Lecture 5 (Edinburgh): BPRE and Queueing
systems

V.A. Vatutin (Steklov Mathematical Institute, Moscow)
June 26, 2006

1 Processes with immigration counted by ran-
dom characteristics

Continuous time branching process with immigration and final prod-
uct: Consider a BPI in which immigration occurs with rate po and the re-
production function of the number of immigrants g(s) =Fs"”. That is, at an
immigration moment a random number 7 of children is produced and a final
product x* > 0 which is not changed later on (that is, a random variable which
is INDEPENDENT on the moment of immigration),

PX(s,A) = Es"e X" 4X(s,0) = g(s) = Es".

The aboriginal individuals have the exponential life-time distribution with pa-
rameter p; and the reproduction function f(s) =FEs¢. An aboriginal individual
produces at the end of the life a random number £ of children and a final product
x > 0 with probability generating function

SDX(& /\) = Esfe—AX, SDX(& 0) = f(S)

which is not changed later on. The random variables y and x* are called random
characteristics.
Let

ZXH) =) xp+ > _Xi
D I

where summation is for all particles D which died up to the moment ¢ and all
immigrants immigrated up to moment t.

The joint distribution of the components of the vector (Z,(t), ZX(t)), where
Z.(t) is the number of particles in the process with immigration, is described
by the following integral and differential equations. Setting

O, (t,5,)) = B |s7We 20| (Z(t), 2X(t)) = (0,0)



and Go(t) = 1 — e, we get
t
B (15, 0) = 1 — Golt) + / VXD (L — 1,5, 0) , N (E — 1, 5, A) dGo(u)
0

with
D, (t,s,A) =1.

This leads to
(0 = o0 { [ (w5, ~ 1y}
Here (RECALL) for
D (t,5,0) = B [s7 02 0)(2(0), 2X(0)) = (1,0)]
and G(t) = 1 — e~ " we have
O(ts,\) =s(1—G(t) + /Ot OX(D (t —u,5,\), \)dG(w).
In particular, for
FO(t,5) = E [SZ*(t)|immigration, Z.(0) = o} — @, (1,5,0), F°(0,5) = 1

and

F'(t,s) =E {sz(t)|no immigration, Z(0) = 1} = (t,5,0), F(0,s) = s,

we get
Fo(t,s) = exp {/O Po(g(Fl(%s)) o 1)du} .
and, recall,
M‘T(tt’s) =, (f(Fl(t, 5)) — Fl(t, 8)) 7 Fl(O,s) —s,
and OF1(t; AOF(¢t:
D) - 928D pro ) =

Theorem 1 If ¢/(1) < 0o and f (1) <1 then

jin 75 = o [ mlatrw9) - i



Proof. Since

0

IN

1-g(F'(u,s)) <g'(1) (1= F'(u,s))

g/(l)epl (f/(l)*l)u (1—s)

IN

the integral converges uniformly in s € [0,1]. Hence

t—oo

lim F(t, 5) = exp { | sttt s - 1>du} .

Now

d

& | o w9 - nau

B * dg(Fl(u,s)) OF(u,s)

B po/o dF1! Os du

_ < dg(F*(u,s)) OF*(u, s)

= PO/O dFT 98 du

_ < dg(F*(u,s)) OF*(u, s) du

- “’/o aF! du pi(f(s) =)

_ Po > 0g(F'(u,s)) . po oo
= gt e e o
(- gls)
pi(f(s) —s)
Differentiation is also justified since convergence
. L0 1 _ £0
N O KA F Ay

is uniform in s € [0,1).

2 System M|G|1 with retrials (repeated calls)

2.1 Description of the queueing system

Consider an M|G|1 system with Poisson flow of customers having intensity pg
and the following service discipline: a just arriving customer is immediately
served if the server is idle else the customer joins the queue and repeats its
attempts with exponentially distributed time-intervals with parameter p; until
success.

Assume that the vectors (&, m;),i = 1,2,... are iid and have components
which are equal, respectively, to the number of new customers arriving during
the service time of the respective customer and its service.

Suppose that initially there were n + 1 customers, one is marked and the
server is idle. The problem is to evaluate the waiting time of the marked cus-
tomer.



Under our assumptions for the time-interval o1,
P(o, >1t) = e~ Hpi(n+1)+po)

the server is idle then some of the customers comes to the service and is served
within the time-interval 71 and the server remains idle for the time-interval oo
whose distribution depends on the number of customers staying in the queue
just after the moment o1 + 71 so on. Let N be the number of customers served
BEFORE the marked one was taken to the service. In this case the waiting
time of the marked customer is

Vo=014+m+os+me+..+0on+7N+0N+1

while the total number R,, of unsuccessful calls of the marked customer until
success equals
Ry=ri+mr+.+ry+1

where r; is the number of attempts to call by the marked customer between the
end of the services of the (i — 1)— th and i-th customers. Hence, as before,
we may assume that at the each, say, i—th customer, produces at the end of
the service a final product y; and the number of new customers arriving to the
system during the service time of the i-th customer is just ;. Suppose that
(&, x:),%=1,2,... are iid and set

TX=x1+x2+ ... +XxXN-

Clearly,
R, =T 4+1,V, =T 4+01+02+..+0oN+0N+1-

2.2 The associated BP with immigration.

Now we construct an associated branching process with immigration. We have
two types of particles 0 and 1. The life-lengths of the particles of the respective
types are exponential with parameters

L0, P1-

Each particle, say D, produces at the end of her life (§p, xp) and, additionally,
a particle of the type 0 produces exactly one particle of type 0.

Thus, in our previous setting this is a Markov process with immigration rate
po and the reproduction function

d}X(Sv)‘) = @X(Sa )‘)v W((Sao) = f(s)

(since in the case under consideration there is no difference in the service times
of immigrants and aboriginal individuals).

Denote by 0/1, 0/2, ... the splitting moments of the BPI and let the process
start by n + 1 particles of type 1 (with one of them marked) and 1 particle of
type 0.



Thus, we have interpretation - a particle of type zero - a customer from
outside, a particle of type 1 - a customer from the queue.

We follow the evolution of the queue at the moments 01,01 + 7 + 02,01 +
™ + 09 + M + 03, ...

We record how many new customers come to the system, which customer
is served (from outside or from the queue) and what is the amount of the final
product it produces. Thus, the final product produced up to the service moment
of the marked customer coincides with the amount of the final product in the
BPI up to the splitting moment of the marked particle,

P(r<z)=1-e "

One can see that
d d
01 = 01,02 = 09, ...

and using this relation check that the following statement is valid.

Theorem 2 the BPI and the queueing system can be specified on a common
probability space in such a way that

TpX = Z3X1) + .. + ZX(1) + ZX(7) a.s.
and
01 = 0,02 = 0, ...q.5.

where T and the v ZX(t),i = 1,2,...,n are independent and P(t < z) =1 —
e P and ;
ZX(r) = ZX(1)

and ZX(t) is the final product produced in a BPI up to moment t which starts
by one individual of type zero at time 0.

Since
o1 +o2+ ... +0oN+0oNt1 L U'1+U'2+...+J§V+J§\,+1 =T
we get the following

Corollary 3

R, = rn+rm+..+ry+1
ZI(T)+ ..+ ZN () + Z0 (1) + 1
= Tr"+1

and

Vo = o1+m+os+me+..+on+7N+0Nt1
T,"+o1+02+..+0oN +0N41
= Z7 (M) + ..+ Z(1)+ ZI (1) + .



Now we recall that

O (t,s,M) =E [SZ(“G”ZX(“I(Z(O), ZX(0)) = (170)] ,

@ (t,3) = E [e720)(2(0), 24(0)) = (1,0)]

and
@, (t,) = E [e 72O immigration; Z(0) = 0] .
Then .
Ee—)\T:X — / e_td)"(t’)\)@* (t,)\) dt
0
where 9t N)
a; =M ((IQX((I) (ta/\)7>\) _‘I)(t,)\))
D (0,)\) =1.
and

5.3 = e | 0@ (1, 2) ) — i}

Let m = E£ — 1. In the above situation we have as before (the proof is
omitted)

Theorem 4 Asn — oo
T}n d

KN
pinEyx

where the distribution function of  is
Fp@) =1—1+ma) /™, 0<a2<ap,,

where

1
T =——, m<0, z,, =00, m >0,
m

and
Fy(z)=1—e"".

3 Crump-Mode-Jagers process counted by ran-
dom characteristics

We give here only an informal description of the Crump-Mode-Jagers process
counted by random characteristics or, what is the same, of the general branching
process counted by random characteristics. A particle, say, x, of this process is
characterised by three random processes

()\wa gw()a Xac())



which are iid copies of a triple (A, £(+), x(-)) and whose components have the
following sense:

if a particle was born at moment o, then

Az— is the life-length of the particle;

&x(t — 04) - is the number of children produced by the particle within the
time-interval [04,t); £:(t —o0,) =0if t — 0, < O;

Xz (t —0x) > 0— is a stochastic process subject to changes ONLY within the
time-interval [0, 0, + A;) while outside the interval it has the form

0 if t—o0,<0
Xm(t - Um) =
Xe(Az) i t—0p >N

(it is NOT assumed that x,(t) is a nondecreasing function in ¢ > 0).
The stochastic process

ZX(t) =Y Xalt — 0a)

where summation is taken over all particles = born in the process up to moment
t is called the general branching process counted by random characteristics.

Examples:

1) x(t) = I {t € [0,A\)} — in this case ZX(t) = Z(t) is the number of particles
existing in the process up to moment t;

2)

x(t) =tI{t € [0,\)} + X[ {X <t}
then .
ZX(t) = / Z(u)du;
0

3) x(t) = I{t >0} then ZX(t) is the total number of particles born up to
moment ¢.

Classification. FE¢(o0) <,=,> 1 - subcritical, critical and supercritical,
respectively.

Let
0<v()<v(2)<..<v(n) <.

be the birth moments of the children of the initial particle. Then
So(t) =#{n:v(n) <t}

is the number of children born by the initial particle up to moment ¢. We have

ZX(t) = x0(t) + Y _xXalt —02) =x0(t) + > ZX(t—v(n))

z#0 v(n)<t



where ZX (1), n=1,2,... are iid copies of ZX(-). Hence it follows that

EZX(t) = Ex()+E| Y  ZX(t—v(n)
Lv(n)<t

= ExO)+E| ) E[ZX(t—v(n)|v(1),v(2),...,v(n),.]
Lv(n)<t

= Ex()+E| ) E[ZX(t—v(®n)|v(n)]
Lv(n)<t

= Ex(t) +E | ) E[Z¥(t —u)] (§o(u) — Lo(u—))

u<t

Ex(t) + /0 BZX (i — u) BE(du).

Thus, we get the following renewal-type equation for AX(t) = EZX (¢) and
u(t) = BE(1) :

AX(t) = Ex(t) —4—/0 AX(t — u)p(du). (1)

Malthusian parameter: a number « is called the Malthusian parameter
of the process if

[ eetutdn =1 2)
0
(such a solution not always exists). For the critical processes a = 0, for the

supercritical processes a > 0, for the subcritical processes o < 0 (if exists).
If the Malthusian parameter exists we can rewrite (1) as

CX(t) = e~ Ex(t) + /0 t CX(t — u)d ( /0 ' eayu(dy)>

where CX(t) = e~ AX(t). In view of (2) and given that, say, e"*'Ex(¢) is
directly Riemann integrable and

/ e “Ex(t)dt < oo, / te”* u(dt) < oo
0 0

we can apply the key renewal theorem to conclude that if the measure

M(t) = / e u(dy)

is non-lattice then
1

Jim CX(f) = lim e~ AX(t) = / e~y (1) dt ( / te—am(dt)>
— 00 — 00 0 0



In particular, if G(¢t) is the life-length distribution of particles and x(t) =
I{te]0,\)} we get
Ex#)=PA>t)=1-G(t)

and -
Jo e (1=G(t))dt

I teotuldt)

tlim e “EZ (t) =

if the respective integrals converge.

4  M|G|1 system with processor sharing disci-
pline

The model: a Poisson flow of customers with intensity A comes to a system
with one server which has unit service intensity. The service time distribution
of a particular customer is (if there are no other customers in the queue) B(u).
If there are M customers in the system at some moment 7' they are served
simultaneously with intensity M ~! each.
Let
Wl1,m,l1\771 (lN)

be the waiting time for the end of service of a customer with service time [y
which arrived to the queue at the moment when the queue had N —1 customers
with remaining service times Iy, ..., [Ny —1.

The question is to study the properties of the random variable Wy, ;. . (In)
when Iy — o0.

To solve this problem we construct an auxiliary general branching process.

Construction of the branching process.

Consider a general branching process in which initially at time ¢ = 0 there
are N particles with remaining life-lengths l1,...,Ix_1, !y and which constitute
the zero generation of this process. The life-length distribution of any newborn
particle A, is P (A, < u) = B(u), the reproduction process £, (t) of the number
of children produced by a particle up to moment ¢ has the probability generating
function

t
Egée®) :/ eA(sfl)udB(u) + eAls—1)t (1 _ B(t))
0

that is, this is an ordinary Poisson flow with intensity A stopped when the
particle dies:

Esée(®) — pgPoia(tAXs)

Let Z(t; 11, ...,In—1,In) denote the number of particles in the process at moment
t with the mentioned initial conditions. We use a simplified notation Z(t) if at
moment ¢ = 0 there is only one particle of zero age in the process.

We will consider also the process with immigration X (¢;11, ..., {ny—1,Ix5) which
has the same initial conditions and development as Z(t;11, ...,In_1,n) but, in



addition, given X (¢;11,...,In—1,In) = 0 it starts again by one individual of
zero age after a random time r; having distribution P (r; <wu) =1 — e Au (if
the process dies out for the i—th time). X (t) is used if we initially start by the
process Z(t).

Now let 05, < 04, < ...be the sequential moments of jumps of the process
X(t;l1, ..., In—1,In). We construct by the general branching process the fol-
lowing queueing system with S(7T') being the number of customers in the queue
at moment 1"

1) the queue has N customers at T = 0 with remaining service times
Iy In—1, N

2) the moment T; of the i—th jump of the queue size S(-) is specified as

Ti:/ ZX(%ll;---,lN—lalN)dy"’/ zI{X(y;ll,---,lN—th)=0}dll-
0 0

3) the service discipline is such that at each moment T' the number of cus-
tomers in the queue and their remaining service times coincide with the number
of individuals and the remaining life-lengths of individuals in the branching pro-
cess at moment ¢(7") where

t(T) t(T)
T=/ X(y;zh...ymmw/ [{X (i Lty oo L) = O} dy.
0 0

Thus, t < T is a random change of time.

Theorem. The described queueing system is a processor-sharing system
with service time distribution of customers B(u) and a Poisson flow of customers
with intensity of arrivals A.

Proof. Let S(T) be the number of customers in the queue at time 7" and let
01, 09, ... be the moments of changes the size of the queue. Let us show that the
evolution of the constructed queue coincides with the evolution of a queueing
system with processor sharing discipline. It is enough to show that this is true
for T € [0,01] and then, using the memoryless property of the Poisson flow to
show in a similar way that this is true for T' € [©1, ©4] and so on.

To demonstrate this it is enough to check that:

1) ©1 = Nly A ... A Nlx Ad where P(d < u) =1 — e A%

2) If ©; = NI; then at this moment the i-th customer comes out of the
queue; if ©1 = d then one new customer arrives;

3) at any moment T € [0, 0] the remaining service times of the initial N
customers are [y — N~'T,..., Iy — N7IT.

Let 67 be the first moment of change of X (¢;11,...,Ix). Clearly,

O =L AN...NINNdLAN...NdN

where P(d; < u) = 1—e~?* and where the sense of d; is the birth of an individual
by the initial particle labelled 7. On the interval ¢ € [0,6;] the processing time
of the queueing system T and the time ¢ passed from the start of the evolution
of the general branching process are related by T'= Nt. Hence 3) is valid.

10



Further, ©; = N(ll AN ANdy /\.../\dN) = Nli A... ANNIy AN (N(dl A
...Adp)) and

N
P(N(dy A ... Ndy) >y) = (e_yA/N) = e YA,

This proves 1). Point 2) is evident.
Corollary 1.

Corollary 2.

In
Wi i () = / Z(ys 11, oI ) dy.
0

More detailed construction:
Let L be the life-length of a particle and let 0 < §(1) < §(2) < ... be the
birth moments of her children. Denote

Et, L) =#{n:06(n) <t}.

Then the process generated by this particle can be treated as a process with
immigration stopped at moment L where

Esf(t,L) — €A(S_1) min(t,L),

and, since each newborn particle generates an ordinary process without immi-
gration, we see that the offspring size of new particles at moment ¢ in the
process is

t
/0 Zﬁ(u,L)(t - u)f(du, L)

where Z;(y) are independent branching processes initiated by one individual of
zero age. Thus,

y
Z(y;l,nly) = I{li >y} +/ Ze(uin)(y —u)é(du,ly)
0
y
+..+I{ly >y} +/ Ze(uin) (Y — w)€(du, In)
0
and, in particular, we have

In
Wi aws () = / Z(y: L1, o L)y
0

N N In Y
= > min(ln, ) + Z/ dy/ Ze () (Y — w)§(du, k).
k=1 k=170 0

=1

11



Since the birth moments of new particles constitute a Poisson flow with
intensity A we have E [(u,)|l] = min (u,l) . Hence

o
E / dy / Zg(u,m(y—u)g(du,zk)]
0 0
i Yy

Lk {
- E / dyE [/0 Z,g(u,lk)(y—u)é(du,zk)|5<u,zk),0<u<zkH

Iy Y
. Iy Y
= E /0 dy/o E[Z(y—u)]ﬁ(duvlk)]

Ik Y
= E / dy/o E[Z(y—u)]E[ﬁ(duvlk)llk]]

Uk Yy Uk y
= E _/0 dy/o E[Z(y —u)]Adu| = AE /0 dy/O E[Z(u)]du] .
Hence
N N Ui y
EWy, . inv.(n)=E min(ly, k) + A d E[Z(u)] du] .
l l N ; Ny lk ;/0 y/o

One can prove also that if
61 =Ely :/ udB(u) < oo
0
and A3y < 1 then for fized Iy, ...,In_1
lim W, (Iy) = —
lNILnoo By BN T ABy

almost surely (in particular, if it comes to an empty system).
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