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SUMMARY

The main theme of this thesis is the use of the branching property in the analysis of
random structures. The thesis consists of two self-contained parts.

In the first part, we study the long-term behaviour of supercritical superdiffusions
and prove the strong law of large numbers. The key tools are spine and skeleton
decompositions, and the analysis of the corresponding diffusions and branching particle
diffusions.

In the second part, we consider preferential attachment networks and quantify their
vulnerability to targeted attacks. Despite the very involved global topology, locally the
network can be approximated by a multitype branching random walk with two killing

boundaries. Our arguments exploit this connection.
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INTRODUCTION

Branching processes are one of the fundamental objects studied in probability theory.
The reason is twofold: one is the striking beauty of the modern mathematical analysis
of these processes, the other is the fact that they appear naturally in the study of
many real-world phenomena. Examples range from population genetics, over large-

scale networks, to the search for the optimal route between two locations.

Historically, branching processes have been considered as stochastic population
models. At every given time, there is a family of individuals, and each individual
reproduces independently of all others, living or dead. The population is observed
either continuously at every time ¢ > 0, or only at discrete time steps, t € Ny, say.
The reproduction law and lifetime can depend on attributes of the individual that are
usually encoded by a type or spatial location. In the latter case, one may also consider

spatial movement during the lifetime of individuals.

The key characteristic of branching processes is the branching property that states
the following. If the population is split into two subpopulations at a fixed time ¢, then
the families descending from the members of the two subpopulations form independent
copies of the original process with initial distributions given by the respective config-
urations at time t. Starting from this property, a good understanding of branching
processes has been developed since the 1950s, and many key concepts like criticality
and the asymptotic behaviour of finite-type processes have been well understood for
some time now [83, 93, 7]. Recent advances led to deep structural insights, and made
branching processes once again one of the hot topics in probability theory; see [1] and

the references therein.

In this thesis we aim on the one hand to add to the theoretical understanding of
branching processes and, on the other, to highlight their strength in the analysis of
applied problems.
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Motivation and perspective

This thesis consists of two self-contained parts. The first part is concerned with the
asymptotic behaviour of spatial branching processes; the second analyses the vulnera-

bility of large-scale networks to targeted attacks.

Part I. Superprocesses appeared first in work of Watanabe [122] as a high-density
limit of branching particle processes.

A branching particle process Y = (Y;)¢>0 describes a cloud of particles that evolve
over time as follows'. Start with a finite number of particles in R?. Each particle moves
according to the same distribution as a Markov process (£ = (&)i>0: (Pz)yerae), and
dies after an exponential time of rate ¢ > 0. Upon its death, the particle gives birth
to a random number of offspring according to a distribution (py)ken,. Each offspring
independently repeats the behaviour of its parent starting from its location of birth.

The configuration of particles at time ¢ can be expressed as an integer-valued mea-
sure Y; = >, d¢, (1), where &;(t) denotes the location of the i-th particle at time ¢.
Write P, for the distribution of Y when started with initial configuration v, and
(f,u) = [ fdp for the integral of a function f with respect to a measure p. The

branching property yields, for any bounded, nonnegative function f,
Ps 5, [e" Y] = T Ps,, [e” Y0 = exp ( _ <vf(.7t), Z5w>)
i i

where vy(z,t) = —log P, [e” /Y], We denote by ¢(z) = > oo, prz¥, 2 € [0,1], the
probability generating function of the offspring distribution. The function v; can be
characterised by splitting at the time where the first particle dies to obtain the integral

equation
t
o vs(@t) — P, [e—qte—f(ﬁt)] +/ P, [qe_qs¢(e_”f(5s’t—s))] ds. (%)
0

Here the first summand corresponds to the case that the initial particle survives at
least until time ¢. The second term accounts for the case that the initial particle dies
at time s € [0, t] in location &. With probability py it then has k offspring that initialise
independent copies of Y that run for the remaining ¢t — s time.

If £ is a diffusion with generator L (c.f. [110, 119]) and if suitable regularity con-
ditions are satisfied, then the unique solution u(z,t) = e~ @1 to () is equal to the

unique, [0, 1]-valued solution to the differential equation

Ou = Lu — q(p(u) —u) on R? x (0,00), ()
u(-,0) = e ! on R%;

We describe only a simple case here. Greater generality and more details can be found in Part I
of the thesis.
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see, for example, Chapter 3 in [119] or Chapter 5 in [44]. This close relationship be-
tween branching particle processes and partial differential equations (PDEs) facilitates
a spectacular interplay of probabilistic and analytic methods in the analysis of both,
stochastic processes and PDEs. See [10] for a good literature review in the case that &
is a Brownian motion.

For small populations, a branching particle process is a suitable model that tracks
the evolution of types (recorded as a location in the above description). However,
for very large populations the concentration of particles can become extremely high,
and it is preferable to record the proportion of particles of a certain type instead
of absolute numbers. A continuous approximation then leads to a finite measure-
valued Markov process — a superprocess — that captures many of the key properties of
interest. Besides the motion &, the main parameter of a superprocess is the branching
mechanism z — 1(z) which plays the role of z — ¢(¢(2)—2) from (*%) in the continuum
limit [43, 59, 66]. If £ is again a diffusion with generator L, and if suitable regularity

assumptions hold, then the superprocess X = (X¢):>0 satisfies

P[] = ¢~ lurCm

for all initial configurations u, and nonnegative, bounded, continuous test functions f,

where (x,t) — uy(z,t) is the unique, nonnegative solution to

Opu = Lu — 1 (u) on R% x (0, 00),
u(-,0)=f on R%,

A simple example for a branching mechanism is given by the quadratic function 1(z) =
—Bz+az? with 8 € R and a > 0. The particles in an approximating branching particle
process reproduce at rate n/c according to an offspring distribution with mean 1+c¢f3/n
and variance roughly ca, where ¢ > 0 is a normalising constant and n — oo parametrises
the limiting procedure for the approximation. However, the range of possible branching
mechanisms goes far beyond quadratic functions or polynomials and therefore offers a
probabilistic interpretation for PDEs not covered by (#x). In particular, superprocesses

with branching mechanism
Y(z) = =Bz + 2P, where p € (1,2],

B € R, v > 0, received a lot of attention in the literature; see [67, 54, 41] and the
references therein.

Further motivation for the study of superprocesses comes from stochastic differential
equations and statistical mechanics, and we refer the reader to Le Gall’s lecture notes
[100] for an excellent overview and some examples.

The first powerful tools for the analysis of superprocesses were developed by Dawson

[34]. Following his pioneering work, a large variety of techniques have been established
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by Dynkin, Kuznetsov, Perkins, Le Gall, Donnelly, Kurtz and many others; see [44,
108, 100, 66] for comprehensive overviews, detailed discussions, and further references.
Recent developments are reviewed in Part I of this thesis, and by Englénder in [53] and
the forthcoming book [56].

A fundamental question regarding spatial branching processes concerns how they
distribute mass in space. For a given set of types B C R%, the goal is to understand how
many particles are located in B, i.e. Y;(B), or what proportion of the population is of
a type in B, i.e. Xy(B) in the above notation. There is a substantial body of literature
analysing the asymptotic behaviour of the total mass assigned to compact sets B. The

results usually state that, for suitable starting measures p and test functions f,
(f, Xe) ~ Pu[{f, Xe)]Weo as t — 00,

where W, is a finite, non-trivial random variable, and a; ~ b; if a;/by — 1 in some
sense as t — o0o. (The statement for branching particle processes is analogous where
X; is replaced by Y;.) However, establishing such a convergence almost surely for
superprocesses proved to be challenging [54]. Our approach to the problem is based on
the skeleton decomposition for supercritical superprocesses that constitutes a pathwise
representation of the superprocess as immigration along a branching particle process.
In Part I of this thesis, we exploit that representation, and carry results for particle
processes into the superprocess setup to establish the first strong law of large numbers
for superprocesses that covers many of the key processes studied in the literature.
This research exposes an intriguing view on the skeleton decomposition that turns
out to be the right approach to the study and understanding of the asymptotic be-
haviour of measure-valued processes. It would be of interest to extend the ideas to
study superprocesses based on discontinuous motions, branching mechanisms satisfy-
ing weaker moment assumptions, and to cover the so-called “non-ergodic case” (see
Section 1.4 and page 28 below for discussions in this direction). Moreover, it is de-
sirable to deepen the understanding of the relationship between the measure-valued

process and its skeleton, for example through a joint spine decomposition.

Part II Complex networks play a fundamental role in our everyday life. The In-
ternet, the power grid, protein interaction networks and social networks are only a
few examples. For the mathematical analysis, members of the network are interpreted
as vertices of a graph and links are modelled as edges. To deal with the presence of
uncertainty in the network formation, the edges are allocated in a probabilistic fashion.

The first and simplest random graph model was formalised and studied by Gilbert
[76], and Erdés and Rényi [63, 64]. It arises by taking n vertices and placing an edge
between each pair of vertices independently with a fixed probability p. The model was
named after Erdés and Rényi who showed that for p = ¢/n the largest component in

the network undergoes a phase transition at ¢ = 1. In fact, asymptotically as n — oo,
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if ¢ < 1, the graph consists only of small components of order at most logn; if ¢ > 1,
there is a giant component of order n; and if ¢ = 1, then it has a largest component
with of order n?/? vertices. This striking result caught the attention of scientists from
many fields and may be viewed as the starting point of the field of random graphs.

In the analysis of the Erdés—Rényi random graph (ERRG), a wide range of methods
have been developed [18, 89]. However, already in the earlier papers it was mentioned
that the model is too simplistic to describe real-world networks. The advancement of
modern data analysis in the last 15-20 years allowed scientists to get a more accurate
description of complex structures and led to the formulation of many new random
graph models.

One, by now, well-established feature of most real-world networks is that they are
scale-free, which means that their degree distribution does not depend on the network
size, and the proportion of nodes with degree k has a decay of order k=7 for a power law
exponent 7 > 1. A scale-free random graph model can be obtained as a variation of the
ERRG where edges are independent but the probability for the edge between vertices
i and j, denoted by p;;, varies in ¢ and j. Models of this type are called inhomogeneous
random graphs. For suitable choices of (p;;: 4,5 € {1,...,n}) the network is scale-free
[20, 29, 85]. Another way to achieve an asymptotic degree distribution with a power
law is to construct the network so that it has a given degree sequence. This approach
leads to the configuration model [2, 106, 85]. One criticism of these models is that
the power law is introduced artificially by choosing the edge probabilities p;; or degree
distributions.

In a highly influential publication, Barabési and Albert [9] argued that the main
topological structure of networks like the World Wide Web or social networks can
be explained by the fact that they are built dynamically, and new vertices prefer to
connect to vertices which already have a high degree. Models that obey these principles
are called preferential attachment models. Bollobds and Riordan [22] gave the first
mathematically rigorous formulation, insisting that new vertices come with a fixed
number of edges and that the probability for an edge between the new and an old
vertex are proportional to the degree of the old vertex. Jointly with Spencer and
Tusnady [24], they showed that the resulting model, called the LCD-model, is scale-
free with power law exponent 7 = 3. Van der Hofstad [85] demonstrated that any power
law exponent can be achieved when the edge probabilities are chosen proportional to
an affine function of the degree.

The analysis of preferential attachment models proved difficult. Bollobas, Riordan
and co-authors developed highly technical tools to get a grip on the LCD-model [114,
23, 22]; van der Hofstad and co-authors used a wide range of techniques to characterise
the generalised version [85, 38]. However, the understanding of the configuration model
and certain inhomogeneous random graphs advanced much faster to an impressive level
of detail. The key to this deep understanding is a branching process approximation.

The use of branching processes in the analysis of networks is a long success story.
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It is based on two fundamental observations. Firstly, many global features of large-
scale complex networks are determined by the local neighbourhoods of the vertices, and
secondly, the local neighbourhood of a typical vertex is similar to a tree. How strong
these two features are depends crucially on the model. To see the connection between
a network and a branching process, one explores the neighbourhood of a vertex in the
graph step-by-step, and interprets the discovery of a new member of the cluster as the
birth of a new individual in the branching process. The stronger the inhomogeneity in
the graph, the more attributes of individuals have to be recorded to describe a suitable
offspring distribution. For example, the homogeneous ERRG with edge probability
p = ¢/n is approximated by a Poisson(c)-Galton—Watson process [85], which is a process
with indistinguishable individuals. By contrast, some sophisticated inhomogeneous
random graphs are approximated by branching processes with uncountably many types
[19].

To show a property of a random graph model using a branching process approxima-
tion, one must first establish a suitable coupling, and then study the relevant property
in the branching process. The simpler dependency structure and the detailed knowl-
edge of branching processes available make the second step often a much simpler task
than the original problem.

For preferential attachment models a branching process approximation was found
only recently by Dereich and Morters [37]. Their model differs from the previously
mentioned preferential attachment models in the sense that the number of edges a new
vertex attaches to existing vertices is not fixed. This is not only more desirable from
a modelling perspective, but also makes the model more tractable, whilst keeping all
the characteristic features popularised by Barab&asi and Albert. Quantitatively, the
model behaves in the same way as the LCD-model and its generalised version. The
approximating branching process is considerably more involved than previously found
approximations: it could be viewed as a multitype Galton—Watson process, but more
intuition can be drawn from an interpretation as a multitype branching random walk
with killing boundary (see Section 5.6 for a discussion). The discovery of the branching
process approximation opens up the path to a much deeper understanding of preferen-
tial attachment models, which has already led to Dereich and Morters identifying the
exact location of the phase transition of the size of the largest component.

In Part II of this thesis, we continue that work and adapt the branching process
approximation to investigate the vulnerability of preferential attachment networks to
a targeted attack on highly-connected vertices. For power law exponent 7 € (2,3),
the network is robust to the random removal of vertices but a targeted attack changes
its topology dramatically. Our analysis constitutes the first mathematically rigorous,
systematic study of this phenomenon.

The fascination behind the asymptotic power law degree distribution comes not only
from the fact that it has been observed experimentally in most real-world networks,

but also from the discovery that most key properties of random graphs are determined
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by the power law exponent 7. While a different mathematical analysis may be required
for different models, the scalings agree when the power law exponents agree.

This folklore knowledge has been established over the last 10-15 years and has been
demonstrated for various models and properties; see [85] for an excellent overview. One
contribution of this thesis is to highlight qualitatively different behaviour of models that
have the same power law exponent.

We call models of rank one if the edge probabilities (roughly) factorise, i.e.,

pij ~ x(1)x(j) (% %)

for some function y. Examples include the configuration model and inhomogeneous
random graphs that satisfy (& * x).

A comparison of the two model classes given by scale-free graphs with power law
exponent 7 that are either of rank one or preferential attachment networks shows the
following. In rank one models with power law exponent 7 € (2,3), the shortest path
between two typical vertices consists of two paths that go through layers of increasingly
well-connected vertices and meet at a highly connected vertex. In contrast, typical
paths in preferential attachment models alternate between well-connected vertices and
ordinary vertices, and are therefore twice as long as the typical paths in rank one
models [107, 35]. In Part II of this thesis we show that this different behaviour leads
to different critical exponents for the question of vulnerability. The analysis exposes a
striking difference between the model classes, structurally and quantitatively.

For power law exponents 7 > 3, the difference is even more compelling. Consider
the supercritical regime where a positive fraction of all vertices lies in one component,
the giant component. While in rank one models the relative size of the giant component
experiences a polynomial decay close to criticality, the decay is exponentially fast in
preferential attachment models [52, 46, 114]. The analysis of this phenomenon offers
another beautiful application of modern branching process techniques in the study of
complex networks.

Based on these results, it would be of great interest to explore the difference be-
tween rank one and preferential attachment models further. A particularly interesting
property to study would be the size of the largest component in the subcritical regime,
where a remarkable difference between the two model classes can be expected.

Another intriguing open problem for preferential attachment models would be to
understand the size of the giant component close to criticality in the regime where the

second moment of the asymptotic degree distribution is infinite.

Further applications The range of problems where branching processes play an
integral part is vast. Besides the fields of population genetics and random graphs,
computer sciences, epidemiology, and queuing theory are usually mentioned [26, 8, 92].

An example related to our study of random graphs is that of flows on networks:
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many real-world networks transport information, passengers or commodities, and links
require a certain time or have a certain economic cost attached to them. Mathe-
matically, these networks can be modelled by edge-weighted graphs. The aim is to
understand properties of the weight and length of the optimal path between two ver-
tices. For a more global picture, the topology of the graph consisting of the shortest
paths from one vertex to all other vertices, the smallest-weight graph, is of importance.
These questions lead to first passage percolation on random or deterministic graphs, a
field that has attracted considerable attention in recent years; c.f. Chapter 12 in [85].

Similar to the study of random graphs, the local neighbourhood of a vertex in the
smallest-weight graph can be approximated by a branching process. However, here the
edge weights should be interpreted as birth times of particles in the branching process,
leading to continuous-time instead of discrete-time processes [14]. For edge weight
distributions with a heavy tail at zero, the approximation leads to a continuous-time
branching process that depends crucially on the graph size. Consequently, a study of
the double asymptotics, large time and large graph, is required [48, 49].

This, and the discussed preferential attachment networks, are prime examples in
which the application of branching process theory paves the way to a deep understand-
ing of very involved structures. However, the discovered branching processes are very
sophisticated, and their analysis requires state-of-the-art techniques and new results.
The consequence is a fruitful interaction between the branching process community
and other fields that leads to the development of powerful methods and remarkable

insights.

Publication and collaboration details

Part I of this thesis is joint work with Andreas E. Kyprianou and Matthias Winkel.
It has been accepted for publication in the Annals of Probability, and forms reference
[50].
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Journal of Probability, and forms reference [51].

During my time as a PhD student in Bath I have worked on further projects that are
not included in this thesis. For completeness, I will mention that joint work with Jesse
Goodman, Remco van der Hofstad and Francesca Nardi on first passage percolation
has been published [47] and is being prepared for publication [48, 49]. Further work
on preferential attachment networks with Peter Morters is currently being prepared for

publication [52].




Part 1

Spines, skeletons and the
strong law of large numbers

for superdiffusions

Consider a supercritical superdiffusion (X;)¢>0 on a domain D C RA

with branching mechanism

(z,2) = —B(x)z + ax)2* + / (e™? — 1+ zy) U(z,dy).
(0,00)
The skeleton decomposition provides a pathwise description of the
process in terms of immigration along a branching particle diffusion.
We use this decomposition to derive the strong law of large numbers
(SLLN) for a wide class of superdiffusions from the corresponding
result for branching particle diffusions. That is, we show that, for

suitable test functions f and starting measures u,

<f7 Xt>

— = W P,-almost surely as t — oo,
P#Kfa Xt>] = :

where W, is a finite, non-trivial random variable characterised as a
martingale limit. Our method is based on skeleton and spine tech-
niques and offers structural insights into the driving force behind the
SLLN for superdiffusions. The result covers many of the key examples
of interest and, in particular, proves a conjecture by Fleischmann and
Swart [74] for the super-Wright-Fisher diffusion.



CHAPTER 1

INTRODUCTION

The asymptotic behaviour of the total mass assigned to a compact set by a superprocess
was first characterised by Pinsky [111] at the level of the first moment. Motivated by
this study, Englédnder and Turaev [61] proved weak convergence of the ratio of the total
mass in a compact set and its expectation. Others have further improved the mode of
convergence; specifically, several authors conjectured an almost sure convergence result
for a wide class of superprocesses [54, 62, 74, 102]. However, up to now it has not
been possible to deal with many of the classical examples of interest. In the existing
literature, for almost sure convergence, either motion and branching mechanism have
to obey restrictive conditions [27] or the domain is assumed to be of finite Lebesgue
measure [102]. In this thesis, we make a significant step towards closing the gap and
establish the strong law of large numbers (SLLN) for a large class of superdiffusions on
arbitrary domains. In particular, we prove a conjecture by Fleischmann and Swart for
the super-Wright—Fisher diffusion.

Methodologically, previous results concerned with almost sure limit behaviour of
superprocesses relied on Fourier analysis, functional analytic arguments or used the
martingale formulation for superprocesses combined with stochastic analysis. We take
a different approach. The core of our proof is the skeleton decomposition that repre-
sents the superprocess as an immigration process along a branching particle process,
called the skeleton, where immigration occurs in a Poissonian way along the space-time
trajectories and at the branch points of the skeleton. The skeleton may be interpreted
as immortal particles that determine the long-term behaviour of the process. We ex-
ploit this fact and carry the SLLN from the skeleton over to the superprocess. Apart
from the result itself, this approach provides insights into the driving force behind the

law of large numbers for superprocesses.

A more detailed literature review and discussion of the ideas of proof is deferred to
Sections 1.4 and 1.5. Before, we introduce the model in Section 1.1, our assumptions

are stated in Section 1.2, and the main results are collected in Section 1.3.
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Chapter 1. Introduction

1.1 Model and notation

Let d € N and let D C R be a nonempty domain. For k € Ny, > 0, we write C*"(D)
for the space of real-valued functions on D, whose k-th order partial derivatives are
locally n-Hélder continuous, C(D) := C%"(D). We denote by B(D) the Borel o-
algebra on D. The notation B CC D means that B € B(D) is bounded and there is an
open set Bj such that B C By C B; C D. The Lebesgue measure on B(D) is denoted
by ¢; the set of finite (and compactly supported) measures on B(D) is denoted by
My(D) (and M. (D) resp.). When p is a measure on B(D) and f: D — R measurable,
let (f, ) := [ f(z) p(dx), whenever the right-hand side makes sense. If  has a density
p with respect to ¢, we write (f,p) = (f,u). For any metric space E, we denote by
p(E) and b(E) the sets of Borel measurable functions on E that are nonnegative and
bounded, respectively. Let bp(E) = b(E) N p(E).

Let (£ = (&)t>0; (P2)zep) be a diffusion process on D with generator
1
L(z) = §V ca(z)V +b(z) -V on D.

The diffusion matrix a: D — R4*? takes values in the set of symmetric, positive definite
matrices. Moreover, all components of a and b: D — R? belong to C*(D) for some
n € (0,1] (the parameter n remains fixed throughout Part I of this thesis). In other
words, £ denotes the unique solution to the generalised martingale problem associated
with L on D U {}}, the one-point compactification of D with cemetery state {; see
Chapter I in [110]. We write 7p = inf{t > 0: & & D}.

Let 8 € C"(D) be bounded and

Yo(z, 2) = a(z)2® + / (e7® — 1+ zy) U(z, dy), (1.1)
(0,00)

where o € bp(D) and Il is a kernel from D to (0, co) such that z +— f(o,oo) (yAy?) (z, dy)

belongs to bp(D). The function ¢g(x,2) := —f(x)z + Yo(x, 2) is called the branching

mechanism. If II = 0, we say that the branching mechanism is quadratic. In Section 4.2,

we explain that our results carry over to a class of quadratic branching mechanisms

with unbounded « and S.

The main process of interest is the (L, 3; D)-superdiffusion, which we denote by
X = (X¢)e>0. Its distribution is denoted by P, if the process is started in p € My (D).
That is, X is an Ms(D)-valued time-homogeneous Markov process such that, for all
peMs(D), febp(D)andt >0,

pﬂ[e—<f,Xt)] = ¢~ (urGt)m) (1.2)

11



Chapter 1. Introduction

where uy is the unique nonnegative solution to the mild equation
t
u(z,t) = Sef(x) —/ Ss[vo (-, u(-,t — s))|(z)ds for all (z,t) € D x [0,00). (1.3)
0

Here Sig(x) := IP’x[efotB(fs)dsg(ft)]l{KTD}] for all g € p(D), i.e. (St)r>o0 denotes the
semigroup of the differential operator L + 3. Every function g on D is automatically
extended to D U {t} by ¢(f) := 0. Hence,

Sig(w) = By [eo P& g (g)].

We refer to € as the underlying motion or just the motion in the space D. Informally,
the M (D)-valued process X = (X;)¢>0 describes a cloud of infinitesimal particles in-
dependently evolving according to the motion £ and branching in a spatially dependent
way according to the branching mechanism vg. The existence of the superprocess X
is guaranteed by [43, 72], and it satisfies the branching property (see (1.1) in [72] for
a definition). By Theorem 3.1 in [42] or Theorem 2.11 in [72], there is a version of X
such that ¢t — (f, X;) is almost surely right-continuous for all continuous f € bp(D).
We will always work with this version. In most texts the mild equation (1.3) is written
in a slightly different form: instead of (S¢)i>0, the semigroup of L is used and g is
replaced by 1g. However, since the first moment of the superprocess is determined by
(St)t>0, while 1)y influences only higher moments (c.f. (2.11) below), the mild equation
in form (1.3) leads to simpler moment estimates. Moreover, (1.3) has a unique nonneg-
ative solution even when [ is only bounded from above, not necessarily from below;
see Appendix B and the discussion around (2.7). Using Feynman-Kac arguments (see
Lemma A.1 (i) in the appendix below) and Gronwall’s lemma, one easily checks that
(for bounded ) the two representations are equivalent.

Our main goal is to determine the large-time behaviour of

(f, Xt)

for suitable test functions f and starting measures pu. We say that X satisfies the
strong law of large numbers (SLLN) if, for all test functions f € CF (D), f # 0, the
ratio in (1.4) converges to a finite, non-trivial random variable which is independent
of f. Here C (D) denotes the space of nonnegative, continuous functions of compact

support, and 0 is the constant function with value 0.

1.2 Statement of assumptions

A probabilistic view on supercritical superprocesses is offered by the skeleton decompo-
sition. This, by now classical [70, 59, 40, 13, 11, 98], decomposition has been studied

under a variety of names. It provides a pathwise representation of the superprocess

12



Chapter 1. Introduction

as an immigration process along a supercritical branching particle process that we call
the skeleton. The skeleton captures the global behaviour of the superprocess and its
discrete nature makes it much more tractable than the superprocess itself. We exploit
these facts to establish the SLLN for superdiffusions. Specifically, our fundamental aim
it to show that the SLLN for superdiffusions follows as soon as an appropriate SLLN
holds for its skeleton. Given the existing knowledge for branching particle processes,
this will lead us to a large class of superprocesses for which the SLLN can be stated.
Classically, the skeleton was constructed using the event &, = {3t > 0: X (D) = 0}
of extinction after finite time to guide the branching particle process into regions where
extinction of the superprocess is unlikely. The key property of £, exploited in the
skeleton decomposition is that the function x — w(x) = —log Ps, (&) gives rise to the
multiplicative martingale ((e~(®X¢));50; P,). In the more general setup of this thesis,

we assume only the existence of such a martingale function w.

Assumption 1 (Skeleton assumption). There exists a function w € p(D) that satisfies
w(z) >0 for all z € D,

sup w(x) < 0o for all BCcC D, (1.5)
€D
P, [e*<“”Xt>] = ¢~ (wm) for all p € M.(D),t > 0. (1.6)

The martingale function w allows us to define the skeleton as a branching particle

diffusion Z, where the spatial movement of each particle is equal in distribution to
(€ = (&)t>0; (PY)zep) with

P w0l ([ wE)
APy o, scrog) (@) p( /0 w(&s) d) {t <7p} (1.7)

for all ¢t > 0. We will see in Lemma 2.2 that P¥ is well-defined. Each particle dies at
spatially dependent rate ¢ € p(D) and is replaced by a random number of offspring
with distribution (pg(z))g>2, where z is the location of its death. The branching rate

q and the offspring distribution (py)r>2 are uniquely identified by
Gla,s) = () Y pel@)s =) = —7< (o (o, w()(1—5) ~(1-s)o (x, w(2))) (18)

for all s € [0,1] and € D. The fact that ¢ and (pg)r>2 are well-defined by (1.8) is
contained in Theorem 2.3 (i) below. In Section 2.1.1, we define Z on a rich probability
space with probability measures P, u € M;(D), where the initial configuration of Z
under P, is given by a Poisson random measure with intensity w(x)u(dx).

As noted earlier, we are interested in the situation where the skeleton itself satisfies
a SLLN. There is a substantial body of literature available that analyses the long-term
behaviour of branching particle diffusions. To delimit the regime we want to study,

we make two regularity assumptions. A detailed discussion of all assumptions can be
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Chapter 1. Introduction

found in Section 2.1. The first condition ensures that the semigroup (S;);>o of L + 3

grows precisely exponentially on compactly supported, continuous functions.
Assumption 2 (Criticality assumption).

(i) The second order differential operator L + 3 has positive generalised principal

etgenvalue

Ae = Ae(L+pB) :==1inf {A € R: Ju € C*"(D),u >0, (L+B—N)u=0} >0. (1.9)

(ii) The operator L+ 3 — \; is critical, that is, it does not possess a Green’s function
but there exists ¢ € C?7(D), ¢ > 0, such that (L + 3 — \.)¢ = 0.

Given (ii), ¢ is unique up to constant multiples and is called the ground state. With
L + B — X also its formal adjoint is critical and the corresponding ground state is
denoted by gg

(iii) L+B—Mis product L*-critical, i.e. (¢, ¢) < co. We normalize to obtain (¢, ¢) = 1.

Corollary 2.7 below shows that under Assumptions 1 and 2, the process
WP (2) = e o jw, Z), >0,

is a nonnegative P,-martingale for all p € M?(D) = {p € My(D): (¢, u) < oo}, and
(W;b/ “(Z))i>0 has an almost sure limit. To have the notation everywhere, we define
917 = liminfy_e W"(2).

Our second regularity assumption consists essentially of moment conditions.

Assumption 3 (Moment assumption). There exists p € (1, 2] such that

sup ¢(z)a(x) < oo, (1.10)
xzeD
sup cb(a:)/ y? U(z, dy) < oo, (1.11)
xeD (0,1]
sup gb(:c)p_l/ yP (x, dy) < oo, (1.12)
zeD (1,00)
("1, 0) < o0, (1.13)
([ peomnc.ay).o0) < . (1.14)
(1,00)

The parameter p remains fixed throughout Part T of this thesis. Assumption 3 is
satisfied, for example, when ¢ is bounded and sup,cp f(lm) y? I (z,dy) < co. These
second moment conditions appeared in the literature (cf. Section 2.1.3), and we will
see several examples in Chapter 4. However, our results are valid under the weaker
conditions of Assumption 3. In Sections 2.1.3 and 4.2, we explain that in the case of a

quadratic branching mechanism only (1.10) is needed.
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The SLLN has been proved for a large class of branching particle diffusions. Where
it has not been established, yet, we assume a SLLN for the skeleton Z. It will be

sufficient to assume convergence along lattice times.

Assumption 4 (Strong law assumption). For all 4 € M.(D), 6 > 0 and continuous
f € p(D) with fw/¢ bounded,

lim e " (f, Zys) = (f,wp)W2/"(Z)  P,-almost surely.

n—oo

At first, Assumption 4 may look like a strong assumption. However, given Assump-
tions 1-3, the SLLN for the skeleton has been proved under two additional conditions.
The first condition controls the spread of the support of the skeleton when started
from a single particle; the second condition is a uniformity assumption on the conver-
gence of an associated ergodic motion (the “spine”) to its stationary distribution. See
Theorem 2.13 for details. These conditions hold for a wide class of processes, and we

demonstrate this for several key examples in Chapter 4.

1.3 Statement of the main results

Before stating the SLLN for superdiffusion X, we relate the limiting random variable
of (1.4) to the limit that appears in Assumption 4. In Corollary 2.7 below, we show

that under Assumption 2 the process
WH(X) = e g, Xi), t>0,

is a nonnegative P,-martingale for all u € M?(D) ={p e Ms(D): (¢, ) < oo}, and
(Wtd)(X ))t>0 has an almost sure limit. To have the notation everywhere, we define
WE(X) := liminf,_,o WP (X).

Proposition 1.1. Suppose Assumptions 1, 2, (1.10)—(1.12) hold. For all p € M?(D),
the martingales (Wt¢(X))t20 and (Wt¢/w(Z))t20 are bounded in LP(P,), and
W (X)=W2/"(Z) P ,-almost surely. (1.15)
Recall that ¢ denotes the Lebesgue measure on the domain D. Our main theorem
is the following.

Theorem 1.2. Suppose Assumptions 1-4 hold. For every p € M?(D), there exists
a measurable set Qg such that P,(Qo) = 1 and, on Qy, for all (-almost everywhere
continuous functions f € p(D) with f/¢ bounded,

lim e (f, X0) = (f, HWL(X). (1.16)

The convergence in (1.16) also holds in L'(P,). In particular, Pu[Wgé(X)] = (¢, ).
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Even though our main interest is almost sure convergence, Theorem 1.2 gives also
new results for convergence in probability; see the examples in Chapter 4. We record
the following corollary of Theorem 1.2 to present the result in possibly more familiar

terms.

Corollary 1.3. Suppose Assumptions 1-4 hold. In the vague topology, e *'X; —
WC@(X)QZE P,-almost surely as t — oo. If, in addition, ¢ is bounded away from zero,

then the convergence holds in the weak topology P, -almost surely.

Finally, we present the SLLN as announced in (1.4). This makes the comparison

between (f, X;) and its mean explicit.

Corollary 1.4. Suppose that Assumptions 1-4 hold. For all p € M?(D), uw Z 0,
fecz(D), f#0,

XD 1
BB X~ G

(X) P,-almost surely and in L'(P,).

The weak law of large numbers (WLLN), and even the L!-convergence in (1.16), can

be obtained without assuming the SLLN for the skeleton as the next theorem reveals.

Theorem 1.5. Suppose Assumptions 1, 2, (1.10)—(1.13) hold. For all pn € M?(D) and
f € p(D) with f/¢ bounded, the convergence in (1.16) holds in L'(P,).

1.4 Literature review

Terminology in the literature is not always consistent, so let us clarify that we refer to
branching particle processes and superprocesses as branching diffusions and superdif-
fusions, respectively, if the underlying motion is a diffusion. Similar wording is used
for other classes of underlying motions.

The limit theory of supercritical branching processes has been studied since the
1960s when sharp statements were established for classical finite-type processes [93, 6].
The first result for branching diffusions was due to Watanabe [121] in 1967, who proved
an almost sure convergence result for branching Brownian motion and certain one-
dimensional motions. The key ingredient to the proof was Fourier analysis, a technique
recently used by Wang [120] and Kouritzin and Ren [95] to establish the SLLN for
super-Brownian motion. Super-Brownian motion on R¢ with a spatially independent
branching mechanism does not fall into the framework of this thesis since L + 5 — A,
is not product L'-critical in that case. Rather, ¢ = $ = 1, where 1 denotes the
constant function with value 1, and e *!P,[(f, X})] converges to zero for all f €
CF(D). The missing scaling factor is %2 and P,[(f, X;)] ~ (2mt)~42e et (f, 1) u(R?)
for € M (R?). Wang’s [120] SLLN for super-Brownian motion takes the form

oy LX) WR(X)
t—oo Pu[(f, Xy)] (R

P,-almost surely
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for all nontrivial nonnegative continuous functions f with compact support, for all
p = 0y, € R and with martingale limit Wgé(X) = limy_y00 e (1, X;). Watan-
abe’s argument is thought to be incomplete because the regularity for his argument is
not proven; see [120]. Biggins [16] developed a method to show uniform convergence
of martingales for branching random walks. Wang combined these arguments with
the compact support property of super-Brownian motion started from p € M.(D).
Kouritzin and Ren [95] proved the SLLN for super-stable processes of index a € (0, 2]
with spatially independent quadratic branching mechanism. The correct scaling fac-
tor in this case is t%/®e~*et. The authors allow any finite starting measure with finite
mean and a class of continuous test functions that decrease sufficiently fast at infinity.
Fourier-analytic methods were also used by Grummt and Kolb [79] to prove the SLLN
for the two-dimensional super-Brownian motion with a single point source (see [73] for
the definition and a proof of existence of this process). Earlier, Englander [55] estab-
lished convergence in probability for a class of superdiffusions that do not necessarily

satisfy Assumption 2 using a time-dependent h-transform developed in [62].

In the product L!'-critical case, the dominant method to prove almost sure limit
theorems is due to Asmussen and Hering [5]. (Kaplan and Asmussen use a similar
method in [90].) The main idea is as follows. For s,¢ > 0, write F; = o(X,: r <t) and

e M F X 4y)
= e M Pyle 0 (f, X | Fe) + (6_/\C(s+t)<f’ Xope) — e M B e™(f, Xs+t>’]:t]>
= CEf(S,t) + Df(s,t).

Here CE stands for “conditional expectation” and D for “difference”. The first step
is to show that Df(s,t) — 0 as t — oo. This is usually done via a Borel-Cantelli
argument, and therefore, requires a restriction to lattice times t = nd. The second step
is to show that CEf(s,t) behaves like the desired limit for s and ¢ large. This is the
hardest part of the proof and usually causes most of the assumptions. The third and
last step is to extend the result from lattice to continuous time.

Asmussen and Hering control CE (s, t) for branching particle processes by a uniform
Perron-Frobenius condition on the semigroup (S:):>0. Passage to continuous time
is obtained under additional continuity assumptions on process and test functions.
Recently, their method was generalised by Englander et al. [57] to establish the SLLN
for a class of branching diffusions on arbitrary domains. The authors control CE(s, t)
by an assumption that restricts the speed at which particles spread in space and a
condition on the rate at which a certain ergodic motion (the “spine”) converges to its

stationary distribution.

While Asmussen and Hering’s idea for the proof of SLLNs along lattice times is
rather robust and (under certain assumptions) feasible also for superprocesses, the

argument used for the transition from lattice to continuous time relies heavily on the
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finite number of particles in the branching diffusion.

A new approach to almost sure limit theorems for branching processes was intro-
duced by Chen and Shiozawa [28] in the setup of branching symmetric Hunt processes.
Amongst other assumptions, a spectral gap condition was used to obtain a Poincaré in-
equality which constitutes the main ingredient in the proof along lattice times. For the
transition to continuous times the argument from Asmussen and Hering was adapted.
Chen et al. [27] proved the first SLLN for superprocesses and relied on the same Poincaré
inequality and functional analytic methods for the result along lattice times. For the
transition to continuous time, Perkins’ Itd formula for superprocesses [108] was used.
Even though their SLLN holds on the full domain R?, the assumptions on motion
and branching mechanism are restrictive in the following way: the motion has to be
symmetric (and in the diffusive case must have a uniformly elliptic generator) and the
coefficients of the branching mechanism have to satisfy a strict Kato class condition.

The idea to use stochastic analysis was brought much further by Liu et al. [102].
The authors gave a proof which is based entirely on the martingale problem for su-
perprocesses, and decomposed the process into three martingale measures. Moreover,
they introduced a new technique for the transition from lattice to continuous times
based on the resolvent operator and estimates for the hitting probabilities of diffusions.
The proof by Liu et al. follows again the three steps of Asmussen and Hering. To
control the conditional expectation CE(s,t), they assume that the transition density
of the underlying motion is intrinsically ultracontractive and that the domain D is of
finite Lebesgue measure. This assumption excludes most of the classical examples; see
Chapter 4.

To complete our review, we mention that the first law of large numbers for su-
perdiffusions was proven by Englinder and Turaev [61] on the domain D = R?. The
authors use analytic tools from the theory of dynamical systems, in particular prop-
erties of invariant curves, to show the convergence in distribution. Besides classical
superdiffusions, the 1-dimensional super-Brownian motion with a single point source is
studied.

1.5 Outline of the proof of Theorem 1.2

The key to our argument is the skeleton decomposition for the supercritical superpro-
cess X. Intuitively, this representation result states that the superprocess is a cloud of
subcritical superdiffusive mass immigrating off a supercritical branching diffusion, the
skeleton, which governs the large-time behaviour of X. It is important to note that we
use the skeleton to make a connection between the asymptotic behaviour of a branching
diffusion and of the superdiffusion, and we do not use any classical approximation of

the superprocess by branching particle systems in a high-density limit regime.

Broadly speaking, our proof of Theorem 1.2 follows the three steps of Asmussen
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and Hering outlined in Section 1.4. However, instead of the full process X we consider
only the immigration occurring after time ¢ in the decomposition into conditional ex-
pectation CE; and difference D;. This immigration is a subprocess of X and we show
that the stated convergence for the full process follows when the subprocess converges

to the claimed limit.

Using the tree structure of the skeleton, we can split the immigration that occurs
after time ¢ according to the different branches of the skeleton at time ¢. This fact
allows us to appeal to discrete techniques for the analysis of the immigration process.
To analyse the conditional expectation CE; for the immigration after time ¢, we use
the SLLN for the skeleton. After exponential rescaling, the immigration along different
branches up to a fixed time s is of constant order and the SLLN for the skeleton
describes the asymptotic behaviour for large ¢. Taking the observed time frame s
to infinity then adjusts only the constants. To replace the limiting random variable

gg/w(Z), coming from the SLLN for the skeleton, by ng(X), we can, as it turns
out, reverse the order in which these limits are taken. Taking first the observed time
horizon s to infinity for test function ¢, we recover the martingale for the skeleton as a
consequence of the same invariance property of ¢ that makes (Wf’(X ))t>0 a martingale.

The analysis of Dy for the immigration after time ¢ is fairly standard, and for the
transition from lattice to continuous times we adapt the argument by Liu et al. [102]
relying again on the skeleton decomposition. The moment estimates needed for our

analysis are obtained using a spine decomposition for the superprocess.

1.6 Overview

The outline of Part I of this thesis is as follows. We start in Section 2.1.1 with an
analysis of the skeleton assumption (Assumption 1) and give a detailed description of
the skeleton decomposition. In the remainder of Section 2.1, we discuss further basic
properties of superprocesses and our other three main assumptions, and we compare
them to conditions that appeared in the literature. Section 2.2 contains a spine de-
composition for the superprocess X and the proof that the martingale (Wf(X ))e>0 is
bounded in L?.

The proofs of the main results are collected in Chapter 3. First, in Section 3.1,
we reduce the SLLN to a statement that focuses on the main technical difficulty. In
Section 3.2, we show that the martingale limits for superprocess and skeleton agree, and
in Section 3.3, we prove the WLLN stated in Theorem 1.5. The asymptotic behaviour
of the immigration process is studied in Section 3.4, and the SLLN along lattice times is
established. The transition from lattice to continuous times is performed in Section 3.5,
and we conclude our main results.

In Chapter 4 we provide several examples to illustrate our results. Spatially in-

dependent branching mechanisms are discussed in Section 4.1; quadratic branching
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mechanisms are considered in Section 4.2. In Section 4.3 we study the super-Wright—
Fisher diffusion and prove a conjecture by Fleischmann and Swart [74].

Some minor statements needed along the way are proved in the appendix: Ap-
pendix A contains Feynman—Kac-type arguments, and Appendix B discusses a gener-
alised version of the mild equation (1.3) and monotonicity of its solution in domain and

test function.
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CHAPTER 2

PRELIMINARIES

This chapter is split into two parts. In the first part, we discuss our four main assump-

tions; in the second, we prove that the martingale (Wf(X ))t>0 converges in LP.

2.1 Basic properties

2.1.1 Skeleton decomposition

In this section, we work under Assumption 1. The skeleton decomposition for super-
critical superprocesses offers a pathwise description of the superprocess in terms of a
supercritical branching particle process dressed with an immigration process. Heuristi-
cally, one can think of the skeleton as the prolific individuals of the branching process,
i.e. individuals belonging to infinite lines of descent. The martingale function w assigns
a small value to regions that prolific individuals should avoid. If w(z) = —log Ps, (&)
for some event £, then the skeleton particles avoid the behaviour specified by £€. Clas-
sical examples are the event of extinction in finite time &g, = {3t > 0: (1, X;) = 0}, cf.
[70, 59], and the event of weak extinction &y, = {limy_o0(1, X¢) = 0}; cf. [13, 11]. In
Chapter 4, we discuss classes of superprocesses where these two events give a suitable
martingale function. To allow for other events that may be more suitable for a certain

process of interest, we assume only Assumption 1.

We proceed by deriving properties of w from Assumption 1. For f € p(D), let
fz,t) = f(x) for all (z,t) € D x [0,00). Dynkin [43] derives the superprocess X from
exit measures that describe the evolution of mass not only in time but also in space. He
showed that, for any domain B C D and ¢ > 0, there exists a random, finite measure

XP on D x [0,00) such that for all ;1 € My (D) and f € bp(D),
P}L [e_<f’lv7)ztB>:| — 67<ﬁ?('9t)7u>’ (21)
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where EZJEf is the unique, nonnegative solution to the integral equation

) = Pl )] ~Pa [ va(6oru(tent = 5)) ds (22

for all (z,t) € D x [0,00) and 75 = inf{t > 0: & ¢ B}. For f € p(D), there exists
a sequence of functions fi € bp(D) such that fi 1 f pointwise. By (2.1), ﬁ]l?k (x,t) is
monotonically increasing in k, and we denote the limit by ﬂ}g (x,t) € [0,00]. With this
notation, the monotone convergence theorem implies that (2.1) is valid for all f € p(D).
The same argument shows that (1.2) holds for all f € p(D), and (1.6) implies u,, = w.
Hence, (1.6) holds for all 4 € M (D). The superprocess X; is obtained as a projection
of XP restricted to D x {t}. Writing @(z, t) = w(x) for (z,t) € D x [0, ), the Markov
property (cf. Theorem 1.1.3 [43]) and (1.6) yield, for all © € M¢(D) and all domains
BCD,

P, [e_@’)?tB)] =P, [e_<w’Xt>] = e~ (wH), (2.3)

Comparing (2.3) to (2.1), we deduce that u? = w. Now let B cC D. If the support
of i, supp(u), is a subset of B, then )~(tB is supported on the boundary of B x [0,t); if
supp(u) € D\ B, then X2 = 1 almost surely (cf. Theorem 1.1.2 in [43]). In particular,
(1.5) implies that, for 4 = 6., = € D, @ in (@, XP) can be interpreted as a bounded
function. We combine (2.3) and (2.2) to obtain for all (z,t) € B x [0, 00),

) = B o)) e [ (et ] 24)

Since w is bounded on B, the continuity of the diffusion ¢ yields that w is continuous
on B (see the argument in the last paragraph of page 708 in [59]). Because B was

arbitrary, we conclude:
Lemma 2.1. The martingale function w is continuous on D.

Lemma A.1 (i) in the appendix shows that (2.4) can be transformed into

w(z) =P, [w(&/\ﬁa) exp ( B /Ot/\m wﬁ(i‘:”(gggs))

Hence, for any domain B CC D, z € B,

ds)} for all (z,t) € B x [0, 0).
tATs wﬁ (gsa w(gs))

— BRSNS A > i - i . .
w(&ary ) €XP ( /0 w(E) ds>, t >0, isaP,-martingale (2.5)

Since every nonnegative local martingale is a supermartingale, we conclude that for all
z €D,

o8 o (- [ 2ol 0le)

s ds), t >0, isa P,-supermartingale.
w(zx)

w(&s)
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In particular, the definition of P¥ in (1.7) is valid:

Lemma 2.2. For every x € D, PY is a well-defined (sub-)probability measure and (§ =
(&)t>0; (P¥)zep) is a (possibly non-conservative) Markov process, which we consider

as a Markov process in D U {t}.
If w is bounded, the argument leading to (2.5) is valid for B = D, and (§;P") is

conservative.

To give a description of the skeleton decomposition, we construct an auxiliary
M(D)-valued Markov process using the martingale function w. Let for all x € D,
z>0and f € p(D), O*(z,dy) := e @V II(z, dy),

B*(x) = Blz) — 20(z)w(z) - / (1 — e @)y (a, dy),

(0,00)

Uiz, 2) == afr)z? —|—/ (e7*Y — 1+ zy) II*(x, dy).
(0,00)

Since [*(x) < B(z) for all z € D, * is bounded from above. However, it is not

clear whether 5* is bounded from below. Hence, the branching mechanism wg* (z,2) =

—B*(z)z + ¥§(z, ) might not satisfy the assumptions from Section 1.1. To overcome

this problem, set 5% = max{$*,0} and 8" = max{—/*,0} so that §* = g — * with

(% bounded and B* nonnegative. We write for all f € p(D),

St f(x) =P, e Jo B2 (&) ds o fy Bi(fs)de(gt)] —P, [efé ﬂ*@s)dsf(gt)], (2.6)

where (£, (P;)zep) is the original diffusion process on D with generator L defined in
Section 1.1. Dynkin [43, Theorem I.1.1] proved the existence and uniqueness of the
superprocess X* = (X;)¢>0 whose motion is given by the diffusion with generator L
killed at spatially dependent rate 8*, branching mechanism wgi (x,2) = =B%(v)z +
Y5 (x,z) and domain D. In particular, X* is an M(D)-valued, time-homogeneous
Markov process such that, for all € M(D), f € bp(D) and t > 0,

P,u [6_(f7Xt*>j| — 67<u;('7t)nu'>,

where u} is the unique nonnegative solution to

¢
u(z,t) = S f(x) /0 Sy u(-,t —s))](z)ds for all (z,t) € D x [0,00). (2.7)

Comparing (2.7) and (1.3), we refer to X* as the (L,¢}.; D)-superprocess. In Ap-
pendix B, we show that, alternatively, X* can be obtained as a monotone, distribu-
tional limit of superprocesses whose motion is given by the diffusion with generator L
and no additional killing. If w(x) = —log Ps, (£) for a tail event £ with P,(£) = e~ (W)
for all 4 € My(D), then X* can be obtained from X by conditioning on &, i.e., the
distribution of X/ is given by P,(X; € -|€&); cf. [70, 59, 11, 98]. For our analysis it

23



Chapter 2. Preliminaries

will be enough to know that on compactly supported, continuous functions the semi-
group (S} )e>0 grows more slowly than the semigroup (S¢):>0, and we prove this fact in
Lemma 3.5.

The following theorem is a concise version of the skeleton decomposition at the level
of detail that is useful to us. It is based on a result from Kyprianou et al. [98]. We

denote by M!°¢ the set of locally finite integer-valued measures on B(D).

Theorem 2.3 (Kyprianou et al. [98]). There exists a probability space with proba-
bility measures P, ,,, u € M¢(D), v € M(D), that carries the following processes:

(i) (Z = (Zt)t=0; Puy) is a branching diffusion with motion (&;P") defined in (1.7),
and branching rate q, and offspring distribution (py)r>2 defined by (1.8), and
Pp,,zz(ZO = I/) =1.

(i) (X* = (X})e>0;Puy) is an My(D)-valued time-homogeneous Markov process
such that, for every p € My(D), f € bp(D) andt > 0,
PM v [67<f7Xt*>j| — 6_(u;‘('7t)7p“>7

where u’]'i is the unique solution to (2.7). Moreover, X* is independent of Z under
P,LL,Z/'

(ili) (I = (It)e>0;Puy) is an My¢(D)-valued process such that:

(a) P,s. 5a, [e_<f’ft>] =11 P, [e‘<f7[f>} for all p € My(D),x; € D, f € p(D).
Moreover, P, (I € -) does not depend on u, P, ,(lyp =0) =1, and, under
P,., (Z,1) is independent of X*.

(b) (X,Z):=(X*+1,Z);P,,) is a Markov process.

() (X =X*+1;P,) is equal in distribution to (X; P,), where P, denotes the
measure P, with v replaced by a Poisson random measure with intensity
w(z)p(dx).

(d) Under P,, conditionally given Xy, the measure Z; is a Poisson random

measure with intensity w(z)X;(dx).

We call the probability space from Theorem 2.3 the skeleton space. The process I
is called immigration process or simply immigration. As the processes (X;P,) on the
skeleton space and (X; P,) on the generic space have the same distribution, we may,
without loss of generality, work on the skeleton space whenever it is convenient. Since
the distributions of X* and I under P, , do not depend on v and p, respectively, we
sometimes write P, o or P, .

Kyprianou et al. [98] identify the immigration process explicitly. We need only the
properties listed in Theorem 2.3, but for definiteness, we now give a full characterisation

of the immigration process.
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Dynkin and Kuznetsov [45] showed that on the canonical space of measure-valued
cadlag functions, ([0, 00), Mf(D)), for every x € D, there is a unique measure N,
such that, for all f € bp(D), t > 0,

—log P, [e~ X)) = N, [1 — e~ /X0)), (2.8)

The corresponding measures associated with the superprocess X* are denoted by N7,
rx e D.

To describe the immigration processes, we use the classical Ulam—Harris notation
to uniquely refer to individuals in the genealogical tree T of Z (see for example page
290 in [80]). For each individual u € T, we write b, and d,, for its birth and death
times, respectively, and {z,(r): r € [by,d,]} for its spatial trajectory. The skeleton

space carries the following processes:

(iii.1) (a;Py,) is a random measure, such that conditional on Z, a is a Poisson ran-
dom measure that issues, for every v € T, My(D)-valued processes X®"" =
(X""")i>0 along the space-time trajectory {(z,(r),7): r € (by,dy]} with rate

dr x <2a(zu(r))szu(r) +/ T1(2,(r), dy) ye =¥ g ;5Zu(r)>,

(0,00)

where P denotes the distribution of X* started in u. Since at most countably
many processes X %" are not equal to the constant zero measure, immigration

at time ¢ that occurred in the form of processes X®%" until time ¢ can be written

r=> > X

UET by <r<dyAt

as

The processes (X**": u € T,b, < r < d,) are independent given Z and inde-
pendent of X*.

(iii.2) (b;P,,) is a random measure, such that conditional on Z, b issues, for every
u € T, at space-time point (z,(dy), d,) process X% with law P;}uéz )’ Given
that u is replaced by k particles at its death time d,, the independent random

variable Y,, is distributed according to the measure

1

k
m (a($)w($)25o(dy)]l{k:2} + w(x)kyie—w(m)y II(z, dy))

k!

=2y (du) '

The immigration at time ¢ that occurred in the form of processes X% until time
t is denoted by

b7
I = Z l{duﬁt}Xt—udu'
ueT

The processes (X®%: u € T) are independent of X* and, given Z, are mutually

independent and independent of a.
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The full immigration process is given by I = I¢ 4 I°.

Proof of Theorem 2.3. Theorem 2.3 generalises Corollary 6.2 in [98] in three ways.
First, the authors choose w(z) = —log Ps,(Ean) but after defining Z and X™* this
choice is not used anymore and their argument goes through without any changes for
a general martingale function w satisfying Assumption 1. Second, the authors assume
that w is locally bounded away from zero. Since w is continuous by Lemma 2.1,
this condition is automatically satisfied. Finally, Kyprianou et al. enforce additional
regularity conditions on the underlying motion to use a comparison principle from the
literature in the proof of their Lemma 6.1 (see also their Footnote 1). The comparison
principle allows them to conclude that the solution ﬁjl? to (2.2) is increasing in the
domain B when the support of f is a subset of B. Lemmas A.1 (i) and B.5 below show

that this monotonicity holds in the more general setup of this thesis, too. ]

We introduce notation to refer to the different parts of the skeleton decomposition.

Notation 2.4 (Notation for Z). For t > 0, we write Z; = vaz’l d¢,(t), where N; denotes
the number of skeleton particles at time ¢t and (&;(¢): i = 1,..., Ny) their (conveniently
ordered) locations. Given Zy, (Z%°: i =1,..., Ng) denote the independent subtrees of
the skeleton obtained by splitting Z according to the ancestors at time 0. The Markov
property implies that Z*0 follows the same distribution as (Z; P.75§i<0)), i=1,...,Np.
Under P, with 4 € M.(D), No = (1,Zp) is a Poisson random variable with mean
(w, p).-

For ¢t > 0, let F; denote the o-algebra generated by the processes X*, Z and I up
to time ¢. Using the characterisation of the immigration process from Theorem 2.3, we
obtain, for all 4 € My(D), v € M(D), f € p(D) and s,t > 0,

e ©

= PXtvzt |:€_<f7X§+Is>:|

(a) X1 T I (29)
= PXt,. [€7<f’ s>] HP'aégi(t) [€7<‘f’ S>]
=1

P, ,-almost surely. By (d), under P, and given X;, Z; is a Poisson random measure
with intensity w(x)X;(dx). Hence, (2.9) holds P,-almost surely when P, ,, on the left-
hand side is replaced by P,. To make use of this identity, we split the immigration
process according to the immigration that occurred before time ¢ and the immigration

that occurred along different branches of Z after time t.

Notation 2.5 (Notation for I). For t > 0, denote by I+" the immigration at time
s + t that occurred along the skeleton before time t; I*! = (I;"t)szo. In addition,
for i € {1,..., N}, let I denote the immigration at time s + ¢ that occurred along
the subtree of the skeleton rooted at the i-th particle at time ¢ with location &;(t);
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It = (It") 0. We have

Ny
Xt ZX;_t—i-I:’t—i-ZI;’t for all s, > 0. (2.10)

=1

According to (2.9) and by the Markov property, given Fy, (X%, + Ig ") 450 follows the
same distribution as (X*,Py,), and I! follows the same distribution as (I; P.’(;g,(t)),
i =1,...,N;. Moreover, given F;, the processes (I**: i =1,..., N;) are independent

and independent of I**.

We end this section with a note on terminology. Several different phrases have been
used in the literature to refer to the skeleton decomposition. Evans and O’Connell [70]
proved the first skeleton decomposition for supercritical superprocesses in the case of a
conservative motion (not necessarily a diffusion) and a quadratic, spatially independent
branching mechanism with a, 8 € (0, 00), and call the result “representation theorem”.
Their study was motivated by the “immortal particle representation” derived by Evans
[69] for critical superprocesses conditioned on non-extinction. This representation is
in terms of a single “immortal particle” that throws off pieces of mass. Evans’ article
is part of a cluster of papers that study conditioned superprocesses. Salisbury and
Verzani [116] condition the exit measure of a super-Brownian motion to hit n fixed,
distinct points on the boundary of a bounded smooth domain. The authors show that
the resulting process can be described as the sum of a tree with n leaves that throws
off mass in a Poissonian way and of a copy of the unconditioned process, and call this
decomposition “backbone representation”. In a follow-up article [117] they consider
different conditionings and derive an “immortal particle description” where the guid-
ing object is a tree with possibly infinitely many branches that they call “backbone” or
“branching backbone”. Salisbury and Sezer [115] describe the super-Brownian motion
conditioned on boundary statistics in terms of a “branching backbone” or “branch-
ing backbone system”. Etheridge and Williams [67] represent a critical superprocess
with infinite variance conditioned to survive until a fixed time as immigration along
a Poisson number of “immortal trees”. An overview of decompositions of conditioned
superprocesses was offered by Etheridge [66] using the names “skeleton” and “immor-
tal skeleton”. Back in our setup of supercritical superprocesses, Englénder and Pinsky
[59] speak about a “decomposition with immigration”, and Fleischmann and Swart [75]
construct a “trimmed tree”. For the analysis of continuous-state branching processes,
Duquesne and Winkel [40] find a “Galton-Watson forest”. In the corresponding su-
perprocess setup, Berestycki et al. [11] identify the “prolific backbone” and call the
representation itself a “backbone decomposition”. The latter phrase has been used
several times since [99, 98, 104, 112].

We decided to use the term “skeleton decomposition” for the following reasons.
Since the words “backbone” and “spine” are used interchangeably in spoken English,

using these two words to mean different things might cause confusion. Furthermore,

27



Chapter 2. Preliminaries

spine/backbone describes one key, supporting element of an object and does not branch.
In contrast, a skeleton carries the entire structure and determines the main features of
an object. This is the correct intuition for the spine decomposition and the skeleton

decomposition of branching processes as well as the distinction between them.

2.1.2 Product L!-criticality

The first two moments of the superprocess can be expressed in terms of the underlying
motion and the branching mechanism. That is, (see, for example, Proposition 2.7 in
[72]) for all p € My(D) and f € bp(D),

Pul(f, X)) = (Sef, ), (2.11)

Varu(<f,Xt)) :/0 <S5{(204+/(000) y2H(-,dy))(St_sf)2},,u> ds. (2.12)

Here Var,((f, X)) denotes the variance of (f, X;) under P,. By the monotone con-
vergence theorem, the boundedness of f in (2.11) is unnecessary, and (2.12) holds for
f € p(D) as soon as (S f, ) < oo. Similarly, under Assumption 1 and for € My(D),
f € bp(D), the first two moments of (f, X;) (see the discussion around (2.6) for the

definitions) can be expressed as

PL[(f, X0 = (S f, ), (2.13)

Var, ((f, X})) :/0 <S;‘[(2a+/(ooo) yQH*(-,dy))(SZLSf)z},u>ds. (2.14)

The main purpose of this section is to discuss Assumption 2, that enforces conditions on
the operator L + 5 and consequently on its semigroup (.S;)¢>0 which is the expectation
semigroup of X by (2.11). Throughout the section, we suppose that Assumptions 1 and
2 hold. Key features of the local behaviour of the superdiffusion X are determined by
the generalised principal eigenvalue \. = \.(L + ). If « and II are sufficiently smooth
and A\, < 0, then the superdiffusion exhibits weak local extinction, i.e. the total mass
assigned to a compact set by the superprocess tends to zero. For quadratic branching
mechanisms this was shown by Pinsky [111, Theorem 6]; for general branching mecha-
nisms the proof of Theorem 3 (i) in [58] gives the result. This is the reason to assume
Ae > 0.

The assumption of product L!-criticality restricts this thesis to the situation where
the expectation semigroup (S;):>0 scales precisely exponentially on compactly sup-
ported, continuous functions. In general, writing Syf(z) = e)‘ct(,uf,x(t), the limit
Wiy = limyoo wyy(t) exists for all f € CH(D), » € D. Product L'-criticality is
equivalent to wy, > 0 for all f # 0. The alternative is ws, = 0 for all f and x (cf.
Theorem 7 in [111] and Appendix A in [62]). Some of the relevant literature for this

regime was discussed in Section 1.4. The notion of product L!-criticality comes from
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the criticality theory of second order elliptic operators; see Appendix B of [59] for a

good summary and Chapter 4 in [110] for a comprehensive treatment.

By Theorem 4.8.6 in [110], criticality implies that the ground state ¢ is an invariant

function of e*<!S;, that is e *<!S;¢ = ¢, and we define a conservative diffusion (¢ =
(&t)t>0; (P?c))a:ED) by

i P(&) [t(B(g)—Ae) ds
= DS [y (BE) = , 2.15
P, e () e on {t <7p} (2.15)
PSlg(&)] = ¢(2) e ! Si[eg](2), (2.16)

forallz € D, t >0, g € p(D). Product L'-criticality is equivalent to positive recurrence
of the diffusion (£ = (&)¢>o0; (P$)pep) with stationary distribution ¢(z)¢(z) dz, c.f.
[110, Theorems 4.9.5 and 4.9.6], and we call it the ergodic motion or the spine (as we

explain in Section 2.2 below). In particular, see Theorems 4.3.3 and 4.8.6 in [110],

(P?1g(&)], 60) = (g9,6¢)  for all g € p(D), (2.17)

and, for every probability measure 7 on D and g € bp(D),

(P?lg(&)].m) = (9.60)  ast— 0. (2.18)

If, in addition, the initial distribution 7 is of compact support, then (2.18) holds for
all g € p(D) with (g, qbqg) < 00. Indeed, for g bounded, (2.18) follows from Theorem
4.9.9 in [110] and the dominated convergence theorem. If the support of 7, supp(r), is
compactly embedded in D, choose a domain B CC D with supp(w) C B. There exists

a constant C > 0 such that
p?(z,y,t) < Co(y)d(y) forall x € B,y € D,t > 1, (2.19)

where p?(x,y,t) denotes the transition density of (£,P?) and limy o p?(,y,t) =

o(y)o(y) for every x,y € D; cf. Pinchover [109, (2.12) and Theorem 1.3 (ii)]. Hence,

(2.18), for m € M.(D) and g € p(D) with (g, p¢) < oo, follows from the dominated

convergence theorem.

Lemma 2.6 (Many-to-one lemma for X and Z). For all p € Ms(D), v € M°°(D)
and g € p(D),

B0, X0)] = (PUlg(6)], om0, (2.20)
P, [(29,2)] = (Plate), &) (221)
e, [( 29, 2,)] = (Blote), om). (222

Proof. Identity (2.20) follows immediately from (2.11) and (2.16). For (2.21), notice
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that by (1.8) the local growth rate of Z is given by

B (x) == q(m)(z kpi(x) — 1) = 0;G(z, 5)|S:1 = W for all x € D.
k=2
Using the definition of PY in (1.7), we obtain for all z € D,
w [ fi 57 (€ ds PEL)
_ ! ¥s(&s, w(és))
= w(x) 1P$[6Xp (/0 (BZ@S) _ %T) ds)gb({t)g({t)}
— (o) Sifoal(o) 2 AT MPLlg ()

Hence, the first moment formula for branching diffusions (see, for example, Theorem
8.5 in [80]) yields

P, [(Lg,2)] = (o [ehs #@n X )] LY (B, o),

w(&) w”

Since, under P, the initial configuration of Z is given by a Poisson random measure
with intensity w(z)p(dz), (2.22) follows from (2.21). O

We record the following consequence of Lemma 2.6.

Corollary 2.7. For all p € M?(D), ((Wf(X))tzo;Pu) and ((Wt¢/w(Z))t20;PH) are

martingales with
P WE(X)] = P [W™(2)] = (¢, 1) for all t > 0.

Proof. Since (£ ,Pf) is conservative, the identity for the expectations follows immedi-
ately from (2.20) and (2.22). The Markov property of X combined with (2.20) gives
the claim for X. The Markov property of Z and (2.21) imply that (Wt¢/w(Z))t20 is
a P, ,-martingale for all v € M°¢(D) with (¢/w,v) < co. Replacing v by a Poisson

random measure with intensity w(x)u(dz) completes the proof. O

Let p € M?(D), w # 0. After dividing the right-hand side of (2.20) by (¢, ), the
expression can be interpreted as the expectation of g(&), where ¢ is the ergodic motion

with starting point randomised according to the probability distribution <$’; 7 With

this motivation, we define, for all measurable sets A,

1
S (A) == m(]??’(/l), o). (2.23)

We end this section with a remark for the case that the superprocess is deterministic.

Remark 2.8. If /({z € D: a(x) + I(z, (0,00)) > 0}) = 0, then (2.11)-(2.12) imply
that (f, Xy) = (S¢f,p) for all t > 0, P,-almost surely, for all continuous f € bp(D).
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Hence, Assumption 1 cannot be satisfied. However, under Assumption 2, (2.16) and
(2.18) imply that for continuous f € bp(D) with f/¢ bounded,

e M X)) = e NS, 1) = (PPLF(€)/9(&)], dm) — (f /D, 00) (b, 1) = (f, )WL (X)

P,-almost surely, as t — co. Now a standard approximation argument shows that the

conclusion of Theorem 1.2 holds.

2.1.3 Moment conditions

In this section, we discuss Assumption 3 and compare it to the conditions used in the
literature. We work under Assumptions 1 and 2. While Assumption 3 seems to be the
most useful set of conditions, we prove our results under the following weaker moment

assumption.

Assumption 3’. There exists p € (1,2], p1,92 € p(D), 01,092,053 € [p,2] and j1, jo €
{0,1} such that,

sup 6()"La(z) < oo, (2.24)
zeD
sup ¢(x)72~ 1/ y72 I(z, dy) < (2.25)
zeD 0,41 m)]
sup ¢(x)7~ 1/ y? I(z, dy) < (2.26)
xzeD (p1(z
<¢j1 / y26—w(-)y I1(-, dy), ¢$> < 00, (2.28)
(0,2(+)]
<¢j2 / y26—w(-)y H(,’dy),¢$> < 00. (2.29)
(p2(+),00)

Assumption 3 is the special case o1 = o = 1, 01 = 09 = 2, 03 = p and j; =

= 0 of Assumption 3’. Notice that with this choice, Condition (2.28) trivially
holds since (¢, 5) < oo and x — f(o,l} y?II(x,dy) is a bounded function by the model
assumptions in Section 1.1. Therefore, the following theorem generalises Proposition 1.1
and Theorems 1.2 and 1.5.

Theorem 2.9. Suppose Assumptions 1, 2, (2.24)—(2.26) hold and u € M?(D)

(i) The martingales (Wt¢(X))t20 and (Wtd)/w(Z))tzo are bounded in LP(P,), and
WE(X) = ng/w(Z) P, -almost surely.

(ii) Suppose that, in addition, (2.27) holds. For all f € p(D) with f/¢ bounded, we
have in L'(P,)
lim e (f, X;) = (f, )WEL(X). (2.30)

— 00
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(iii) If, in addition, Assumptions 3’ and J hold, then there exists a measurable set gy
with P,(Qo) = 1 and, on Qq, for all {-almost everywhere continuous functions
f € p(D) with f/¢ bounded, the convergence in (2.30) holds.

The first three moment conditions, (1.10)—(1.12) or (2.24)—(2.26), are used to guar-
antee that the martingale (Wtd’(X ))t>0 is bounded in L (see Theorem 2.15 below). To
the best of our knowledge, even though these conditions may not be optimal, they are
the best conditions obtained so far to guarantee LP-boundedness, p € (1, 2), for general
superprocesses. For the case of a super-Brownian motion, similar conditions were found
in [97]. Condition (1.10) appeared as the main moment assumption in [61] and [62] to
establish the convergence (2.30) in distribution and in probability, respectively. The
two articles that study almost sure convergence in the product L!-critical regime (i.e.
under Assumption 2) are by Chen et al. [27] and Liu et al. [102]. In both papers, «
and ¢ are bounded; hence, (1.10) holds.

The article [27] is restricted to quadratic branching mechanisms, i.e. II = 0, and
(1.11)—(1.12) are trivially satisfied. Liu et al. [102] do not require II to have a p-th
moment. The authors show that under their assumptions (D of finite Lebesgue measure
and (S¢)¢>0 intrinsically ultracontractive) the martingale limit WZ,(X) is nontrivial if
and only if ([

(1,00)
condition. In the alternative case, the martingale limit is zero almost surely, and the

ylogy (-, y/¢), d) < oo, and they establish their result under this

stated convergence (1.16) holds trivially.

The fourth assumption, (1.13) or (2.27), is a technical condition. It is only used in
Proposition 3.11 below to compare the immigration after a large time t, ZlN:tl(f, Ié’t>,
to its expectation vaztl P,[(f, IPY|F,]. In previous work on the SLLN [27, 102], As-
sumption (1.13) holds since ¢ is bounded.

The technical condition can be avoided using an h-transform. The h-transform
for measure-valued diffusions was introduced by Englénder and Pinsky in [59]. For
h € C%2"(D), h >0, let

Vh

L{JLZL‘FCLTV, ﬁh(:c):

(Ltb(’;))h@, W, z) = (231)
If g", ah and = — f(om)(y A h(x)y?) II(x,dy) belong to b(D), then ¢Zh(x,z) =
—B"(z)z + Yl (z, z) satisfies the assumptions from Section 1.1. We denote the space
of such functions h by H(¢g). An (Lg,wgh; D)-superprocess X" started in h(z)u(dz)
can be obtained from an (L,); D)-superprocess X started in p by setting X'(dzx) :=
h(x)X¢(dx). This result follows immediately from a comparison of the Laplace trans-
forms using the mild equation (1.3) and Corollary 4.1.2 in [110]; see [59] for the com-
putation in the quadratic case. In the following, we superscript all quantities derived
from X" with an h. Clearly, the (L,v; D)-superprocess can be recovered from the

(Lh, wgh; D)-superprocess by a transform with 1/A.

32



Chapter 2. Preliminaries

Lemma 2.10. Let h € H(vy3) and p € M?(D)

(i) The operator Ll + B" satisfies Assumption 2 with ¢" = ¢/h, 5}‘ = 5}1 and
M= )., and the process (th (Xh) = e et (gh XY t > 0; P[L‘M) is a martingale
with almost sure limit ngh(Xh).

(ii) Suppose (2.30) holds P,-almost surely for some f € p(D), then

lim e_’\’clt(f/h,Xth> = (f/h, (Z@W&h (XM Pffu—almost surely. (2.32)

t—o0
If (2.30) holds in L'(P,) instead, then (2.32) holds in Ll(P,ZL).

Proof. The first part of the claim was proved by Pinsky [110, Chapter 4]. Setting
X" := hX, we immediately obtain th (Xh) = e et (ph XY = Wf(X) and, using
(2.30), P,-almost surely (in L'(P,), respectively),

e U FIhX]) = e LX) = (fAWLX) = (f/h @YWL (X" ast— oo
O

Lemma 2.10 states that Assumption 2 and our results are invariant under h-

transforms. The same is true for Assumptions 1 and 4.

Lemma 2.11. Let h € H(v¢g). The (Lg,wgh;D)—superprocess XM satisfies Assump-
tion 1 with martingale function w" = w/h and the distribution of the skeleton Z" under
qu agrees with the distribution of Z under P, for all p € M.(D). In particular, if X

satisfies Assumption 4, then X" satisfies Assumption 4.
Proof. The claim follows immediately from the definitions. O

Exploiting the invariance under h-transforms, we can prove our main results under

the following moment assumption.

Assumption 3”. There exists p € (1, 2] such that Conditions (1.10)—(1.12) and (2.29)
for jo =1, w9 =1 hold and

sup/ yII(z,dy) < oco. (2.33)
z€D J(1/¢(z),00)

Crucially, Assumption 3”7 does not require (¢, ¢) < co. In the case of a quadratic
branching mechanism, only boundedness of ¢« is required. Condition (2.33) is needed
to guarantee that ¢ € H(vg).

Theorem 2.12. Suppose Assumptions 1, 2, (1.10)~(1.12) and (2.33) hold, and let
e MJ(D).

(i) For all f € p(D) with f/¢ bounded, the convergence in (2.30) holds in L'(P,).
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(ii) If, in addition, Assumptions 3”7 and 4 hold, then there exists a measurable set
with P,(Qo) = 1 and, on Qq, for all {-almost everywhere continuous functions
f € p(D) with f/¢ bounded, the convergence in (2.30) holds.

Proof of Theorem 2.12 assuming Theorem 2.9. Part (i): since ¢ = A, a® = ¢a and
% (x, dy) = ﬁﬂ(x,dy/ﬂm)), Conditions (1.10), (1.11), (2.33) and the model as-
sumptions in Section 1.1 guarantee that ¢ € H(ts). By Lemma 2.10 (i), X¢ satisfies
Assumption 2 and ¢® = 1. Thus, (1.10)—(1.12) imply that X¢ satisfies (2.24)—(2.27)
with @1 = ¢, 02 = 2, 03 = p and o1 € [p, 2] arbitrary. Using Lemma 2.11, we deduce
that Theorem 2.9 (ii) applies to X?, and the claim follows from Lemma 2.10 (ii).
Part (ii): X¢ satisfies (2.28)—(2.29) with ¢o = ¢ and arbitrary ji,jo € {0,1},
and Assumption 4 by Lemma 2.11. Hence, Theorem 2.9 (iii) applies to X?, and
Lemma 2.10 (ii) completes the proof for fixed functions f. The existence of a com-

mon set )y will be proved in Lemma 3.4 below. O

Englander and Winter [62] proved the convergence (2.30) in probability under the
assumption of a quadratic branching mechanisms and (1.10). Their argument can easily
be extended to general branching mechanisms. Since the proof relies on an h-transform
with h = ¢ and second moment estimates, the additional conditions needed for this
generalisation are (1.11), (1.12) with p = 2, and (2.33).

The freedom to choose p € (1,2] allows us to analyse processes where (Wf(X )0
is bounded in LP for p € (1,2) but not in L?. Examples of such processes are given in
Chapter 4. In these cases, not only our almost sure convergence result is new but also
the implied convergence in probability result. The main tool to deal with non-integer
moments is a spine decomposition presented in Section 2.2, and we are not aware of
any other way to obtain these conditions.

The final conditions (2.28)—(2.29) simplify to (1.14) in the case j; = j2 = 0, p2 = 1.
These assumptions guarantee that the process X* from the skeleton decomposition has
finite second moments (2.14), a fact which is only used in the transition from lattice to
continuous times. In particular, the SLLN along lattice times in Theorem 3.13 below
holds without it. If w is bounded away from zero, for instance when the branching
mechanism is spatially independent and the motion is conservative (see Section 4.1),
then (1.14) holds automatically. Since Chen et al. [27] consider a quadratic branching
mechanism, the conditions automatically hold in their article. In contrast, Liu et
al. [102] have no conditions of this type.

In summary, our moment conditions are weaker than those used in [27], but com-
pared to [102], we impose stricter assumptions on the Lévy measure II, yet allow a

much larger class of underlying motions £ and domains D.
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2.1.4 The strong law of large numbers for the skeleton

Throughout this section, we suppose that Assumptions 1, 2 and 3’ hold. Assumption 4
may look like a strong assumption on first glance. However, we argue that this is not so.
The skeleton decomposition shows that the large-time behaviour of the superprocess is
guided by the skeleton. This suggests that the total mass the superprocess assigns to
a compact ball, will be asymptotically well-behaved if and only if the skeleton carrying
the superprocess has asymptotically a well-behaved number of particles in that ball.
We write By(D) := {B € B(D): ¢{(0B) = 0}. To show that Assumption 4 holds, it
suffices to prove that, for all © € M.(D), B € By(D),

lim inf e_’\6"5<£]13, Zn5> > (plp, <$>W§é/w(2) P ,-almost surely
w

n—oo

as we will see in Lemma 3.1 (ii) below. Often it is a much easier task to prove the

convergence along lattice times than along continuous times.

There are good results in the literature proving SLLNs for branching diffusions.
Some of the relevant literature was reviewed in Section 1.4. A nice argument to obtain
almost sure asymptotics for spatial branching particle processes from related asymp-
totic behaviour of the spine was found recently by Harris and Roberts [82]. However,
they assume a convergence for the spine which usually does not hold in our setup.
The theorem we use to verify several examples in Chapter 4 is based on a result from
Engléander et al. [57]. The authors prove the convergence for strictly dyadic branching
diffusions along continuous times. We require only convergence along lattice times but
a more general branching generator. The following theorem is a version of their result

as our proof reveals.

Theorem 2.13 (Adaptation of Theorem 6 in [57]). Let p € M.(D), and assume that
for every x in the support of u the following conditions hold:

(i) There is a family of sets Dy € B(D), t > 0, such that for all 6 > 0,

P, s, (3ng € N: supp(Z,5) € Dys for all n > ng) = 1.

(ii) For every B CC D, there exists a constant K > 0 such that

sup IPO[Lp(Exe)]) — (91, @) =0  ast— cc. (2.34)
yet

Then, for all § > 0, f € p(D) with fw/¢ bounded,

lim e " (f, Zys) = (f,wp)WL/"(Z)  Py-almost surely.

n—o0

Proof. Using Notation 2.4, we have Z = Zf\;ol 790 where given Fj, the processes
(21914 =1,...,Np) are independent, and (Z"Y;P,(-|F()) is equal in distribution to
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(Z;Pas, (o). In particular, ng/w(Z) =M 9/ (Z19), and

Py lim e, Zys) = (f,wd) W/ (2))

> P, ( N { Jim 057, 200) = (Fwd) W/ (7°)})
i=1

=P ﬁ Puseyo (im0 (f, Zs) = (Fwd) WL (2) ).
1=1

It remains to argue that under the stated assumptions, P, 5, (lim;, o0 e ATOf Zs) =
(f, w@ ¢/ “(Z)) equals 1 for every z in the support of . Englinder et al. [57] give a
proof of this result for strictly dyadic branching diffusions in two steps. The argument
can be generalised as follows. The first step is to show that with (sy)n>0 nonnegative
and non-decreasing, and U,, = e (st (f 7 5y the sequence D (s, dn) = |Uy, —
Po s, [Unlo(Z,: v < nd)]| converges to zero. The key to this result is an upper bound
on the p-th moment of Wt¢/ “(Z) and is obtained via a spine decomposition of the
branching diffusion. This would be possible even in our more general setup but is not
needed since the required bound follows easily from Theorem 2.9 (i). The second step
is to show the convergence of CEf(sp,dn) = Pqs, [Uplo(Z,: 7 < én)] for s,, = Kdn to
(f, we) ¢/ “(Z). Their assumptions for this convergence are Conditions (iii) and (iv)
in their Definition 4. Condition (iii) is our Condition (i) in Theorem 2.13. From the
proof in [57] it is easy to see that their Condition (iv) in Definition 4 can be relaxed to
our Condition (ii), a fact that has also been used in the verification of some examples
in [57]. O

The following lemma is useful in the verification of the conditions of Theorem 2.13
and has been proved by Englander et al. [57]. We give the main argument for com-

pleteness. Denote by || - || the £2-norm on R

Lemma 2.14. Suppose for x € D there are a continuous function a: [0,00) — [0, 00)

and some € > 0 such that

PO L, zayw(&)/$(&)] < et for all t sufficiently large. (2.35)

Then Condition (i) in Theorem 2.13 holds with Dy = {y € D: ||y|| < a(t)}. If, in
addition, for every B CC D, there is K > 0 such that

¢ Kt
sup PPy K g e 00, (2.36)

lyill<a(t)y2€B ' d(y2)d(y2)

where p® denotes the transition density of (&;P?), then also Condition (ii) in Theo-
rem 2.13 is satisfied.
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Proof. Markov’s inequality and (2.21) yield for all ¢ > 0,

o),

Po s, (supp(Z;) € D) < Py, [<1D§’ Z)] = eActw(x)

[Lqezatyw(&)/o(&)].

The Borel-Cantelli lemma yields the first part of the lemma. The second part follows

immediately from the definitions and from (¢, ¢) < oo. O

We will see in Chapter 4 that for many of the main examples of superdiffusions
the SLLN for the skeleton already follows from Theorem 2.13. For those processes
where Assumption 4 has not been proved yet, we believe that the particle nature of
the skeleton will make it easier to obtain the SLLN for the skeleton than to derive
further convergence statements in the superprocess setup. This thesis will then allow
us to carry results for the branching diffusion over to the superdiffusion. We emphasize
that the SLLN for the skeleton is only needed along lattice times and for compactly

supported starting measures.

2.2 Spine decomposition

In this section, we use a spine decomposition of X to identify (Wtd’(X ))t>0 as an LP-
bounded martingale, where p € (1,2] is determined by Assumption 3’. A similar
decomposition has been used for other purposes by Engliander and Kyprianou [58]
on bounded subdomains for quadratic branching mechanisms and by Liu et al. [101]
in the case @« = 0. For the one-dimensional super-Brownian motion the spine de-
composition was used by Kyprianou et al. [96, 97] to establish LP-boundedness of
martingales closely related to (Wﬁ(X ))e>0. Similar arguments have been used in the
setup of branching diffusions in [80, 57]. See [58] for an overview of the history of
spine decompositions for branching processes. Throughout this section, we suppose
that Assumption 2 holds. Further conditions used are stated explicitly. Recall that
MG(D) = {n € Mp(D): (¢, ) < o0}

Theorem 2.15. Suppose Assumptions (2.24)—(2.26) hold. For all p € M?(D), pro-
cess ((Wt(b(X))tzo;PM) is an LP-bounded martingale. In particular, ((Wf(X))tZO;PM)

converges in LP(P,).

Let pu € M?(D), u Z 0. We already showed in Corollary 2.7 that (Wt¢(X))t20 is
a martingale. Hence, it suffices to prove LP-boundedness, and we can define a new
probability measure @, by
dQ, _ W)

=———- forallt>0.
APy lyix,: sefoq) (@)

Recall from (2.23) that (£ = (&)>0; qu) is the ergodic motion with randomised start-
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ing point, and use (2.15) to obtain

Pi“(A) = ;:;;CP’, [efcf ﬁ(ﬁs)ds¢(§t)ﬂA],u> forall Aco(&: 0<s<t). (2.37)

Lemma 2.16. For all u € M?(D), uw#z0, f,g €bp(D), t >0,

—(f,.x0) (@9, X¢)
Qule Iy

. (2.38)
= B[ U 0TBE, [a(@ exp (= [ ol ns(€nt =) ds) |

Notice that by definition, (¢, X;) > 0, Q,-almost surely.

Proof of Lemma 2.16. We prove (2.38) only for g compactly supported since the gen-
eral case then follows from the monotone convergence theorem. The continuity of ¢
implies that f + 0¢g € bp(D) for all § > 0. Use the definition of @, and interchange

differentiation and integration using the dominated convergence theorem to obtain

—(f, X <¢9,Xt) e—)\ct - b s
Qu [e (f:Xe) <¢,Xt> ] = _WP“[36|9=06 (f+00g )]
oAt o
N We e 80‘9:0<uf+9¢g(',t),u>,

By (1.2), the definition of 13, and (2.37) the claim follows when we have shown that

hf,g ((E, t) =0y ‘gzouf+9¢>g(xa t)

= Po[oteste e (- [ 05 (Ear g (€urt — ) d5)] (2.39)

since integration with respect to p and differentiation can be interchanged using the

dominated convergence theorem. By (1.3), for any 6 > 0,

Uf+9¢g<$, t) — 'sz((lﬁ, t)

6
t LU t—38)) — Sur(,t—s
The Laplace exponent 6 + v(0) := sy ppy(7,t) = —log P, [e~T099:X0)] is increasing,

v(0)—v(0)
0

concave and nonnegative. In particular, is decreasing in 0. Moreover, z +—

o(x, z) is increasing, convex, and nonnegative. Hence, for all (z,t) € D x [0, 00),

o < 10 =v(0) _ uprogg(at) —ug(a,)

<= ; < Silog](x) < 1 dglloce™,

where 3 = sup,cp B(x), and || - || denotes the supremum norm. A Taylor expansion
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of 1 yields for every (z,t) € D x [0,00) some 8 € (0,6) such that

Yoz, v(0)) — Yo(x,v(0))
0

= 9z10(z,v(0))

v(0)

v(0) —v(0) + (azwo(x,v(é)) - az%(fcav(o)))

v(6) = v(0)
J :

0

The first term on the right-hand side is nonnegative and increases as 6 | 0, the second

term is dominated and tends to zero. Hence,

t

hyg(x,t) = Si[pgl(z) — /0 Ss[0:00 (-, up(-,t — 8)hypg(-,t — )] (z) ds. (2.40)
Lemma A.1 (ii) below applied to the functions gi(z,t) = —0,¢g(x,us(x,t)), g2(z,t) =
8zw0(m)uf(x7t))a fl = (bg and fg(ﬂ?,t) = - Zw()(m)uf(xat))h’f,g(x7t) shows that the
unique solution to (2.40) is given by the right-hand side of (2.39). O

Recall the definition of Dynkin and Kuznetsov’s Nj-measures from (2.8), and let
W E M?(D), i % 0. On a suitable probability space with measure P, 4, we define the

following processes:

(i) (& = (&)e>05 Pug) is equal in distribution to (&:t > O;Piu), that is an ergodic

diffusion. We refer to this process as the spine.

(ii) Continuous immigration: (n; P, ;) a random measure such that, given {, nis a
Poisson random measure which issues M ;(D)-valued processes X™ = (X) 450
at space-time point (&, t) with rate 2c(&;) dt x dNg,. The almost surely countable
set of immigration times is denoted by D"; Df* := D" N (0,t]. Given &, the

processes (X™!: t € D™) are independent.

(iii) Discontinuous immigration: (m;P,,) a random measure such that, given
¢, m is a Poisson random measure which issues M ¢(D)-valued processes X™*
at space-time point (&,t) with rate dt x f(om) I1(&, dy) y x dPys,, . The almost
surely countable set of immigration times is denoted by D™; D = D™ N (0, ¢].
Given &, the processes (X™*!: ¢t € D™) are independent and independent of n
and (X™!: t € D).

(iv) (X = (X¢)i>0; Pug) is equal in distribution to (X = (X¢)s>0; Fy), i.e. it is a copy
of the original process. Moreover, X is independent of £, n, m and all immigration

processes.

We denote by
Xp=> XM and XM= ) X
seDp seDP

the continuous and discontinuous immigration processes, respectively. We write I'; :=
X+ X+ X[ for all £ > 0, and £ denotes distributional equality.
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Proposition 2.17 (Spine decomposition). For all u € M?(D), wZ0,
(X t>0,Qu) L (Th =X+ XP+ Xt > 0; Py).

The proof of Proposition 2.17 is very similar to the proof of Theorem 5.2 in [96],

and we omit long computations.

Proof of Proposition 2.17. Using the definitions and Campbell’s formula for Poisson
random measures, one easily checks that the marginal distributions agree. By defi-
nition, ((I't,&)i>0; Pue) is a time-homogeneous Markov process, and when we show
that

Puy(& € do|Ty) = @qﬁ(w}l}(dm) for all t > 0,

then ((I't)s>0; Pu,¢) is a time-homogeneous Markov process (by the argument given on
page 21 of [96]). Using the definition, Lemma 2.16, and (I';; P, ¢) 4 (X¢;Qu), we find
that for all f,g € bp(D),

_ ) T
Pugle TP, 49(&) IT4]] = P {e <f,Ft>(<¢(int>>}

and the claim follows. O

For all ¢t > 0, let G; be the o-algebra generated by £ up to time ¢ and by n and m

restricted in the time component to [0, t].

Lemma 2.18. For all u € M?(D), p#0, andt >0, P, 4-almost surely,

Puole 0. TIG] = (6,p) + Y e 0(&s) + D e TPg(Ey),

scDp seD™

where (Z™ = (1,X6n’t>: t > 0;P,g4) is, given &, a Poisson point process with intensity
measure dt X f(o 00) I1(&, dy) y.

Proof. Proposition 1.1 of [45] states that, for all f € p(D) with Ps_[(f, X;)] < oo,

N [(f, Xu)] = Ps, [{f, X0)]. (2.41)

Using first the definition of I';, and then (2.41) and the branching property of X, we

obtain

Pygle (¢, T1)|Gi]
=P [WP(X)] + D e N [(6. Xi-o)] + D e Prmg, (6, X))

seDy seD
= PuWEQO]+ Y e P (0. Xoa)] + ) e IR (6, Xi-0)).
seDY seD™
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Since Wfs(X) = e MHp, X)), t >0, is a P,- and Pj, -martingale for all x € D, the

claim follows. O

Finally, everything is prepared for the proof of Theorem 2.15. Throughout the
thesis, we use the letters ¢ and C for generic constants in (0,00) and their value can
change from line to line. Important constants are marked by an index indicating the

order in which they occur.

Proof of Theorem 2.15. The martingale property was proved in Corollary 2.7. We
have to show the LP-boundedness. If p = 0, then Xy(D) = 0 for all ¢ > 0, and the
statement is trivially true. Let p € M?(D), 1 # 0. We write W2(T) = e (¢, T;) and
p=p—1¢€(0,1]. Then z > 2P is concave and (z + y)? < xP + yP for z,y > 0. Hence,
the definition of @, Proposition 2.17, Jensen’s inequality and Lemma 2.18, yield

Rl o) (X )],

s€DP Im<p1(&s) s€EDP I >p1(Es)

where ¢ is determined by Assumption 3’. The first term is deterministic. For the
remaining three terms we first use that ¥ < 142 for all ¢ > p, then (z+y)° < 27 +9°
for all & € [0, 1], and finally apply Campbell’s formula to obtain

PMS[( Z e*/\csqs(fs))ﬁ] <1 +/t 2@*’\65181[1’?”[(25(55)&1oz(&s)] ds,

seDh 0

Pol( X o)

s€DPM I <p1(&s)

t
<t [ermpg [ [ sy dy)| ds
0 (0,01(&s)]

Pol( X o)

SEDM IM > (€5)

t
< [ererg [ o)y G dy)] ds,
0 (@1(53)700)

where ; = 0; — 1 € [p, 1] with o; defined in Assumption 3’, i € {1,2,3}. We con-
clude that if Assumptions (2.24)—(2.26) hold, then there exists a constant C; € (0, c0)
independent of p and t such that

P [W) (X)7)

@ 0 <{p,u)P +C;  forallt >0, (2.42)
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and ((Wtd)(X ))t>0; P) is an LP-bounded martingale. Doob’s inequality yields the stated

LP-convergence. O

In Section 3.3 the following lemma will be used in the comparison between the

immigration process and its conditional expectation.

Lemma 2.19. Suppose Assumptions (2.24)—(2.27) hold. For every u € M(D), u #0,

there exists a time T > 0 and a constant Cy € (0,00) such that
PS [6(&) " Py, IW(X)P)) <Cy  foralls>0,t>T.
Proof. According to (2.42), for all s,t > 0,

PS [6(6) " Py, [W(X)P)] < P8 [6(6)" "] + .

Since u € M(D) and (¢P~ 1, ¢¢) < oo by Assumption (2.27), (2.18) implies that
Pﬁu[gb(&)p_l] converges to (¢pP~1, gzbgg), and the claim follows. O
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CHAPTER 3

PROOFS OF THE MAIN RESULTS

In this chapter, we prove the main results stated in Section 1.3.

3.1 Reduction to a core statement

In this section, we work under Assumption 2. We first show that it suffices to consider
test functions f = ¢lp =: ¢|p for Borel sets B € By(D) = {B € B(D): ¢(0B) = 0},
and that we only have to prove that liminf; ,o, e *<!(f, X}) > (f, @ng(X) instead of
the full convergence. The proof is based on standard approximation theory combined
with an idea that appeared in Lemma 9 of [5]. We denote by CZ’(D) the space of

nonnegative, measurable, {-almost everywhere continuous functions on D.

Lemma 3.1. Let p € M?(D) and either T = [0,00) or T = 6N for some 6 > 0. In
addition, let either A = By(D) and A® = {f € C/(D): f/¢ € b(D)}, or A = B(D)
and A = {f € p(D): f/¢ € b(D)}. We define A" like A® where ¢ is replaced by
o/w.

(i) If for all B € A,

111‘inz} inf e (¢| 5, X1) > (|5, DYWE (X) P,-almost surely, (3.1)
St—o00

then limys; oo e U f, X)) = (f, g)ng(X) P,,-almost surely for all f € A®.

(i) If for all B € A, liminfrs; s e (215, Z) > (8|5, WL (Z) P ,-almost
surely, then, for all f € A", limpsi oo e ™(f, Z) = (fwd)W¥(Z) Py-

almost surely.

Proof. We show only Part (i); the proof of Part (ii) is similar. Let f € A? and write
S={>F cidlp: ke N e[0,00),B; € A}. There exists a sequence of functions
fr € S such that 0 < fr < f and fx T f pointwise. Using (3.1) and the monotone
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convergence theorem, we deduce that P,-almost surely,

liminf e (£, X;) > sup liminf e ! fy, X;) > sup(fr, )WL (X) = (f, )WL (X).
T>t—o00 keN T3t—o0 keN
Let ¢ = sup,ep f(z)/¢(x). Since 0 < ¢ — f < c¢, the same argument can be applied

to c¢ — f, and we conclude that P,-almost surely

limsup e ! (f, X;) = lim sup (ch(X) —e Ml egp — f, Xt>)

Tot—o0 Tot—o0

< ch;(X) — liminf e*Act<cq§ — [, X4)

To>t—oo

< c(6, HWL(X) = (cd = [,AWL(X) = (f,WL(X). O

In the next step, we use the branching property of the superprocess to restrict
ourselves to compactly supported starting measures.
Lemma 3.2. Let T = [0,00) or T = 6Ny for some 6 > 0, and in addition, let A? =
{f € CFH(D): f/6 € (D)} or A® = {f € p(D): /6 € b(D)}.
(i) If for all 4 € M(D) and f € A?,
lim e MHf X)) = (f, o) W2 (X) P,-almost surely, (3.2)

To>t—oo

then (3.2) holds for all p € M?(D)

(ii) If convergence (3.2) holds in L'(P,) for all p € M.(D), then it holds for all
€ MJ(D).
Proof. Let u € M?(D), and take a sequence of domains By CC D, By C Byiq,
with D = Up2 Bx; Br := By \ Bg—1, where By := (). On a suitable probability
space, let XB* k € N, be independent (L, 15; D)-superprocesses, where X Pk is started
in 15 p. By the branching property, XBr .= Zle XBZ7 XD\Br .= >k X5 and
X := XBe 4 XP\Bk are (L, g; D)-superprocesses with starting measures 1, 11, 1p\ g, 1

and u, respectively. In particular,
W#’(X) = e, XtBk + XtD\Bk> - Wt¢(XBk) + Wt¢(XD\Bk)7

and the martingale limits W2 (XP\Br) := lim inf;_0 Wt¢(XD\Bk), k € N, are decreas-

ing in k. Fatou’s Lemma yields

P, [WE(XP\Br)] = Py Jim W (XP\B)] < liminf B, [W(XP\BE)] = (¢, 1y p, ).
—00 t—o0

In particular, (¢, ) < oo implies that (W (XP\Bk): k € N) converges to zero in

Ll(Pu) as k — oo and, since the sequence is monotonically decreasing, almost sure

convergence follows. We conclude that limy_. W (XBt) = WZ(X) almost surely
and in L'(P,).

44



Chapter 3. Proofs of the main results

For Part (i), Lemma 3.1 (i) implies that it suffices to show

1lrintl inf e A f, X3) > (f, 5}W£(X) P,-almost surely
St—o00

for all f € A?. Since 1, u € M.(D), the assumption implies that, for all k& € N,
liminf e < (f, X,) > liminf e (f, XP*) > (7, @ng(XBk) P,-almost surely,
t—00 t—o0

and taking k — oo yields the claim.
To show Part (ii), let ¢ = sup,cp f(z)/¢(z), and estimate for fixed k € N,

Pu[le ™ (f, Xo) — (£, )WL(X)|] < cPule (g, X7 VPH)]
+ P/J'He_Act<f7 XtB’“> - <f, $>W£(XBIC)H + (f’ ¢~$>P,u [Wi(XD\Bk)]

The second term on the right-hand side tends to zero as ¢ — co by assumption. The
first term is equal to ¢(¢, ILD\ka and, therefore, tends to zero as k — oo, and so does
the third term. O

Let M(D) be the set of all o-finite measures on D.

Remark 3.3. The superprocess X can be defined for starting measures u € M(D) via
the branching property; see also Section 1.4.4.1 in [44]. The proof of Lemma 3.2 then
shows that (3.2) for all p € M (D) implies (3.2) for all p € M(D) with (¢, ) < oc.

Finally, we show that it suffices to consider fixed test functions. The argument is

borrowed from Chen and Shiozawa [28, Theorem 3.7].

Lemma 3.4 (Chen and Shiozawa [28]). Let u € M?(D) If for every B € By(D),
P,-almost surely, lim;_,oo e N (P| 5, X;) = (6|3, DYWL (X), then there ewists a mea-
surable set Qo such that P,(0) =1 and, on Qq, the convergence in (1.16) holds for all
f € (D) with f/¢ bounded.

Proof. Take a countable base (By)ren of Bo(D) which is closed under finite unions,
and let

Qo = { Jim e 0|, Xo) = (6], )WE(X) for all k € N},

Then P,(£29) = 1 by assumption. On {WE(X) = 0}, convergence (1.16) trivially holds
for all f € p(D) with f/¢ bounded. On {W%(X) > 0} N, we define

W (X) d  x(B)={(¢lp,¢), forall BeB(D).

Xi(B) i=e
Since (Bg)ren is a base of By(D), liminf; o x:(U) > x(U) for all U € By(D) open.
As, in addition, lim;,eo x¢(D) = x(D) = 1 is finite, the Portmanteau theorem (cf.

Theorem 13.35 in [94]) implies that x; converges to x in the weak sense. For every
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fe C;(D) with f/¢ bounded, g := f/¢ € bp(D) is f-almost everywhere continuous,
and since x is absolutely continuous with respect to ¢, lim_, (g, x¢) = (g, x), which is

equivalent to

lim e (f, X;) = W2 (X)(f,¢)  on Qo N{WL(X) > 0}. O

t—o00

3.2 Martingale limits

In this section, we prove Proposition 1.1, that is, we show that the martingale limits for
the superprocess and its skeleton agree almost surely. We assume only Assumptions 1
and 2 throughout this section. Recall from (2.13) that (S});>0 denotes the expectation

semigroup of X*.

Lemma 3.5. Let f € p(D) with f/¢ bounded. For all x € D,
0; (x) := e !S) f(z)/p(x) = 0 as t — oo,

and for t > 0, the function x — 0;(x) is continuous. Moreover, 0f(x) is uniformly

bounded in t and z, and if f = ¢, 0} (z) is non-increasing in t.

Proof. Let ¢ = sup,cp f(z)/¢(z). By (2.6) and (2.15), for all (z,t) € D x [0, 00),

0 < 07 () = B[l €A p(g,) ()] (33)
< cP? [efg[ﬂ*(is)—ﬂ(ﬁs)} ds} = ce M SF(2) /(). (3.4)
Since f* — 5 < 0, (3.4) implies that, for f = ¢, 67 (x) is non-increasing in t. Moreover,

(3.3) and Theorem 7.2.4 in [119] (see also Theorem 4.9.7 in [110]) imply that 6} (x) is

continuous in z for ¢ > 0. The dominated convergence theorem and (3.4) yield
. — At Q* ) o * -
Jim 576000 /() = P2 [exo ([ 19°(6) - Ble]as)].

By Assumption 2, the diffusion (§ = (ft)tzo;]P’ﬁ) is positive recurrent, and Theo-
rem 4.9.5 (ii) in [110] yields

lim 1/t min{3(&s) — 8" (&s), 1} ds = <min{6 — B, 1}, ¢¢T> >0 P¢-almost surely,
0

t—o0

where the limit is positive since ({x € D: a(z)+11(x, (0,00)) > 0}) > 0 by Remark 2.8.
Hence, [;°[3*(&s)—B(&s)] ds = —oo holds P$-almost surely, and the claim is established.
0

The following lemma gives a useful bound for the p-th moment of (f, I;). We will

apply the bound to p =1 and to p = p with p from Assumption 3’.
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Lemma 3.6. Forp>1, fep(D), z€ D andt >0,

(£, 1)P] < w(z) "' Py, [(f, 1)7],

where the inequality is an equality in the case p = 1.
Proof. Using Notation 2.5, I; = Zf&l IZ’O, where under Ps_, Ny is Poisson-distributed

with mean w(z) and Fp-measurable, and (IZ’O; Ps,(-|Fo)) is equal in distribution to

(I1; P 5,). Using the monotonicity of the (P-norm, we derive

No

5. [0£.207) = P, [ (307,519
i=1
No

> Py, [ZO‘, IZ’OVB] = Py, [NoPus, [(f, 1)7]] = w(@)Pag, [(f, 1)7].

i=1
For p =1 the inequality is an equality. Rearranging terms completes the proof. 0

We now come to the main part of this section. First, we employ the skeleton

decomposition to compute the conditional expectation of (f, Xgy4).

Proposition 3.7. For all p € M?(D), f € p(D) with f/¢ bounded, and s,t > 0,

P [(f, Xop )| Fe] = (S5 f, Xo) + <S sf Zt> <S*f Zt> P,-almost surely.

Proof. By Notation 2.5, (f, Xst¢) = (f, X + Y+ N, I2Y), where the random
variable (X, 4 I3, P, (-|F)) is equal in distribution to (X*; Py,) and (I2% P, (-|F;))
to (Is; P.,(;{m), i=1,...,N;. Hence, P -almost surely,

N
PLI(f, Xt ] = Pu[{f, Xy + 1) + D 12| 7]
- PXt[ f X +ZP0 O, (1) f I >] (3-5)
=1

The first term on the right can be rewritten using (2.13) to obtain Px,[(f, XJ)] =

(S*f, X¢). For the second term, we use Lemma 3.6 and Theorem 2.3 (iii.c) to derive

Nt Nt
Z P0,5§i(t) [<f7 IS>] = Z w(fi(t))ilpégi(t) [<f7 XS - X:)] (36)
=1 =1

Since f/¢ is bounded and u € M?(D), (S,j)f,ZQ is finite P -almost surely. Hence,
(3.5), (3.6), (2.11) and (2.13) yield P,-almost surely,

Ny *
PN[Z I”‘J—'t} ZP”M) (f, 1s ]—<Sf t>—<5;f,zt> (3.7)

1=1
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as required. O

Proof of Proposition 1.1 and Theorem 2.9 (i). Proposition 3.7 yields,

P W (X)|F]

" (3.8)
_ 6—A6t<e—/\css;k¢’Xt> 1 e—Act<e—,\65M’ Zt> _ e—Act<e—AcsM’ Zt>
w w

P,-almost surely, and we are interested in the limit as s — co. The first and last term
tend to zero P,-almost surely by Lemma 3.5 and the dominated convergence theorem.
The second term is independent of s since e 5S¢ = ¢. Hence, the right-hand side
of (3.8) converges to Wf/w(Z). According to Theorem 2.15, ((Wtd)(X))tzo;Pu) is an
LP-bounded martingale, and we can interchange, on the left-hand side of (3.8), the

limit s — oo with the integration to obtain
P, [WL(X)IF:] = lim P [WY,(X)|F] = WY (Z)  P,-almost surely.  (3.9)

Since W& (X) is measurable with respect to Foo = 0(U>o Ft), (1.15) follows by
taking ¢ — oo in (3.9). Moreover, (3.9) shows that (W, 7w(Z))t20 is a uniformly
integrable martingale, and since W (X) = w/ “(Z) is in LP(P,), LP-boundedness of
(Wfb/ “(Z))i>0 follows by Jensen’s inequality. O

3.3 Convergence in L'(P,)

In this section, we prove the WLLN in the form of Theorem 1.5 or Theorem 2.9 (ii). We
suppose that Assumptions 1, 2 and (2.24)—(2.27) hold and begin with an LP-estimate

for the immigration that occurred after a large time ¢t. Recall Notations 2.4 and 2.5.

Proposition 3.8. For every u € M (D) and f € p(D) with f/¢ bounded, there exists
a time T > 0 and a constant C3 € (0,00) such that for all s >0,t>T,

AP, | 3 (15— Pagy 4711 [[] < Cae
i=1

Proof. For = 0 the claim is trivial. Let p # 0. It was noted in [16, Lemma 1] that,
for p € [1,2], n € N and (Y;: i € {1,...,n}) independent, centered random variables

(or martingale differences),

Py
i=1

<23 p(w)

For s,t > 0, we apply this inequality to P,[-|F;], n = Ny and Y; = (f,Iﬁ’t) -
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Pose o ,[(f,15)] to bound

HZ<JC’IH '55“) (F: 1 >’ ’:Ft} <2pZP fpt> "%(t) (f: 1s ‘ | Fe].

Using |z — y|P < aP 4+ P for x,y > 0, (Iﬁ’t;P#(-].’Ft)) 4 (Is;Pas () and Jensen’s
inequality, we can bound the right-hand side by

Nt
2”2( o[ L]+ P (£ TOP) <2703 Pus (. 1))
=1

Now Lemma 3.6, the identity Xy = X} + I, under Ps, 0 and the monotonicity of

x +— 2P on [0, 00) yield

HZ(f[” N '55(t)[f[ )’ ’f} <2p+1z 5&(1&)([;];7)) s)?]

_ 2p+1< s [{f, Xs>p],Zt>‘

Writing ¢ = sup,cp f(z)/¢(x) < 0o, (2.22) and (2.23) yield

e Aep(stt)p HZ( £ 10 — .5£i(t)[<f,fs>])‘p}

< 2P+lcpe—>\cptPu [< Ps. [Wj(X)p] : Ztﬂ

= 2P 0TI G )P [6(6) T P, (W (X)P]).

Since p € M.(D), Lemma 2.19 yields a time T' > 0 and a constant Cy € (0, 00) such

that the right-hand side is bounded by 2P+ cPeAP=Dt(p 1)\Cy for all s > 0, t > T,

and the proof is complete. O

We are now in the position to prove Theorems 1.5 and 2.9 (ii).

Proof of Theorems 1.5 and 2.9 (ii). According to Lemma 3.2 (ii), it suffices to consider
pu € M (D), and without loss of generality, we work on the skeleton space. Using the

skeleton decomposition in the form of (2.10), we write for s,¢ > 0,

G_AC(S—H) <f, Xs+t> - <f7 ;g> ¢ (X)
= e M XTI e Aelo D) Z ( (£ I = Pose i [ Is>])

Ny
(€N P TN = (£ OWP(2)) + (£,8) (W'(2) = W& (X))

=: Z1(s,t) + Za(s,t) + ZE3(s,t) + Ea(s, t).
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It suffices to show that

lim sup limsup P, [|Z;(s,t)|] =0 for all i € {1,...,4}. (3.10)

§—00 t—o00

Verification for i = 1: since (X}, + I:’t;P#(-\Tt)) 4 (XX Px,), the first moment
formulas (2.13) and (2.11), and (2.16) yield

Pl[Ei(s, )} = e CTIPL [P, [(f, XD)]] = e MCT(S,SLf, 1) = (PP (6], o),

where 0% (1) = e *<5S% f(z)/#(x). By Lemma 3.5, 6%(z) is uniformly bounded in s and
x, and converges to zero as s — oo. Using the ergodicity of (£;P?), cf. (2.18), and the

dominated convergence theorem, we conclude

Timlim P [E1 (s, 1)) = lim (67, 69)(6.11) = 0.
Verification for i = 2: Proposition 3.8 implies that Zs(s,t) converges to zero in
LP(P,) as t — oo for every fixed s > 0. By monotonicity of norms, (3.10) for i = 2
follows.

Verification for i = 3: we use (3.7) and (2.16) to rewrite
S Sef — Sif
eiAC(ert) Z Po,(sgi(t) [<f7 IS)] = 67A0(8+t)<ST87 Zt>
i=1

= ef)‘ct<IP).¢ [f(fs)/¢(§s)] B 0:’ gzt>'

Let Yy(z) := P[f(&)/p(E)] — 0% (x). Since f/¢ is bounded, Y is uniformly bounded
in s and z, and by (2.18) and Lemma 3.5, lim,_,o Ys(z) = (f, #). Moreover, Zs(s, t) =
e T, — (f, B, %Zﬁ by the definition of Wt¢/w(Z). The many-to-one lemma for Z,
ie. (2.22), yields

PulEs(s, 0] < e P [(| T~ (7,8)], £2)] = (B2 [|10(6) — {7, )], om)

Since Yy is bounded and ¢(x)u(dz) is a finite measure, (2.18) implies that the right-
hand side converges to (| Y — (f, @)|, #3) (¢, 1) as t — oo, and this expression converges
to zero as s — oo by the dominated convergence theorem.

Verification for ¢ = 4: since (Wt¢/ “(Z))t=0 is an LP(P,)-bounded martingale by
Theorem 2.9 (i), it converges to ng/w(Z) = WE(X) in LY(P,). Hence, (3.10) for i = 4

holds. O
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3.4 Asymptotics for the immigration process and the
SLLN along lattice times

In this section, we analyse the asymptotic behaviour of the immigration process I.
Lemma 3.1 (i) and Theorem 2.3 imply that, instead of e *!(f, X;), we can study
e~ t(f, I} for the proof of Theorem 1.2 if the latter converges to the correct limit. To
show this, we first study the conditional expectation of the immigration after a large

time ¢ as stated in (3.7). From now on, we work under Assumptions 1, 2, 3’ and 4.

Lemma 3.9. For all u € M.(D), 5,0 >0, and for all f € p(D) with f/¢ bounded,

Nt - ~
lim N Pus [ 1)) = € ({£,9) — (7811, 6) ) WE(X)

ONSt— 00 ‘
=1

P,,-almost surely.

Proof. We apply the SLLN for the skeleton (Assumption 4) to the functions fi, fo given
by

Suf(x) _

w(z)

= w - eACSQ*(x) o(x) '

w(z) w(x)

fila) = P [1(6)/0(6)] S

By Lemmas 2.1 and 3.5 and Theorem 4.9.7 in [110], f; and f2 are continuous for any
s > 0. Hence, (3.7) and Assumption 4 yield P ,-almost surely,

lim “ZP.(;& 510 = (2L wdywele(zy - (L wywerz)

6N9t—>oo

By (2.16) and (2.17), (Ssf, @) = e**(f, ¢), and Theorem 2.9 (i) completes the proof. [J

Proposition 3.10. For all p € M (D), § > 0, and for all f € p(D) with f/¢ bounded,

Ny
lim lim e (st ZP”%@ [(f, 1)] = (f, &)W (X) P ,-almost surely.

ON3s—00 NDt—00 i—1
1=

Proof. The claim follows immediately from Lemmas 3.9 and 3.5 and the dominated

convergence theorem. O

Recall from Notation 2.5 that, given F;, I' denotes the immigration occurring

along the skeleton descending from particle 7 at time ¢.

Proposition 3.11. For all p € M (D), s,0 > 0, and all f € p(D) with f/¢ bounded,

N,
lim 8_>\c(5+t)‘ Zt ((f’ [;}t> - P, Sestt [<f, >])‘ 0 P, -almost surely.

ON>t—o0
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Proof. By the Borel-Cantelli lemma, it is sufficient to show that for all € > 0 there is
a ng € N such that

i P, (e_)\c(s—l-nls)) % <<f, Iy — Pose. s (S Is>])‘ > e) < 0. (3.11)
n=ng =1

To bound the left-hand side in (3.11), we first use Markov’s inequality, and then Propo-
sition 3.8 to obtain a time 7" > 0 and a constant C5 € (0, 00) such that, for ng > 7', an
upper bound is given by

0 Nips
e P Z e—AcP(S+n5)PH H Z <<f, I;',n5> _ P.75§i(n5) [<f, Is>]> ‘p:|
n=ng =1
<ePCy i e Ae(p=1)nd O
n=ng

Combining Propositions 3.10 and 3.11, the asymptotic behaviour of the immigration

process can be characterised as follows:

Corollary 3.12. For all p € M.(D), § > 0, and all f € p(D) with f/¢ bounded,

N
lim lim e Ae(st) Z(f, I = (f, o) W2 (X) P, -almost surely.

0N s—00 NSt—00 P
Now we are in the position to prove the SLLN along lattice times.

Theorem 3.13. For all y € M?(D), d >0, and all f € p(D) with f/¢ bounded,

lim e ™ (f, X,5) = (f, YWE (X) P,-almost surely.

n—oo

Proof. By Lemma 3.2 (i), it suffices to consider p € M.(D). Moreover, without loss
of generality, we work on the skeleton space from Theorem 2.3. Corollary 3.12 yields

P,-almost everywhere,

liminf e *!(f, X;) = liminf liminf e G+ (f X,
Aminf e (f, Xo) = Jiminf liminf e (s Xse)

N¢
> liminf liminf e*)‘C(SH)Z(f, I = (f, )W2(X).

ON>s—00 INSt— 00 —
1=

Lemma 3.1 (i) completes the proof. O

3.5 Transition from lattice to continuous times

In this section, we extend the convergence along lattice times in Theorem 3.13 to

convergence along continuous times and conclude our main results. We work under
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Assumptions 1, 2, 3’ and 4. For x > 0, let U” be the resolvent operator in integral

form, that is,

U f(z) = /000 e "POf (&) dt for all f € bp(D),z € D.

The argument for the transition from lattice to continuous times proceeds in two steps.
First we use the resolvent operator to bring the semigroup of (¢; (Pﬁ)me p) into the
argument. The semigroup property gives us a martingale which, combined with Doob’s
LP-inequality, enables us to control the behaviour between times nd and (n + 1)d.
Second, we remove the resolvent operator by taking k — oo in kU f(x). It is an analysis
of hitting times for diffusion processes which allows us to control the convergences in

this step.

The main idea for the proof is borrowed from [102], but we employ the skeleton
decomposition to replace the stochastic analysis and the martingale measures used
there.

Proposition 3.14. For all p € M (D), k > 0 and f € bp(D),

tli)m e M orUR f, X)) = (of, WL (X) P,-almost surely.

Proof. Without loss of generality, we assume that yu # 0 and work on the skeleton
space. Since kU" is linear with kU”1 = 1, the same argument that led to Lemma 3.1
shows that it suffices to prove that, for all f € bp(D),

litm inf e A (prUS f, X;) > (bf, @Wg;(X) P ,-almost surely. (3.12)
—00

Let f,g € bp(D) with kU*f > g, 6,t > 0, and let n be such that nd <t < (n + 1)d.
Then

e HORU,X) = (e HGRU" £, Xe) = e (OB [RUS (€] X))

(e P (€ s nya-e))s Xo) — € (6P g(8)], X))

N B (3.13)

(€7 (GPOg(E5)], Xns) — (09, DWE(X)) + (b9, HWEL(X)

= @1,HU“f(nv 5a t) + @2,g(na 57 t) + 63,9(77“’ 5) + <¢g> $>W£(X)

If we show, for all f, g € bp(D), g of compact support, that P,-almost surely,

limsuplimsup  sup O usf(n,6,t)| =0, (3.14)
6—0  m—=00 tend,(n+1)d]
limsup  sup  |Og4(n,0,t)| =0 for all 6 > 0, (3.15)
n—00 te[nd,(n+1)d]

limsup |03,4(n,d)| =0 for all § > 0, (3.16)

n—oo
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then we can choose g = 1pkU" f for B CC D in (3.13) to obtain
litm inf e At (prUSf, X;) > (o1 prU"f, (;~5>W§;(X) P,-almost surely.
—00

Choosing a sequence B; CC D, B; C Bjy1, D = U;C:’I Bj, the factor (¢1p,kU"f, @

increases, as j — 00, to

(ORU" £,3) = / ke R (GPALF ()], ) dt P27 /0 ke M (S F, ) dt = (6F, D),

0

and (3.12) follows. It remains to verify (3.14)—(3.16).
Verification of (3.14): Fubini’s theorem and the Markov property of (¢£;P?) yield, for
all x € D and s > 0,

[RU™ (z) = BEU" F(€]] = | / e Bt — [ ne Rl )
0
<21~ )l

Using the linearity of integration and the definition of Wf’(X ), we obtain

sup O1 kv f(n,0,1)] < 2(1 — e*”‘;)HfHoo sup W[’ﬁ(X).
tend,(n+1)d] te[nd,(n+1)d]

Since the martingale (W (X))s>0 has a finite limit, (3.14) is established.
Verification of (3.15): Let g € bp(D) be compactly supported. By (2.16),

O (n, 8,8) = (S0 15 (8], Xi)—(Solog), Xus) ) for all £ € [0, (n+1)0].

The Markov property of X, and (2.11), imply that (©2,4(n,d,t): t € [nd, (n+1)6]; P,)
is a martingale. Hence, (3.15) follows from the Borel-Cantelli lemma, Doob’s LP-
inequality (cf. Theorem I1.1.7 in [113]) and P, [(¢g, X (n11)5)|Fns] = (Ss[¢g], Xns) when

we prove that for sufficiently large ng,

> P (b9, Xng1ys) — Pulldg, Xon i)l Fusl*| <00 (3.17)

n=ng

By (2.10) and (3.5), we have for all s,¢ > 0, P,-almost surely, given F,

(b9, Xs+t) — Pul{dg, Xsit)| Fi]

(3.18)
= (69, X2y + 12 — P, [(6g, X)) + Z (09, 1) = Pus, , [(09. 1)])
The monotonicity of LP-norms and (XZ,, + I3 P, (| F)) 4 (X2 Px,) imply
* * * 2
P, [[(6g, X2y, + 12" = P, [(69, X2)]'] < P, [Varx, (69, X2)]"%. (3.19)
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Recall the definitions of X*, f*, 7*, and S} f from page 23. Denote cj(z) = 2a(z),
5 = Sipspen VT 00), G(0) = [y V2T (@), (1) = S, 65 () for al
x € D, where @9 is determined by Assumption 3’. We notice that §* < 8 implies that
Sy f < S.f for all f € p(D). Using (2.14), (2.11), and the semigroup property of S, we

obtain
P, [Varx, (99 X2)] = [ (8i87[e"(51, loal)?) ) dr

< /OS<SH-T [C*(Ss—r[¢g])2] ’ /J’> dr.

Recall the definition of ]P’iu from (2.23), and use (2.16) to deduce

P, [Varx, (69, X2))] < (6, )]|g] /0 T CHIPE [ (614, Sor 0] (4] . (3.20)

Writing 3 = max{sup,cp B(x),0}, we notice that Ss_,[¢g](x) < ¢%5||dg||so. Further,

(2.16) implies Ss_,[¢g](x) < e**||g|lop(x). Hence, for all i € {1,2,3},

Piu €5 (&) Ss—r[09) (Et4r)]

] (3.21)
< min {7 9gl|o<P, [ (€10)), 19l ooP, [65 (Er1r)b(65)] |

The right-hand side of (3.21) is bounded for large t as we now explain: for ¢ = 1,
boundedness of «, and therefore ¢, entails the assertion. For i € {2,3}, (2.18) and
Conditions (2.28) and (2.29), respectively, yield the claim. Combining (3.19)—(3.21),
we obtain a time 7" > 0 and a constant C' € (0, 00), which may depend on s, g and p,
such that

e IR [[(0g, X3+ 1) —Px, (09, XOI'] < Ce™2 forall t > T. (3.22)

Since |z + y|P < 2P(|z|P + |y|P) for all z,y € R, (3.18), (3.22) and Proposition 3.8 yield
(3.17).

Verification of (3.16): since (¢P?[g(&5)],0) = (¢g, ) by (2.17), (3.16) follows from
Theorem 3.13. O

In the second step, we remove the resolvent operator from Proposition 3.14. The
proof is essentially borrowed from the lower bound in Theorem 2.2 in [102]. We present
the argument here for completeness. Recall that By(D) = {B € B(D): £(0B) = 0} and

dlp = ¢1p.

Proposition 3.15. For all 4 € M.(D) and B € By(D),
liginf e o|p, X)) > (9|, @W&(X) P,-almost surely. (3.23)
o0

Proof. The claim is trivial when ¢(B) = 0. When (3.23) is proved for B € By(D) with
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B CC D, then, for arbitrary B € By(D), we choose a sequence of sets By € By(D),
with By CC D, B, C Biy1 and B = UkeN B, and the monotone convergence theorem

yields, P,-almost surely,
liminf e (| 5, X;) = suplim inf e (] 5, Xo) = (@] 3, WL (X).
t—o00 keN t—o00

Hence, let B € By(D), B CC D, contain a non-empty, open ball. For small ¢ > 0,
let B. = {x € B: dist(z,0B) > €} # () and denote by op, = inf{t > 0: §& € B}
the hitting time of B.. We write U%(z,A) = U"1(z) for all A € B(D). Since
{& € B} C{op, <t}, forall z € D,

(o.9)
kU (z, Be) < / ke MPO(op, <t)dt =Pe 8] < 1p(x) + Lpe(x)Po[e " B¢],
0

where B¢ := D \ B. In particular,
e NPl B, Xi) > e HorU g, Xi) — e (p] pePP[e™ "5, Xy),
and Proposition 3.14 yields, P,-almost surely,

liminf e (¢| 5, X;) > (¢|B,, )WL, (X) — limsup e (| g PP[e 5], X,). (3.24)
t—00 t—00
The first term on the right converges to (¢|p, ®)W(X) as e — 0. Thus, we have to
show that the second term vanishes as ¢ — 0. Heuristically, if the SLLN holds, then

the lim sup is a limit with value
(¢l peP?[e 5], WL (X).

Since B, has positive distance to B¢, this value converges to zero as k — oo. Hence,
we first take kK — oo and then € — 0. Of course, we do not know the SLLN, yet. Thus,
we artificially reintroduce the resolvent operator in order to apply Proposition 3.14.

Continuing rigorously, let B! := {z € B: dist(z,0B.) < €¢/2}. The situation is
sketched in Figure I-1.

Figure I-1. The big ball with thick boundary is B, the small, hatched ball is B, and the

shaded area denotes B!. The diffusion is started in = € B°.
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When ¢ starts outside B, then &, € 0B, and we obtain for all x € B¢,
oo, U B
U*(§op,» BP)

1
P? (e "B U (€, . , B)]. 3.25
~ infyeop, UR(y, B) x[e (€ Be E)} ( )

P2le o8] = P% e

For t > 0, let H; := 0(& : 0 < s <t). By the Markov property of &, the second factor
on the right-hand side of (3.25) can be estimated by

P [ B U (&, , B)] = P? [e—ﬁoBer;[ / e €110y, € Bé}dt‘?—tg&”
0

(3.26)

Pg[/ e {¢ € Bé}dt} < U%(x, B).

Be

Writing ®(k,€) := infycap. sU"(y, B.), (3.25) and (3.26) yield 1pe(z)Po[e"o8] <
kU"(x, B.)/®(k,€), and Proposition 3.14 entails, P,-almost surely,

1
li AP pePP e 7P], Xy) <
Htgilolpe <¢‘B . [6 ]7 t> = (I)(I{, 6)

(0|5, HYWL (X). (3.27)

Clearly, (¢|Bé,q~5>ng(X) converges to zero as € — 0. Thus, it remains to bound
kU"(y, B.) for y € OB, and therefore ®(k,¢€), away from zero. We write by(x) for
the vector whose j-th component is given by b;(z) + % Zgzl Og,ai (), g €4{1,...,d},
x € D. Since B CC D,

infxEB QZ)(:C) 2

B = =
(B, ¢) —rL B 1= sup |5()],
bo := sup |bo ()], a = sup sup v’ a(z)v,
zeB z€B |v|=1

satisfy ¢(B, ¢),a € (0,00) and 3,by € [0,00). For all T > 0,

xkU"(y, Bl) = / me_”tPg(ft € Bl)dt
0 . (3.28)

(0.9}
_ / e PY(E, ) € Bl dt > / e PO(€, € BY) dt.
0 0
For y € 0Bk, use the definition of B, and (2.15) to estimate

PY(€yn € B 2 BY( sup |6 —yl < ¢/2)
0<s<t/k

2 (B o) OB sup J6 -yl < ¢/2)
<s<t/K

(3.29)

To estimate the probability on the right-hand side, we use Theorem 2.2.2 in [110]. Since

this theorem is stated for a diffusion generator in non-divergence form, we introduced
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the function by. In particular, for s so large that tby /k < €/4 and for all y € 0B, we

deduce
2

€K
P _yl<e/2) >1—2dexp | — : 3.30
y<0<s;£/n € =yl < ¢/ ) = eXp( 325Ltd) (330

Combining (3.28)—(3.30), we obtain for all € > 0,

T
liminf ®(k,€) > / e e(B, ¢)dt > 0.
K—00 0

Since the right-hand side does not depend on ¢, taking first K — oo and then € — 0 in
(3.27) and (3.24) completes the proof. O

We are now in the position to conclude our main results.

Proof of Theorem 2.9 (iii). The P,-almost sure convergence in (2.30) for every given
l-almost everywhere continuous f € p(D) with f/¢ bounded follows from Proposi-
tion 3.15 and Lemmas 3.1 (i) and 3.2 (i). The existence of a common set € for all

such test functions follows from Lemma 3.4. O]

Proof of Theorem 1.2. The L*(P,)-convergence in (1.16) was proved in Theorem 1.5,

the remainder follows from Theorem 2.9 (iii). O

Proof of Corollary 1.4. The claim follows immediately from Theorem 1.2, (2.20) and
(2.18). 0
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CHAPTER 4

EXAMPLES

In this chapter, we explore our assumptions by verifying them for many classical ex-
amples of superdiffusions from the literature. Moreover, we give several examples to
illustrate the implications and boundaries of the SLLN. For all examples considered,
this thesis proves the SLLN, and for some even the WLLN, for the first time.

4.1 Spatially independent branching mechanisms

In this section, we consider superdiffusions with a conservative motion and a spatially
independent branching mechanism and write ¢(2) = 9g(x,2) to simplify notation.
Under these conditions, the total mass process ((1,X;): ¢ > 0) is a continuous state
branching process (CSBP) with branching mechanism ; cf. [118, 11]. We exclude
the trivial case of a linear branching mechanism v (z) = —fz (see Remark 2.8 for the
result in this situation). Since # is strictly convex, 1(0c0) := lim,_,o 1(2) exists in
[—00,0) U {oo}. Writing z* = sup{z > 0: ¢(z) < 0}, we have z* € (0, 00) if and only if
B >0 and ¢(00) = 0o, and in that case (cf. Proposition 1.1 in [118]),

P, [e_z*<1’Xt>] =7 (L for all 4 € My(D),t > 0.

In particular, Assumption 1 is satisfied with w(z) = 2z* for all z € D. In this CSBP
context, the skeleton decomposition was proved by Berestycki et al. in [11] a few years
before [98]. The martingale function z* is related to the event of weak extinction
Elim = {limg_s00 (1, X;) = 0} by the identity Ps, (&im) = ¢~* which holds even if 3 < 0
or ¢(oo0) < 0. To compare the martingale function w(z) = —log Ps, (Elim) to the
classical choice w(x) = —log Ps, (Egn), where &g, denotes the event of extinction after
finite time, notice that &gy € &jim, and for all u € M(D),

Po(&n) = Pu(&im) = e = W > 0 if 1(00) = 0o and /00 w(lz)dz <oco. (4.1)

99



Chapter 4. Examples

Otherwise, P,(Eqn) = 0, and on &y, the total mass of X drifts to zero while staying
positive at all finite times; cf. [78, 118].
From now on, assume (3 > 0, ¥(c0) = 0o and w(x) = z*. In this case, Assumption 3

simplifies to

¢ bounded and / yPII(dy) < oo for some p € (1,2].
(1,00)

In the following, we present two families of superprocesses for which the SLLN is
proved by Theorem 1.2. As far as we know, these results are new. Apart from the
intrinsic interest, the results are very useful since the analysed processes are frequently
employed to obtain further examples of superprocesses with interesting properties via
h-transform. For those examples the SLLN follows from Lemma 2.10.

We begin with the inward Ornstein—Uhlenbeck process (OU-process) which has
attracted a wide interest in the literature. Specifically, its asymptotic behaviour is the

subject of recent research articles [104, 112].

Example 4.1 (Inward OU-process). Let d > 1, D =R% L = %A —~x -V with v > 0,
1 spatially independent with 5 € (0, 00), ¥(00) = oo and f(l,oo) yP II(dy) < oo for some
€ (1,2]. Then Theorem 1.2 applies with ¢ = 1, ¢(z) = (y/m)¥2eM=lI* and A, = 8.

The generator L corresponds to the positive recurrent inward OU-process with

transition density

. Y d/2 Y —t, 012
Pin-ou(@, 4, 1) = (m) exp ( - m”y —e Tz ) (4.2)

for all z,y € R%, ¢ > 0. Hence, Ao = Ae(L + ) = B > 0, L is product L'-critical, ¢ = 1
and ¢(z) = (v/m)¥2e=I* (see Chapter 4 in [110] or Example 3 in [111]). Thus,
Assumptions 1-3 are satisfied. Using the estimate for p? = py, ou in (2.19), we obtain
that Condition (2.35) holds for a(t) = /(Ae/y + &)t with § > 0 (see Example 10 in
[57]), and using (4.2), we deduce that (2.36) holds with K = 1. Hence, Theorem 2.13

applies, and Assumption 4 is satisfied.

Example 4.2 (Outward OU-process). Let d > 1, D = RY, L = %A + vyx - V with
~v > 0, ¢ spatially independent with 8 € (vd, 00), ¥(c0) = oo and f(l,oo) yPII(dy) < oo
for some p € (1,2]. Then Theorem 1.2 applies with ¢(x) = (’y/ﬂ)d/Qe*”Hx”Q, ¢ =1 and
Ac =0 —~d.

The generator L corresponds to the conservative, transient outward OU-process.
The operator L; := L + «d is the formal adjoint of the inward OU-process with pa-
rameter . Hence, L is critical with ground states ¢;(x) = ('y/w)d/Qe*W”IH2 and
¢, = 1 by Example 4.1 (see Theorem 4.3.3 in [110] or Example 2 in [111]). Writing
Li =L+ 38— (B8 —~d), we deduce that Assumptions 1-3 hold and ¢, q~$ and \. have
been correctly identified. The corresponding ergodic motion is the inward OU-process
with parameter . Thus, Conditions (2.35) and (2.36) can be verified using (4.2),
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(2.19), a(t) = Y149 for some § > 0 and K > 1+ 6, and Theorem 2.13 implies that
Assumption 4 holds.

The SLLN describes the asymptotic behaviour of the mass in compact sets. In
general, one cannot draw conclusions for the scaling of the total mass from the local
behaviour [58, 60]. Example 4.2 illustrates this fact. Since the total mass process is
a CSBP with branching mechanism ¢, ¥; = e #*(1, X;) converges to a finite random
variable Yo, with P,(Yo = 0) = P,(&im) if 8 > 0 and f(l,oo) ylogyIl(dy) < oo; cf.
[78]. In particular, in Example 4.2, the local growth rate A\, = § —~d is strictly smaller
than the global growth rate 5. The reason is the transient nature of the underlying
diffusion which allows mass to leave compact sets permanently and is reflected in the
decay of ¢ at infinity. In particular, the function 1 is not an allowed test function in

Theorem 1.2, but the focus is on functions of the form 1g for B a compact set.

We call the diffusion corresponding to the generator L = %V -aV+b-V symmetric
if b = aVQ for some Q € C?"(D). The inward and outward OU-processes constitute
examples of symmetric diffusions with Q(z) = —7||z||* and Q(z) = }||z[|?, respectively.
Chen et al. [27] studied superdiffusions with a symmetric motion but insisted that Q
is bounded. Hence, their results are not applicable to Examples 4.1 and 4.2. The
result from Liu et al. [102] is not applicable since the domain is not of finite Lebesgue

measure.

Engldnder and Winter [62] proved convergence in probability in (1.16) for the situa-
tion of a quadratic branching mechanism. It is straightforward to extend their argument
to general branching mechanisms, but the method requires second moments. Hence, if
f(lm) yPII(dy) < oo for some p € (1,2) but not for p = 2, then even the convergence
in probability in Examples 4.1 and 4.2 is new.

4.2 Quadratic branching mechanisms

In this section, we consider the classical situation of a quadratic branching mechanism
studied by Engldnder, Pinsky and Winter [59, 62] and Chen, Ren and Wang [27]. Our
assumptions on the branching mechanism in this section are «, 8 € C"(D), a(x) > 0
for all z € D, Ac := Ae(L + B) < oo and II = 0. We write 9 (z,2) = —f(z)z + a(z)2?
and call ¢ a generalised quadratic branching mechanism (GQBM). In Section 1.1 we
insisted that « and 8 are bounded. This assumption can be relaxed as follows. First
suppose that 3 is bounded from above but not necessarily from below. Engléander and
Pinsky [59] showed that there is a unique M f(D)-valued Markov process X = (X¢);>0
such that

P“[e_<f’Xt>] AR for all continuous f € bp(D) and all p € My (D),
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where uy is the minimal, nonnegative solution v € C'(D x [0,00)), (z,t) — u(z,t) twice

continuously differentiable in € D and once in ¢ € (0,00), to

Opu(z,t) = Lu(x,t) — (x, u(z,t)) for all (z,t) € D x (0, 00),

(4.3)
u(z,0) = f(x) for all z € D.

If o and 8 are bounded, the minimal solution of (4.3) equals the unique solution to
(1.3) by Lemma Al in [59]. Hence, the two definitions are consistent.

Now let 5 € C"(D) with A\ = Ae(L + ) < oo be not necessarily bounded from
above. By definition (1.9), there exists A € R and h € C?>7(D), h > 0, such that
(L + B)h = Ah. Recall the definition of h-transforms from Section 2.1.3. An (L,1); D)-
superprocess can be defined by X = %Xh, where X" is the (L%, "; D)-superprocess
with 8" = A and o = ah; cf. [59]. Since h is not necessarily bounded from below,
the process X may take values in the space of o-finite measures M(D). While we
have considered mainly finite measure-valued processes in this thesis, it is natural to
consider also processes with values in the space M(D) via the branching property, and,
as noted in Remark 3.3, in our results the space of starting measures M?(D) can be
enlarged to the space of all p € M(D) with (¢, u) < oo.

Englander and Pinsky [59] proved the skeleton decomposition for supercritical su-
perdiffusions with GQBMs long before [98]. We only record the existence of a martin-
gale function in the following lemma. Recall that &g, denotes the event of extinction

after a finite time.

Lemma 4.3 (Englinder and Pinsky [59]). Let ¢ be a GQBM and Ao > 0. The
function x +— w(x) = —log Ps,(Eqn) is strictly positive, belongs to C*"(D) and satisfies
(1.6).

Proof. By Theorem 3.1 and Corollary 4.2 in [59], w € C*"(D), w(x) > 0 for all z € D
and
P#(gﬁn) = ¢ {(wp) for all p € M.(D). (4.4)

Recall the notation from the beginning of Section 2.1.1. Let B CC D be a domain,
and p € My(D) with supp(n) € B. Then the support of the exit measure )N(tB is
P,-almost surely compact (see the discussion following (2.3)). Since &y, is a tail event,
the Markov property and (4.4) yield Pu[e_@v)ztB )] = e (W), Choose a sequence of
functions w; € CF (D) with w; T w pointwise, and a sequence of domains By, CC D,
By C Byy1, D = Up2; Br. By Lemma Al in [59], ﬂgf is increasing in j. Moreover,
Lemma B.5 below shows that, for fixed j and sufficiently large k, ﬂf,f is increasing in

k with limp_seo ﬁgf = Uy, pointwise. It follows that, for all u € M.(D),

—(w,Xe)] _ 1 . ,<@,7)~(Bk>
Pyule J = lim lim P [e™t % ]
. 5B . ~B
= lim lim P,[e{@% )] = lim P,le(®% ")) = ¢~ lwm), u
k—o0 j—00 k—o00
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In the remainder of this section, we choose w to be w(z) = —log P, (&gn), and let
Z = (Zt)+>0 be a strictly dyadic branching particle diffusion, where the spatial motion
is defined by (1.7) and the branching rate is given by ¢ = aw (in accordance with

(1.8)).

One advantage of allowing unbounded « and  is that the setup is now invariant
under h-transforms: for any h € C2(D), h > 0, 9" is a GQBM. Moreover,

and Lemmas 2.10 and 2.11 remain valid for GQBMs and H(¢)) = {h € C?>"(D): h > 0}.

We record the following result.

Theorem 4.4. Let ) be a GQBM, and suppose Assumption 2 holds and ¢ is bounded.
Let n € M?(D)

(i) For all f € p(D) with f/¢ bounded, the convergence in (1.16) holds in L'(P,).

(ii) If, in addition, Assumption 4 holds, then there erists a measurable set Qo with
P,(Qo) =1, and on Qq, the convergence in (1.16) holds for all {-almost every-
where continuous f € p(D) with f/¢ bounded.

Proof. Let X? be an (Lg,w¢;D)—superprocess. Since B = A, and o = ¢a are
bounded, X? satisfies the assumptions of Section 1.1. Moreover, X? satisfies Assump-
tion 1 by Lemma 4.3, Assumption 2 with ¢? = 1 by Lemma 2.10 (i), and Assump-
tion 3”. Hence, Theorem 2.12 (i) and Lemma 2.10 (ii) yield the first part of the claim.
Lemmas 2.11, 2.10 (ii) and 3.4, and Theorem 2.12 (ii) yield the second part. O

The h-transforms are one way to relate two superprocesses to each other; another

is monotonicity.

Lemma 4.5. Let v and 1/35 be two branching mechanisms as defined in Section 1.1
with g > 1&6. Let X and X be (L,vs; D)- and (L,@ZA)B; D)-superprocesses, respectively.

(i) For all p € My(D), f € bp(D), t >0, P,[e~{/X0] > P,[e=(1X0)],

(i) Letw(z) = —log Ps, (3t > 0: (1,X;) = 0) and i (z) = —log Ps, (3t > 0: (1,X;) =
0) for allx € D. Then w < w.

Proof. Part (i) is proved in Appendix B below. Part (ii) follows from Part (i) and the

identity w(x) = hmt—mo hmé—mo _ log Pém [6_9<1’X’5>]. 0

We saw in Example 4.2 that the SLLN describes the asymptotics of the mass
in compact sets, not necessarily the global growth. A second distinction between
the local and global behaviour can be observed on the event {W(X) = 0} \ Egn.

Engldnder and Turaev [61, Problem 14] raised the question whether this event can
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have positive probability. Suppose Assumption 2 holds. Englénder [53] observed that
if limy—eo e H(f, Xy) = (f, &)W (X) in distribution for all f € CH(D), u € M(D),
and if the support of X is transient, then

P,(W2(X)=0)> P,(&wn)  forall u € M.(D),u#0. (4.6)
Here the support of (X; P,) is recurrent if
P,(Xy(B) >0 for some t > 0| &) =1 for every open B C D, B # (),

and transient otherwise. See [59] for a detailed discussion of recurrence and transience

of the support of superdiffusions.

We study three examples in this section. In the first example, a and § are bounded
but w is unbounded. In the second example « is bounded, but 3, ¢ and w are un-
bounded. Both examples are based on a recurrent motion but while the support of
the superprocess is recurrent in the second, it is transient in the first example. The
third example considers a large class of processes containing super-Brownian motion
with compactly supported growth rate S and instances of non-symmetric underlying
motions.

The domain for all these examples is D = R? and therefore, none of them is
covered in Liu et al.’s [102] article. Chen et al.’s [27] article is not applicable to the
first two examples since they are based on the inward-OU process as underlying motion
(because, as in Section 4.1, @) is unbounded) and not to the third because the motion is
non-symmetric (for some processes in the considered class), and the variance parameter
« is unbounded, whereas [27] requires « to be bounded.

The motivation for the first example comes from Example 5.1 in [59].

Example 4.6. Let d > 1, D =R? [ = %A —yzx -V with v > 0, 5 € (0,00) constant,
alz) = e~ Izl* TT = 0. Then Theorem 1.2 applies with ¢ = 1, &(x) = (’y/7r)d/ze*"”|”””2
and A\, = 8. Moreover, w(z) = (8 + yd)eI#I* | the support of X is transient, and (4.6)
holds.

There are two ways to prove (1.16) for this example. First, we perform an h-

transform with h(z) = (v/7)~%2e21 to obtain
1
Lf=gA+rye-V, f'=p+qd, ot =(n/n)"

In Example 4.2, we showed that Theorem 1.2 applies to the (L{, y"; R?)-superprocess.
The (L,v; R%)-superprocess can be recovered by an h-transform with ho = 1/h, and
Lemma 2.10 yields that Assumption 2 is satisfied with the stated ¢, 5 and A., and that
(1.16) holds. Alternatively, we can deduce (1.16) by a direct application of Theorems 1.2
and 2.13. Assumption 1 holds by Lemma 4.3, and Assumption 3 holds since « and ¢ are
bounded. To verify Assumption 4, we notice that w"(z) = " /o = (8 + vd)(y/7)¥/?
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by (4.1), and (4.5) yields
w(z) = w'(z)h(z) = (B + vd)e”””E”2 for all z € R?.

Thus, w is not bounded from above. The verification of (2.35) and (2.36) is the same
as in Example 4.2 since w/¢ is of the same order and the ergodic motion is the same.
Hence, the conditions hold with a(t) = e?*+9* for some § > 0 and K > 1+ 4.

To see that the support of X is transient, notice that the support is invariant
under h-transforms, and the support of the (Lg;wh;Rd)—superprocess is transient by
Theorem 4.6 in [59] and Example 2 in [111].

Example 4.6 should be compared to Example 4.2 for a quadratic branching mech-
anism. In both examples, the support of the superprocess is transient, and the event
{Wg;(X ) = 0} \ &un has positive probability. Hence, in both examples, mass can es-
cape to infinity which is reflected in the SLLN by virtue of the fact that w2 (X)=0.
However, the motion in Example 4.6 is recurrent, and the SLLN captures not only the

local but also the global growth of mass.

The unbounded w in Example 4.6 can be interpreted as follows. Heuristically, since
the local growth rate 8 is bounded away from zero, on average a large population is
generated everywhere in space. Risk for the branching process comes from areas of
a relatively large variance for the total mass process. In contrast, when the variance

parameter « is very small, then extinction is unlikely and w becomes large.

The motivation for the next example comes from Example 10 in [57]. For B € B(D),
f1, f2 € p(B), we write f; < fo if there are constants 0 < ¢ < C' < oo such that
cfi(z) < fo(x) < Cfi(x) for all z € B.

Example 4.7. Let d > 1, D = R? [ = %A — vz -V, B(z) = c1]|z]|* + c2, where
c1,02 > 0,9 > y/2c¢1. Write 9 := %('y — M) Then Assumption 2 holds with
Ae = Vd+ca, ¢(x) = eVl and qg(:c) = cew*V)”ﬁHz, where ¢ = (%)dﬂ. Suppose that
II=0and a € C"(D) with a < 1/¢ on R?. Then Theorem 4.4 applies, w =< ¢, and
the support of X is recurrent.

Let h(z) = dllll® Using —vy + 29 = —\/m and 92 — vy + 5 = 0, we observe
that

1
Lt = EA V12 =2c12-V, B'=0d+c, o'(z)=h(z)a(r) =<1 onR%L

The (Lg, Y R?)-superprocess, denoted by X", satisfies Assumption 2 by Example 4.1
with ¢" = 1, ¢" =< e@?=l#l* and A\* = ¥d + ¢5. Hence, Lemma 2.10 (i) shows that X
satisfies Assumption 2, ¢, q~5 and A, have been correctly identified, and ¢a is bounded.
When we have verified Assumption 4 for X", then Lemma 2.11 will yield Assumption 4
for X, and Theorem 4.4 applies.

To this end, choose constants c3,cqy € (0,00) such that cg/h < o < ¢4/h. Let
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Pz, 2) == —f"2 + c32% and P(z,2) = —fp"z 4+ ¢42%, and denote by w and w the
martingale functions corresponding to the event of extinction after finite time for
the (L{,v;RY)- and (L’g,g; R%)-superprocesses, respectively. Since i < P < P,
Lemma 4.5 (ii) and (4.1) imply

B ez = w(x) > wh(z) > w(z) = /ey for all z € D.

Hence, w" < 1 = ¢". Now the verification of (2.35) and (2.36) for X" is the same as
in Example 4.1, and we can choose a(t) = \/(A./(y — 20) + )t for some § > 0 and
K = 1. Theorem 2.13 yields Assumption 4.

The support of X is recurrent since the support is invariant under h-transforms, and

the support of the (Lg, Y R?)-superprocess is recurrent according to Theorem 4.4 (b)

in [59].

The next example covers a large class of processes. The underlying motion is a
Brownian motion with or without a compactly supported drift term. Depending on
the choice of that drift, the motion can be symmetric or non-symmetric. For a choice
of b which makes L non-symmetric see Example 13 in [57]. The article by Chen et al.
[27] excludes non-symmetric motions. The example is motivated by Example 22 in [61]
and Examples 12 and 13 in [57].

Example 4.8. Let d € {1,2}, D = R? L = %A + b -V, where all components
of b belong to C'(R?) for some n € (0,1] and are of compact support. Let £y €

C"(R?) be nonnegative and of compact support, By # 0. There exists § > 0 such that
Ae(L +05p) > 0, and we let § = 08y, A\e = A\e(L + (). Write

o(z) = Ha:H(kd)/Qe*m”xH, for all z € R%\ {0}.

Let o € C"(D), a(z) > 0 for all z € RY and o =< 1/p on R%\ B for an open ball
B around the origin. Then Theorem 4.4 applies with ¢, qg,w = p on R?\ B, and the

support of X is recurrent.

The existence of 6 is proved in Theorems 4.6.3 and 4.6.4 of Pinsky’s book [110],
and L + 8 — A; is critical by Theorem 4.6.7 in the same book. Denote by G the
Green’s function corresponding to the operator L — A.. Then ¢ =< G(-,0) on R?\ B by
Theorems 4.6.3 and 7.3.8 in [110]. Pinsky showed in Example 7.3.11 that the Green’s
function G of %A — A satisfies G1(+,0) =< p on R4\ B. Since b is compactly supported,
G1(-,0) < G(-,0) on R?\ B, and the estimate for ¢ is established. The same argument
yields the same estimate for 5, and Assumption 2 holds. Moreover, ¢« is bounded.

To check Assumption 4 we use Theorem 2.13. An h-transform of the (L,; R%)-
superprocess with h = ¢ gives an (Lg, ¥?; R?)-superprocess, where Lg corresponds to
a conservative, positive recurrent motion, and ¥?(z, z) = —\.z + ¢(z)a(x)z?. Since
pa =< 1, w? < 1 by the same argument as in Example 4.7. Hence, (4.5) implies
w/¢ =< 1, and Conditions (i) and (ii) of Theorem 2.13 have been verified in Examples 12
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and 13 of [57] with a(t) = \/2(||Bllec + 0)t, K > /([|B]loc + 6)/Ac for § > 0. Since w?
is bounded and the diffusion corresponding to Lg is recurrent, Theorem 4.4 in [59]

shows that the support of X¢, and therefore X, is recurrent.

4.3 Bounded domains

In the situation that D is a bounded Lipschitz domain and L is a uniformly elliptic op-
erator with smooth coefficients, Liu et al. [102] prove the SLLN for a general branching
mechanism with arbitrary 8 € b(D), and « and II as in Section 1.1.

However, the Wright—Fisher diffusion on domain D = (0, 1) is a diffusion process
whose diffusion matrix a(x) = (1 — x) is not uniformly elliptic. The process has at-
tracted a wide interest in the literature (see for example [77, 74, 12]). Fleischmann and
Swart [74] studied the large-time behaviour of the corresponding superprocess with
spatially independent, quadratic branching mechanism on [0,1]. They conjecture a
SLLN for the process restricted to D = (0,1) (see above (23) in [74]) but prove only
convergence in L2. The Wright-Fisher diffusion is not conservative, so the arguments in
Section 4.1 are not applicable. However, Theorem 1.2 applies, and the following theo-
rem proves the conjecture for all Lebesgue-almost everywhere continuous test functions

f € p(D) with f/¢ bounded. (Fleischmann and Swart do not assume any continuity.)

Theorem 4.9 (Super-Wright-Fisher diffusion). Let D = (0,1), 5 € (1,00), a > 0,

II =0 and 2 p p p
1 1 2z — 1

L=-2(1-2)~— = ~—a(1 —2)— —.

237( x)da:Q 2dxx( x)dx + 2 dx

Then Theorem 1.2 applies with ¢p(x) = 6x(1 —x), p =1 and Ao = 5 — 1.

Proof. Let h(x) = 6x(1 — ). Fleischmann and Swart proved in Lemma 20 of [74] that

the generator
1d d 1-2xd
Lh=-—z(1—2)— —
079 da:m( z) dx + 2 dzx

corresponds to an ergodic diffusion with invariant law h(x)¢(dz) on D. Using 8" = -1,
we deduce that A\.(L} + B") = B —1, ¢" = 1, ¢" = h, and using Lemma 2.10,
Assumption 2 for the (L,; D) superprocess as well as the stated identities for ¢, 5
and A. are established. Assumption 1 holds by Lemma 4.3; the boundedness of «
and ¢ implies that Assumption 3 is satisfied. To verify Assumption 4, we notice that
Condition (i) of Theorem 2.13 is trivially satisfied for D; = D, and (2.34) for D; = D
and K = 1 has been proved in Lemma 20 of [74]. Hence, Assumption 4 follows from
Theorem 2.13, and Theorem 1.2 applies. ]
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APPENDIX A

FEYNMAN-KAC ARGUMENTS

In this appendix, we prove an integral identity that is used several times in the thesis.
Versions of this result appeared in Lemma A.I.1.5 of [43] and Lemma 4.1.2 of [44] but
the format and assumptions are different. Like in the remainder of Part I of this thesis,
(& = (&)t>0: (Pz)zep) is a diffusion as described in Section 1.1.

Lemma A.1. Let T > 0 and either B = D or B CC D open. Write T = inf{t >
0:& ¢ By, and A=D if B=D; A=B if BCC D.

(i) Let f1 € b(A), g1: Ax[0,T] — R measurable and bounded from above and fa, go €
b(A x [0,T1). If for all (x,t) € A x [0,T],

v(z,t) = [ Jo (grrga) et drfl(ét/\r)}
tAT s (Al)
+ ]P)m [/ ef() (91+92)(§7»,t—r) der(fs, t— S) ds y
0

then, for all (x,t) € A x [0,T],
v(@,t) = B, el T O g g )]

P [/Ot/w eJo 91(&rt=r)dr (fz(fs, t—3s)+ g2(&,t — s)v(&s,t — s)) ds} )

(ii) The statement of (i) remains valid when f1 € bp(A), f2,91,92: A x [0,T] - R
measurable with g1 bounded from above, go nonnegative, fo nonpositive and g1 + go

bounded from above. Notice that in this case, v might attain the value —oo.

Proof. For all t > 0, write

tAT
N = oo (@te) (e tr V4 f1(&ar), and 2 :/ elo o) t=r)dr s, (et — s) ds.
0
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By assumption, v(z,t) = Py[V; + Z¢] for all (z,t) € A x [0,T]. The Markov property

implies
t
/0 Px |:]l{s<’r}€f0 g1 (gr,t—T) dr92 (55, t— S)Pgs [ytfs]] dS
t AT
- / Po [ Lparyelo M€t drgy (6 ¢ — s)els T @rodent=ndr gy ¢, )] ds.
0

If g2 is bounded, then Fubini’s theorem and the fundamental theorem of calculus (FTC)
for Lebesgue integrals imply that the right-hand side equals

tAT

AT tAT
Py | fi(Enr)ela” or(Ent=) dr/ g2 (&, t — s)els o2&ty dr ds}
0

=P, [f1(£tm)e oA g1 (& t—r) dr (e AT ga(Erit—r)dr _ 1”

In the situation of (ii), the same identity can be obtained by truncating gs before the
application of the FTC and using the monotone convergence theorem afterwards. The
Markov property and Fubini’s theorem (in case (ii) its application is justified by the
nonpositivity of the integrand) yield

t
| B[t ety b - s [2,-,]]
0

tAT

t
= / ]P)iﬂ |:I[{8<T}ef0 gl(&"‘vt_r) dTQQ(é'S’ t — 8) / efs (gl+92)(£T7t_r) drf2(£u’ t — u) dui| ds
0

s

tAT u
B[ [l ) [t - el e dsau.

0

As above, the FTC implies that the right-hand side equals
tAT “ “
P, [ / eld g1Ent=r)dr £ e by (efo g2(&pt—r)dr _ 1) du]
0

Since v(x,t) = Py[)V; + Z¢] for all (z,t) € A x [0,T], we conclude that in the situation
of (i),
tAT R
P, [/ elo 91(&rt=r)dr (fg({s,t —5)+ g2(&s, t — s)v(&s,t — s)) ds}
0

=P, [ fi(Enr)elo” T et (i an(Ertmnyar _q)

tAT
+ / elo (g1+92) (& t—T) drfz(ﬁs, t—s) ds] .
0

In the situation of (ii), this use of linearity is justified since none of the summed integrals
can take the value +o0o. Since f; is bounded and g1, g1 + go are bounded from above,
the first term on the right can be written as the difference of two finite integrals and
(A.1) yields the claim. O
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MONOTONICITY

In this appendix, a generalised version of the mild equation (1.3) is studied. For the
exit measures )?tB from Section 2.1.1, we establish monotonicity in the domain, and we
prove Lemma 4.5. As a by-product, we re-prove the existence and uniqueness of the
solutions to (1.3) and (2.7).

To this end, we assume only that § is bounded above, not necessarily from below.
More specifically, the setup is as follows. Let 8: D — R be measurable with 3 =
max{sup,cp B(x),0} < oo, a € bp(D), II a kernel from D to (0,00) such that  —
f(om)(y A y2)(z,dy) belongs to bp(D), and let (&;P) be a diffusion as described in
Section 1.1. We denote by lbp(D x [0,00)) the space of all functions f € p(D x [0,00))
with || flleo,7 := supsefor 1/ (1) [loc < o0 for all T > 0.

For f € bp(D) and g € lbp(D x [0,00)), we are interested in solutions to the integral

equation

u(zx,t) —I—/O Ss [wo(-,u(-,t - s))} (x)ds = Sy f(x) —i—/o Ss[g(-,t — s)](z) ds (B.1)

for all (z,t) € D x [0,00), where S;f(z) = P,[edo 8E)ds £(¢,)] for f € p(D). A similar
analysis to ours has been carried out by Dynkin (Chapter 4, Sections 1 and 3 in [43])
for the case § = 0 and g = 0. The greater generality of (B.1) allows us to handle the

general setup of this thesis and to prove Lemma 4.5.

Note that z — 1g(z, ), defined in (1.1) is increasing, convex, and nonnegative. In

particular, any nonnegative solution u to (B.1), satisfies
_ t
0 < u(z,t) < %Y floo +/ e?*||g(-,t — 8)||ocds for all (z,t) € D x [0,00).
0

Hence, any nonnegative solution to (B.1) is an element of lbp(D X [0,00)). Moreover,

1o is locally Lipschitz continuous in the sense that for every fixed ¢ > 0 there exists
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L(c) € [0, 00) such that

[ho(x, 21) — oz, 22)| < L(c)|z1 — 22 for all 21,29 € [0,c],x € D. (B.2)
We use the following version of Gronwall’s lemma; for a proof see Theorem A.5.1 in
[68].
Lemma B.1 (Gronwall’s lemma). Let T' > 0, C,p > 0 and h € b([0,T1]). If

ht) < C—i—p/th(s) s forallte[0,T],
0

then h(t) < Ce* for allt € [0,T).

Lemmas B.2 and B.3 in the case § = 0 and g = 0 are Theorems 4.1.1 and 4.3.1 in
[44].

Lemma B.2 (Uniqueness). Let f.fe bp(D), g,¢ € lbp(D x [0,00)), and suppose
that w and G are nonnegative solutions to (B.1) for (f,g) and (f,g), respectively. Then,
for every T > 0, there exists a constant C' > 0 such that

lu = dllosor < C(If = Flloo + llg = Glloc.r)-

In particular, the solution to (B.1) is unique.

Proof. Fix T > 0, and let ¢ > max{||u|| 0,7, ||]|co,r}. Then (B.2) yields
[o(x, u(z,t)) — o(z,u(z, t))| < L(c)|u(x,t) — u(z,t)| for all (z,t) € D x [0,T].

Writing h(z,t) = |u(xz,t) — a(z,t)] and M = T, (B.1) implies that

t
W@, t) < MIS = flloo + MTlg — dlleor + /0 ML) |- )| oo ds

for all (z,t) € D x [0,T]. Lemma B.1 yields the claim. O
Lemma B.3 (Existence). Let f € bp(D) and g € lbp(D x [0,00)). There ezists a
nonnegative solution u € lbp(D x [0,00)) to (B.1).

Proof. Fix T > 0 and let M = 7. For k € [0,00) and u € Ibp(D x [0,T)), i.e.
u € p(D x [0,T]) with ||ul|c,r < oo, we define for all (z,t) € D x [0,T],

Fru(z,t) = e ™S, f(z) + /0 e S,[g(-,t — 5)](x) ds

+/ e k8, [ku(-,t — ) — Yo, u(-,t — )] (x) ds.
0

Let ¢ > M||f|loo+MT||g|loor and k > L(c). Write v(z,t) = || f|loo + [ €7 ds]|g]|co.r
for all z € D, t € [0,T]. We show the following:
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(i) 0 < F0 <wvon D x[0,7].
(ii) If0 <wuj; <wugp <won D x [0,T], then Fru; < Fpug on D x [0,T].
(ili) Frv <wvon D x [0,T7.
Indeed, Fj,0(z,t) = e *S; f(z) + fot e *S.[g(-,t — s)](x) ds € [0,v(x,t)] since f and g

are nonnegative and k£ > 0. For (ii), we combine u; < uy < v < con D x [0,T] with
(B.2), to obtain

Fk-UQ(fL',t) — Fkul(m,t)
= /0 e k8, [k(ug —ur) (-t —s) — (Yo(-,ua(-, t — 5)) — to(-,ur (-t — 8))) ] (z) ds

> / e kS, [(k— L(c))(ug —u1) (-, t — s)](x) ds > 0.
0

To show (iii), we use that vy is nonnegative, the definition of v and Fubini’s theorem

to obtain

_ t _
ﬂw@i)éek%mwmw+/la“meu:ds
0

" _ ~ t—s
b [ e n( I ot [T drlgla) ds
0 0
t _
= (et [hetas)e
0

¢ ~ t t _
([ sy [Tets [ ards) gl
0 0 8

=v(x,t).

In the next step, we construct a solution to (B.1) via a Picard iteration. Let uy = 0
and u, = Fpu,—_1 for all n € N. We show by induction that 0 < u,—1 < u, < v
on D x [0,T] for all n € N. For n = 1, this is statement (i). The induction step
follows from (ii)-(iii). In particular, (u,)nen, has a pointwise limit u, which is a
fixed point of Fj by the dominated convergence theorem. Lemma A.1 (i) applied to
g1 = 3, which is bounded from above, and the bounded functions go = —k, f1 = f and
fo(z,t) = g(x,t) + ku(z,t) — o(z,u(x,t)), shows that u solves (B.1). O

Choosing g = 0, Lemmas B.2 and B.3 imply the existence of a unique solution to

(1.3) and (2.7). The following lemma will be used in the proof of Lemma 4.5.

Lemma B.4 (Monotonicity in (f,g)). Let f.fe bp(D), g,g € lbp(D x [0,00)) with
< f and g < g, and denote by u and U the unique solutions to (B.1) corresponding to
(f,g) and (f, g), respectively. Then u < .

Proof. Since the solution is unique according to Lemma B.2, the claim follows im-
mediately from the construction of the solution via Picard iteration in the proof of
Lemma B.3. O
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Proof of Lemma 4.5 (i). According to (1.3), uy is the unique solution to (B.1) with
g = 0. Moreover, (1.3) for 4f, and Lemma A.1 (i) applied to g1 = 3, g2 = B -8,
fi = fand fo(x,t) = —1&0(:17, tf(x,t)), imply that 4 satisfies

dy(x,t) ZStf(fff)+/0 Ss[ = do(sig(-t = 9) + (B() = BO))ag (-t — )] (z) ds
:Stf(:r)—/o Ss[to(- ar (-t — )] (z)ds
+/0 Ss[wﬁ(‘vﬁf('ﬂt_s))_ﬁg(’vﬁf("t_s))](x)ds'

In particular, 4f solves (B.1) with g(x,t) = ¢g(x,us(x,t)) — 1[13(337ﬂf($,t)) > 0. Now
Lemma B.4 yields the claim. O

The following lemma is used in the proofs of Theorem 2.3 and Lemma 4.3.

Lemma B.5 (Monotonicity in B). Let B CC D and f € bp(D) such that the support
of f, supp(f), is compactly embedded in B. There exists a unique nonnegative solution
u? € lbp(D x [0,00)) to

tATR tATp
) = B[ (g )| B[ [T Al =) ds]- (B3)

Moreover, if By and By are domains with supp(f) C By C Bs, then u?l < u?z.

Proof. Let T > 0, ¢ > €P7|| oo, k > L(c). For u € Ibp(D x [0,T7]), define
Fk;u(l', t) — ]P)$ |:ef0t[18(§s)_k] de(gt) ]]-{t<7-B}:|

4 /t P, [efos[ﬁ(&)_k] dr [ku(fs, t— S) - '¢0<£Sa U(fs, t— 5))] ]1{8<TB}1| ds.
0

Since kz—g(z,z) > kz—L(c)z > 0 for all z € [0, |, Fyu is increasing in B for all v with
u(z,t) < €| flloo =: v(z,t). As in Lemmas B.2 and B.3, the unique solution to (B.3)
can be obtained as a pointwise limit of the increasing sequence ug = 0, upy1 = Frun,

with u, < v for all n. Denote by ul? and u!? the iterates for the operators F,i” and

F, ,iz) corresponding to By and Bs, respectively. We show by induction that ul’ < uly
for every n € Ny. For n = 0 this is trivial. For the induction step, we first use the
induction hypothesis and monotonicity of F}” (see (ii) in the proof of Lemma B.3) and
then the monotonicity of Fi in B to deduce
Uiy = Fu) < BOul < B =l O
For B CC D, the tuple (L,wg*;B) satisfies the assumptions of Section 1.1, where
the motion is killed at the boundary of B. Hence, Lemma B.5 implies that the
(L, Phes D)-superprocess can be obtained as a distributional limit of (L, VYhes B)-super-
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processes using an increasing sequence of compactly embedded domains to approximate
D; see the argument before Corollary 6.2 in [98] or Lemma A2 and Theorem Al in
[59].
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Part 11

Vulnerability of robust

preferential attachment networks

Scale-free networks with small power law exponent are known to be
robust, meaning that their qualitative topological structure cannot
be altered by random removal of even a large proportion of nodes.
By contrast, it has been argued in the science literature that such
networks are highly vulnerable to a targeted attack, and removing a
small number of key nodes in the network will dramatically change
the topological structure.

Here we analyse a class of preferential attachment networks in the
robust regime and prove four main results supporting this claim: after
removal of an arbitrarily small proportion € > 0 of the oldest nodes (1)
the asymptotic degree distribution has exponential instead of power
law tails; (2) the largest degree in the network drops from being of the
order of a power of the network size n to being just logarithmic in n;
(3) the typical distances in the network increase from order loglogn
to order logn; and (4) the network becomes vulnerable to random
removal of nodes. Importantly, all our results explicitly quantify the
dependence on the proportion € of removed vertices. For example, we
show that the critical proportion of nodes that have to be retained for
survival of the giant component undergoes a steep increase as € moves
away from zero, and a comparison of this result with similar ones
for other networks reveals the existence of two different universality
classes of robust network models.

The key techniques in our proofs are a local approximation of the
network by a branching random walk with two killing boundaries,
and an understanding of the particle genealogies in this process, which

enters into estimates for the spectral radius of an associated operator.
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CHAPTER D

INTRODUCTION

5.1 Motivation

The problem of resilience of networks to either random or targeted attack is crucial to
many instances of real world networks, ranging from social networks (like collaboration
networks) via technological networks (like electrical power grids), to communication
networks (like the World Wide Web). Of particular importance is whether the con-
nectivity of a network relies on a small number of hubs and whether their loss will
cause a large-scale breakdown. Albert, Albert and Nakarado [3] argue that “the power
grid is robust to most perturbations, yet disturbances affecting key transmission sub-
stations greatly reduce its ability to function”. Experiments of Albert, Jeong, and
Barabasi [4], Holme, Kim, Yoon and Han [86] and more recently of Mishkovski, Biey
and Kocarev [105] find robustness under random attack but vulnerability to the removal
of a small number of key nodes in several other networks. The latter paper includes a
study of data related to the human brain, as well as street, collaboration and power
grid networks. One should expect this qualitative behaviour across the range of real
world networks and it should therefore also be present in the key mathematical models

of large complex networks.

A well established feature of many real world networks is that in a suitable range
of values k the proportion of nodes with degree k has a decay of order k=7 for a power
law exponent 7. The robustness of networks with small power law exponent under
random attack has been observed heuristically by Callaway et al. [25] and Cohen et
al. [32], but there seems to be controversy in these early papers about the extent of
the vulnerability in the case of targeted attack, see the discussion in [39] and [33]. As
Bollobés and Riordan [21, Section 10] point out, such heuristics, informative as they
may be, are often quite far away from a mathematical proof that applies to a given
model. In their seminal paper [21] they provide the first rigorous proof of robustness

in the case of a specific preferential attachment model with power law exponent 7 = 3,
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and later Dereich and Mérters [37] proved for a class of preferential attachment models
with tunable power law exponent that networks are robust under random attack if the
power law exponent satisfies 7 < 3, but not when 7 > 3, thus revealing the precise
location of the phase transition in the behaviour of preferential attachment networks.
However, the question of vulnerability of robust networks when a small number of
privileged nodes is removed has not been studied systematically in the mathematical

literature so far.

It is our aim to give evidence for the vulnerability of robust networks by provid-
ing rigorous proof that preferential attachment networks in the robust regime 7 < 3
undergo a radical change under a targeted attack, i.e. when an arbitrarily small propor-
tion € > 0 of the most influential nodes in the network is removed. Our main results,
presented in Section 5.3, show how precisely this change affects the degree structure,
the length of shortest paths and the connectivity in the network. The results take the
form of limit theorems revealing explicitly the dependence of the relevant parameters
on €. Not only does this provide further insight into the topology of the network and
the behaviour as € tends to zero, it also allows a comparison to other network models,
and thus exposes two classes of robust networks with rather different behaviour; see
Section 5.5. Our mathematical analysis of the network combines probabilistic and com-
binatorial arguments with analytic techniques informed by new probabilistic insights.
It is crucially based on the local approximation of preferential attachment networks by
a branching random walk with a killing boundary recently found in [37]. In this approx-
imation the removal of a proportion of old vertices corresponds to the introduction of
a second Kkilling boundary. On the one hand this adds an additional level of complexity
to the process, as the mathematical understanding of critical phenomena in branching
models on finite intervals is only just emerging; see for example [81]. On the other
hand compactness of the typespace for this branching process opens up new avenues
that are exploited, for example, in the form of spectral estimates based on rather subtle
information on the shape of principal eigenfunctions of an operator associated with the

branching process.

5.2 Mathematical framework

The established mathematical model for a large network is a sequence (G, : n € N) of
(random or deterministic) graphs G,, with vertex set V,, and an edge set E,, consisting
of (directed or undirected) edges between the vertices. We assume that the size |V,,| of
the vertex set is increasing to infinity in probability, so that results about the limiting
behaviour in the sequence of graphs may be seen as predictions for the behaviour of
large networks. In all cases of interest here the average number of edges per vertex
converges in probability to a finite limit and the topology of a bounded neighbourhood
of a typical vertex stabilizes. An important example for this is the proportion of

vertices with a given degree in G,,, which in the relevant models converges and allows
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us to talk about the asymptotic degree distribution. The mathematical models of power
law networks therefore have an asymptotic degree distribution with the probability of
degree k decaying like k=7, as k — oo, for some 7 > 1. Our focus here is on the global
properties emerging in network models with asymptotic power law degree distributions.

A crucial global feature of a network is its connectivity, and in particular the exis-
tence of a large connected component. To describe this, we denote by C,, a connected
component in G, with maximal number of nodes. The graph sequence (G,: n € N)

has a giant component if there exists a constant ¢ > 0 such that

|Gl
E|Van|

—( as n — 0o,

where the convergence holds in probability. We remark that for the models usually
considered the issue is not the convergence itself but the positivity of the limit {. If a
giant component exists and the length of the shortest path between any two vertices
in the largest component of G,, is asymptotically bounded by a multiple of logn, then
the network is called small. If it is asymptotically bounded by a constant multiple of
log logn, then the network is called ultrasmall; see Section 1.2 in [85].

To model a random attack on the network, each vertex in G, is kept independently
with probability p € [0, 1] and otherwise it is removed from the vertex set together with
all its adjacent edges, i.e., we run vertex percolation on G, with retention probability
p. The resulting graph is denoted by G,(p). A simple coupling argument shows that
there exists a critical parameter p. € [0, 1] such that the sequence (G,(p): n € N) has
a giant component if p. < p < 1, and it does not have a giant component if 0 < p < pe.
If p. = 0, i.e. if the giant component cannot be destroyed by percolation with any
positive retention parameter, then the network is called robust. To study the resilience
of networks to a targeted attack, we consider models in which the construction of the
network favours certain vertices in such a way that these privileged vertices have a
better chance of getting a high degree than others. When G,, is a graph on n vertices,
we label these by 1 to n and assume that vertices are ordered in decreasing order of
privilege. This assumption allows an attacker to target the most privileged vertices
without knowledge of the entire graph. The damaged graph G, for some € € (0, 1), is
obtained from G,, by the removal of all vertices with label less or equal to en together
with all adjacent edges. In particular, the new vertex set is V§ = {|en| + 1,...,n},
and we let C;, be a connected component in G;, with maximal number of nodes. Write
G (p) for the graph obtained from G,, by first removing all vertices with label at most
en and then running vertex percolation on the remaining graph. Note that we would
get the same graph when reversing the order in which these two attacks are performed.
However, we always start with the targeted attack for definiteness.

We investigate the problem of vulnerability of random networks to targeted at-
tack in the context of preferential attachment networks. This class of models has been

popularised by Barabési and Albert [9] and has received considerable attention in the
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scientific literature. The idea is that a sequence of graphs is constructed by succes-
sively adding vertices. Together with a new vertex, new edges are introduced by that
connect it to existing vertices at random with a probability depending on the degree
of the existing node; the higher the degree the more likely the connection. Despite the
relatively simple principle on which this model is based it shows a good match of global
features with real networks. For example, the asymptotic degree distributions follow a
power law, and variations in the attachment probabilities allow for tuning of the power
law exponent 7; see [36]. If the power law exponent satisfies 7 < 3, then the network
is robust and ultrasmall [37, 35].

The first mathematically rigorous study of resilience in preferential attachment
networks was performed by Bollobas and Riordan [21] for the so-called LCD model.
This model variant has the advantage of having an explicit static description, which
makes it easier to analyse than models that have only a dynamic description. It also
has a fixed power law exponent 7 = 3, hence, Bollobds and Riordan [21] prove only
results for this specific exponent. They show that the network is robust and identify a
critical proportion €. < 1 such that the removal of the oldest |en] vertices leads to the
destruction of the giant component if and only if € > ¢.. Note that this is not in line
with the notion of vulnerability that we are interested in as we only want to remove a
small proportion of old vertices.

We consider the question of vulnerability in the following model variant introduced
in [36]. Let Ny be the set of nonnegative integers and fix a function f: Nyg — (0, 00),
which we call the attachment rule. The most important case is if f is affine, i.e.
f(k) = vk + B for parameters v € [0,1) and § > 0, but non-linear functions are
allowed.

Gi: (1) G =Gy (12)

f(0)/1

f(0)/2
6 (@) o6 (D@ D

1)/2
fFy/ 1(0)/3

HOROINO, 6= Gi: (L O L0

Figure II-1. One possible evolution from graph G; to G4. Potential edges are displayed as

dashed arrows together with their probabilities.

Given an attachment rule f, we define a growing sequence (G, : n € N) of random

graphs by the following dynamics:
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e Start with one vertex labelled 1 and no edges, i.e. Gy is given by V; := {1}, and
E, :=0;

e Given the graph G,, we construct G, 1 from G,, by adding a new vertex labelled
n + 1 and, for each m < n independently, inserting the directed edge (n + 1,m)

with probability
f(indegree of m at time n)

Al (5.1)

n

The first few steps in one possible evolution of the graphs are displayed in Figure II-1.
Formally we are dealing with a sequence of directed graphs but all edges point from the
younger to the older vertex. Hence, the directions can be recreated from the undirected,
labelled graph. For all structural questions, particularly regarding connectivity and the
length of shortest paths, we regard (G, : n € N) as an undirected network. Dereich and
Morters consider in [36, 37] concave attachment rules f. Denoting the asymptotic slope
of f by

i J(R)
~v:= lim = (5.2)

k—o0

they show that for v € (0,1) the sequence (G,: n € N) has an asymptotic degree

distribution which follows a power law with exponent

v+l
—

T

For v > 1, i.e. 7 < 2, the mean of the asymptotic degree distribution is infinite and
a radically different topology can be expected. Results on power law networks in this
regime have been derived for example in [65, 15]; we restrict ourselves to the finite
mean case ¥ < 1. In the case v < %, or equivalently 7 > 3, there exists a critical
percolation parameter p. > 0 such that (G, (p): n € N) has a giant component if and
only if p > p..! If however ~ > %, or equivalently 7 < 3, the sequence (G, (p): n € N)
has a giant component for all p € (0, 1], i.e. (G,,: n € N) is robust. This is the regime

of interest in this thesis.

5.3 Statement of the main results

In this section, we study the case of an affine attachment rule f(k) = vk + § with
B >0and v € [%, 1). Recall that for this choice the preferential attachment network is
robust. We use the symbol a(€) =< b(e) to indicate that there are constants 0 < ¢ < C
and some €y > 0 such that cb(e) < a(e) < Cb(e) for all 0 < € < €.

!The results of [37] are formulated for edge percolation, whereas we consider vertex percolation. It is
not hard to see that for the existence or nonexistence of the giant component this makes no difference.
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Theorem 5.1. (Loss of connectivity) For any e € (0,1), there exists p.(e) € (0,1]
such that the damaged network

(G, (p): n € N) has a giant component < p > pc(e). (5.3)

If v = %, then ,

pe(€) < W. (5.4)

If v > %, then, as e | 0,

2v —1

Pele) = By +B)

12 1+ 0(67_1/2(log €))].

Theorem 5.1 shows that the removal of an arbitrarily small proportion of old nodes
makes the network vulnerable to percolation, but does not destroy the giant component.
The steep increase of p.(€) as € leaves zero shows that, even when a small proportion
of old nodes has been removed from the network, the removal of further old nodes is
much more destructive than the removal of a similar proportion of randomly chosen

nodes.

Since €7"1/2 is strictly decreasing in ~, this effect is stronger the closer v is to
%. This result might be perceived as slightly counterintuitive since the preferential
attachment becomes stronger as -y increases and therefore we might expect older nodes
to be more privileged and a targeted attack to be more effective than in the small
~v regime. However, the effect of the stronger preferential attachment is more than
compensated by the fact that networks with a small value of v have a (stochastically)
smaller number of edges and are therefore a-priori more vulnerable. Note also that
pc(€) may be equal to 1 if € is not sufficiently small in which case (5.3) implies that the
damaged network has no giant component. In the case v = %, the implied constants in

(5.4) can be made explicit as ¢ = ﬁ and C = %; see Proposition 6.5 below.

From here onwards we additionally assume that § < 1. Under this condition,
f(n) < n+1 for all n € Ny, and the minimum in (5.1) is always attained by its first
argument. To gain further insight into the topology of the damaged graph, we look
at the asymptotic indegree distribution and at the largest indegree in the network.
It was proved in Theorem 1.1 (b) of [36] that outdegrees are asymptotically Poisson-
distributed, and therefore indegrees are solely responsible for the power law behaviour

as well as the dynamics of maximal degrees.

For a probability measure v on the nonnegative integers, we write v>y := v({k, k +
1,...}) and v, := v({k}). Let Z[m,n] be the indegree of vertex m in G, at time

n > m. Since for m > |en], the indegree of m in G,, and G, agree, writing X¢(n) for
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the empirical indegree distribution in G,

n

1
m=|en]|+1

Write M(G) for the maximal indegree in a directed graph G, and for s,¢ > 0, let

1
B(s,t) :== / e O R L
0

denote the beta function at (s,t). Before we make statements about the network after
the targeted attack, recall the situation in the undamaged network. In Theorem 1.1 (a)
of [36], Dereich and Mérters show that the empirical indegree distribution X°(n) in G,
satisfies almost surely

lim X°(n) =p

n—oo

in total variation norm. The limit is the probability measure p on the nonnegative

integers given by
B(k+ 2 1)
!
psgp = ————— for k € Ny,
B(5.3)
and satisfies limy_, o log pt>1/ log k = —1/~. Moreover, Theorem 1.1 and 1.5 and Propo-

sition 1.10 in [36] show that the maximal indegree satisfies, in probability,

log M(Gn)

—1 — 0.
log(nV) as n (0. ¢]

Our result shows that in the damaged network the asymptotic degree distribution is
no longer a power law but has exponential tails. The maximal degree grows only

logarithmically, not polynomially.

Theorem 5.2. (Collapse of large degrees) Let € € (0,1). Almost surely,

lim X(n) = u¢

n—o0

in total variation norm. The limit is the probability measure uc on the nonnegative

integers given by

L1 1t el
lfzk:/ B(/{:,g) 1/ xf 1(1—x)k71dxdy for k € N. (5.5)
€ Y

1—c¢ ~

It satisfies limg o0 log pS . /k = log(1 — €7). Moreover, the mazimal indegree satisfies,

in probability,

MGy 1
logn log(1 — €7)
0

asn — oo. (5.6)

It is worth mentioning that © = p”, so Theorem 5.2 remains valid for ¢ = 0.

Moreover, the result holds also for v € (0, %) by the same proof. Theorem 5.2 shows in
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particular that, by removing the |en| oldest vertices, we have removed all vertices with
a degree bigger than a given constant multiple of logn. This justifies the comparison
of our vulnerability results with empirical studies of real world networks such as [32],
in which all nodes whose degree exceeds a given threshold are removed. Note also that,
as € | 0, the right-hand side in (5.6) is asymptotically equivalent to e~ and the growth

of the maximal degree is the faster the larger ~.

Denote the graph distance in a graph G by dg. Preferential attachment networks are
ultrasmall for sufficiently small power law exponents. For our model, Ménch [107], see

also [35, 38], has shown that for independent random vertices V;,, W,, chosen uniformly

from C,,
. 1 logn
fv=, th d ny VWn) ™~ 77—,
B =gy e 6n (Vs W) loglogn
) 1 4loglogn
if v > =, then dg, (Va, W) ~ —————,
2 O T L )

meaning that the ratio of the left- and right-hand side converges to one in probability
as n — oo. Removing an arbitrarily small proportion of old vertices however leads
to a massive increase in the typical distances, as our third main theorem reveals. We
say that a sequence of events (£,: n € N) holds with high probability if P(E,) — 1 as

n — oQ.

Theorem 5.3. (Increase of typical distances) Let € > 0 be sufficiently small so
that (GS,: n € N) has a giant component, and let V,,,W,, be chosen independently and
uniformly from C,. Then, for all 6 > 0,

> —— _logn with high probability.
log(1/pe(e))

Our proof gives the result for all values v € [0,1), € > 0, with p.(e) < 1, but if
v < %, even without removal of old vertices the typical distances in the network are
known to be of order logn, so that this is not surprising. We believe that there is an
upper bound matching the lower bound above, but the proof would be technical and

the result much less interesting.

In the next two sections we discuss some further ramifications of our main results.

5.4 Non-linear attachment rules

So far we have presented results for the case of affine attachment rules f, given by
f(k) = vk + B. While the fine details of the network behaviour often depend on the
exact model definition, we expect the principal scaling and macroscopic features to be

independent of these details. To investigate this universality, we now discuss to what
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extent Theorem 5.1 remains true when we look at more general non-linear attachment

rules f.

We consider two classes of attachment rules.

(1) A function f: Ny — (0,00) is called a L-class attachment rule if there exists
v € [0,1) and 0 < fB; < S, such that vk + 5; < f(k) < vk + 3, for all k. Note
that the parameter «y for a L-class rule is uniquely defined by (5.2).

(2) A concave function f: Ng — (0,00) with v := limg_,o f(k)/k € [0,1) is called a
C-class attachment rule. Note that concavity of f implies that the limit above

exists and that f is non-decreasing.

The asymptotic slope of the attachment rule determines the key features of the
model. For example, Dereich and Morters [36] show that, for certain C-class attachment
rules with v > 0, the asymptotic degree distribution is a power law with exponent
7 =1+ 1/7. The following theorem shows that ~ also determines the scaling of the

critical percolation parameter for the damaged network.

Theorem 5.4. (Loss of connectivity, non-linear case) Let f be a L-class or C-class
attachment rule. For all e € (0,1),

pe(€) :=inf {p: (G,(p): n € N) has a giant component} > 0.

Moreover, if f is in the L-class and

. 1 . log pe(€)
=_, th lim —————— = -1
iy g e elﬁ)lloglog(l/e) ’
. 1 . logpc(e) 1
. th 1 —y—
I =g then a0 loge 2

1

If f is in the C-class, the statement remains true in the case v > 5, and in the case

v = % if the limit is replaced by a limsup, |, and the equality by ‘<’.

Theorem 5.4 implies that the damaged network (G,: n € N) is not robust. But as
lim,jo pe(€) = 0 it is still ‘asymptotically robust’ for € | 0 in the sense that when less
than order n old vertices are destroyed, then the critical percolation parameter remains
zero. We formulate this as a corollary. For two graphs G = (V, E) and G= (\7, E), we
write G > G if there is a coupling such that V D V and E D E.

Corollary 5.5. Let f be a L-class or C-class attachment rule with v > %, and let
(my: n € N) be a sequence of natural numbers with lim,_,o my,/n = 0. The network
(GY™™: n € N), consisting of the graphs G,, damaged by removal of the oldest m,, vertices

along with all adjacent edges, is robust.

Proof. Let p € (0,1). By Theorem 5.4, there exists € > 0 such that p.(e) < p. Choose
nog € N such that m,/n < € for all n > ng. Then Gimn) > G, for all n > ng,
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implying G4 (p) > G¢(p). Since (G5(p): n € N) has a giant component, so does
(Gy"™ (p): n € N). O

Theorem 5.4 is derived from Theorem 5.1 using the monotonicity of the network in
the attachment rule. Its appeal lies in the large class of functions to which it applies.
The L-class attachment rules are all positive, bounded perturbations of linear functions.
In Figure I1-2 we see several examples: on the left a concave function which is also in

the C-class, then a convex function and a function which is convex in one and concave

f) =3k +11- 2% fR) =2k +1+ 2% Fh) =3k +4+ 2 flk) =2k + 4 + 2sin(k)
25 — 25 25
//

e
20 ///
15 -~

//
10 z
v
//

5 ///

0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
: k

Figure II-2. Examples for L-class attachment rules. The blue curve is the attachment rule,

the red, dashed lines are linear lower and upper bounds.

in another part of its domain. The latter examples are not monotone, and all three are
asymptotically vanishing perturbations of an affine attachment rule. The example of
an L-class attachment rule on the right shows that this may also fail.

The C-class attachment rules are always non-decreasing as positive concave func-
tions and always have a linear lower bound with the same asymptotic slope v as the
function itself. However, when the perturbation k& — f(k) — vk is not bounded, then
there exists no linear function with slope « which is an upper bound to the attachment

rule; any linear upper bound will be steeper. Two examples are displayed in Figure 1I-3.

f(k) =2k +2+2log(k + 1) fk) =2k +2+2VE

0 5 10 15 20 25 0 5 10 15 20 25
k

Figure II-3. Examples for C-class attachment rules. The blue curve is the attachment rule,
the red, dashed lines are linear lower and upper bounds. The slope of the upper bound is
strictly larger than .

5.5 Vulnerability of other network models

We would like to investigate to what extent our results are common to robust random
network models rather than specific to preferential attachment networks. Again our
focus is on Theorem 5.1 and we look at two types of networks, the configuration model

and the inhomogeneous random graphs. Both types have an explicit static description,
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and are therefore much easier to analyse than the preferential attachment networks

studied in our main theorems.

5.5.1 Configuration model

A targeted attack can be planned particularly well when the degree sequence of the
network is known. A random graph model with fixed degree sequence is given by the
configuration model. For n € N, denote by dn = (d")?_, € N", with """, d! even,
the desired degrees. To simplify notation, we write d; instead of d' for the degree of
vertex i at time n. The multigraph G4 ™" on vertex set {1,...,n} is constructed as
follows: to every vertex ¢ attach d; half-edges. Combine the half-edges into pairs by
a uniformly random matching of the set of all half-edges. Each pair of half-edges is
then joined to form an edge of G{™. The configuration model has received a lot of
attention in the literature; see [85] and the references therein. A good targeted attack

in the configuration model is the removal of the vertices with the highest degree, and

we denote by G ™ the network after removal of the |en| vertices with the largest
degree.
Let ng = |{i < n:d; = k}| be the number of vertices with degree k, and assume

that there exists a N-valued random variable D with 0 < ED < oo and P(D =2) < 1,

such that, as n — oo,

1 oo
ng/n—P(D=k) forallk€N and > kng — ED. (5.7)
k=1

In particular, the law of D is the weak limit of the empirical degree distribution in
(Gy™: n € N), and the network is robust if E[D?] = oo; see [87, Theorem 3.5]. Our
focus is on the case that the distribution of D is a power law with exponent 7 = 1+1/7,
7> 3

Theorem 5.6. Let e € (0,1), v € [%, 1) and suppose there is a constant C' > 0 such
P(D > k) ~ Ck='/7 as k — co. Then there exists pi=™" (€) > 0 such that

(GI™<(p): n € N) has a giant component < p > p(e).

Moreover,

1 e o1
<CM)(6) - log(1/¢) 'Lf’}/ -2

P 21 if vy > %

We observe the same basic phenomenon as in the corresponding preferential attach-
ment models: while the undamaged network is robust, after removal of an arbitrarily
small proportion of privileged nodes the network becomes vulnerable to random re-
moval of vertices. However, when v > %, then the increase of the critical percolation
parameter p.(€) as € leaves zero is less steep than in the corresponding preferential

attachment model.
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Note that our assumptions imply that 0 < ED < oco. In the case ED = oo, Bhamidi
et al. [15, Theorem 3.3] show a more extreme form of vulnerability, where the network

can be disconnected with high probability by deleting a bounded number of vertices.

5.5.2 Inhomogeneous random graphs

Inhomogeneous random graphs are a generalisation of the classical Erdés—Rényi random
graph. Let x: (0,1] x (0,1] — (0,00) be a symmetric kernel. The inhomogeneous
random graph G corresponding to kernel & has the vertex set V,, = {1,...,n}, and any
pair of distinct vertices 7 and j is connected by an edge independently with probability

P({i,j} present in G{V) = L1k (<, %) Al (5.8)

n

Many features of this model class are discussed by Bollobas, Janson and Riordan [20],
and van der Hofstad [85]. The first inhomogeneous random graph model we consider

is a version of the Chung—Lu model; see for example [29, 30, 31]. The relevant kernel is
KO (z,y) =2y for z,y € (0,1].

This is an example of a kernel of the form x(z,y) = x(z)x(y), for some y, which are
called kernels of rank one; see [20]. Note that a similar factorisation occurs in the
configuration model since the probability that vertices ¢ and j are directly connected
is roughly proportional to d;d;. Therefore, the configuration model can be classified
as a rank one model, too. By Theorem 3.13 and Corollary 13.1 in [20], the network
corresponding to x(°™ has an asymptotic degree distribution which is a power law with

exponent 7 =14 1/~.

The second inhomogeneous random graph model we consider is chosen such that
the edge probabilities agree (at least asymptotically, cf. Lemma 7.9 below) with those
in a preferential attachment network, and the asymptotic degree distribution is a power

law with exponent 7 = 1+ 1/v. The relevant kernel is

1

Y = v

for z,y € (0,1].

Note that, if v # %, this kernel is not of rank one but strongly inhomogeneous. The two
kernels £(“ and k) allow us to demonstrate the difference between rank one models
and preferential attachment models within one model class.

We denote by G and G;™ the inhomogeneous random graphs with kernel (%
") respectively. If 4 > 1, then (Gi™:n € N) and (GY™:n € N)
are robust by Theorem 3.1 and Example 4.11 in [20]. Since the kernels «“™ and

and kernel k¢

k(4 are decreasing in both components, vertices with small labels are favoured in the
corresponding models. We denote by G\t and Gi " what remains of the graphs

GY™ and GU™, respectively, after removal of all vertices with label at most en along
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with their adjacent edges.

The following theorem confirms that, like in the preferential attachment and in
the configuration model, the removal of a positive fraction of key vertices makes the
networks vulnerable to random removal of nodes. Notice that x(“® and k®* agree for

G%}CL),E

v = % so that we only have to state a result for in this regime.

Theorem 5.7. Let v € [3,1), x € {CL,PA}, and € € (0,1). There exists pS”(e) > 0
such that
(G4(p): n € N) has a giant component < p > p(e).

Moreover,
1 e o1
p(CL)(e) _ ) log(1/e) if v = 2
C
(29— DL+ 0@ Y] ify> 1,
and
P (€) =< 11/2 if v > %

The fact that the Chung—Lu model is vulnerable to targeted attacks has also been
remarked by van der Hofstad in Section 9.1 of [85].

Summarising, we note that vulnerability to a targeted attack is a universal feature
of robust networks, holding not only for preferential attachment networks but also for
configuration models and various classes of inhomogeneous random graphs. In the
case 2 < 7 < 3, studying the asymptotic behaviour of the critical percolation parame-
ter pe(€) as a function of the proportion € of removed vertices reveals two universality
classes of networks, that are distinguished by the critical exponent measuring the poly-
nomial rate of decay of p.(€) as € | 0. In terms of the power law exponent 7, this critical
exponent equals % in the case of the configuration model and the Chung—Lu model,
but is only half this value in the case of preferential attachment networks and inhomo-
geneous random graphs with a strongly inhomogeneous kernel. The same classification
of networks has emerged in a different context in [35], where it was noted that the typi-
cal distances in networks of the two classes differ by a factor of two. The key feature of
the configuration model and the rank one inhomogeneous random graphs seems to be
that the connection probability of two vertices factorises. By contrast, the connection
probabilities in preferential attachment networks have a more complex structure giving

privileged nodes a stronger advantage.

5.6 The local neighbourhood in the network

Dereich and Morters [37] have shown that the (not too large) graph neighbourhood
of a uniformly chosen vertex in G,, can be coupled to a branching random walk on
the negative half-line. Although we cannot make direct use of this coupling result in

our proofs, it is helpful to formulate our ideas in this framework. Therefore, we now
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explain heuristically that a suitable exploration of the local neighbourhood of a given
vertex vy € Gf, reveals a graph that can be approximated by the genealogical tree of
a two-type branching random walk with two killing boundaries. A complete definition
of the branching process used in our analysis is given in Section 6.1, and the coupling
is proved rigorously in Chapter 8 below.

Firstly, we associate to every vertex in G,, a location on the negative half-line such
that the youngest vertex is located at the origin, and the distance between vertex j
and vertex j + 1 is represented as 1/j. In particular, the vertex labelled v is located at
sp(v) == — Z’;;} %, the location of the oldest vertex scales like — log n, and vertices with
label at most |en], which we remove when damaging the network, are asymptotically
located to the left of loge. The location of a vertex is determined by its age in the
network with old vertices being located further left than young vertices; Figure 11-4
has a sketch. As the graph size increases, the location of any fixed vertex moves to
the left and the vertex locations (s,(v): v € {1,...,n}) become dense on the negative
half-line.

1/j I

~ —logn 0

Figure II-4. Vertex locations if n = 20. Vertices are ordered from the oldest on the left to

the youngest on the right.

We run an exploration from vertex vy € G, and successively create particles in the
branching random walk that approximate the discovered vertices. We stop as soon as
there is no longer a one-to-one correspondence between the nodes in the two processes.
For example, this could happen if in the network a vertex is rediscovered and the
explored subgraph is no longer a tree. A careful analysis, carried out in Section 8.1
below, shows that when the order in which vertices are explored is chosen in a suitable
way, then we do not stop until either the whole component is discovered or at least ¢,
vertices have been found, where lim,, .~ ci /n = 0.

To start, we place a particle at the location of vertex vy and declare it to be the
root of the branching random walk. Then we explore all direct neighbours of vy in
Gf,. The locations of the particles in the first generation of the branching random walk
are chosen to approximate the locations of these direct neighbours. To this end, we
distinguish offspring located to the left and right of vg. For a given interval [a,b] on
the left of s, (vg), i.e. [a,b] C [loge, sn(vo)], the number of vertices located in [a,b] is a
sum of independent Bernoulli random variables by the definition of the model. Write
Z[u,v] for the indegree of vertex u at time v, AZ[u,vg — 1] = Z[u, vo] — Z[u, vy — 1].
The probability that vy has a direct neighbour labelled u < v, is given by

,8 vo—2
[Ta+v/5). (59

j=u

L E[f(Zhu - 1)] =

]P’(AZ[u,vo—l]:l):vO_l p—
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where the last equality follows from the fact that (f(Z][u,n]) H;L:_j i +17 N = w) is
a martingale by the definition of the network. The right-hand side of (5.9) can be

approximated by

B vo—2 ) ﬂ vg—1 1
_ 7 o—(log(vo—1)—log(u—1)) H Vi [1 _ e*(lf’v)/(ufl)}e*(l”ﬂ 2jmu
u—1 1—7

_ v — 11
:B/ BT et gy

vo—1 1
- Zj:u71 3

Jj=u

Hence,
sn(u)—sn(vo)
P(AZ[u,vg— 1] = 1) = / Be=7t gt (5.10)

n(u—1)—=sn(vo)

Since the location of u can be written as s, (vg) plus the displacement s, (u) — s, (vo),
asymptotically, we can approximate the displacements of the direct neighbours of vy on
its left by the points of a Poisson point process II with intensity measure Bel=t on
(—o0, 0] that lie in [log € — sy, (v0), 0]. We emphasise that II describes the displacements,
not the particle locations. Hence, in the branching random walk, the relative positions
of the offspring to the left of a particle with location A are given by the points of 11
that lie in [loge — A, 0].

In the next step, we motivate the point process that describes the relative positions
of the offspring on the right in the branching random walk. Note that in the network
every direct neighbour u of vy with u > vy increases the indegree of vy and therefore
the probability that vy has further offspring on its right. The distance between the i-th
and (7 + 1)-st right neighbour of vy in the network is given by

—_

l
T, —sup{ —: Zlvo, k —i:ZUo,l}.
o {35 e

Suppose the i-th neighbour of vy is born at time k. For given ¢ > 0, we have
P(Ty[i] > t| Z[vo, k — 1] < Z[vg, k] = i) = P(Z[vo,1] = i| Z[vo, k] = i), (5.11)

where [ is the smallest integer with Z - L'~ t. Plugging in the connection probabilities
given in the model definition, we deduce that (5.11) is equal to

-1

-1 . -
(i 1 .
H( >~exp( Z >~exp — f(i)).
=k 1=k ‘]
J

Hence, the distance between the i-th and (i+1)-st right neighbour of vy is approximately
exponentially distributed with rate f (7). For a precise statement, see Lemma 7.2 below.
Consequently, the displacements of the direct neighbours on the right of vy are well

approximated by the jump times in [0, —s,(vg)] of the pure jump Markov process
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Z = (Z;: t > 0) that starts in Zyp = 0 and jumps from ¢ to i + 1 after an exponential
waiting time of rate f(i), independently of the previous jumps. Therefore, in the
branching random walk, the relative positions of the offspring to the right of the root,
that is located in A, are given by the jump times of Z in [0, —\].

When the exploration is continued, the information gathered from the already ex-
plored neighbourhood leads to a size-biasing effect. Indeed, in the network the edges
between a vertex v and its direct neighbours on the right u > v are not independent.
If v was discovered as a direct neighbour of a vertex w on its right, i.e. w > v, then
we already know that v has indegree at least one. Consequently, we expect v to have
more direct neighbours on its right than without this information. Mathematically,
this leads to a size biasing effect, and the displacements of particles on the right of
v are given by the jump times in [0, —s,(v)] of Z started in one instead of zero. In
contrast, if v was discovered as a direct neighbour of a vertex w with smaller label,
i.e. w < v, then we do not have that information and the displacements are again the
jump times in [0, —s,(v)] of Z started in zero. Similarly, for the direct neighbours
on the left of v, there is no size-biasing effect as a consequence of the independence
between the edges on the left. Of course, there are several further dependencies coming
from the previously explored subgraph. However, we show in Chapter 8 that the error
accrued by adjusting only for the immediate parent is asymptotically negligible when
we discover not more than ¢, vertices, where lim,, cf’l /n=0.

To be able to use different offspring distributions depending on the relative location
of the parent, each vertex is equipped with a mark « in {/,r} to indicate the relative
location of the parent, where the non-numerical symbols ¢ and r stand for ‘left’ and
‘right’, respectively. The relative positions of the offspring can be generated as the
points of IT on (—oo, 0] and the jump times of Z (with initial state depending on the
mark) on [0,00). All offspring particles located on the left of loge or on the right of 0
are immediately removed. In other words, the approximating tree is the genealogical
tree of a two-type branching random walk with two killing boundaries.

An equivalent description is as a multitype branching process with type space ® :=
[loge, 0] x {¢,r}, where the first component indicates the location of a particle and the
second indicates its mark. Whilst the branching random walk interpretation offers more
intuition, the two killing boundaries make the mathematical analysis difficult. Hence
in our analysis, we will use the interpretation of the process as multitype branching

process with the larger typespace ®.

5.7 Main ideas of the proofs

Understanding the local neighbourhood of vertices in the network is the key to many of
its properties. As in [37], the survival probability of the approximating killed branching
random walk is equal to the asymptotic relative size ¢ of the largest component. This

result allows us to determine, for example, the critical parameter of percolation from
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knowledge about the survival probability of the percolated branching process. To form
the percolated branching process with retention probability p from the original process
every particle is kept with probability p and removed together with its line of descent

with probability 1 — p independently of all other particles.

It is instructive to continue the comparison of the damaged and undamaged net-
works in the setup of this branching process. In [37], where the undamaged network is
analysed, the branching random walk has only one killing boundary on the right. It
turns out that on the set of survival, the leftmost particle drifts away from the killing
boundary, such that it does not feel the boundary anymore. As a consequence, the un-
killed process carries all information needed to determine whether the killed branching
random walk survives with positive probability and, therefore, whether the network
has a giant component. The two killing boundaries in the branching random walk
describing the damaged network prevent us from using this analogy; every particle is

exposed to the threat of absorption.

To survive indefinitely, a genealogical line of descent has to move within the (space-
time) strip [loge, 0] x Ny. To understand the optimal strategy for survival, observe
that, in the network with strong preferential attachment, old vertices typically have a
large degree and therefore are connected to many young vertices while young vertices
themselves have only a few connections. This means that in the branching random
walk without Kkilling, particles produce many offspring to the right but only a few to
the left. Hence, if a particle is located near the left killing boundary, it represents an
old vertex in the graph and is very fertile, but its offspring are mostly located further
to the right and are therefore less fertile. A particle near the right killing boundary,
however, represents a young vertex and has itself a small number of offspring, which
then however have a good chance of being fertile since they are necessarily located
further left in the strip. As a result, the optimal survival strategy for a particle is to
have an ancestral line of particles whose locations are alternating between positions

near the left and the right killing boundary. This intuition is the basis for our proofs.

Continuing more formally, in the proof of Theorem 5.1 we show that positivity of
the survival probability can be characterised in terms of the largest eigenvalue p. of
an operator that describes the spatial distribution of offspring of a given particle. The
branching random walk survives percolation with retention parameter p if its growth
rate pp. exceeds the value one, so that p.(e) = 1/p.. Our intuition allows us to guess
the form of the eigenfunction corresponding to pe, which, relatively to the particle
density, has its mass concentrated in two bumps near the left and right killing boundary.
From this guess we obtain sufficiently accurate estimates for the largest eigenvalue, and
therefore for the critical percolation parameter, as long as the preferential attachment
effect is strong enough. This is the case if v > %, allowing us to prove Theorem 5.1.

By contrast, for v < % we know that the network is not robust, i.e. we have

pc(0) > 0. It would be of interest to understand the behaviour of p.(e) — p.(0) as € | 0.
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Our methods can be applied to this case, but the resulting bounds are very rough.
The reason is that in this regime the preferential attachment is much weaker, and the

intuitive idea underlying our estimates gives a less accurate picture.

The idea for the proof of Theorem 5.3 is based on the branching process comparison,
too. To bound the probability that two typical vertices V' and W are connected by
a path of length at most h, we study the expected number of such paths. That is
given by the number of paths of length at most h — 1 starting from V' multiplied by
the probability that the terminal vertex in the path connects to W. By our branching
process heuristics, the number of such paths can be approximated by the number of
particles in the first h — 1 generations of the branching random walk, which is of order
pl where p. = 1/pc(€) as before. The probability of connecting any vertex with label
at least en to W is bounded from above by f(m)/en, where m is the maximal degree
in the network. Since m = o(n) by Theorem 5.2, this implies that the probability of a
connection between V and W is bounded from above by exp(hlog(1/p.(€)) — logn +
o(logn)) and therefore goes to zero if h < (1—4)logn/log(1/pc(€)), 6 > 0, which yields
the result.

Theorem 5.2 is relatively soft by comparison. The independence of the indegrees
of distinct vertices allows us to study them separately, and we again use the contin-
uous approximation to describe the expected empirical indegree evolution. The limit
theorem for the empirical distribution itself follows from a standard concentration ar-
gument. The asymptotic result for the maximal degrees is only slightly more involved

and is based on fairly standard extreme value arguments.

5.8 Overview

The outline of Part II of this thesis is as follows. We start with the main steps of the
proofs in Chapter 6. The multitype branching process, which locally approximates a
connected component in the network, is defined in Section 6.1, and its key properties
are stated. The main part of the proof of Theorem 5.1 then follows in Section 6.2.
The analysis of the multitype branching process is conducted in Section 6.3. Chapter 7
is devoted to the study of the topology of the damaged graph. In Section 7.1 the
typical and maximal degree of vertices is analysed; in Section 7.2 typical distances
are studied. The couplings between the network and the approximating branching
process that underlie our proofs are provided in Chapter 8. We then look at model
variations in Chapter 9. The derivation of Theorem 5.4 from Theorem 5.1 is presented
in Section 9.1. This is the only section which requires consideration of non-linear
attachment rules. We finish in Section 9.2 by studying the question of vulnerability in

other network models.
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CHAPTER 6

CONNECTIVITY AND BRANCHING PROCESSES

From here until the end of Chapter 8, we restrict our attention to linear attachment
rules f(k) = vk + 3, for v € [0,1) and 8 > 0. Unless stated otherwise, € is a fixed
value in (0,1). The goal of this chapter is to prove Theorem 5.1. To this end, we
couple the local neighbourhood of a vertex in G, to a multitype branching process.
The branching process is introduced in Section 6.1, and Theorem 5.1 is deduced in
Section 6.2. Properties of the branching processes which are needed in the analysis
are proved in Section 6.3. The proof of the coupling between network and branching

process is deferred to Chapter 8.

6.1 The approximating branching process

As explained in Section 5.6, the local neighbourhood of a vertex in Gf, can be approx-
imated by a multitype branching process with type space ® = [loge, 0] x {f,r}. A
typical element of ® is denoted by ¢ = (A, «). The intuitive picture is that A encodes
the spatial position of the particle which we call location. The second coordinate «
indicates on which side of the particle its parent is located, and we refer to o as the
mark. In view of (5.10), a particle of type (A, ) € ® produces offspring to its left with
displacements having the same distribution as those points of the Poisson point process

IT on (—o0, 0] with intensity measure
Bl g(t) dt (6.1)

that lie in [loge — A,0]. Since these offspring have their parent on the right, they are

of mark r.

We denote by Z an increasing, integer-valued process, which jumps from ¢ to ¢ + 1
after an exponential waiting time of rate f(i), independently of the previous jumps.

We write P for the distribution of Z started in zero and E for the corresponding
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expectation. By (Ztl t > 0) we denote a version of the process started in Zo = 1 under

the measure P.

The distribution of the offspring to the right depends on the mark of the parent.
As motivated in Section 5.6, when the particle is of type (A, £), then the displacements
of the offspring follow the same distribution as the jump times of (Z;: ¢t € [0, —)]), but
when the particle is of type (A, r), then the displacements follow the same distribution
as the jump times of (Zt: t € [0,—A]). All offspring on the right have their parent on
the left, so their mark is £. Observe that the chosen offspring distributions ensure that
new particles have again a location in [loge, 0]. The offspring distribution to the right
is not a Poisson point process: the more particles are born, the higher the rate at which

new particles arrive.

We call the branching process thus constructed the idealized branching process
(IBP). It can be interpreted as a labelled tree, where every node represents a par-
ticle and is connected to its children and (apart from the root) to its parent. We equip
node z with label ¢(z) = (A(z),a(z)), where A\(x) denotes its location and «a(x) its
mark, and write |z| for the generation of x. To obtain a branching process approxi-
mation to the percolated graph G (p), we define the percolated IBP by associating to
every offspring in the IBP an independent Bernoulli(p) random variable. If the random
variable is zero, then we delete the offspring together with its line of descent. If it

equals one, then the offspring is retained in the percolated IBP.
Let S€ be a random variable such that e5° is uniformly distributed on e, 1], that is,
1
1—e¢

Recalling the definitions from the beginning of Section 5.6, the location of a uniformly

P(-S¢<t)= (1—e") for t € [0, —loge]. (6.2)

chosen vertex in V¢, converges weakly to S¢. Denote by (¢(p) the survival probability of
the tree which is with probability p equal to the genealogical tree of the percolated IBP
started with one particle of mark ¢ in location S€, and equals the empty tree otherwise.

Let CS,(p) be a connected component in G,(p) of maximal size.

Theorem 6.1. For alle € (0,1) and p € (0,1], in probability,

|G (p)] ¢
— == — (“(p)/p as n — oo.
EIV;, (p)]
The proof of Theorem 6.1 is postponed to Chapter 8. The theorem describes the
asymptotic size of the largest component in the network in terms of the survival prob-
ability of the percolated IBP. To make use of this connection, we have to understand

the branching process.

For any measurable, complex-valued, bounded function g on ®, and ¢ € ®, let

Ap9(6) 1= Eyp| > g(A(@),a(@))]

|z|=1
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where the expectation Ey , refers to the percolated IBP starting with a single particle
of type ¢, percolated with retention probability p. We write A = A; for the operator
corresponding to the unpercolated branching process and Ey := Ey 1. Recall that all
quantities associated with the IBP, and in particular A,, depend on the fixed value of e.
We denote by C(®) the complex Banach space of continuous functions on ¢ equipped
with the supremum norm. The following proposition, which summarizes properties

of A,, is proved in Section 6.3.1.

Proposition 6.2. For all e € (0,1) and p € (0,1], the operator A,: C(®) — C(®)
is linear, strictly positive and compact with spectral radius p(Ap) € (0,00). Moreover,
Ap = pA and pe(Ap) = pps(A)'

The survival probability of the percolated IBP has the following property.
Theorem 6.3. For all e € (0,1) and p € (0,1],
¢(p) >0 & pe(Ap) > 1.

Theorem 6.3 is proved in Section 6.3.2. Combined with Theorem 6.1 and Proposi-
tion 6.2, it gives a characterisation of the critical percolation parameter for the network
(G5 (p): n €N).

Corollary 6.4. The network (G5 (p): n € N) has a giant component if and only if
p > pe(A)

Notice that the corollary implies that (G, : n € N) has no giant component when
pe(A) < 1. Moreover, the first statement of Theorem 5.1 follows from the corollary by
taking pe(e) = pe(A)~L A1

To complete the proof of Theorem 5.1, it remains to estimate the spectral radius
pe(A). This estimation is performed in Section 6.2 below using that (see, e.g., Theo-
rem 45.1 in [84]) for a linear and bounded operator A on a complex Banach space, the

spectral radius is given by
. anl . "
p(A) = lim [|A"|[% = inf{[| A" n € N}. (6.3)

By the definition of the Poisson point process II in (6.1), the intensity measure of II
equals
L( o () M(dt),  for M(dt) := B! dt.

We denote by II¢ the point process given by the jump times of (Z;: t > 0) and by II*
the point process given by the jump times of (Zt: t > 0). A simple computation (cf.
Lemma 1.12 in [37]) shows that with M®(dt) := a,e? dt, where ay = 3 and a, = v+ 3,
the intensity measure of 11 is given by 1o o) (t)M“(dt) for a € {/,r}. Hence, for any
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bounded, measurable function g on ® and (A, «) € ®,

Ag(A0) = Epay| 3 9(M@), a(@)]

|lz|=1

0 -
= / g\ +1t, r)ﬁe(l_wt dt + / g\ +t,0)ane dt.
loge—A 0

(6.4)

6.2 Proof of Theorem 5.1

Subject to the considerations of the previous section, Theorem 5.1 follows from the

following proposition.

1 1

n——— (AL
T Blog(ife) < AT =

Proposition 6.5. (a) Ifyv = %, the

(b) If v > %, then

(14 Tog(e! 21712 4 [1og !~ 1/2]?) o

< WE—W-H/QPG(A)—l < (1— )7L
’y —_—

Proof of Proposition 6.5 (a). Denote by C([loge,0]) the complex Banach space of con-
tinuous functions on [loge, 0]. For all hy € C([loge,0]), A € [loge, 0], let

0

Ahg(N) :_/l Aho(/\+t)e'f/2d1t+/0
og e—

A
ho(X + t)e'/? dt.

Note that A and A map real-valued functions to real-valued functions and nonnegative
functions to nonnegative functions, and they are monotone. For A this observation
implies

|A™|| = sup {||A"gH: g€ C(®),gis [0, 1]—Valued} = ||A™1]], (6.5)

where ||A"g|| = sup{|A"g(¢)|: ¢ € @} and 1 denotes the constant function with value 1.
Combining (6.3) and (6.5), we deduce that p.(A4) = lim, HA”1||% The same argu-

ment shows that
pe(A) = lim [[A"1|x. (6.6)

n—oo
Defining h(A, a) := ho(A) for all (A\,a) € ®, (6.4) yields for hy € C([loge,0]) with
hO > 07
BAho(N) < Ah(X\, @) < (7 + B)Ahg(N) for all (A, a) € ®.

In particular, by the monotonicity and linearity of A and A,

BTAMI(N) < A"\, a) < (v + B)"A"L(N) for (\,a) € &,n €N,
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implying p.(A) € [Bpe(A), (v+ B)pe(A)]. To complete the proof it suffices to show that
pe(A) = log(1/¢), which we can achieve by ‘guessing’ the principal eigenfunction of A.
Indeed, the result follows from (6.6) and

AN = 2(1 — €/2)(log(1/€)) e M? for A € [loge, 0], n € Np. (6.7)

We show (6.7) by induction over n. For n = 0,
~ 0 -2
A1(N) = / et/? dt+/ e dt =21 — e 22 e N2 1) = 2(1 — €M/2)e7N2,
loge—A 0

Moreover, with hg()) := e~*/2 we have

~ 0 A

Aho(N) = / e OHD/26t/2 gt 4 / e~ OAFD/2et12 gy — =M 2 10g(1/e€).

loge—A 0

Thus, X — e~*/2 is an eigenfunction of A with eigenvalue log(1/¢), and (6.7) follows. [

Proof of the lower bound in Proposition 6.5 (b). We analyse the ancestral lines of par-
ticles in the branching process at a fixed time n > 2. Going back two steps in the
ancestral line of every particle alive, we can divide the population at time n in four
groups depending on the relative positions of parent and child in the transitions from
generation n — 2 to n — 1 and from n — 1 to n: (1) in both steps the child is to the left
of its parent, (2) in the first step the child is to the left and in the second it is to the
right of its parent, (3) first right, then left, (4) in both steps the child is to the right of

its parent. The cases are depicted in Figure II-5.

L Pl N ) L K\ )

loge 0 loge 0
g B, g B,

L /x ) L TN N )

loge 0 log e 0
Bg B4

Figure II-5. Possible genealogy of a particle contributing to the respective operators.

We denote by B;, i € {1,...,4}, the mean operators corresponding to the four
scenarios. Using the point processes II, II¢ and II*, for any bounded, measurable

function g on ® and any type (\, a) € P,

Blg(A,a)::E: > g()\—l—p—&-q,r)},

pell qell
loge—A<p loge—A—p<q

Bog(\a):=E[ Y Y gO+p+al),

pell qeIIr
loge—A<p q<—(A+p)

Bygha) =E[ 3 > g+ptar),

T pene q€ll
p<—X loge—A—p<q
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B4g)\a:—E[Z Z gA+p+aq,0)|.

Eini q<qe(gip)
Intuitively, going back the ancestral line of a typical particle in the population at a
late time, for a few generations the ancestral particles may be in group (4), because
of the high fertility of particles positioned near the left boundary of [loge,0]. But
this behaviour is not sustainable, as after a few generations in this group the offspring
particle will typically be near the right end of the interval and will therefore be pushed
into the right killing boundary so that it is likely to die out. Over a longer period the
ancestral particles are much more likely to be in groups (2) and (3), as this behaviour is
sustainable over long periods when the ancestral line is hopping more or less regularly
between positions near the left and the right boundary of the interval [loge,0]. A
similar pattern can also be observed when studying typical paths in the random graph
model; see our discussion in Section 5.7. The aim is now to turn this heuristics into

useful bounds on high iterates of the operator A.

It is helpful to understand how the operators B; act on the constant function 1 as

well as on the functions g;(\, @) := e™" and ga(\, a) := e~ (=M, We can write

-2
Bsg(\, ) = / /1 . gA+t+s,r)M(ds) M(dt),
oge t

where M (dt) = et~V dt and M (dt) = ane* dt with a, < v + 3 are the intensity

measures of the point processes I and I1®. From this we obtain, for (\,a) € @,

Y
Bs1(\,a) < /_ /_O M (ds) M*(dt) = {Jme-“,
-\ poo
B3g1(>\,04) S/ /bg6 t )\e*’Y()\+t+s) M(ds) Mr(dt) _ mel?yewx,
By+58) 5)

-\ 0
Bsga (A, ) §/ / e~ =NOFHS) N (ds) MT(dt) = log(1/€)e ",
loge

2y —

Moreover, similarly elementary calculations for By, Bs and By imply

Bl]_()\ Oé) S

(e
Bi1(), ) < 2 jog(1/e)e ™,

Bigi(A a) < 82 log(1/e)el=27e~ (1= Biga(\, @) < B2(log €)2e~ (1=,

Ble()\a O[) S /Bé:z+f) log 1/6) 1— 2’Ye (1 'Y))\’ BQQQ(/\,CK) S (182(,\7+1B))Q€1 2’76 (1 ’Y)/\
Bigi(Aa) < By + 8)(log )%, Bigs(A ) < B log(1/e)e .
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Summarising, there exists C. > 0 such that B;1(¢) < Ceg1(¢) for all i € {1,...,4},
¢ € ®, and denoting

bsm 1= b1 := by := (v + B)(log 6)2, bhg 1= by := b3 := %el_%,

where sm stands for ‘small” and bg for ‘big’, we have

B;ig1(¢) < buglog(e' ™) g2(¢),  Biga(¢) < biga(9) for i € {1,2},
Bigi(¢) < big1(9), Biga(¢) < buglog(e' 2)e*  g1(¢) for i € {3,4}.

Using that by definition A% = Z?Zl B;, our estimate for B;1 and monotonicity of B;
yield

A2(n+1)1(¢) — Z Bin 0--+0 Biol((z))

i05errrin€{1,...,4}

<4C. > Bi,o---0Big(e). (6.8)
i1,ein€{1,...,4}

Up to constants, the estimates for Bs and By preserve g; but change g2 into g1, whereas
the estimates for By and Bs preserve g and change g1 into go. Hence, we split the
sequence of indices into blocks containing only 1 or 2 and blocks containing only 3 or 4.
We write m for the number of blocks, k; for the length of block j and ki = Zf;ll ki+1
for the first index in block j. Then

Y Bio--0Byg(9)
i17"'7i’n€{17"'74}
n+1

= Z Z Z B, 0---0 Bilgl(¢)7 (6.9)

m=l kl?Nﬁ;kI.'kaZ”eN (i17-stn)
where the last sum is over all sequences of indices (i1,...,i,) with i,;j, . 7Z‘i€j+1*1 €
{3,4} for j odd and Uyo e TRy —1 € {1,2} for j even. We insist that formally the
first block contains the indices 3 or 4 — the case that this does not hold is covered by
k1 = 0. Hence, in the first block, operators B3 and By encounter g1, which is preserved.
To determine the constants, we only have to keep track of how often By is used; we
call this number [;. The first operator belonging to a new block j causes a factor
bpg log(€!727) and if the change is from a {1,2} to a {3,4} block, then an additional
€271 is obtained. For the subsequent steps within block j, we again have to track how
often the operator causing the smaller constant bgy,, By or By, is used. This number
is called ;. After applying all n operators, the function gi(¢)Logd(m) + g2(¢) Leven(m)

remains and is bounded it by €77. This sequence of estimates allows us to upper bound
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the right-hand side of (6.9) by

n+1

Z Z bg’tg—l(1Og(61*27))m*16(27*1)((%1*1)6*7

m=1 ki+..+km=n
k1€Np,k2,...,km €N
ki —1 B phi 1l

k1€Np,k2,....,kmEN

m

T (bsm + bug) o
j=2
n+1

— Z Z bbmgfl(log(ﬁl—%)) Le@r=DIZT=D (hg, + bbg)n—(m—l)_

m=1 ki+..+km=n
k1€Nop,k2,....kmEN

Given m, the number of configurations k; € No, ks, ...,k e Nwith ki +...4+kp =n
is the number of arrangements of m — 1 dividers and n — (m — 1) balls, which equals

(m 1) Since [%§] —1> M= — %, an application of the binomial theorem yields

Z Bin ©---0 Bi1gl(¢) < 572’Y+1/2 (bbg IOg(61727)6’y*1/2 + bbg + bsm)n' (610)
i1yeyin€{l,...,4}

Combining (6.8) and (6.10), we conclude that, for all ¢ € ,
AXHDL() < 40200, (log(e! 727)e7 712 1 4 g,

Now (6.3) yields, for all € € (0,1),

-1/2
(A 1 2yl 4-1/2(1 4 1—-2v\ y— 1/2 1 1—2vy y—1/212 )
pelA)71 2 ZELE2 (1t log(e! )2+ [log(e 1))

The insight gained in the proof of the lower bound, enables us to ‘guess’ an approx-

imating eigenfunction, which is the main ingredient in the proof of the upper bound.

Proof of the upper bound in Proposition 6.5 (b). Let ¢, := 1 and ¢ := /(v + ) and,
for (A, ) € @, let

ge(Aa) 1= ca€e M 10e e (V) + V/B/(y + B)e 2T L g (V).

Notice that aq/cq =7+ B for a € {¢,1}.
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Recall that we write |z| for the generation of a particle z in the IBP, and A(x) for its
location. If (A, «) € [loge, IOQgE] x {£,r}, then

Age(X0) = Epy[ 0 g(M@),0)]

[z|=1

)\(ov)>1£2gf6
= aaV/BlO BN [ i
=B
_ C@\/@é/%—’w\ [1 _ 6’7—1/2] — VATTA) 26’5’1?8) e H1/2 [1 — 67_1/2]ge(/\, Q).
If (A, a) € (1%<,0] x {£,1}, then
—Afloge
Agu(ha) 2 B[ Y 0e\@)n)] = Becre [T g
zl=1 —A+loge
Aw)<ioge
— e ell-mose N ) e~ (=205
= VPO = 12)1 12,0, @),

By monotonicity of A, this implies
A > (Vg2 — 1),

Taking the n-th root on both sides, an application of (6.3) yields the required bound
for pe(A). O

Proof of Theorem 5.1. The result follows immediately from Corollary 6.4, and Propo-
sitions 6.2 and 6.5. O

6.3 A multitype branching process

In this section, we analyse the IBP and its relation to the associated operator A. We
begin by collecting properties of A in Section 6.3.1, and then use these properties to
prove necessary and sufficient conditions for the multitype branching process to survive
with positive probability in Section 6.3.2. Throughout, we use the notation introduced
in Section 6.1, and write P, for the distribution of the percolated IBP with retention
probability p started with one particle of type ¢ € ®, abbreviating Py := Py 1.

6.3.1 Proof of Proposition 6.2

Lemma 6.6. For all nonnegative g € C(P) with g # 0, we have glig A?%g(¢p) > 0.
€

Proof. If g € C(®), g > 0, g # 0, then there exist loge < A\ < A2 <0 and o € {/,1}
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such that g is strictly positive on [A1, Ad2] X {ap}. Hence, it suffices to show that

g1i£P¢(El:z:: lz| = 2,¢(x) € [A1, Ao] x {ag}) > 0.

€

By the definition of the process, any particle produces offspring in any given interval
of positive length with, uniformly in the start type, strictly positive probability. The
two steps allow the time needed to ensure that the relative position of the parent

gives a(x) = ag. O
Lemma 6.7. The operator A: C(®) — C(®) is compact.

Proof. According to (6.4), we can write for g € C'(®) and (A, ) € D,

0 0
Agnva) = [ gt tdet [ gt Ornat) dr
loge loge
with ke(A,t) = Il[loge,A](t)Be(l_”Y)(t_)‘) and K, (A, a,t) = IL[/\vo](t)aaeV(t_)‘). Thus A can
be written as the sum of two operators, which are both compact by the Arzela—Ascoli

theorem. O

We summarize some standard properties of compact, positive operators in the fol-

lowing proposition.

Proposition 6.8. Let X be a complex Banach space and A: X — X be a linear,

compact and strictly positive operator.

(i) The spectral radius of A, p = p(A), is a strictly positive eigenvalue of A with
one dimensional eigenspace, generated by a strictly positive eigenvector ¢. The
eigenvalue p is also the spectral radius of the adjoint A* and the corresponding
etgenspace is generated by a strictly positive eigenvector vy. We rescale ¢ and vy

such that ||¢|| =1 and vy(p) = 1 to make the choice unique.

(ii) There exists Oy € [0, p) such that |0| < by for all @ € o(A)\ {p}, where o(A) is the
spectrum of A.

(iii) For any 0 > 6y and g € X, we have A"g = p"vo(g)e + O(0™) for alln € N.

Proof. Statements (i) and (ii) are immediate from the Krein-Rutman theorem, see
Theorem 3.1.3 (ii) in [110], and the general form of the spectrum of compact operators.
Statement (iii) then follows from the spectral decomposition of a compact operator on
a complex Banach space. See for example [84] and there in particular Theorem 49.1
and Proposition 50.1. 0

Now all results are collected to establish Proposition 6.2.
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Proof of Proposition 6.2. Identity A, = pA holds by definition and implies p(A4,) =
ppe(A). Moreover, it is clear that it suffices to prove the first sentence of the state-
ment for p = 1. Linearity is immediate from the definition, positivity was shown in
Lemma 6.6, and compactness is the content of Lemma 6.7. The positive spectral radius

follows immediately from Proposition 6.8 (i). O

6.3.2 Proof of Theorem 6.3

We start with a moment estimate for the total number of offspring of a particle. In the

sequel, we write |IBP,,| for the number of particles in generation n of the IBP.
Lemma 6.9. We have supycqg Ey[[IBP1|?] < oc.

Proof. Let II, Z and Z be independent realisations of the Poisson point process and
the pure jump processes defined in Section 6.1. Let ¢ = (A, a) € ®. By the definition
of the IBP, under Py ),

II([loge — A\, 0])+Z_y ifa=4¢,

IBP, | £ i
II([loge — A\, 0]) + Z_y ifa=r,

where £ denotes distributional equality. Since f is non-decreasing, Z stochastically
dominates Z. This implies that for all ¢ € ®,
By [I1BP1 2] < 2(E[1([log e, 0))%] + E[(Z-105c)?] ).

The first term on the right is finite because II is a Poisson point process with finite
intensity measure. The second summand was computed in Lemma 1.12 of [37] and
found to be finite. O

The next result is a classical fact about branching processes. We give a proof since
we could not find a reference for the result in sufficient generality; see Theorem I11.11.2

in [83] for a special case.

Lemma 6.10. For allp € [0,1], N € N and ¢ € P,

Py, (1 < IBP,| < N infinitely often) = 0.

Proof. We split the proof in two parts. First we show that ¢ := infyca Py ,(|]IBP1| =
0) > 0, then we conclude the statement from this result. By definition of the percolated
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IBP, for all (\, ) € P,

P()\’a),p(|IBP1| =0) > P(,\,a)ﬁl(\IBPﬂ =0)
P({H([loge -\, 0]
P({I([loge — A, 0]

=0}N{Z_\=0}) ifa="¢
ZO}H{Z_,\:()}) ifa=r
> P(II([log ¢, 0]) = 0) P(Z_ 105 = 0) > 0.

~— ~—

Since the lower bound is independent of (A, ), the claim that § > 0 is established.

For the second step of the proof, we set p = 1 to simplify notation. The proof
for general p is identical. Fix N € N, set 79 := 0 and, for £ > 1, let 75, := inf{n >
Tk—1: |IBPy| € [1, N}, where inf () := co. The strong Markov property implies, for all
¢ € ®and k €N,

Py(11, < 00) < Py(11 < 00) sup P, (11 < 00)F ™1,
14

where the supremum is over all counting measure v on ® such that v(®) € [1, N].
Under P, v = ) " | dy,, the branching process is started with n particles of types
1, -..,0n. When all original ancestors have no offspring in the first generation, then

the branching process suffers immediate extinction and 7 = co. Hence, for all such v,
Py(r1 <o0)=1-P,(11 =00) <1—PB,([IBP;| =0) <1-"® <14V,
We conclude, for all ¢ € ®,

P,(1 < |IBP,| < N infinitely often) = klim Py(1 < 00) < lim sup P, (1 < oo)f™?
—00

k—oo
< Jlim (1 - SN =0, O
Proof of Theorem 6.3. Throughout the proof, we write p := p.(Ap) and ¢ for the cor-
responding strictly positive eigenfunction with ||| = 1 from Proposition 6.8 (i). First
suppose p < 1. By Lemma 6.10, Py, (lim,—« [IBP,| € {0,00}) = 1. By Proposi-
tion 6.8 (iii), the assumption p < 1 implies that

By, [[IBPy|] = Ap1(9) = p"10(1)¢(¢) + o(1).

Hence, sup,,cy Fg p[[IBP,|] < 00, and we conclude that lim,,_,, |[IBP,| = 0 P, ,-almost
surely for all ¢ € ® and, therefore, (*(p) = 0.

Now suppose that p > 1, and denote W,, = pin > juj=n P(¢(2)) for n € N. Then
(Wp:n € N) is under Py, a nonnegative martingale with respect to the filtration
generated by the branching process. Hence, W := lim,_, W,, exists almost surely.
Given Lemma 6.9, Biggins and Kyprianou show in Theorem 1.1 of [17] that Ey ,[W] =
©(¢) and therefore, Py, (W > 0) > 0. This implies in particular that the branching
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process survives with positive probability irrespective of the start type. O

We now investigate continuity of the survival probability as a function of the at-
tachment rule. For this purpose we emphasise dependence on f by adding it as an
additional argument to several quantities. The result is used in the proof of Theo-

rem 6.1 in Chapter 8 below.
Lemma 6.11. Let p € (0,1]. Then limsyo((p, f —6) = ¢“(p, f).

Proof. Observe that there exists a natural coupling of the IBP(f) with the IBP(f — )
such that every particle in the IBP(f — §) is also present in the IBP(f), and hence,
C(p, f — 9) is increasing as § | 0. We can therefore assume that (¢(p, f) > 0, that is
p(f) := pe(Ap, f) > 1. By the continuity of A4, in the attachment rule (see (6.4)), there
exists dgp > 0 such that p(Ap, f — dp) > 1. In the proof of Theorem 6.3 we have seen
that this implies that the IBP(f — dg) survives with positive probability, irrespective

of the start type, and similar to Lemma 6.6, we conclude

;ng Py, (IBP(f — dy) survives) > 0. (6.11)
€

Recall the definition of the martingale (W,,: n € N) and its almost sure limit W from
the proof of Theorem 6.3. We have Ey ,,[W]| = ¢(¢), and

1

W = Fe) Z W(p(x)) P, ,-almost surely,

|z|=1

where, conditionally on the first generation, (W (¢(x)): |x| = 1) are independent copies
of the random variable W under Py, ,,. In particular, ¢ — Py p(W = 0) is a fixed point
of the operator Hg(¢) = Egp[[]},=1 9(¢(2))] on the set of [0, 1]-valued, measurable
functions. As the only [0, 1]-valued fixed points of H are the constant function 1 and
the extinction probability ¢ — Py ,(IBP(f) dies out), we deduce that W > 0 almost
surely on survival. Let ¢ > 0 and N € N. On the space of the coupling between IBP(f)
and IBP(f — ¢),

C(p, /)—C(p, f — 0) = P(IBP(f) survives, IBP(f — J) dies out)

cp(f)" )

< P(W < ¢,IBP(f) survives) + P(W > ¢,3n > N: [IBP,(f)| <
2max p

+ P(|IBPn(f)| > LU S NIBP(f — 6) dies out)

2max @

=: @1(6) + @Q(C, N) + @3(0, N, 5)

Since the offspring distribution of an individual particle is continuous in § uniformly
on the type space, the probability that IBP(f) and IBP(f — §) agree until generation
N tends to one as § | 0. On this event, when [IBPy(f)| > Cp(f)" for some C > 0,
then the probability that the IBP(f — §) subsequently dies out is bounded from above

108



Chapter 6. Connectivity and branching processes

by

sup Py, (IBP(f — ) dies out) /"™,
PpeD

By (6.11), this expression tends to zero as N — oo when § < dyg. Hence, for all ¢ > 0,

0< lirglfup (C(ps f) = ¢ (p. f = 0)) < O1(c) + lim sup O2(c, N).
0 —00

On the event {W > c}N{W,, — W}, there is a finite stopping time Ny such that W,, >
W/2 for all n > Ny and we deduce that p(f) "|IBP,(f)| > W,/ max¢ > ¢/(2max p).

Since W, converges to W almost surely, we conclude that limy_ o ©2(c, N) = 0.

Finally, ©1(c) tends to zero as ¢ | 0 because W is positive on the event of survival. [J
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CHAPTER [

THE TOPOLOGY OF THE DAMAGED GRAPH

We investigate the empirical indegree distribution and the maximal indegree of the

damaged network in Section 7.1, and typical distances in Section 7.2.

7.1 Degrees: proof of Theorem 5.2

The following lemma formalises basic facts about the indegrees Z[m,n].

Lemma 7.1. For givenn € N, the random variables (Z[m,n|: m < n) are independent.
Fizm € {1,...,n} and let (Z™[m,n]: m < n), be independent copies of the random

variable Z[m,n].

(i) There is a coupling between (Z[m,n]: 1 < m < m) and (Z™[m,n]: 1 <m < m)
such that
Z[m,n] > Z™[m,n| for all1 <m <.

(i) There is a coupling between (Z[m,n]: m < m < n) and (Z™[m,n]: m <m <n)
such that
Z[m,n] < Z™[m,n] for allm < m <n.

Proof. The independence of (Z[m,n]: m < n) is immediate from the network construc-
tion. Consequently, to prove (i) and (ii) it suffices to couple Z[m,n] and Z" [, n| for
fixed 1 < m < m < n in such a way that Z[m,n] > Z™[m,n]. Equivalently, we show
that Z[m,n| stochastically dominates Z[r,n]. Let Y™ = (Y]": I € Ng) be the Markov
process given by V" = Z[m, m +1]. Then Y§* = 0 and, for all I,k € Ny with k& <1,

k

POIL, = k+ 1V = k) = 1 — PO, = K = k) = L)
m +1

is decreasing in m. Hence, in every step, the probability that Y™ jumps is at least the

m

probability that Y™ jumps. Since Z[m,n] = Y™ Z[m,n] = Y™ . and n—m > n—m,
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the claim is established. ]

Our goal is to determine the asymptotic behaviour of max,,cve Z[m,n] and

n

. 1
XSp(n) = n = len] —LE:JH L kv, (Z[m,n]).

Lemma 7.1 allows us to replace the independent random variables in these sequences
by groups of independent and identically distributed random variables.

Dereich and Morters observe in [36], see for example Corollary 4.3, that the in-
degrees in network (G,: n € N) are closely related to the pure jump process (Z;):>o0.
Since the indegrees are not altered by the targeted attack, the same holds in the dam-
aged network (Gf,: n € N). We now explain this connection. Let ¢ (k) := Z;:ll % for
all £k € N, which we consider as a time change, mapping ‘real time’ epochs k to an

‘artificial time’ ¥ (k). The artificial time spent by the process Z[m,-| in state i is
|
Tnli] := sup { Z —: ZIm, k] =i = Z[m, l]}
—J
=k

Let k € Ny and ny, the last real time that Z[m, -] spends in k, that is, Z[m,ng] = k,
Zlm,ng + 1] = k+ 1. Then Zf:o Tli] = > " % = ¢(nk + 1) —¢(m). In particular,

Jj=m

k
Zm,n) <k & Y Tpli] > ¥(n+ 1) —p(m). (7.1)
=0

By definition, there exists a sequence of independent random variables (T'[i]: i € Ny)
such that T'[i] is exponentially distributed with mean 1/f(i) and

k
Zi<k & Y Tl]>t (7.2)
=0

The next lemma provides a coupling between the artificial times T,,[i] and the expo-
nential times 77[i]. In combination with (7.1) and (7.2), this allows us to study the jump
process (Z;: t > 0) instead of the involved dynamics of the indegree process Z[m, ].
The proof of the lemma is identical to the proof of Lemma 4.1 in [36], and is omitted.
However, the argument behind the result was sketched in the paragraph of (5.11). We
denote by 7, ; = inf{e(k): Z[m, k| = i} the artificial first entrance time of Z[m, -] into
state 1. If 7y, ; = ¢(k), we write A1y, ; = kL.

Lemma 7.2. There exists a constant 1 > 0 such that for all m € N there is a coupling

such that, for all i € No with f(i)A1p,; < %,

Tli] = nf (1) ATmi < Tpli] < TP} + ATy almost surely,
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and the random variables ((T[i], Trn[t]): @ € Ng) are independent.

By definition A7, ; < m~!. Hence, Lemma 7.2 yields a coupling such that when
f(k)/m < 3, then

k k
> T[] - (k+ nf(k /m<ZT <) T[]+ (k+1)/m
1=0 1=0 =0

In particular, for f(k)/m < i, the equivalence (7.1) implies

=0

If m <nand m —9n = O(1) for some 9 € (0,1], then p(n+1) —p(m) =>_" ]l =
—log ¥ + o(1). Hence, for m < n, m —9In = 0O(1) and k = O(logn),

P(Z[m,n] < k) = P( ZT[Z’] > —log ) + 0(1)), (7.3)

where the random null sequence o(1) is bounded by a deterministic null sequence of
order O((logn)?/n).
We proceed by estimating the distribution function of Zf:o T[i]. The following

identity for the incomplete beta function will be of use.

Lemma 7.3. Leta € (0,1], ¢ > 0 and k € Ny. Then

i <]:> (i_f): =a ¢ /Oa 21— )% da.

=0

Proof. Denote the left-hand side by 6(k, a,c). For > 0, we have

k k

otk n,0)] = 2 [S (’j) (-1)%’2"?2} -y (T) (—1)iaitel = go=1(1 = g)F.

=0 =0

Integrating both sides between 0 and a, and dividing by a, we obtain the claim. [
Lemma 7.4. For k € Ng andt > 0,
k 1 8
P(Z, > k+1)= P(Zm < t) = B(k+1, 5)‘1/ 27 1 - 2)fde. (7.4)
e~ 7t

=0

Proof. Let k € Ny. The probability density for Ef;:o T[i] is given by (see for example
Problem 12, Chapter 1 in [71])
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- H?zo i f () )
’ 1)e 3 t:ﬂ_ o )
T, ) — ) O e )

Using f(j) = vj + B, we can rewrite for all 7 € {0,...,k},

I15 0,2 £ ) Far I FG) B o £y (k) (—1)
I 7<]Hl vj )<Z)

[T} ol () — @] *(D)il(E =) i+2
We obtain
k k . k i
7 — é M k\ (=1 _ e Bte—it
P<Z§T[]St> ’Y<£Il 7j>;(i>i+f(l )

The factor in front of the sum equals B(k + 1, g)*l. Thus, it remains to show that the

sum agrees with the integral in (7.4). Using Lemma 7.3, we derive

=0

Q

—t
s

1 4 8 e
= / 27 (1= z)k dx—eﬁt(eﬁ)V/ 7 (1= 2)* da
0 0

Lo
:/ 27 (1 —z)* da. O

—~t

Proposition 7.5. For all k € Ny,

L g
E[X>k+1 —>/ B(k+1, 5) / :L’W_l(l—x)kd:rdy as n — oo.
y'Y

Proof. Let § > 0, A = |den], N = 1+L%J, mj = |en|+14+jAforj=0,...,N—1,
my=n+1,A;=Aforj=1,...,N—1and Ay =my —my—1 € [0,A). Combining
Lemma 7.1 with (7.3), we obtain

N-1
1 1
_ P(Z[m,n] > k) < ——— A P(ZImj,n] > k
H—LEHJ m_LeszJrl ) n_LﬁnJ ; J+ [ J ] )
N-1 k
oy Z:&-:nP(ZT < —log(e + jde) 4+ o(1 ))
Hence,
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is bounded from above by

Taking § — 0, we conclude

limsupn_ltmJ Z P(Z[m,n] > k)
n—00 —[en|+1 (7 5)
1 k )
< /0 P(;T[ﬂ < —log (e +y(1 — e))> dy.
Similarly,
1 d R
—— ) PEZmn]>k) > > AP(Z[m; —1,n] > k)
ne \‘EHJ m=|en]+1 "o LE”J J=1
1 N-1 k
2 T 3 AjP(ZT[i] < —log(e + jde) + 0(1)),
j=1 i=0

and as above we see that liminf satisfies the reverse inequality in (7.5). Lemma 7.4

yields the claim. O

The following proposition proves the first part of Theorem 5.2.

Proposition 7.6. Let u¢ be the probability measure on Ny that satisfies (5.5). Then,

almost surely, lim,_,o, X(n) = p in total variation norm, and
lim log uS . /k = log(1l — €7). (7.6)
k—o0 =

Proof. Dereich and Morters (pp 1238-1239 in [36]) give a simple argument based on
Chernoff’s inequality to upgrade the convergence of the expected empirical degree dis-
tribution to convergence of the empirical degree distribution in total variation norm.
Given Proposition 7.5, the proof remains valid for the damaged network and is therefore
omitted.

To establish (7.6), we write a(k) =< b(k) if there exist constants 0 < ¢ < C' < oo such
that ca(k) < b(k) < Ca(k) for all large k. By Stirling’s formula, B(k+1, 3/v)~" =< kP/7.

Moreover,
Lol 1l
/:m (1—x) da:dyx/ /(l—m)kdxdy
yv e Jyv

_ 1 1(1 B y'y)k+1 dy _ (1 _ 6’7)k+1
Rl CEE
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8
In the first estimate we used that 7 is bounded from zero and infinity; in the second
we employed Laplace’s method (see for example Section 3.5 of [103]). In particular,
(7.6) holds. O

To complete the proof of Theorem 5.2, it remains to derive the asymptotic behaviour

of the maximal indegree. The statement follows from the next two lemmas.

Lemma 7.7 (Upper bound). Let ¢ > —m. Then,
P( max Z[m,n] < clogn) — 1 asn — oo.
meV§

Proof. Write k,, = |clogn], m = |en] + 1 and A = n — |en]. Moreover, let Z™[m,n|,
m < n, be independent copies of Z[m,n]. Lemma 7.1 and (7.3) yield

m o A
P(nrzne%éZ[m,n] < clogn) > ]P(ylrrlnez%é ZMm,n| < kn) = P(Z[m, n| < kn)

kn
:P(ZT[i} > —1oge+o(1))A (7.7)
=0

= exp ( — AP(%T[Z’] < —loge + 0(1)) (1+ 0(1)>>a
=0

using a Taylor expansion in the last equality. As above, uniformly for ¢ in compact

subintervals of (0, 00),

1, 1
/ 27 1 — )k de = / (1 — )" dx < exp (k log(1 — ") —log k)
e— 7t e 7t

Thus, Lemma 7.4 and Stirling’s formula yield for 9 € (0,1) and ¢t = —log 9 + o(1),

k
P(;T{i] < t> = exp (k log(1 — e ) + (£~ 1) log k) .

— exp (k log(1 —¥7)(1 + 0(1)))

as k — oo. Using this estimate for k = k, and ¥ = ¢, the exponent on the right-hand

side of (7.7) tends to zero as n — oo if ¢ > —1/log(1 — €7). O
Lemma 7.8 (Lower bound). Let ¢ < —m. Then,
P( max Z[m,n] < clogn) — 0 asmn — oo.
meVg

Proof. The idea of the proof is to restrict the maximum to an arbitrarily small pro-
portion of the oldest vertices. Let § > 0, and write k,, := [clogn]|, A = |den| and

m = |en] + A. Moreover, let Z™[m,n|, m < n, be independent copies of Z[m,n].
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According to Lemma 7.1, there is a coupling such that

max Z[m,n| > max Z[m,n] > max Z"[m, n.

meVvg m=|en]+1,...,len]+A m=|en]+1,...,len]+A

Arguing as in (7.7), (7.3) yields that

P(yglg/}i Z[m,n] < clogn)

is bounded from above by

exp( AP(ZT < —log(e(1 +5))+o(1))(1+o(1))).

Now (7.8) with ¥ = ¢(1 + ¢) implies that the exponent on the right-hand side tends to
—o0 if ¢ < —1/log(1 — (e(146))7). Since ¢ was arbitrary, the claim is established. [

Proof of Theorem 5.2. The result follows immediately from Proposition 7.6 and Lem-
mas 7.7 and 7.8. O

7.2 Distances: proof of Theorem 5.3

In this section, we study the typical distance between two uniformly chosen vertices
in CS, and prove Theorem 5.3. We write AZ[m,n| = Z[m,n + 1] — Z[m,n| and, for
m > n, Z[m,n] = 0. In the graph, the indegree of vertex m at time m is zero by
definition, but we will also use the distribution of the process (Z[m,n|: n > m) for
different initial values. Formally, the evolution of Z[m, -] with initial value k is obtained
by using the attachment rule g(I) := f(k 4 1), and we denote its distribution by P*,
using E* for the corresponding expectation; we abbreviate P := P?, E := E°. We
further write n := inf{n € N: f(n)/n < 1} V 2. Note that v < 1 implies n € N. We
observe some facts about the indegree distribution. These are adaptations of results in
[37].

Lemma 7.9 (Lemma 2.7 in [37]). For allk € Ng andm,n € Nwithk <m,n <m <mn

f(k)

P*(AZ[m,n] =1) < Rt

(7.9)

Proof. Observe that (f(Z[m,n])[]"Z} —L~: n > m) is a martingale, and therefore

Jj=m 1+v/j
Pk(AZ[m,n]:l):Ek[f(Z[ZLn } H (1+7/4) < (mfl(;?nu O

Lemma 7.10 (Lemma 2.10 in [37]). For allk € No, m,m’ e N, n <m < m/, k <m,

there exists a coupling of the process (Z[m,n]: n > m) under the conditional probability
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P*(-|AZ[m,m/] = 1) and the process (Z[m,n]: n > m) under P**1 such that, apart
from time m/, the jump times of the first process are a subset of the jump times of the

latter.

The proof of the lemma is similar to the proof of Lemma 2.10 in [37], and we omit
it. After these preliminary results, we now begin our analysis of typical distances in
the network (G, : n € N). Recall, that for this type of questions, we consider G, to be
an undirected graph. For v,w € V;, and h € Ny, let

Sh(v,w) == {(vo,...,vp): v; € Vy,,v; # v; for i # j,v9 = v, v, = w}

be the set of all self-avoiding paths of length h between v and w, and let Sp(v) =
{p: p € S,(v,w) for some w € V¢ } the set of all self-avoiding paths of length h starting

in v.
Definition 7.11. Let 6 € (0,00) and G = (V, E) be an undirected graph with V C N.

A self-avoiding path p = (vg,...,v) in G is f-admissible (or admissible) if, for all
i€{l,...,h}, we have {v;_1,v;} € E and

Hw eV:ivi_ <w <, {vi_1,w} € E}‘ <4. (7.10)

Note that (7.10) is automatically satisfied if v; < v;_;. In the graph G, condition
(7.10) can be written as Z[v;_1,v;] < 6. We further denote, for v,w € V¢, h € Ny and
0 € (0,00),

)

NP (v,w) == [{p € Sp(v,w): pis f-admissible in G}
N (v) := [{p € Sp(v): pis -admissible in G,

)

and, for h > 0, N%, (v) = ,E];JO NY(v), N%, (v,w) = Z,Eh:JO N{(v,w). The dependence
of Sp(v,w), Sh(v)jN,(f(v, w) etc. on n is sﬁppressed in the notation, but it will always
be clear from the context which graph is considered. We write IBP¢(f) for the idealized
branching process with type space [loge, 0] x {¢,r} generated with attachment rule f if
we want to emphasize f and e. The proof of the following lemma is deferred to Section
8.3.

Lemma 7.12. Let § > 0 such that v(1+ ) < 1, € € (0,¢€), and (6,,: n € N) a positive
sequence with 0, = o(n). For all sufficiently large n, vy € VS, and h € Ny,

n’

n—1 1
1, where sy (vg) := — =.

E[N" (00)] < Eor (o)) [|[TBPS (1 + 8) f) ;

J=vo

We are now in the position to prove Theorem 5.3. For two vertices v,w € Vj,
in different components of Gy, the distance dge (v,w) between them is defined to be

infinite.
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Proof of Theorem 5.3. Let v,w € V&, h € N. With 6,, := (logn)?, (5.6) yields

P(dge (v,w) < h) < P(dG% (v,w) < h’gle%/)i Z[m,n] < 9n) + P(ngle&{/}i Z[m,n| > 9n>

< P(N% (v,w) > 1) +o(1), (7.11)

where the error bound is uniform in v, w and h. Markov’s inequality yields, for every
v,w € V5, with v # w and for every h € N,

h
]P’(Ng’;l(v,w) >1) < E[Ng’;l(v,w)] = Z P(pis f,-admissible in Gf,). (7.12)

Let p = (vg,...,v;) € Sk(v,w). We write w;“ = -1 VU, w; = v;—1 Av; and

& = {LAZw; ,wf —1] =1, Z[vi—1,v;] < 6,} for every i € {1,...,k}.

We have

k
P(p is fp-admissible in Gy) = P(([) {AZ[w], wf

%
=1

~1] = 1L, Z[vi-1,v] < 0a} )
. (7.13)
= P(Ek‘ Q &) P((vo, ..., vg—1) is O-admissible in G,).

To estimate the probability P(&| ﬂfz_ll &i), we first note that the only edge in the self-
avoiding path p on whose presence the event {vy_1, v} € ES can depend is {vg_o, vk_1}.
The possible arrangements of these two edges are sketched in Figure I1-6. When
Vg—2 < vg—1 (cases A, B and C in Figure II-6), then in addition, we have knowl-
edge of edges whose left vertex is vg_o because Z[vk_s,vp_1] < 6,,. However, these are
always independent of {vi_1,v;}. If vi_1 < vg (cases A, D and E in Figure II-6), then
event & requires that Z[vg_1,vg] < 0,. Since edges with left vertex vg_1 depend only
on edges whose left vertex is also vi_1, the only relevant conditioning occurs in cases

D and E in Figure I1-6 by requiring {vg_1,vgp_2} to be present.

Figure II-6. Possible interactions of two edges on a self-avoiding path. The red, dashed
edges have to be considered to decide if the number of right-neighbours is small enough to

declare the path admissible.
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We deduce

P(gk) k(js)

P(AZ[w,, w,‘i‘ —1] =1, Zvg_1, v < 0y) in A)B,C,F,
P(AZ[vg—1,vx — 1] = 1, Z[vg_1, vk) < On|AZ[vg—1,04—2 — 1] =1) in D,E.

Using Lemma 7.10 and (7.9), we can bound the probability in both cases by f(1)/(en).
Combining this estimate with (7.12) and (7.13), we obtain

h
PN (vw)>1) <> fe(;)}P’(p is f,-admissible in G)
k=1 peS;_1(v)

h—1
= fe(i) D E[N(v)].
k

=0

Lemma 7.12 yields for small § > 0 and € := ¢ — 0§ > 0,

P(NZ; (v, w) > 1) < fe(i) Bl | TBPE((1+9)1)] |

k=0

We denote by p the spectral radius of the operator A associated to IBP<((1 + 4)f),
and by ¢ the corresponding eigenfunction. Choose a constant C' such that C >
max, @(¢)/ming @(¢) for all sufficiently small 6. That is possible since the eigenfunc-
tions are continuous in & (this can be seen along the lines of Note 3 to Chapter II on
pages 568-569 of [91]). By Theorem 6.3, and by the assumption that Gf, has a giant
component, p.(A) > 1. Combining this fact with the continuity of the spectral radius
with respect to the operator (see Chapter IL.5 in [91]), we obtain p > 1 for all small 4.

Hence, for all v, w € V§,, v # w,

h—1
PGz ) < LU L op [ X )
k=

= en -
zE€IBPE((1435) f)
|z|=k

sup P(Ni’;b (v,w) > 1) =o(1).
v,WEVE ,vFEWw =

For independent, uniformly chosen vertices V,,, W,, in Cf,, we have V,, # W,, with high
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probability. According to (7.11), this implies P(dge (Vin, Wy) < hy) = o(1). Choosing 5
so small that log p < (14 §)log pc(A), it follows that, with high probability,

logn logn
dog (Vi Wi) > (1= 6%)—=— > (1 - 0)———.
3 )= )logp log pe(A)
Since pe(A) = 1/pc(€) by Corollary 6.4, the proof is complete. O
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CHAPTER 8

APPROXIMATION BY A BRANCHING PROCESS

In this chapter, we compare the connected components in the network to the multitype
branching process (the IBP) defined in Section 6.1. We begin by coupling the local
neighbourhood of a uniformly chosen vertex to the IBP in Sections 8.1 and 8.2. These
local considerations allow us to draw conclusions about the existence or nonexistence
of the giant component from knowledge of the branching process; see Section 8.4. For
the analysis of the typical distances in the network, knowing the local neighbourhood
is insufficient. We show in Section 8.3 that a slightly larger IBP dominates the network
globally in a suitable way.

8.1 Coupling the network to a tree

The proof of the coupling follows the lines of [37] for the undamaged network, but unfor-
tunately we cannot use their results directly as the coupling in [37] makes extensive use
of vertices which are removed in the damaged network. Note however that the removal
of the old vertices significantly reduces the risk of cycles in the local neighbourhood of
a vertex, and therefore, the coupling here will be successful for much longer than the
coupling in [37].

In the first step, we couple the local neighbourhood of a vertex vg in Gf, to a labelled
tree T¢ (vo), thus ruling out cycles in that subgraph. In Section 8.2, we then study the
large n-asymptotics of the offspring distributions to arrive at the IBP.

Every vertex v in the labelled tree T¢ (vg) is equipped with a V¢ -valued ‘tag’ and a
‘mark’ a € V§ U {¢}. The tag indicates which vertex in the network is approximated
by v. We use the same notation for vertex and tag to emphasize the similarity between
the tree and the network. The mark « carries information about the tag of the parent
w of v in the tree. In the spirit of Section 5.6, v has mark « = £ if its parent has a
smaller tag, i.e. w < v, and we say that the parent of v is on its left. In contrast, if

w > v we say that the parent is on its right. It turns out that here it is beneficial to
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Chapter 8. Approximation by a branching process

record the exact tag of w instead of only the relative position and we choose o = w.
Hence, a typical label is of the form (v, ).

To construct the coupling, we run an exploration process on the connected compo-
nent of vg. The offspring distribution of a vertex v in the tree is chosen to be the same
as the distribution of direct neighbours of v in Gf, when only the vertex w is known
as whose direct neighbour v is found in the exploration. That vertex w determines
the mark of v. The need of this information to identify the offspring distribution is
the reason why vertices in T¢ (vg) are equipped with marks, whereas vertices in G (vo)
are not. Note the similarity to the comparison between network and IBP sketched in
Section 5.6.

Formally, for vy € V¢, let TS (vo) be the random tree with root vy of label (vg,¢)
constructed as follows: every vertex v produces independently offspring to the left, i.e.
with tag u € {|en] +1,...,v — 1}, with probability

P(v has a descendant with tag u) = P(AZ[u,v — 1] = 1).

All offspring on the left are of mark v. Moreover, independently, v produces descendants
to its right, i.e. with tag in {v + 1,...,n}. Since the parent of these descendant is on
the left, they are of mark ¢. The distribution of the cumulative sum' of the sequence
of relative positions of the right descendants depends on the mark of v. When v
is of mark a = £, then the cumulative sum is distributed according to the law of
(Zlv,u]: v+ 1 <wu<n). When v is of mark a = w € V§, w > v, then the cumulative
sum follows the same distribution as (Z[v, u] — Ty o0)(u): v +1 < u < n) conditioned
on AZ[v,w — 1] = 1. The percolated version T;, ,(vo) is obtained from Ty, (vo) by
deleting every particle in T, (vg) together with its line of descent with probability 1 —p,
independently for all particles. In particular, with probability 1 — p, the root vy is
deleted and Ty, ,(vo) is empty.

We write Cj, ,(vo) for the connected component in Gj,(p) containing vertex vp.

Proposition 8.1. Suppose (¢,: n € N) is a sequence of positive integers that satisfies
lim,, o0 2 /n = 0. Then there exists a coupling of a uniformly chosen vertex Vi, in V¢,
graph Gy, (p) and tree Ty, ,(Vy,) such that

|Gy (V) Acn = [T, , (Vo) A e with high probability.

To prove Proposition 8.1, we define an exploration process which we then use to
inductively collect information about the tree and the network on the same probability
space. We show that the two discovered graphs agree until a stopping time, which is
with high probability larger than ¢,. After that time, the undiscovered part of the tree
and the network can be generated independently of each other.

We begin by specifying the exploration process that is used to explore the connected

'For a sequence (z;: j = 1,...,n) the cumulative sum is given by (3>7_, z;: j = 1,...,n)
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component of a vertex vp in a labelled graph G, like Cf, ,(vo) or Ty, ,,(vo). We distinguish

three categories of vertices:

e veiled vertices: vertices for which we have not yet found a connection to the

cluster of vy,

o active vertices: vertices for which we already know that they belong to the cluster

of vg but for which we have not yet explored all its immediate neighbours,

e dead vertices: vertices which belong to the cluster of vy and for which all imme-

diate neighbours have been explored.

At the beginning of the exploration only v is active and all other vertices are veiled.
In the first exploration step we explore all immediate neighbours of vg, declare vy as
dead and all its immediate neighbours as active. The other vertices remain veiled.
We now continue from the active vertex v with the smallest tag and explore all its
immediate neighbours apart from vy from where we just came. The exploration is
continued until there are no active vertices left.

We couple the exploration processes of the network and the tree started with vy € V¢,
up to a stopping time 7', such that up to time T both explored subgraphs (without the
marks) coincide. In particular, the explored part of Cj, (vo) is a tree, and every tag
has been used at most once by the active or dead vertices in T;, ,(vo). If at least one of
these properties fails, then we say that the coupling fails. We also stop the exploration,
when either the number of dead and active vertices exceeds ¢, or when there are no

active vertices left. In this case we say that the coupling is successful.

Lemma 8.2. Suppose that p € (0,1] and (c,: n € N) satisfies limy, oo ¢2/n = 0. Then

lim sup P(the coupling of C, ,(vo) and Ty, ,(vo) fails) = 0.

n—oo UOGV%

In the sequel, we will label some key constants by the lemma in which they appear

first. The following result will be used in the proof of Lemma 8.2.

Lemma 8.3 (Adaptation of Lemma 2.12 in [37]). Let (¢p,: n € N) be such that
lim,, o0 ¢n/n = 0. Then there exists a constant Cgs > 0 such that for all sufficiently
large n, for all disjoint sets Iy, Ty C V¢ with |Zo| < ¢ and |Z1| < 1, and for allu,v € V§,,

P(AZ[v,u] =1 | AZv,i) =1 fori €Iy, AZ[v,i) =0 fori € Ip)
< CgsP(AZv,u] =1 } AZv,i) =1 forieIy).

Proof. We have
P(AZ[v,u] =1|AZ[v,i] =1 for i € Ty, AZ[v,i] = 0 for i € Iy)

< P(AZ[v,u] =1|AZv,i] =1 for i € Iy)
= P(AZ[v,i|=0forieTy|AZ[v,d| = LforieLy)
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With n so large that |en| > 7, Lemma 7.10 and (7.9) imply that

P(AZ[v,i] =0 for i € Iy | AZ[v,i] = 1 for i € ;) > PY(AZ[v,i] = 0 for i € T)

>HP1AZUZ >H(1—,i1,y)2(1—f€(:b))cn.

i€Zp i€y

Since ¢, /n tends to zero as n — oo, the right-hand side converges to one. O

Proof of Lemma 8.2. We assume that n is so large that |en] > n. To distinguish the
exploration processes, we use the term descendant for a child in the labelled tree and
the term neighbour in the context of G5, (p). The o-algebra generated by the exploration
until the completion of step k is denoted Fy.

Since the probability of removing vg is the same in C} ,(vo) and T;, ,(vo), this
event can be perfectly coupled. If vg is not removed, then we explore the immediate
neighbours of vy in G (p) and the children of the root vy in the tree. Again these

families are identically distributed and can be perfectly coupled.

Now suppose that we successfully completed exploration step k& and are about to
start the next step from vertex v. At this stage, every vertex in the tree can be uniquely
referred to by its tag, and the subgraphs coincide. Denoting by a and 0 the set of active
and dead vertices, respectively, we have a # () and |aUd| < ¢,,. We continue by exploring
the left descendants and neighbours of v. Since we always explore the leftmost active
vertex, we cannot encounter any dead or active neighbours in this step. However, in
the tree Ty, ,(vo) we may find a dead left descendant (i.e. an offspring whose tag agrees
with the tag of a dead particle); we call this event Ia. On Ia, the vertices in the explored

part of Ty, ,(vo) are no longer uniquely identifiable by their tag and we stop. We have

P(Ia|Fx) =P(3d € o: d is a left descendant of v | Fy)
f(0)

€en

<Y P(AZ[dv-1]=1)<cy
deo

In the first inequality, we used subadditivity, the definition of Ty, ,(vo), and omitted
the event that offspring of v may be removed by percolation. Hence, P(Ia) = O(c,/n).
In the exploration to the left in the tree, we immediately check if a found left descen-
dant has a right descendant which is dead. We denote this event by Ib and stop the
exploration as soon as it occurs. The reason is that in the network this event could
not happen since we always explore the leftmost active vertex. The distribution of left
neighbours agrees with the distribution of the left descendants conditioned on having
no dead right descendants, and we can couple both explorations such that they agree

in this case. The probability of the adverse event Ib, P(Ib | .Fk), is given by

]P’(Hu €0°d€0: uis aleft descendant of v, d is a right descendant of w | .Fk).
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Using the definition of 'I[‘flvp(v), this probability can be bounded from above by

YD P(AZ[u,v— 1] =1)P(AZu,d— 1] = 1| AZ[u,v — 1] =1).

u€eN’ deo

By the definition of the exploration process, there are at most ¢, dead vertices. There-
fore, Lemma 7.10 and (7.9) yield

v—1
PIbF) <en 3 f(0) ra . 1O/ (0_11)1—7 S u,
u=1

oottt (u—1)7(v -1 en — en

which implies in particular that P(Ib) = O(cy,/n).

We turn to the exploration of right descendants, resp. neighbours. When vertex v is
of mark « # £, then we already know that v has no right descendants, resp. neighbours,
in 0 since we checked this when v was discovered. We denote the event that a right
descendant, resp. neighbour, is active by IIr and stop the exploration as soon as this
event occurs because the tags in T;,p(vo) are no longer unique, resp. we found a cycle in
C¢, p(v0). According to Lemma 8.3 and (7.9), the probability P(IIr | F&) can be bounded

from above by

IP’(EIa ca: AZv,a—1]=1]|AZv,a—1]=1,AZ[v,d—1] =0¥d € 0\{a},]:k)
f(1)

€en

< Cgs3 Z]P’l(AZ[%a —1]=1) < Cszen

aca

Thus, P(IIr) = O(ep/n). Conditional on the event that there are no active vertices in
the set of right descendants, resp. neighbours, the offspring distributions in tree and
network agree, and can, therefore, be perfectly coupled. When the vertex v is of mark
a = £, then we have not gained any information about its right descendants, yet. The
event that there is a dead or active vertex in the right descendants is denoted by I1¢a.

We stop when this event occurs, and use (7.9) to estimate

P(Ilfa|F)) = P(3a € aUD: a is a right descendant of v|F})

< Y PAzba-1=1) <l

en
acalo

Thus, P(Ilfa) = O(cn/n). In Cf, ,(vo) we know that v has no dead right neighbours as
this would have stopped the exploration in the moment when v became active. The
event that there are active vertices in the set of right neighbours is denoted by II¢b,

and we stop as soon as it occurs since a cycle is created. Using again (7.9), we find

P(ILb|Fy) =P(Ja € a: AZ[v,a— 1] =1|AZ[v,d — 1] =0 for d € d, F})

<Y P(AZpa—-1]=1) < C"fe(s)'
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As in the case o # £, the explorations can be perfectly coupled when the adverse
events do not occur. We showed that in every step the coupling fails with a probability
bounded by O(c,/n). As there are at most ¢, exploration steps until we end the
coupling successfully, the probability of failure is O(c2/n) = o(1). In other words, the
coupling succeeds with high probability. O

Proof of Proposition 8.1. First, consider the statement for a fixed vertex vg. When
the coupling is successful and ends because at least ¢, vertices were explored, then
|C5.p(v0)| = cn and [T, ,(vo)| > ¢y If the coupling is successful and ends because there
are no active vertices left, then |C, ,(vo)| = [Ty, ,(vo)| since the subgraphs coincide.
As the coupling is successful with high probability by Lemma 8.2, |C}, (vo)| A ¢, =
T, »(vo)| A ¢n with high probability. Because Lemma 8.2 shows the success of the
coupling uniformly in the start vertex, the randomization of the vertex vy to a uniformly

chosen vertex V,, € V¢, is now straightforward. O

8.2 Coupling the tree to the IBP

Coupling the neighbourhood of a vertex to a labelled tree provides a great simplifica-
tion of the problem since many dependencies are eliminated. However, the offspring
distribution in the tree Ty, ,(V;) is still complicated and depends on n. Since we are
mainly interested in the asymptotic size of the giant component, we now couple the
tree to the IBP, which does not depend on n and is much easier to analyse. We denote
by |X¢(p)| the total progeny of the IBP. Recall the definition of S from (6.2).

Proposition 8.4. Let p € (0,1], and let (c,: n € N) be a sequence of positive integers
with lim,, o ¢3 /n = 0. Then there exists a coupling of a uniformly chosen verter V,,
in VS, the graph G5 (p) and the percolated IBP started with a particle of mark ¢ and
location S€ such that, with high probability,

1Chp (Vo) A en = [X(D)| A cn.

Proof of Proposition 8.4. Throughout the proof, we suppose that n is so large that
len| > n. Instead of coupling the IBP directly to the network, we couple a projected
version of the IBP to the tree ']I'fhp(Vn). As long as the number of particles is preserved
under the projection, this is sufficient according to Proposition 8.1. To describe the

projection, we define 7, : [loge, 0] — V¢, by

T (A) =v & sn(v—1) <X < s,(v), (8.1)
where sp(v) = —Z?;j % Since sp(|en]) < log(len]/n) < loge, every location in

[log e, 0] can be uniquely identified with a tag in V¢, by the map 7§. The projected IBP
is again a labelled tree: the genealogical tree of the IBP with its marks is preserved,

the location of a particle z is replaced by the tag 75, (A(z)). If s,(|en] +1) < loge, then
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no particles of the IBP are projected onto |en|+ 1. Moreover, while for v > |en| 43 an
interval of length 1/(v — 1) is projected onto v, for |en| 4+ 2 only an interval of length
at most s, (|en] + 2) — loge is used. This length is positive but may be smaller than
1/(|len| +1). As a consequence, the projected IBP can have unusually few particles at

len| +1 and |[en] + 2, and we treat these two tags separately.

The exploration of the two trees follows the same procedure as the exploration
described in Section 8.1, and we declare the coupling successful and stop as soon as
either there are no active vertices left or the number of active and dead vertices exceeds
cn. Since both objects are trees, as long as the labels for the starting vertices agree, any
failure of the coupling comes from a failure in the coupling of the offspring distributions.
For simplicity, we consider only the case p = 1. The generalisation to p € (0,1] is
straightforward.

We first show that the labels of the starting vertices can be coupled with high
probability. To this end, note that the distribution of S is chosen such that exp(S¢)
is uniformly distributed on [e, 1]. Since loge < s, (|len] +2) < sp(v —1) < s,(v) <0,
for v > |en| + 3, we obtain

]P’(W;(Se) = v) = ]P’(e‘g"(”*l) <ed < eS"(v))
_ 1 (esn(v) - esn(v—l)) _ 1 esn(v—l) (61/(11—1) - 1)

The right-hand side is in the interval [{1- (1 — 2) L (1 4+ 2] Moreover, the prob-

ability that V,, or 75 (S€) is in {|en] + 1, [en] + 2} is of order O(1/n). Hence, V;, and
S€ can be coupled such that

n

P(Vo #75(59) < > [P(7R(S9) = 0) — =ty | + O(2) = O(*52).
v=|en|+3

In the next step, we study the offspring distributions of a particle x in the IBP with label
(A, @) and 75 (\) = v. We start with the offspring to the left. Let u € {|en]+1,...,v}.
By the definition of the IBP, the number of projected offspring of x that have tag u is

Poisson-distributed with parameter

(sn(u)—A)AO
/ Be(l_wt dt.
(sn(u—1)=A)V(loge—2X)

A vertex with tag v in TS (V;,) produces a Bernoulli-distributed number of descendants
with tag u with success probability P(AZ[u,v — 1] = 1) when u < v, and with success
probability zero when u = v. It is proved in Lemma 6.3 of [37] that for u > |en] + 3
the Poisson distributions can be coupled to the Bernoulli distribution such that they
disagree with a probability bounded by a constant multiple of 7L~ for u < v and
1/v for u = v. Foru € {|en]+1, |en|+2}, a similar estimate shows that the probability

can be bounded by a constant multiple of 1/(en). Since the number of descendants
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with tag in {[en]| + 1,...,v} form an independent sequence of random variables, we
can apply the coupling sequentially for each location and obtain a coupling of the 7,-
projected left descendants in the IBP and the left descendants in T¢(V;,). The failure
probability of this coupling can be estimated by

3c o
en + vl Z w1
u=len]+3
3¢ C v—1 c"
I | < 2
+en og< len | ) -

en
where C,C’,C" are suitable positive constants whose value can change from line to

P(left descendants of v disagree)

IN

IN

9
n

line in the sequel. We turn to the offspring on the right. Suppose that particle x in
the IBP has mark a = ¢. The cumulative sum of 7;,-projected right descendants of x
follows the same distribution as (Zs, (,)—x: v < u < n). The cumulative sum of right
descendants of v in T¢(V},) is distributed according to the law of (Z[v,u]: v < u < n).

The following lemma is taken from [37], and we omit its proof.

Lemma 8.5 (Lemma 6.2 in [37]). Fiz a level H € N. We can couple the processes
(ZSTL
VP v<u<n) and (V5 v <u<n),

w-x:v < u < n) and (Z[v,u]: v < u < n) such that for the coupled processes

2
P(yf}) ?é y&z) for some u < UH) < 085f(H)1
U J—

for some constant Cs 5 > 0, and where ogr denotes the first time that one of the processes

reaches or exceeds H.

In the coupling between the tree T¢,(V},) and the projected IBP we consider at most
¢n right descendants. Hence, Lemma 8.5 implies that the distributions can be coupled
such that

, . flen)? Ci
P(right descendants of v disagree) < 08.571 <C=2,
v — en

for some C' > 0. When a = r, then the cumulative sum of 7,-projected right descen-
dants of x follows the same distribution as (ZASn(u)_ x»— 1: v <wu < n). The cumulative
sum of right descendants of a vertex v with mark w € V5, w > v, in T%(V,,) is dis-
tributed according to (Z[v, u] — L[y o0)(w): v < u < n) conditioned on AZ[v,w—1] = 1.
We can couple these two distributions. Again the proof of the following lemma is given

in [37] up to minor changes and therefore omitted.

Lemma 8.6 (Lemma 6.6 in [37]). Fiz a level H € N. We can couple the processes
(ZAsn(u)_A —1l:v < u < n) and (Z[v,u] — Ly o0y(u): v < u < n) conditioned on
AZ[v,w — 1] = 1 such that for the coupled processes ( Wy <u< n) and (yq?): v <

u<mn),
f(H)?
v—1

Py # Vi for some u < o) < Csg

)
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for some constant Cs¢ > 0, and where o denotes the first time that one of the processes

reaches or exceeds H.

As we explore at most ¢, vertices during the exploration, Lemma 8.6 implies that
we can couple the offspring distribution to the right such that there is a constant C' > 0
with

_ . flcn)? <
P(right descendants of v disagree) < Csg 1 < C--.
v — en

Since we explore at most ¢, vertices in total, the probability that the coupling fails can
be bounded by a constant multiple of ¢, /n + ¢3 /n, which converges to zero. Thus, the
two explorations can be successfully coupled with high probability and, as in the proof

of Proposition 8.1, the claim follows. O

8.3 Dominating the network by a branching process

Like in the coupling, we begin with a comparison to a tree: for # € N and vy € V;,, let
’]I‘%’e(vo) be the subtree of T¢ (vg), where every particle can have at most 6 offspring to
the right. That is, for a particle with tag v and mark o = ¢, the cumulative sum of the
offspring to the right is distributed according to the law of (Z[v,u]A0: v+1 < u < n).
When v is of mark a = w € Vj,
distribution as ((Z[v, u]—1Ljy o) (u))AO: v+1 < u < n) conditioned on AZ[v, w—1] = 1.
We refer to the particles at graph distance h from the root in ']I‘Z’O(vg) as the h-th

w > v, then the cumulative sum follows the same

generation. Recall from Section 7.2 that N?(vp) denotes the number of f-admissible

paths of length h in G§, with initial vertex vy.

Lemma 8.7. For all0,h,n € N, vy € V§,,
E[N,f(vg)} <E U{particles in generation h of T;’e(vo)}‘].

Proof. Let p = (vo,...,vn) € Sp(vo). Using the notation and terminology from the
proof of Theorem 5.3, and the definition of the tree ']I‘Z’e(vo), one easily checks that
in cases A, B, C, E and F of Figure II-6 on page 118, P(&y| ﬂ?:_ll &;) agrees with the
probability that in tree Tf{e (vp) a particle with tag v,_1 gives birth to a particle of tag
vp, given that its parent has tag v,_s. In case D of Figure 11-6, the tree Tf{e is allowed
to have one more offspring on its right because the edge {v,_2,v,_1} is not accounted
for. Hence, P(E,| N1 &) is bounded from above by the probability for the event in
the tree. We obtain

E[N? (vp)] = Z P(p is f-admissible in Gf,) < Z P(p present in TS? (vg)).
PESH (vo) pESH (v0)

Particles in generation h of T’ (vp), who have two ancestors with the same tag, are not

represented in the sum on the right-hand side. Adding these, we obtain the result. [
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Proof of Lemma 7.12. By Lemma 8.7, it suffices to show that, for every h, the number
of particles in the h-th generation of ’]I‘,i’e” (vp) is stochastically dominated by the number
of particles in IBP ((1 + 6) f) started in s, (vo), or, as in the proof of Proposition 8.4,
by the number of particles in the h-th generation of the my-projected IBPj ((1 + 8)f)
defined in (8.1). Since both processes are trees starting with the same type of particle,
it suffices to compare the offspring distributions. All particles in Tf{e" (vo) have a tag
v > |en], but the projected IBP can have offspring with tag v € {|en| +1,..., |en]}.
Hence, these offspring are ignored in the following, giving us a lower bound on the
projected IBP. We assume that n is so large, that n > n and s, (|en]| + 1) > loge.

Let  be a particle in the IBP of type (A, ) with 7;(\) = v. We begin with the
offspring to the left, i.e. tag u € {|en| + 1,...,v}. A particle in TS (vp) with tag v
cannot produce particles in u = v, therefore, the IBP clearly dominates. For u < v,

using (7.9), the probability that a particle with tag u is a child of z, is
P(AZ[u,v —1] =1)) < Bu—1)""(v— 1)~

Writing f(k) = (14 0)f(k) = ¥k + 3, for k € Ny, the number of particles with tag u

produced by x in the projected IBP follows a Poisson distribution with parameter

sn(u)=A _ B v—1 1 B u—2\1-v
At gy <« P —0-msizh b o
/Sn(u_l)_fe e ' 1k*u—1<v—1) ’

where we used that A < s,(v) and ¢ —1 > y. For o > 0, n € [0,1], the Poisson
distribution with parameter g is dominating the Bernoulli distribution with parameter 7
if and only if e7¢ < 1 — 1. Since e™¥ < 1 —y + y?/2 for y > 0, it suffices to show that
o(1—0/2) >n. Inour case, n = B(u—1)""(v—1)"07 o= pn(1+8)(1—1/(u—1))'""

and the inequality holds for all large n and v € V§,, u < v, since 7 is a null sequence.

We turn to the right descendants. The pure jump process corresponding to the
attachment rule f is denoted by Z, and we write P! for the distribution of Z when
started in [, that is, PZ(ZO = 1) = 1. First suppose that a = ¢. The cumulative sum
of mr-projected right descendants of x have the distribution of (an(u)_ A0 <u<n),
where Zy = 0. The cumulative sum of right descendants of v in TS (vp) is distributed
according to the law of (Z[v,u] A 6,,: v < u < n). We couple these distributions by
defining (M, V): v < u < n) to be the time-inhomogeneous Markov chain which
starts in PO(ZSn(U)_A € ) ® dp, has the desired marginals, and evolves from state
(I,k) at time j according to a coupling of Zl/j and Z[j,j + 1] which guarantees that
Zy/; > Z[j,j+1] until Y™ reaches state 6, where Y@ is absorbed. To prove that this

coupling exists, it suffices to show that
eI = P2y = 1) <PHELj, j+1] = k) = 1=f(k)/j  for jE€ Vi k<O k<L

Since f is non decreasing, this inequality follows as above once we show that o(1—9/2) >
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n with n = f(k)/j, o= f(k)/7 =n(1 +§). Since k < 0, = o(n) and j > |en|, n is a
null sequence and the claim follows. Hence, y;.” > y;?) for all j, and the domination is
established.

Now suppose that o = r and that the location of z’s parent is projected onto tag
w. The cumulative sum of mg-projected right descendants of = has the distribution of
(Ys,(wy=r: v < u < n), where Y is a version of Z under measure P!. The cumula-
tive sum of right descendants of v in TG (vp) is distributed according to the law of
((Z[v,u] = Ljy,00)(w)) A On: v < u < n) conditioned on AZ[v,w — 1] = 1. We couple
these distributions as in the a = £ case, but, for times j < w — 2, the Markov chain
evolves from state ([, k) according to a coupling of Y} ,; and Z[j, j + 1] conditioned on
AZ[j,w—1] = 1 which guarantees that Y;,; > Z[j, j + 1] until either j = w —2 or Y
reaches 60, and is absorbed. To show that this coupling exists, it suffices to show that
forall j € VS, k< 0,, k<,

PYZy - 1=1) <P* 2,5+ 1] = k| Z[j,w—1] = 1). (8.2)

We compute

PH(AZ[),j] = 1, AZ[j,w —1] = 1)
PF(AZ[j,w —1] = 1)
TRPELAZ[j +1,w — 1] = 1)

PE(Z[j, 7+ 1] = k|AZ[jw—1]=1)=1—

=l T azhe =1
L fGt
j+v

Since f is non-decreasing, (8.2) follows when we show that o(1 — /2) > n with n =
f(k+1)/(j+7) and 0 = f(k+1)/j = n(1+8)(1 +~/j). Since k < 6, = o(n) and
j > |len], n is a null sequence, and (8.2) is proved. In the transition from generation
j=w—1toj = w, Y? cannot change its state while ¥ can increase. From generation
J = w onwards, the coupling explained in case a = £ is used. Thus, the Markov chain

can be constructed such that y;.” > yf) for all j and the domination is proved. O

8.4 Proof of Theorem 6.1

Proposition 8.4 implies the following result.

Corollary 8.8. Let p € (0,1] and (cp: n € N) a sequence with lim, o 2 /n = 0 and

lim,, o0 ¢, = 00. Then, as n — oo,

n

E[T Y MG, o) = cn}] =P(|C,(Va)| > ¢n)
" en v=|en|+1

— P(|X(p)| = o0) = ¢“(p).

131



Chapter 8. Approximation by a branching process

This convergence can be strengthened to convergence in probability.

Lemma 8.9. Let p € (0,1], and let (c,: n € N) be a sequence with lim, s ¢ /n = 0

and lim,,_yoo ¢, = 00. Then

n

Z {|C, ,(v)| > cn} — (“(p) in probability, as n — oo.
v=|en|+1

M;p(cn) = m

To prove Lemma 8.9, we use a variance estimate for Mg ,(cp).
’.

Lemma 8.10. Let p € (0,1], and let (¢,: n € N) be a positive sequence. There exists a
constant C' > 0 such that

CQ

Var(M;(cn)) < % (cn + i).

€n

The proof is almost identical to the proof of Proposition 7.1 in [37]. The necessary
changes are similar to the changes made for the proofs of Proposition 8.1 and 8.4. We

sketch only the main steps.

Proof sketch. Write

1 = . 1
Var((l_e)nval 1{|C;,(0)] = en}) = e (8.3)

> (PUC0)] = n, 1€ p(w)] = en) = P(ICE,,(0)] = ea) P(IC(w)] = €0)).
v,w=|en|+1

To estimate the probability P(|Cf, ,(v)| > cn, |C;, ,(w)| > ¢,), we run two successive
explorations in the graph G (p), the first starting from v, and the second starting from
w. For these explorations, we use the exploration process described below Proposition
8.1 but in every step only neighbours in the set of veiled vertices are explored. The
first exploration is terminated as soon as either the number of dead and active vertices
exceeds ¢, or there are no active vertices left. The second exploration, additionally,

stops when a vertex is found which was already unveiled in the first exploration. Let
©, := {the first exploration started in vertex v stops because ¢, vertices are found}.

Then, for any v € V5, P(|C}, ,(v)] > ¢,) = P(6,), and in the proof of Proposition 7.1
of [37] it was shown that there exists a constant C’ > 0, independent of v and n, such
that

n

Y PG, 0)] = e |Chp(w)] = ) (8.4)
w=|en|+1

< P(O,) (cn + zn: P(Oy,) + C'enP (AZ[en] + 1, len] + 1] = 1)).
w=|en|+1
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Combining (8.3) and (8.4), and using (7.9), there exists a constant C' > 0 with

Var(M¢(cp)) < 1_62n2 Z P(O ( +c’C”f(c”))gg(cn+C%). O

€n €en
v=|en|+1

Proof of Lemma 8.9. Using Chebyshev’s inequality, Corollary 8.8 and Lemma 8.10
yield the claim. O

Lemma 8.9 already implies that the asymptotic relative size of a largest component
in the network is bounded from above by (¢(p). To show that the survival probability

also constitutes a lower bound, we use the following sprinkling argument.

Lemma 8.11. Lete € [0,1), p € (0,1], § € (0, f(0)), and define f(k) := f(k)—¢ for all
k € No. Denote by C;, ,(v) the connected component containing v in the network Gy, (p)

constructed with the attachment rule f. Let k > 0 and (c,: n € N) be a sequence with

. 1 _ _ _ . 2 _
lim [3(1 — €)pdc, —logn] =oco and 7}1_{20%/” 0.

n—0o0

Suppose that

Z {[C (V)] = 2cn} > K with high probability.
v=|en]|+1

L
n— |en|

Then there exists a coupling of the networks (G5(p): n € N) and (G, (p): n € N) such
that G, (p) < G5 (p) for alln € N, and with high probability all connected components in

G;, (p) with at least 2¢,, vertices belong to one connected component in G (p).

Lemma 8.11 in the case ¢ = 0 and p = 1 is Proposition 4.1 in [37]. The proof

remains valid for € € [0,1), p € (0,1], up to obvious changes and is therefore omitted.
Proof of Theorem 6.1. Choose ¢, = (logn)?. By Lemma 8.9, we have in probability

|C$z | Cn

M y(en) | < ().

lim su < limsu max{
n—>oop ( - E)Tl o n—)oop (1 - E)n
Moreover, for 6 € (0, f(0)), Lemma 8.9 implies that My ,(2c,, f — ) converges to
¢(p, f — 0) in probability. Hence, Lemmas 6.11 and 8.11 yield that for all §' > 0,
Cs,pl = (n— [en])(¢“(p) — ¢") with high probability, as required. O
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CHAPTER 9

VARIATIONS AND OTHER MODELS

We study preferential attachment networks with non-linear attachment rules in Sec-
tion 9.1, and inhomogeneous random graphs and the configuration model in Sec-

tions 9.2.2 and 9.2.1, respectively.

9.1 Non-linear attachment rules: proof of Theorem 5.4

Theorem 5.4 is an immediate consequence of Theorem 5.1 and a stochastic domination
result on the level of the networks. We make use of the notation and terminology

introduced in Section 5.4.

Proof of Theorem 5.4. First suppose that f is a L-class attachment rule with f >
f > f, where 1, f are for two affine attachment rules given by f(k) = vk + B, and
f(k) = vk + B;. There exists a natural coupling of the networks generated by these

attachment rules such that

G,>G,>G, foralneN

This ordering is retained after a targeted attack and percolation, and implies the order-
ing p.(€) < pele) < Qc(e) of the critical percolation parameters. Applying Theorem 5.1
to f and f, we obtain positive constants C1, ..., Cy such that, for small € € (0,1),

Cl 02 . 1
L S <2 —1
og(1/9) = P9 = og(i/9) =z
Ce’ 12 < pe(e) < Cyuer~1/2 if v > %,

and the result follows.

Now let f be a C-class attachment rule. Concavity of f implies that the increments

vk := f(k+ 1) — f(k) form a non-increasing sequence converging to . In particular,
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with f(k) = 7k + £(0), we get F(k) = Y + £(0) = 7k + J(0) = f(k), for all
k € No. To obtain a corresponding upper bound, let 3; := f(j) — vjj. Then 3; > 0
and for all k£ € Ny,

f(k) = Bj = f(k) = f(5) + 53
e < G-k g k< o
i < (k=i ik > J

Hence, the attachment rule given by f,(k) := vk + f;, for k € Ny, satisfies f; > f,

and we can use the same coupling as in the first part of the proof to obtain

P (€) < pe(e) < p_ (o),

where ﬁf;”(e) corresponds to the network with attachment rule f? Since v; | v, we
have v; € [%, 1) for large j. Theorem 5.1 yields, for v > %, constants C,C; > 0 such
that

logCj + (v; — 1/2)loge < logpc(e) <logC + (v —1/2)loge.

Dividing by loge, and then taking first € | 0 and then j — oo yields the claim for
v > % In the case v = % it could happen that ~; > % for all j € N. In this situation,
Theorem 5.1 does not give a bound on the right scale. Therefore, we can use only the

upper bound on p.(€) which gives the stated result. O

9.2 Other models

In this section, we study vulnerability of two other classes of robust network models.

9.2.1 Configuration model: proof of Theorem 5.6

The configuration model is a natural way to construct a network with given degree
sequence. It is closely related to the uniformly chosen simple graph with given degree
sequence as is explained in Section 7.5 of [85]. Existence of a giant component in
the configuration model has been studied by Molloy and Reed [106] and Janson and
Luczak [88, 87]. Recall from Section 5.5.1 that we write D for the weak limit of the
degree of a uniformly chosen vertex. Janson and Luczak [88] showed that if (5.7) holds
and P(D = 2) < 1, then

(G!™: n € N) has a giant component < E[D(D —1)] > ED.

Janson [87] found a simple construction that allows to obtain a corresponding result
for the network after random or deterministic removal of vertices (or edges), where
the retention probability of a vertex can depend on its degree. Let w = (7 )ren be a

sequence of retention probabilities with 7 P(D = k) > 0 for some k. Every vertex i is
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removed with probability 1 — 74, and kept with probability m4,, independently of all
other vertices. Janson describes the network after percolation as follows [87, page 90:
for each vertex i, replace it with probability 1 —mg, by d; new vertices of degree 1. Then
construct the configuration model G{™™™ corresponding to the new degree sequence
and larger number of vertices, and remove from this graph uniformly at random vertices
of degree 1 until the correct number of vertices for Gi{°™ after percolation is reached.
The removal of these surplus vertices cannot destroy or split the giant component since
the vertices are of degree 1. Hence, it suffices to study the existence or nonexistence of

a giant component in G~

To construct Gy “*“(p), we remove the |en| vertices with the largest degree from
G4™, and then run vertex percolation with retention probability p on the remaining
graph. In general, this does not fit exactly into the setup of Janson. To emulate the
behaviour, we denote by n; the number of vertices with degree j in the graph, and let
Ky, = inf{k € No: >222, ., n; < len]}. Then all vertices with degree larger than K,
are deterministically removed in G, "(p), i.e. m; = 0 for j > K, + 1. In addition,
we deterministically remove |en] — 3772, 4 n; vertices of degree K, while all other
vertices are subject to vertex percolation with retention probability p. In particular,
m; =pfor j < K, — 1.

Write F(z) := P(D < x) for > 0, and [1 — F]~! for the generalised inverse of
[1 — F], that is

[1 — F]7'(u) = inf{k € Ng: [1 — F](k) < u} for all u € (0,1).

One easily checks that K, € {m,m + 1} for all sufficiently large n, where m :=
[1 — F]7!(¢). Using this observation, it is not difficult to adapt Janson’s proof (c.f.
Theorem 3.5 in [87]) to show that

(G{™¢(p): n € N) has a giant component < p > pc(e),

n

where

ED
E[D(D = 1)Lp<m] —m(m —1)(e = [1 = F](m))

pele) ==

Proof of Theorem 5.6. Let U be a uniformly distributed random variable on (0, 1).
Then [1 — F]~}(U) has the same distribution as D and

E[D(D — 1)1{p<py] — m(m —1)(e — [1 — F](m))
=E[[1-FI7'0)([1 - FI7'(U) = 1) 1ysq]
<E[[1 - F]7YU)*1ysq]- (9.1)

The assumption [1 — F](k) ~ Ck~'/7 as k — oo implies that [1 — F]~'(u) ~ CTu™7 as
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u . 0. Let ug > 0 such that

[1— F]"(u)

1< <3 fi 1y <
5 S Cru— <3 or all u < ug.

Since [1 — F]~!(u)? is not integrable around zero but bounded on [ug, 1), we deduce
that the right-hand side of (9.1) is equal to

1 uo
E[[1 - FI7'(U)lysq] = / [1— F]Yu)? du = / [1— F]"Yu)? du

= /“0 w2 du = log(1/¢) ity =
€ =2 if v >

)

N[—= N[

9.2.2 Inhomogeneous random graphs: proof of Theorem 5.7

The classical Erdés-Rényi random graph can be generalised by giving each vertex a
weight, and choosing the probability for an edge between two vertices as an increasing
function of their weights. Suppose that x: (0,1] x (0,1] — (0,00) is a symmetric,

continuous kernel with

/01 /01 k(z,y)dxdy < oo (9.2)

and recall from (5.8) that in the inhomogeneous random graph Gy’ the edge {i,;}
i J
n’n

is present with probability %n( ) A 1, independently of all other edges. We assume
that vertices are ordered in decreasing order of privilege, i.e. x is non-increasing in both
components. Bollobés et al. showed in Theorem 3.1 and Example 4.11 of [20] that, for

all e € [0,1),

(GY¢(p): n € N) has a giant component < p > pc(€) 1= ||T,.€HZ§L(6 1y (9.3)
where .
Togw) = [ wewgl)dy,  forallae (c1)
€
and all measurable functions g such that the integral is well-defined, and || - [[12(c 1)

denotes the operator norm on the L?-space with respect to the Lebesgue measure
on (€,1). The same result holds for a version of the Norros—Reittu model in which
edges between different vertex pairs are independent, and edge {i,j} is present with
probability 1 —e=#(/m3/mM/™ for all 4,5 € {1,...,n}. Consequently, the estimates given
in Theorem 5.7 hold for this model, too.

Proof of Theorem 5.7. Since k“® and x®*) are positive, symmetric, continuous ker-
nels satisfying (9.2), the first part of the theorem follows immediately from (9.3). By

definition,

1Tl 26,1y = sup {1 Tegll 21 N9l z2(eny < 1}-
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For a rank one kernel x(z,y) = x(z)x(y), the operator norm of T} is attained at

X/”X||L2(E,1) with ||TmHL2(e,1) = HXH%z(C,l)' Hence,

log(1/€) if y=1/2,

1
[ Tecow llz2(e1) = / ™ dr =
1 1—2 . 1
‘ 1—27[1_6 ﬂ if v # 3,

and
(1 =29) === if v < 3,
(CL) — 1 ; 1
pe (€)= Tog(1/€) ity =32,
(27 - 1)62771 1_65771 if V> %

Now suppose that v > 1/2. By Cauchy—Schwarz’s inequality and the symmetry of

K (PA),
T, PA)”LQ(Gl) _/ / (2, y) dydm—Q/ / 207Dy =27 dy das

<2/ 2(v=1) dm/ 2 dy = 761727.
0 € V= (277 1)

For the lower bound, let ¢, = /27 — 1e7~'/2 and g(z) = ccz~7. Then lgllL2(ey < 1,

and
5 5 1 T 9
1Teen 7200y = 1T, (PA)9HL2 (e.1) >/ </ KV (z,y)9(y) dy) dx
€

1
2 - 2/ JJ 1 2y 1—27]2d$
/'Y_

1
2 1 2/ {L‘ 2(1 2v) 26172733172'7] dr
’7_

l\D
\Q
|
}_l
m
L—

The claim follows. O
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