stem from the use of a proximal
operator.

Definition 2.1. (Prozimal operator)
For a proper and l.s.c f : R®™ — R, the proximal operator of f denoted by Proxy is the point to set
mapping defined by

Proa (&) = argmin { £(9) + 512 ~ 911} (2.6

yeRn

The use of the proximal operator is beneficial when either f or ¢ is not smooth. In this report, we
extensively use two first-order proximal variable-splitting algorithms, which only contain the first
derivative of f, while also using the proximal operator on f and g. These are proximal gradient
descent and alternating direction method of multipliers.

2.2.1 Proximal gradient descent (PGD)

Proximal gradient descent (PGD) or forward-backward splitting (FBS) [Chambolle and Pock (2016)]
is an optimisation algorithm that alternates between the conventional gradient descent on f (‘for-
ward’ step), while also using the proximal operator on g (‘backward’ step, see Algorithm 1).

Algorithm 1: PGD [Chambolle and Pock (2016)]

Initial guess () N, step size 7 > 0 and tol > 0
For k=0,1,2,...,N
kD) = Prox,, (x®) — 7V f(x®)),

N——
backward step forward step

Repeat until ||V f(x®)||s < tol or k = N

Note that f has to be differentiable and have Lipschitz gradient L. There is an accelerated version
of PGD called the fast iterative shrinkage algorithm (FISTA) [Beck and Teboulle (2009)].

Algorithm 2: FISTA [Beck and Teboulle (2009)]

Initial guess 2@ N, tol >0
y© = 2Oty =1 (introduces an auxiliary variable and initialises the first step size)
For k=0,1,2,...,N
xlk+l) = Prox(%)g(y(kﬂ) — ($)Vf(y**1))), L is a Lipschitz constant for V f
_uyom
e e

kD) — k1) | %(x(kﬂ) — )

Repeat until ||V f(y")||s < tol or k = N
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FISTA involves a momentum term, incorporating a weighted average of the previous and current
iterations in the algorithm, helping to speed up the algorithm’s convergence (see Algorithm 2).

For both PGD and FISTA, there exist fixed-point convergence theorems for convex and non-convex
functions. The convex case is more straightforward and so we state the theorem for non-convex
F:=f+g.

Theorem 2.1. (Fized-point convergence of PGD and FISTA)
Assume f and g are bounded from below, proper and lower semi-continuous with L Lipschitz constant
for Vf. Then for step size T < %, the iterates *) for k € N satisfy

1. F(x™) is non-increasing and converges
2. The sequence Zg:1 £®+D — 2F)||5 < 0o and |x* ) — 2" ||, — 0 as k — co.

This theorem is proven in Attouch et al. (2011) with the use of semi-algebraic sets and inequalities
on f, particularly using the Kurdyka-Lojasiewicz inequality.

Definition 2.2. (Kurdyka-Lojasiewicz (KL) property and inequality on functions, Attouch et al.
(2011))

A function f : R™ — R has the KL property for &* € dom(f), if there exists n € (0,00) and a
continuous concave function ¥ : (0,1) — R such that 1(0) = 0, 1 is 1-differentiable continuous C*
on (0,n) and the KL inequality holds

o
d(0,0f(x))

where U is a neighbourhood of * and d(-,-) denotes a distance function (e.g. 2-norm), in this case
between 0 and the subdifferential Of(x).

<Y'(f(x) - f(x")), Ve eUn(f(z"), f(x")+n) (2.7)

This condition can be interpreted as, up to a reparameterisation, the subdifferentials at x are
bounded away from 0. This property is a local property on the functions and is powerful for non-
convex functions, where the regulariser g can be in (2.3), meaning this property provides a reasonable
structure for functions to be used in optimisation problems. Also, the inequality (2.7) is crucial in the
convergence of numerical optimisation algorithms in the non-convex setting [Attouch et al. (2011)].
We see this for variable-splitting algorithms and their PnP versions in Section 3.

2.2.2 Alternating directions method of multipliers (ADMM)

Another method is ADMM [Boyd (2010)], which involves more substeps for an iteration than PGD
and FISTA. Here, the two sub-problems in (2.3) are split into two variables (z, u)

(", u*) = argmin{f(x) + A\g(u)}, (2.8)

xz,u

where over time we eventually have & = u. To do this, we introduce an augmented Lagrangian for
(2.8) and optimise over this Lagrangian

B

2
1

= 51@) + 09w + 5z — (w— )l = o]

Ly(, ) = [(@) + Ag(w) + 5l — (u—w)]3 ~ |jol 3
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1213 {L/g((L’,’u,,’U)} (2'9)

where § > 0 is a moderation parameter for the regularisation of A and 02 = 2 with v as a scaled
dual variable. The ADMM algorithm is then performed as outlined in Algorithm 3.

Algorithm 3: ADMM [Boyd (2010)]

Initial guess (©), u(©), v, specify f(z) and g(u), tol > 0
For k=0,1,2,...,N
1.zt = Prox%f(u(k) — o)) = arg;nin {%f(m) + 3|z — (u®) — v(k))||%}
2. ulbt) = Prox,z,(z*+Y + v®)) = argmin {1[|u — (z*+D + v®)|3 + o2g(u) }
u

3. 1) — k) 1 g(k+1) _ 4 (k1)

Repeat until a defined tolerance is met or k = N

In line 2 of Algorithm 3, the iteration step for u*+1) can be recognised as a variational method
for denoising x*+1) 4 v(*®). This is analogous to the variational problem in (1.2) and (2.3) with
f(r) = 5% |lu—7||3 and Ag(u) = 02g(u) where r = 2+ + v at the k*? iteration. The denoising
part comes from recovering the ground truth * from noisy observations of r

r=x*+¢ ¢~N(0,0%d) (2.10)
for 0 > 0 and Id € R".

Similar to PGD and FISTA, there exist fixed-point convergence theorems for convex and non-convex
functions of F' =: f + g for ADMM outlined in Chambolle and Pock (2016).

2.3 Computed tomography inverse problem

For our numerical experiments in Section 4, we will predominantly use the computed tomography
(CT) inverse problem setup. CT is a medical imaging technique used to create detailed cross-
sectional images of the inside of the human body. It is a non-invasive method that allows physicians
to visualise the internal structures of the body without the need for surgery (see Figure 2). See
Figure 2 for an example.

Figure 2: A typical CT scan of a brain with its sinogram [Yang and Fei (2013)]

co
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Mathematically as an inverse problem, the process involves the Radon transform [Radon (1917)] as
the forward operator A in (1.1), for an object x to be scanned, which generates a measurement y
called a sinogram. This sinogram is a collection of sine waves of different amplitudes and phases
which gives an indirect reading of a CT scan for a given object. The Radon transform projects
the object through a series of line integrals across different angles as the scanner rotates around
the object (Figure 3). In our experiments (Section 4), we use the discretised version of the Radon
transform, A € R"™*™ where m is the number of scanner detector elements multiplied by the number
of projection angles taken from the scanner and n is the number of pixels in the image .

b

fs

A

Figure 3: An example of a 2D projection pg in the x-y plane for a given angle 6 for a circle and
square object. The resulting Radon transform is a collection of all projections across all angles.

.

Inverting the sinogram is the essence of the inverse problem. There is an analytical inverse called the
filtered back-projection (FBP). This inversion is quick and often reasonable for reconstructions, how-
ever, it suffers when there is noise present in the data, giving low-quality and noisy reconstructions.
We see this for a range of Gaussian noise applied to the sinogram of the Shepp-Logan Phantom and
FBP applied in Figure 4. For our experiments (Section 4), we investigate different regularisation
techniques including classical and PnP methods for obtaining adequate reconstructions of objects
with noise present.

Noise-free sinogram Noisy sinogram (A)

Noise-free FBP

Noisy sinogram (B) FBP (B)

Figure 4: Shepp-Logan Phantom sinograms with their FBP: One noise-free and A, B, C with
increasing Gaussian noise (Intensities: 5, 10, 20 x A(0,1) added across each sinograms respectively)
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3 Plug-and-play regularisation

Plug-and-play (PnP) regularisation or priors, first proposed by Venkatakrishnan et al. (2013) is a
hybrid approach, combining model-based and learning-based reconstruction methods, that exploits
the variable-splitting algorithms mentioned in Section 2.2. PnP builds on the variable-splitting by
replacing the proximal operator in the regularisation sub-problem with a plug-in denoiser, which
may or may not have explicit knowledge of the overall problem that the algorithm is trying to solve.
The regularisation step in (1.1) and (2.3) is replaced by learned denoisers. Often these denoisers
try to estimate the prior distribution of clean images for the inverse problem and tend to be very
successful in a host of tasks to do with image restoration involving denoising and deblurring [Zhang
et al. (2017)].

3.1 PnP algorithm adaptations

The PnP adaptations of the algorithms, presented in Section 2.2, involve replacing the proximal step
with a denoiser D, : R™® — R" which is built to remove Gaussian noise with standard deviation o.
We see this by using the proximal operator definition (2.6) for 7¢g

i 1
Prox., (u) = arguin { 5_|ly ~ @l + o(o) (3.1)
xcRn T

where (3.1) is equivalent to the MAP estimate for Gaussian noise (2.3) with prior g and the stepsize
7 = o2. Therefore, we replace the proximal denoising step in the variable-splitting algorithms with
a plug-in Gaussian denoiser D,,

Prox,; — D, (3.2)

that tries to approximate the proximal operator and give greater flexibility to the algorithms. In
the case of PGD (Algorithm 1), the backward step becomes

2" =D, (2™ — 7V f(x)) (3.3)

to form PnP-PGD. A similar adjustment is taken to Algorithm 2 to obtain PnP-FISTA. For ADMM,
the denoiser replaces the proximal step for g only, as outlined in Algorithm 4.

Algorithm 4: PuP-ADMM [Venkatakrishnan et al. (2013)]
Initial guess xg, uo, vo, specify f(x) and g(u), tol > 0
For k=0,1,2,...,N

1. D = Prox i ,(u®) — vk)
i

2. k1) — D (gk+1) L k)

3. v(k+1) — 'U(k) + m(k+1) — u(k+1)

Repeat until a defined tolerance is met or k = NV

Note that, the PnP algorithms work well in the cases where the proximal operator (2.6) has a closed-

form solution. For instance, with Gaussian noise inverse problems where f(z) = 1||Az — y||3, we

10
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can compute Prox,(x) explicitly

N 1
argmm{2IIAw —yl3+5ll= —y|§}v
— 0=7AT(Ax —y) + (x — y),

Prox, f(z) = (tATA+1d)"H(rATy + x) (3.4)

where Id is the identity operator or identity matrix for R™*™ if our X and ) are finite dimensions
for R™ and R™. The critical calculation is the inverse of (7A*A + Id), where if A has an easily
computable singular-value decomposition then (3.4) has a closed-form. For inverse problems such as
inpainting, which is an image restoration process that fills in damaged or missing parts of an image,
the forward operator A is diagonal and therefore its Prox, ¢ (x) has a closed-form. Where this is not
the case, Prox,; is approximated via numerical optimisation algorithms such as PGD and ADMM
(Section 2.2).

Other formulations of PnP can be constructed including half-quadratic splitting and primal-dual
methods [Chambolle and Pock (2016)], which try to achieve a similar goal with the separate sub-
problems for the data and denoising problems.

3.2 Denoiser choices

The flexibility of choosing between a variety of denoisers makes PnP very versatile. With the
replacement of the proximal operator with the plug-in Gaussian denoisers that represent the prior
of the ground truth, we can consider a host of denoisers.

The denoisers we consider include:

1. Total variation (TV) - g = ||V||; in (1.2), used as a baseline for comparison

2. Block-matching 3D (BM3D) - classical denoiser

3. Denoising CNN (DnCNN) - deep learning denoiser

4. Dilated-residual U-network (DRUNet) - deep learning denoiser

5. Gradient-step DRUNet (GS-DRUNet) - a modified version of DRUNet (see Section 3.4).

There has been much success with classical denoisers [Venkatakrishnan et al. (2013); Chan et al.
(2016)] such as block-matching 3D (BM3D) [Danielyan et al. (2012)] and K-SVD [Aharon et al.
(2006)]. For BM3D, the algorithm groups similar image pixels of an image input into matching
blocks and applies a denoising filter (e.g. Wiener filter) on each group before aggregating to form
the result. In comparison, K-SVD is a generalised version of K-means clustering where sparse coding
and dictionary learning are used. Although these classical denoisers often perform well, they can be
time-consuming and computationally expensive.

Recently, there has been a focus on using data-driven involving deep learning denoisers to achieve
state-of-the-art (SOTA) restoration performance for inverse problem tasks. These often utilise con-
volutional neural networks (CNNs). There are multiple prominent deep CNN denoisers to choose
from [Habring and Holler (2023)] but for our numerical experiments, we focus on two, which are the
denoising CNN (DnCNN) [Zhang et al. (2017)] and DRUNet [Zhang et al. (2021)].

11
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Both DnCNN and DRUNet employ the U-Net CNN architecture. This architecture consists of
two main paths involving an encoder and a decoder. The encoder path progressively downsamples
an image input through a series of convolutional and max pooling layers, extracting meaningful
feature maps while reducing the overall resolution of the input image. The decoder path applies the
encoder’s layers in reverse order. The decoder path upsamples these feature maps back to an image
of the same spatial resolution as the image input. The U-Net name is derived from the structure of
the symmetric encoder and decoder paths performed to the input image (see Figure 5).

64 64

128 64 64 2

ir::a%uet > output
tile segmentation
map

390 x 390 '
ssxass ¥
388x3s8 ¥

392 x 392

572 x 572
570 x 570
568 x 568

' 128 128
256 128

>

Sl ol &l
S EE|
Sl kL

284
2822
280

' 256 256 512 256 t

8 et -;l g ':I':I =»conv 3x3, ReLU
B R - '2 g copy and crop

¥ oo ose 1024 512
-l — -l # max pool 2x2
RS | 1024 g5 & 4 up-conv 2x2
g-'; zo = conv 1x1

Figure 5: U-Net architecture with a 32 x 32 pixel image as the lowest resolution, each blue and
white box represents a multi-channel and a copied feature map [Ronneberger et al. (2015)]

For DRUNet, we see that the network architecture comes from the dilated-residual U-Network
(DRUNet) and it extends DnCNN. The network setup (Figure 6) involves a U-Net and ResNet
[He et al. (2016)] with four scales, where each scale has a skip connection between a convolutional
downscaling and upscaling layer.

Both denoisers can handle various noise levels using their models. What makes these denoisers very
flexible is they can be trained on a different image dataset to the inverse problem, as long as the
type of noise (e.g. Gaussian or Poisson) that is removed is equivalent across the training and testing
datasets. In Section 4.1, we investigate this using different test images for the CT inverse problem.

Noise Level Map

_ Noisy Tmage ‘Denoised Image

Skip Connection
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o
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Figure 6: DRUNet architecture for the denoiser prior, taking noise level map inputs and
combining U-Net and ResNet. SConv and TConv represent the strided convolution and the
transposed convolution [Zhang et al. (2021)].
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3.3 Fixed-point convergence theorems for non-expansive denoisers

The initial empirical success of PnP with different plug-in denoisers often lacked theoretical con-
vergence results [Venkatakrishnan et al. (2013)]. Once the prior term (2.3) for the regularisation is
replaced, usually denoisers are no longer minimising the explicit optimisation function such as the
MAP estimate. The interpretation as an optimisation problem is lost without imposing restrictions
on these denoisers.

In the literature, this is subject to ongoing research with papers exploring fixed-point convergence
of PnP algorithms [Chan et al. (2016); Ryu et al. (2019)] for a fixed regularisation parameter A
and noise level o. There is also ongoing research into the convergence of the PnP regularisation as
a minimiser [Ebner and Haltmeier (2022)]. The latter focuses on the method of PnP, as A,o — 0
for the inverse problem and whether we can retrieve the solution of a least-squares solution minimiser.

In this section, we look at the restrictions which allow us to achieve results for the former, fixed-
point convergence. Here, we are interested in conditions under which the PnP algorithms reach a
stationary fixed point in the limit the algorithm iterations go to infinity (kK — o). This corresponds
to our PnP algorithms with PnP-PGD (3.3) where x* is a fixed point if

¥ =Dy(x* — 7V f(z¥)). (3.5)
Similarly, for PuP-ADMM (Algorithm 4) (z*, u*,v*) is a fixed point if
a" =Prox,;(u” —v"), u'=Dy(x”+0v"), v' =v"+a"—u" (3.6)

Recall that, these algorithms are balancing the goals of (1.2) with fitting the estimates to the
measurement data while decreasing the overall noise of these estimates. This is a trade-off between
stability and accuracy for the solution, as is always the case with regularisation methods.

3.3.1 Non-expansive denoisers

First, we define non-expansive and bounded denoisers, under the 2-norm, used for subsequent theo-
retical results.

Definition 3.1. (Non-expansive)
A mapping D : R™ — R"™ is non-expansive when

ID(z) —D(y)ll2 < |z —yll2, Vo,y € R (3.7)
This is equivalent to having D as Lipschitz continuous with Lipschitz constant L < 1.
Note there is a stronger notion of non-expansiveness.

Remark 3.1. (Firmly non-expansive)
A mapping D is firmly non-expansive when

ID(z) = D(y)I3 + |(Id = D)(x) — (Id—D)(y)|3 < = —yl3, Vz,ycR" (3-8)

Having a denoiser to be non-expansive can give stability within a PnP algorithm and preserve the
underlying structure of a quantity, as the denoiser removes noise.
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Definition 3.2. (Bounded denoiser)
A bounded denoiser with parameter o is a function Dy : R™ — R™ such that V& € R" = X (input
with noise)
D, (x) — x| |2
1D() ~all3 _ o, 59)
n

for a constant C independent of n and o. Note that, D, — I (the identity map) as o — 0.

With these definitions, we state the fixed point convergence theorem result for PnP-ADMM from
Chan et al. (2016), which looks at bounded denoisers D,, combating Gaussian noise with standard
deviation o.

Theorem 3.1. (Fized-point convergence for bounded denoisers, PnP-ADMM, Chan et al. (2016))
If there is a bounded denoiser D, and the data-fidelity term f(x) from (1.2), has bounded gradients,
then the iterates of PnP-ADMM from Algorithm /J have fized-point convergence, i.e there exists
(x*,u*,v*) such that |||x®) — z*||2, |[|u®) — u*||s, [|[*) —v*||s = 0 and 2*) — u®) as k — oco.

A more general theorem proven in Ryu et al. (2019), which demonstrates the fixed point convergence
of several PnP algorithms including PuP-PGD, PnP-FISTA and PnP-ADMM (Section 3.1).

Theorem 3.2. (Fized-point convergence of PnP-PGD, PnP-FISTA and PnP-ADMM, , Ryu et al.
(2019))

Assume the denoiser D, is non-expansive and f is convex. Then the PnP algorithms discussed in
Section 3.1, with stepsize T > 0, have fized points if f is differentiable with Lipschitz gradient Ly :

1. For PnP-PGD and PnP-FISTA, 0 < 7Ly < 2 is required.
2. For PnP-ADMM, D, is firmly non-expansive (i.e (3.8) is satisfied) and 7 > 0 is required.

All the fixed-point sequences for the algorithm iterates (a:(k))iv:l satisfy Zszl [z —2®)]|, < 0o
as N — oo.

We see that, under conditions such as (3.1) and (3.9), PnP algorithms have theoretical results to
back up their numerical implementations. Recall that, these algorithms try to approximate the
proximal operator with a denoiser which follows from a useful theorem proposed by Jean Moreau
in 1965. This is where a non-expansive mapping is equivalent to a proximal operator of a convex
function.

Theorem 3.3. (Approzimation for proximal operators of convex functions as denoisers, Moreau
(1965), Corollary 10c))

An operator, such as a denoiser, D : R™ — R"™ is the proximal operator of a proper, lower semi-
continuous and convez function ¢ : R" = R, i.e. D = Proxy, if and only if:

1. D is non-expansive

2. There exists a proper, lower semi-continuous and convex function h such that D € Oh (sub-
differential).

With this theorem, we can characterise continuous proximal operators as sub-gradients (gradients if
f is continuous) of convex functions. The denoisers can be defined in this way such as with DnCNN
and DRUNet.
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In practice, imposing these conditions, in particular, the non-expansiveness (3.1) on the denoisers
can severely degrade performance [Chan et al. (2016); Ryu et al. (2019)] and is often an unrealistic
setup for many denoisers discussed in Section 3.2. Other considerations, including D, — Id to be
non-expansive instead of D,, give more flexibility for the denoiser, but again it is hard to maintain
the condition for a range of denoisers [Ryu et al. (2019)]. Also, these theorems are limited to convex
data-fidelity terms f. The setup yields no convergence results for non-convex f [Ryu et al. (2019)],
where such f can occur in some noise model setups of imaging inverse problems (e.g. Poisson or
Laplacian noise). Finally, the convergence of iterates, namely Theorems 3.1 and 3.2, cannot be
characterised as a form of a minimum or critical point of any functional such as the MAP estimate
(2.3).

However, the denoisers we have discussed (Section 3.2) and many more used in PnP, have shown
SOTA image restoration performance for many imaging inverse problems.

3.4 Gradient-step proximal denoisers

A recent alternative outlook on denoisers that does not enforce the non-expansive condition, directly
on the denoiser, has been proposed in Hurault et al. (2022a, 2023a) called a gradient-step (GS) prox-
imal denoiser. The objective is to have the plug-in denoiser minimise an optimisation functional
that mimics (2.3) while maintaining state-of-the-art performance among different denoisers. The
general premise of replacing the proximal operator with the denoiser still applies, however, the finer
details are adapted to help make the overall setup more flexible.

Before discussing the setup details, we note the main theoretical change for the denoiser compared
to Section 3.3. The approach uses an adaptation of Theorem 3.3, where the non-expansive condition
for the denoisers is dropped in exchange for approximating the proximal operator for a non-convex
function.

Theorem 3.4. (Approzimation for proximal operators of non-convex functions as denoisers, Gri-
bonwval and Nikolova (2020))
An operator D : R™ — R"™ is the proximal operator of a proper, l.s.c and non-convexr function

¢ :R" = R, i.e. D= Prozxy, if and only if there exists a proper, l.s.c and convex function h where
D € Oh.

This subtle change helps give more flexibility in the fixed-point convergence results for GS denoisers
while maintaining state-of-the-art performance as will be discussed in Section 3.4.2.

3.4.1 Gradient-step setup

The denoiser D, in (3.2) is amended from the direct use of a plug-in denoiser to one with a gradient
descent step
D, =1d — Vg, (3.10)

where g, : R™ — R is parametrised by a neural network (NN). Note that g, does not have to exactly
be equivalent to a neural network (NN) and in Hurault et al. (2022a) the denoiser is defined as

go(@) = 52~ Ny @), (3.11)
D, () = No(@) + JF, (2)(@ ~ Ny (@) (312)
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where N, : R® — R" is a neural network and Jy_(x) is the Jacobian of N, evaluated at .
This formulation from Hurault et al. (2022a) allows for any differentiable NN architecture to be
parametrised for N,. For example, DnCNN and DRUNet architectures (Section 3.2) can be used
where the non-differentiable rectified linear unit (ReLU) activation function is replaced with a smooth
differentiable exponential linear unit (ELU) activation function. For example, the element-wise ELU
for x = (z1,...,7,)7 € R" is

T, z; >0

3.13
e¥i—1, ;<0 ( )

ELU(:B)Z':{
fori=1,...,n.

The denoiser (3.10) is trained for Gaussian noise to minimise the mean squared loss (MSE) loss
functions for D, and g,

L(Do) = EmNIP’(m),A/NN(O,azId) [HIDU(% + ’7) - :L’”%], (314)
L(90) = Exnp(@) rmn(0,0210) |9 (@ +7) = II3]. (3.15)

Note that (3.14) is related to an estimate, similar to the MAP estimate, called the minimum mean
square error (MMSE) estimate. The MMSE estimate selects the mean of the posterior distribution
P(xy)
DYNSE(y) ~BX]Y =y = [ aPlaly)de (3.16)
xER"
where X and Y are random variables that represent & and y. The MMSE estimate is also the
optimal Bayes estimator for L? loss

DFYSE(Y) = E(x ) [ID-(Y) — X13] (3.17)
and it is also related to the score Vlog(p,) via Tweedie’s identity [Efron (2011)]
DMMSE — 14 4+ 52Vp,,. (3.18)

where p, = py is the distribution of observations y with Gaussian noise o from (1.1). Therefore, us-
ing the loss function for (3.15) coupled with definition of the GS denoiser (3.4), the optimal solution
for g* is of the form Vg* = —0?Vlog(p,) i.e g5 = —0?log(p,) + M, for a constant M € R. Like
the MAP estimate, generally the MMSE estimate cannot be obtained explicitly, however, (3.16) and
(3.18) have been used in frameworks called denoising score matching, that have proven fruitful in
image generation and other research fields [Habring and Holler (2023)].

Overall, looking at the structure of (3.10), we see that the formation of PuP-PGD (3.3), PuP-FISTA
and PnP-ADMM (Algorithm 4) follows in the same way as before, with the proximal operator
replaced by the denoiser in the corresponding steps of the algorithms. However, there are now
important distinctions between PnP with deep denoisers (DnCNN, DRUNet) and GS-PnP with the
same deep denoisers (GS-DnCNN, GS-DRUNet). This is due to the change in the construction of
D, (3.10) with (3.11) - (3.12).

3.4.2 Fixed-point convergence results

Similar to the theorems in Section 3.3, there are fixed-point convergence theorems for this gradient-
step proximal denoiser when applied to various variable-splitting algorithms such as PGD and
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ADMM. As mentioned before, Theorem 3.3 is adapted with Theorem 3.4 to help approximate the
proximal operator as a plug-in denoiser, by not enforcing the non-expansive condition.

We adapt (2.4) to include g,
F(x) = f(z) + Ago () (3.19)

where using GS denoiser for g, when minimising the functional F' is the same as using an explicit
regularisation prior for (2.4). This leads to a global minimisation problem, whereas, the PnP algo-
rithms in Section 3.3 do not have this characteristic.

We state the fixed-point convergence theorem for GS-PnP-PGD, where there is a similar theorem
for GS-PnP-ADMM (same fixed-point convergence rate) [Hurault et al. (2022b)] as well, which is
omitted.

Theorem 3.5. (Fized-point convergence of GS-PnP-PGD, Hurault et al. (2022b))
Let f be taken from (2.3) and be differentiable with Ly Lipschitz gradient and bounded below. Assume
Vo, taken from (3.10), has a Lipschitz constant L < 1. Also, assume that F is bounded from below

and satisfies the KL property (2.7). Then for ALy < f—ﬁ, the iterates (:c(k))szl, as N — oo, of
PnP-PGD (3.3) with stepsize 7 = 1:

1. F(x®) is non-increasing and converges < oo

2. All the fized-point sequences of ¥ satisfy S po | |*+1) —x®) ||y < 0o and converges to 0 at
a rate ming < ey [|JeF D — 2®)|, = O(Tlf)

3. If f is non-negative and g, is coercive, then the iterates (w(k))k:1 converge towards a critical
point of F.

The combination of Theorem 3.4, KL property for F' and conditions on the Lipschitz constants
of f and Vg, allow the GS denoisers to achieve SOTA image restoration performance while also
having convergence guarantees. Note that, unlike in Section 3.3, the GS denoiser setup also works
for non-convex data-fidelity f.

In Section 4, we aim to show the performance of GS-DRUNet against the other denoisers we have
considered, numerically testing the fixed-point convergence (||x*+1) — x(*¥)||,) across the denoisers.

3.5 PnP advantages and disadvantages

Now that we have seen the general outlook on PnP, with its setup for various algorithms and their
theoretical convergence results, we now consider the advantages and disadvantages of PnP in the
context of data-driven regularisation methods in general.

Advantages

A major upside for PnP is the flexibility to use different off-the-shelf denoisers that achieve state-
of-the-art performance for various image recovery tasks in inverse problems [Kamilov et al. (2017);
Zhang et al. (2021)]. The notion of replacing the proximal operator in variable-splitting algorithms
(3.2) allows for many denoisers to be used and is modular, with the main structure of the algorithms
being kept intact.
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Training the deep denoisers, especially for Gaussian denoising, is often stable and does not require a
large number of training images to achieve good denoising performance. For example, DnCNN was
trained only on 400 images [Zhang et al. (2017)]. Other deep priors such as generative adversarial
networks (GANSs) or variational autoencoders (VAEs) can be much tougher to train and less flexible
than PnP.

Another advantage of the PnP framework is the reusability across different datasets and inverse
problem tasks. Although, for different measurement noise models like Poisson, the algorithms would
have to be adapted with extensions of the proximal operator using the Bregman distance [Hurault
et al. (2023b)], the denoisers themselves would not have to be retrained. This is further discussed
in Section 5.2.

The framework is also unsupervised, where the training process for the denoisers does not need to
be trained on a specific problem with ground-truth data. For a deep denoiser, the only requirement
is for the neural network to be trained to remove a specific type of noise (e.g. Gaussian) from
a dataset of clean images. This is appealing when the inverse problem does not have significant
ground-truth data or cannot simulate data for its problem. For other data-driven methods such as
algorithm unrolling, the training process can be dataset-specific, where if the methods are tested
on a different inverse problem task with similarities in the noise but uses a different dataset, the
performance is of lower quality compared to the PnP framework. In the case of algorithm unrolling,
the training process depends on the inverse problem itself and the forward operator A, where the
neural network is specifically trained. Therefore the neural network would have to be retrained when
used on another inverse problem with a different forward operator, whereas PnP denoisers would
not have to be retrained.

Lastly, subject to certain conditions as we saw in Sections 3.3 and 3.4.2, there are convergence results
of PnP algorithms that give justification of SOTA performance in a range of inverse problem tasks
[Zhang et al. (2021); Hurault et al. (2022b)].

Disadvantages

Usually, plug-in denoisers D,,, especially deep denoisers, are not variational, i.e. there is no explicit
relation on the regulariser Ag(x) in (1.1). If this is the case, it is difficult to find what the denoiser
is trying to minimise overall. A possible remedy regarding consensus-based optimisation for PnP is
discussed in Section 5.2. In general, it is difficult to exactly replicate the proximal operator Prox,
or the gradient descent step Id — Vg, for the optimisation algorithms with D,, without enforcing
conditions such as D, being non-expansive (Theorems 3.3 and 3.4) or the KL property on Vg,. As
discussed in Section 3.3, it is hard to maintain these conditions in practice.

PnP priors with CNNs have become very popular recently with many different types of CNNs used
in the denoising processes. These denoisers can handle a range of different noise levels when applied
to clean images for training, but when it comes to noise levels, outside of the training range, the
denoisers can struggle to cope. There is also a trade-off usually between the number of network
layers and the effectiveness of a denoiser’s performance.

When training the NN denoisers, the computational time usually takes anything from several hours

to days. For instance, the DRUNet denoiser used in Zhang et al. (2021) took four days to train. So
there is a substantial amount of effort required to build and train the denoiser models such that they
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perform well against other data-driven regularisation methods. However, as discussed, once trained
they can be widely used.

Finally, the computation of PnP algorithms can be very costly compared to other data-driven
methods such as the algorithm unrolling. Usually, hundreds of iterations of the PnP algorithms
are required to achieve similar performance compared to very few iterations of algorithm unrolling
(e.g. < 50 iterations).
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4 Numerical experiments

In this section, we conduct various numerical experiments using PnP methods discussed in Sec-
tion 3. We explore using several denoisers and implement them with PnP-PGD and PnP-ADMM
algorithms. We also aim to numerically test the fixed-point convergence theorem results for imaging
inverse problems and investigate interesting ideas for PnP.

There are two main experiments to be performed:
1. CT inverse problem for different types of images

2. Investigation of the denoiser in the PnP-PGD algorithm - what noise does the denoiser remove
compared to the measurement noise in the inverse problem?

Each experiment uses the same denoisers discussed in Sections 3.2 and 3.4 including TV as a baseline
with BM3D, DnCNN, DRUNet and GS-DRUNet as a mix of classical and deep denoisers. Note that,
all the deep learning denoisers (DnCNN, DRUNet, GS-DRUNet) are pre-trained on various large-
scale image datasets of natural images (see Figure 7) including ImageNet [Deng et al. (2009)] and
the Berkeley segmentation dataset [CBSD, Martin et al. (2001)]. This follows the practice of recent
PnP papers that use these same datasets for training the denoisers [Zhang et al. (2021); Hurault
et al. (2022a)].

Figure 7: Examples of natural images used for training [Martin et al. (2001); Deng et al. (2009)]

All the experiments use the pre-trained deep denoiser network weights from the deepinv open-source
Python library [Tachella et al. (2023)] and our code for these experiments is available as a GitHub
repository, see Appendix A. Also, all of these experiments used the performance metric, peak signal-
to-noise ratio (PSNR), which is measured in decibels (dB). It is comprised of the ratio between the
maximum pixel intensity of the ground truth signal * (M AX;(x*) € [0,255] or [0, 1]) and the pixel
intensity of the noise in the reconstructed signal k" approximate x(*) through the mean squared
error (MSE)

(4.1)

PSNR = 10log( MAX,(2") )

MSE(z*, x(®)
Values for PSNR include anything from 0 — 100 dB, with the ground truth having the highest PSNR.
In our case, depending on the noise degradation of an image, values between 25 — 35 dB can indicate

reasonable reconstructions of the ground truth. In general, the higher the PSNR, the more similar
the reconstruction is towards the ground truth.
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4.1 Computed tomography (CT)

For this experiment, we considered the CT inverse problem (Section 2.3). We recall that the for-
ward operator A is the Radon transform and corresponding measurements with Gaussian noise are
observed for y as the sinogram. We investigated two types of images for the experiments, MNIST
digits and Shepp-Logan phantom. Each image’s observed sinogram is subject to additive Gaussian
noise, o x N'(0,1), where o = 0.1 (see Appendix A.2). This value of ¢ is in line with typical noise
levels for CT [Diwakar and Kumar (2018)] and represents 10% of the maximum of the ground truth
intensity that is affected (e.g. 25.5/255 for an 8-bit image).

We used FBP (analytical inverse of the Radon transform, Section 2.3) as a baseline comparison
against the five denoisers. Also, each PnP algorithm was executed for a maximum of 200 iterations
(A, PnP-PGD and PnP-ADMM algorithm parameter setups in Appendices A.2 and A.3). The step-
size 7 of PuP-PGD was bounded by L%a where Ly = ||AT Al|2 = Anax(AT A) (the largest eigenvalue

of AT A, Hessian matrix of f). This was estimated via the power method (see Appendix B).

Note that the results of these experiments are not intended to represent a complete performance
evaluation of PnP, but rather to demonstrate the practical application of PnP.

4.1.1 MNIST digits

For MNIST, the images are 28 x 28 pixels and the Radon transform is taken for 60 different an-
gles with 40 detector elements. The respective forward operator is the discretised Radon transform
A € R™*" with & € R™ where m = 60 x 40 = 2400 and n = 282 = 784. We seek the ground truth
image x* from the noisy sinogram y, see Figure 8.

Ground truth

Noisy sinogram

Figure 8: Ground truth * (MNIST digit 5) and noisy sinogram y

For PnP-PGD, we have the results of the various reconstructions in Figure 9. FBP yielded a noisy
reconstruction as expected, with several denoisers (TV, DnCNN, DRUNet, GS-DRUNet) all produc-
ing better PSNR values and achieving SOTA reconstruction performance. The best reconstructions
of DnCNN and TV respectively, managed to capture the finer details of the MNIST digit image,
while not losing details compared to BM3D and DRUNet. As this image was piecewise constant,
TV thrived on this structure and performed very well, giving a baseline reconstruction compared to
the other denoisers.
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PnP-PGD
FBP TV BM3D
PSNR: 21.89 dB PSNR: 32.74 dB PSNR: 17.32 dB
DnCNN DRUNet GS-DRUNet
PSNR: 30.66 dB PSNR: 22.21 dB PSNR: 23.37 dB

0.8 1.0

Figure 9: MNIST digit 5 PnP-PGD reconstructions with FBP and five different denoisers

Looking at the progression over the algorithm iterations k for the PSNR and fixed-point convergence
in Figure 10, we see that all five denoisers improve their PSNR, and there is a significant decrease
between algorithm iterates. GS-DRUNet empirically satisfies the fixed-point convergence rate of

O (ﬁ), following the results of Theorem 3.5, alongside all the other denoisers. DRUNet had the

best fixed-point convergence rate. However, we see that both GS-DRUNet and BM3D exhibited
oscillatory behaviour as the k increases.

MNIST digits (PnP-PGD)

PSNR vs iterations Fixed-point convergence
K
301 N R
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—— DnCNN —— DRUNet
—— DRUNet 1075 | —— GS-DRUNet
10 i | ——— GS-DRUNet - O([/\/}T) I
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number of iterations: k number of iterations: k

Figure 10: PnP-PGD: PSNR and [|z*t1) — z(®)||5 vs number of iterations
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Similarly for the results of PnP-ADMM in Figures 11 and 12, the reconstructions and the perfor-
mance over time have the same trend as for PuP-PGD. This time there was little difference among
all the denoisers, with GS-DRUNet marginally having the best PSNR. All denoisers managed to
capture the details of the ground truth to a reasonable level. Note that, the number of iterations k
was restricted to 50, due to PSNR performance levelling off for the denoisers after a small number
of iterations. In Figure 12, all denoisers including GS-DRUNet, again followed the fixed-point con-

vergence rate of O (ﬁ)

There were not any restrictions on making the denoisers non-expansive, but the performance across
the two algorithms showed interesting and practical results for PnP. Overall, there was an alignment
with the fixed-point convergence theory outlined in Sections 3.3 and 3.4.2.

PnP-ADMM
FBP TV BM3D
PSNR: 21.89 dB PSNR: 24.30 dB PSNR: 24.25 dB
DnCNN DRUNet GS-DRUNet
PSNR: 24.11 dB PSNR: 24.26 dB PSNR: 24.38 dB

0.0 0.2 0.4 0.6 0.8 1.0

Figure 11: MNIST digit 5 PnP-ADMM reconstructions with FBP and five different denoisers
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MNIST digits (PnP-ADMM)

PSNR vs iterations

Fixed-point convergence
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Figure 12: PnP-ADMM: PSNR and [|z*+1) — z(®)||5 vs number of iterations

4.1.2 Shepp-Logan Phantom

For the Shepp-Logan Phantom, the image is 84 x 84 pixels and the Radon transform is again taken
across 60 different angles with 114 detector elements. The dimensions of the forward operator
A € R™*" and x € R™ are adjusted, where m = 60 x 119 = 7140 and n = 842 = 7056. We seek the
ground truth image «* from the noisy sinogram y, see Figure 13.

Ground truth

0 Noisy sinogram

0 o0

Figure 13: Ground truth =* and noisy sinogram y

For PnP-PGD, we see all the reconstructions in Figure 14. Again, FBP had a very noisy reconstruc-
tion and overall the denoisers produced SOTA reconstructions of the Phantom. Both DRUNet and
GS-DRUNet have lost some finer details of the Phantom but still produced a clear image. Unlike
the MNIST digit result (Figure 9), BM3D achieved the best results, followed by DnCNN and TV.
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PnP-PGD
FBP TV BM3D
PSNR: 23.968 dB PSNR: 29.71 dB PSNR: 31.32 dB

DnCNN DRUNet GS-DRUNet
PSNR: 30.99 dB PSNR: 28.01 dB PSNR: 26.68 dB

=)

0.8 1.0

Figure 14: Shepp-Logan Phantom PnP-PGD reconstructions with FBP and five denoisers

Investigating the PSNR and fixed-point convergence in Figure 15, we see that all denoisers satisfied

the convergence rate of O (ﬁ) (Theorem 3.5) with GS-DRUNet having the fastest fixed-point

convergence rate. There was no oscillatory behaviour, as seen in Figure 10, with all five denoisers
exhibiting similar improvements over the algorithm iterations (TV, BM3D, and DnCNN had identical

fixed-point convergence rates).

Shepp-Logan phantom (PnP-PGD)

PSNR vs iterations Fixed-point convergence
— TV
301 —— BM3D
—— DnCNN
—— DRUNet
\\\ —— GS-DRUNet
3 ] S —=- 0(1/Vk)
Bt = I\ ==
Jaet
Z
n
[a W)
20 1
— TV
——— BM3D
—— DnCNN
—— DRUNet
15 1 —— GS-DRUNet
0 100 200 0 100 200
number of iterations: k number of iterations: k

Figure 15: PnP-PGD: PSNR and [|z**1) — z(*®)||5 vs number of iterations
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4 NUMERICAL EXPERIMENTS

Considering the results for PnP-ADMM, in Figures 16 and 17, the reconstructions again follow sim-
ilar trend to PnP-PGD. Apart from TV, which had small imperfections in its reconstruction, the
other denoisers were very close in PSNR, with GS-DRUNet having the best reconstruction. Similar
to MNIST results for PnP-ADMM (Figure 12), the algorithm iterations k were restricted to 50 and
there was an odd initial decrease in overall quality (see Figure 17) until the PSNR levelled off for
all the denoisers. Note that, this may have been due to the implementation of the PnP-ADMM
algorithm for this image (for MNIST and natural images this effect did not occur, see Figure 12
and Appendix A). GS-DRUNet exhibited oscillatory behaviour, similar to the results in Figure 10,
which may indicate instability as the PnP-ADMM algorithm progressed. Following the results of all

the previous numerical experiments, the fixed-point convergence rate of O (ﬁ) was satisfied by all

denoisers again in Figure 17, with DnCNN having the fastest fixed-point convergence rate among
the five denoisers.

In general, the results in Sections 4.1.1 and 4.1.2 yielded SOTA image reconstruction performance
across the two PnP algorithms. Even though no conditions for the denoisers being non-expansive
were enforced, the fixed-point convergence results were empirically satisfied, particularly for the
GS-DRUNet denoiser (Section 3.4.2).

PnP-ADMM
FBP TV BM3D
PSNR: 23.98 dB PSNR: 25.93 dB PSNR: 27.58 dB

DnCNN DRUNet GS-DRUNet
PSNR: 27.79 dB PSNR: 27.88 dB PSNR: 27.87 dB

0.0 0.2 0.4 0.6 0.8 1.0

Figure 16: Shepp-Logan Phantom PnP-ADMM reconstructions with FBP and five denoisers
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4 NUMERICAL EXPERIMENTS

Shepp-Logan phantom (PnP-ADMM)
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Figure 17: PnP-ADMM: PSNR and [|z*+1) — z(®)||5 vs number of iterations

4.2 'What does a denoiser actually do?

In this experiment, we investigated the noise distributions between algorithm iterates for the dif-
ferent denoisers with the same PnP-PGD setup (Appendix A.3) for the Shepp-Logan Phantom
(Section 4.1.2). As outlined in Sections 2.2 and 3.1, in the variable-splitting algorithms there is a
cycle of inverting via the data-fidelity term f and performing the regularising/denoising step with g.
We denoted these in the results as the inverted 2*) and denoised D, (x*)) iterates respectively and
studied the “residual noise” between the two, denoted by z*) — D, (IB(k)>. To visualise this, there
are image plots (an example in Figure 18) of (*) and D, (2*)) aiming to show the effect of different
denoisers on the k' iterate, while *) — D, (2(*)) shows the difference across the two operations for
an algorithm iterate, with a key depicting their respective colour bars.

The idea, as presented in Section 1.2, is that based on the noise assumption of the inverse prob-
lem, in this case, Gaussian, one might expect the residual noise between the inverted iterate and
the denoised iterate in the algorithm to resemble the same type of noise as the inverse problem.
However, the priors of g are often non-linear denoisers, such as neural networks, which may exhibit
different types of probability distributions for the residual noise compared to the measurement noise
assumption for the inverse problem. Also, due to the setup of PnP, with the replacement of the
proximal operator via the MAP estimate for Gaussian noise (3.1), the denoisers are trained to re-
move artificial Gaussian noise, so we hope to see if this residual noise itself is Gaussian.

To test for this, we conducted the Kolmogorov-Smirnov (KS) hypothesis test [Kolmogorov (1933)] on
three of the denoisers (T'V, BM3D, DRUNet), with Gaussian measurement noise from the CT inverse
problem (Figure 13). Both DnCNN and GS-DRUNet exhibited similar results to DRUNet so were
omitted (full residual noise code for all denoisers is available in Appendix A). KS is a non-parametric,
goodness of fit test that assesses whether a given sample probability distribution is Gaussian, com-
paring the maximum distances between the sample and Gaussian probability distributions. In our
case, the sample distribution is the residual noise’s probability distribution *) — D, (w(’“)), which
allowed us to see if there was a link to the measurement noise assumption of the inverse problem.
Note that, we had n = 7056 samples (number of pixels) for the residual noise, with sample mean p
and standard deviation vy, at each k' iterate of the PnP-PGD algorithm.
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4 NUMERICAL EXPERIMENTS

We conducted the KS hypothesis test with a significant level of 5% and the null hypothesis (Hy) as
Ho: (@) — Dy (@) ~ N(1,7%), (4.2)

where for each test for the algorithm iterates, a KS test statistic value and p-value were produced to
compare against the significance level (p > 0.05, accept Hg and p < 0.05, reject Hy). Note that, we
used the kernel density estimation to estimate the sample probability distributions of the respective
residual noise for the k*" iterates. For each denoiser, we studied each algorithm iterate, but our
results focused primarily on the first and last iterates (k = 1 and 200).

Firstly for TV, we see the results for the algorithm iterates in Figures 18 and 19, with the effect
of applying the denoiser to each ). We see the noise removal in the respective (*¥) — D, (:c(k))
and how for k = 1, the changes from z*) and D,(x*)) are more pronounced than for k& = 200.
The corresponding residual noise probability density functions (PDFs) in Figure 20, showed that
both residual noise PDFs do not follow a Gaussian distribution and therefore rejected the null
hypothesis (4.2), p < 0.05. Although for & = 1, there was a more familiar Gaussian shape, the
overall distribution of the pixel intensities from Figure 18 was not Gaussian. This was the same
for all the other iterates, indicating there was not a clear link between the residual noise of the TV
denoiser and the measurement noise.

TV iterate: k=1

Dg(z(kl)

L — = ‘ —

025 0.00 025 050 075 100 0.0 0.5 1.0

Figure 18: TV results of inverted, denoised iterates and residual noise for k = 1

TV iterate: & = 200

D,r ['_I.IJ\'I] _ruji.-] _ Dn [J.[.f.'_l )
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0.0 0.2 0.4 0.6 0.8 0.0 0.5 1.0

Figure 19: TV results of inverted, denoised iterates and residual noise for k£ = 200
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TV iterate: k=1
PDF of pixel intensities for z®) — D, (z()

TV iterate: k = 200
PDF of pixel intensities for ) — D, ()

Histogram frequency Histogram frequency
41 Kernel density estimate (KDE) 10 Kemel density estimate (KDE)
==== Gaussian PDF === Gaussian PDF
’ '-\\ Q
S 8
= g N .
P i \ B
,é ,” ‘\‘ 2 6]
15 5 /) \ |5}
Z i Y (]
[ \
1) Y ~)
/ \ Al X
/ Ay K
1 y \ . .
/ N 2 ; \
s \, 7 \,
/’ \\ ,/} \\
,’/ I L ~
0 - ! — : 0 =t 1 o : -
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Pixel Intensity Pixel Intensity

(a) k=1,0=0.33,7 =0.12 (p < 0.05) (b) k=200, =0.44,v = 0.11 (p < 0.05)
Figure 20: TV PDFs of the pixel intensities for the residual noise 2*) — D, (x®)) with their
reference Gaussian PDFs

Next for BM3D, we see the algorithm iterates results in Figures 21 and 22, where for &k = 1 applying
BM3D, actively removed the Gaussian noise from x*) and the corresponding residual noise plot
indicates this. This was confirmed in Figure 23a, with the PDF of the pixel intensities closely
resembling a Gaussian with the same mean and standard deviation as the samples. Therefore, there
was not enough evidence to reject the null hypothesis (4.2), p > 0.05. However, for all the other
iterates including k& = 200, the null hypothesis was rejected. For k = 200, we see in Figure 23b, that
while the PDF takes the general Gaussian shape, the peak density in the PDF was too high for a
Gaussian. This characteristic was present across most of the BM3D algorithm iterates after k = 1.

BM3D iterate: k=1

Diy(z%) P ) W)

.
1.0

L , I — :
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0.0 0.2 0.4 0.6 0.8 1.0

o

Figure 21: BM3D results of inverted, denoised iterates and residual noise for k = 1

Finally, for DRUNet we see the results in Figures 24 and 25. For k = 1, there was a smoothing pro-
cess between *) and D, (x*)), with the general structure of the Phantom remaining intact in the
residual noise. Over time, the reconstruction becomes more similar to the ground truth, resulting in
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BM3D iterate: & = 200
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Figure 22: BM3D results of inverted, denoised iterates and residual noise for & = 200
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Figure 23: BM3D of the pixel intensities for the residual noise %) — D, (z®)) with their
reference Gaussian PDF's

the k = 200 iterate, where some finer details are lost in the Phantom. The corresponding residual
noise PDFs in Figure 26 are similar to TV’s results (Figure 20) with both iterates rejecting the null
hypothesis (4.2), p < 0.05. In parallel to TV for k = 1, there was a similar Gaussian shape, but
again the peak density was too high for a Gaussian. This theme was present among most of the
algorithm iterates for DRUNet and also had similar results for GS-DRUNet.

In general, the results suggest there was not a strong relationship between the residual noise of
the denoisers and the Gaussian measurement noise of the CT inverse problem. Also, although the
denoisers are trained to remove artificial Gaussian noise, there is no representation for this with the
residual noise between algorithm iterates. There were some exceptions, such as with BM3D (Figure
23a) and the general Gaussian shapes from TV and DRUNet (Figures 20a and 26a). However,
more needs to be investigated regarding the interpretation of the denoiser removing noise for other
assumptions of measurement noise (e.g. Poisson). This is discussed in Section 5.2.
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DRUNet iterate: k=1
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Figure 24: DRUNet results of inverted, denoised iterates and residual noise for k = 1
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Figure 25: DRUNet results of inverted, denoised iterates and residual noise for k£ = 200
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Figure 26: DRUNet PDFs of the pixel intensities for the residual noise (*) — D, (x*)) with their
reference Gaussian PDFs

31



5 SUMMARY AND FUTURE WORK

5 Summary and future work

In this final section, we summarise the report and discuss possible research directions for the forth-
coming PhD.

5.1 Summary

In this report, we have seen an overview of the general landscape for plug-and-play regularisation for
imaging inverse problems. There has been a substantial emphasis on the setup of variable-splitting
algorithms with different denoisers and their fixed-point convergence theorems (Sections 2 and 3).
Interesting numerical experiments were conducted on the CT inverse problem, where we empirically
justified these fixed-point convergence theorems. Also, we investigated the type of noise that the
denoisers have removed in the algorithms, with their different residual noise distributions (Section 4).

5.2 Future work

There are various research directions to explore regarding PnP and data-driven regularisation to
build the foundations of a PhD programme in the field. As a starting point, we would like to continue
exploring the noise assumptions of inverse problems (other than Gaussian) and how different types
of noises affect the overall PnP regularisation structure and performance. This theme, alongside two
other themes that are more exploratory, are discussed in greater depth below.

1. The effect of noise assumptions in the inverse problem and PnP algorithms on
the denoiser’s performance.
In the setup of PnP, we interpreted the proximal operators as the MAP estimate for Gaussian
noise and replaced it with Gaussian plug-in denoisers (3.2). This interpretation is independent
of the measurement noise assumption and only focuses on the characteristic of the proximal
operator itself. This interpretation could imply that the denoiser’s residual noise (the noise
removed for the inverted algorithm iterate) is that of Gaussian denoising. Yet, in our experi-
ments, in Section 4.2, there was no clear link of a Gaussian in the residual noise distributions
of these denoisers or towards the Gaussian measurement noise of the CT inverse problem.

An immediate question is to continue this investigation and explore different measurement
noise assumptions (e.g. Poisson or Laplacian noise) and see if the residual noise distributions
still do not show this Gaussian denoising. From this, we can assess if the Gaussian plug-in de-
noiser assumption is important. If we violate this assumption, does the behaviour of the PnP
algorithm change? Will we converge to a sub-optimal solution or even have non-convergence?
Is it worthwhile to train a different type of denoiser such as a Poisson denoiser?

For the Poisson measurement noise, recent work has been done by Hurault et al. (2023b),
where they modified PnP algorithms by extending the use of the proximal operator with the
Bregman distance B. This distance is defined for a function M : Q@ — R, where M is a
continuously-differentiable, strictly convex function defined on a convex set  and (-,-) is an
inner product on R such that

B(p,q) = M(p) — M(q) = (VM(q),p —q), p,q€Q. (5.1)

This modification has worked well for Gaussian denoisers with Poisson measurement noise
assumptions, but one can explore whether it is useful to train a Poisson denoiser over a
Gaussian one.
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2. Extensions and alternative setups of PnP.
The general PnP landscape (Section 3) is subject to ongoing research and it would be inter-
esting to examine alternative versions and possible extensions of PnP. These versions include
having PnP as a consensus-based optimisation framework [Buzzard et al. (2018)] and as a
hybrid prior setup [Cascarano et al. (2022)].

For the former, this explores the case where there are more than two proximal operator steps
in an algorithm and PnP then forms a system that helps all these steps converge to related
fixed points as part of a consensus. This framework has been seen as a possible bridge between
moving from the well-defined optimisation estimates such as MAP (2.3) and MMSE (3.16),
to one where denoisers, without explicit knowledge of the inverse problem, can continue to
operate in a mathematical framework. The hope is that the mathematical interpretability can
remain intact, regardless of the different denoisers one would use. For example, this might
give more understanding as to how non-expansive denoisers (Section 3.3) would perform in a
given situation.

For the hybrid PnP setup, Cascarano et al. (2022) proposed the use of an internal prior
governed by TV and an external prior governed by a CNN-based denoiser. They found a
promising use in CT and were able to match standard PnP and other data-driven regularisa-
tion methods for image reconstruction. One could explore how this setup can be used in other
inverse problems and when is it best to use this approach over the standard PnP method.

3. Applications of PnP in industry

As discussed in Section 3.5, PnP is very promising and useful in the area of data-driven
regularisation for imaging inverse problems. In particular, for areas where there is no super-
vised data (no known ground truths to the corresponding measurements). One could possibly
use PnP in these applications, where other data-driven methods such as algorithm unrolling
that requires supervised data, might be limited. Even in situations, where supervised data is
available, often these other methods rely on a forward operator and can be computationally
expensive to train to achieve SOTA results. However, for PnP, this could be bypassed in its
algorithms and offers a potential alternative in such situations.

A potential application of this is for positron emission tomography (PET), where ground truth
data is limited. Current research [Reader et al. (2021)] uses methods such as algorithm un-
rolling and variational encoders, which can achieve fast reconstructions. However, to improve
the quality of reconstruction, there is potential to use PnP over such methods. One could
try to integrate PnP via the primal-dual hybrid gradient (PDHG) algorithm [Chambolle and
Pock (2016)], which uses proximal operators and has had success for PET [Ehrhardt et al.
(2019)].

In conclusion, there are numerous intriguing research avenues to explore regarding PnP and data-
driven regularisation as a whole, many of which can build a strong foundation for a forthcoming
PhD.
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A Code availability and algorithm setups

The code for this report is available in a GitHub repository https://github.com/Amino21786/
TfRPnP called TERPnP that reproduces all the plots and results in this report, including the Python
files with the construction of methods. In the folder, there are a README . md and a dependencies.yml,
which outline what this code folder entails and a guide to download the required Python libraries.

There are three main Python files for the CT inverse problem, the first two of which consist of the
PnP-PGD and PnP-ADMM for MNIST digits and Shepp-Logan phantom respectively (MNISTCT.
ipynb,PhantomCT.ipynb). These contain the results used in Sections 4.1.1 and 4.1.2. The third
is a trial file (not used in Section 4) experimenting with natural images for the same algorithms
(NaturalCT.ipynb). These three files have the same structure.

As highlighted in Section 4.1.2 with the results seen in Figure 17, PuP-ADMM algorithm behaved
strangely for the Shepp-Logan Phantom (decrease in the initial PSNR as the algorithm progressed).
Amendments to try and fix this are ongoing with the latest available results available in the Github
repository.

There is an extension of the Phantom CT file that contains the results in Section 4.2 (at the end of
PhantomCT.ipynb), which produces the relevant plots for all five denoisers. There are also plotting
and algorithms .py files that are used in the aforementioned .ipynb files. Full details are explained
in the README . nd file.
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A CODE AVAILABILITY AND ALGORITHM SETUPS

A.1 Algorithm parameter descriptions

Algorithm parameter

descriptions used for Algorithms 1, 2, 3 and 4.

Parameter

Description

L

Lipschitz constant for V f, equal to [|AT Alls = Amax (AT A)

Stepsize for PGD (Algorithms 1 and 3.3), bounded by L

Regularisation parameter

Penalty parameter for ADMM (Algorithms 3 and 4)

-
A
B
o

Measurement noise level for CT inverse problem

Table 1: Description of algorithm parameters

A.2 PnP-PGD algorithm parameters

The base algorithm parameters setup for the results in Section 4.1.1 and 4.1.2. Note that the o
values are the same for PnP-PGD and PnP-ADMM.

Dataset L o

MNIST digit 5 (28 x 28 pixels) 1621 | 0.1

Shepp-Logan Phantom (84 x 84 pixels) | 4867 | 0.1

Table 2: Model setups for PnP-PGD (same o as PnP-ADMM)

Denoiser/prior | A 1

TV (1074,107%) (L,L)
BM3D (107°,107%) (L,L)
DnCNN (1075,10=%) | (L,4000)
DRUNet (1075,10~%) | (750, 2900)
GS-DRUNet (107°,10%) | (800, 2900)

Table 3: Model parameters for PnP-PGD (MNIST, Phantom)

A.3 PnP-ADMM algorithm parameters

The base algorithm parameters setup for the results in Section 4.1.1 and 4.1.2.
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B POWER METHOD

Denoiser/prior | A I5;
TV (1073,107Y) | (10,6)
BM3D (1073,1) (10, 10)
DnCNN (1073,1) (100, 10)
DRUNet (1073,1) (10, 10)
GS-DRUNet (1073,1) (100, 10)

Table 4: Model parameters for PnP-ADMM (MNIST, Phantom)

B Power method

Power method algorithm for estimating the largest eigenvalue of a square matrix, H = AT A € R»*",
used in Section 4.1.

Algorithm 5: Power method for H
Initial guess (%) € R™ such that ||z(©)||; = 1, choose tol > 0

For k=0,1,2,...,

mE+D) — k)

k+1) (k+1)
pk+1) — 7”,,7;‘@“)”2

Eigenvalue estimate: \(*) = (:c(k))Tm("’“)
Residual: rF = mE+D — \(k) g(k)

Repeat until ||r*)||y < tol

Largest eigenvalue estimate: \(F)
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