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Chapter 1

Introduction

This thesis concerns the development of some new results in the setting of self-similar Markov
processes. In particular, we give a special attention to stable processes. For this reason, we start

our exposition with a review of some standard definitions and theory.

1.1 Basic definitions and notations

We use the notion of a standard Markov process in the sense of [8] albeit with a slight simplification
to suit the context of the thesis. Let S be a locally compact and separable Banach space with norm
|| - || and o-algebra S. We write SA = S U {A} where A is a cemetery state.

Let (2, F,P) be a probability space with outcomes w € Q, collection of events F and prob-
ability law P. Assume F to be complete in the sense that whenever N € F with P(N) = 0, then
S € F with P(S) =0 for all S C N. A complete right-continuous filtration (F;);>o is a family of P
o-algebras such that, for all 0 < s < ¢,

FoCRCF and Fy =) Fu,

u>t

and, for all N € F with P(N) = 0, we have that N € Fy. We also say that such a set N is a P-null

set. A stochastic process is a F-measurable function X : w — X (w), for w €  such that
X(w) :[0,00) = Sa is a random path with X (w) : t — Xy(w), for ¢t > 0.

We say that X is (F;)i>o-adapted if (X, (w))u<t is Fe-measurable, for all ¢ > 0. Let X be the
set of all paths in Sa defined as X = {X : [0,00) — Sa}. We define D(S) C X to contain paths
X :]0,00) — Sa that satisfy the following;

e paths have a lifetime ¢ := inf{s > 0 : Xy = A} where X; = A for all s > ¢, and

e for 0 < s <¢, Xs_ exists and X, = X.



For 7:Q — [0,00) U {oo} an F-measurable function, let 6,, k,; be operators on paths such that

X, ifs<r

HTXS: T+S, fOI‘SZO and kTXS:
( ) ' ( ) { A otherwise.

We call (6;);>0 the shift operator and (k):>o the killing operator. We say 7 is a stopping time if
{w:7(w) <t} € F, foreach t > 0.

Finally, we write
Fr={A: An{w:7(w) <t} € F forall t > 0}.

Intuitively, F, describes the information available to us up to time 7. For convenience, we write

P,(-) :=P(:|Xo = x), for x € Sa. Define the o-algebra generated by X as
X={AeX:{weQ: X(w) € A} € F}, and,
X={AeX: {weQ: X(w) € A} € F;}.

There is a subtle difference between F and X in the sense that the former has collections of outcomes

as events while the latter has collections of paths as members.

Definition 1. A stochastic process (X,P) is a standard Markov process absorbed at A if it is a
(Ft)t<o-adapted process with the additional properties that

1. for z € Sa, Pp(X(w) € D(Y)) =1,

2. it satisfies the strong Markov property i.e. for stopping time T,

P (0- X (w) € A|F- N {7 < o0}) =Px, (X € A) 1(;co0), for A€ X, (1.1)

Proposition 1. Any standard Markov process X is quasi-left continuous. This means for any
stopping time 7 < ¢ and any sequence of stopping times (7,,)n>1 such that 7, T 7, we have that

P (XT(w) — lim an(w)) ~ 1.

n—oo

Proof. This can be done following the same argument as Lemma 3.2 from [26]. O

We can see that the strong Markov property is highly dependent on the filtration. The
sample space (2 may be taken as just the space of paths X with the o-algebras given by F = X
and (Fi)i>0 = (X)r>0. However, we will stick with a more general class of filtrations. We have
also abused our notation by referring to (X,P) as a standard Markov process without mentioning
the filtration. We will also be writing X € A for the event {w € Q: X(w) € A}. One can find a

reference about continuous time Markov processes in general in [21].
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We also use this opportunity to define the notion of a Feller semi-group. Let

C(Sa) :={f:Sa — R such that f is continuous and lim f(z)=0}.

||z||—=o00

Further, we define a transition operator as a linear map T : f — Tf such that, for each x € Sa,
there exists a probability measure u,; on Sa such that, for f € C(Sa),

Tf(z) = /3 o (dy) £ (3).

A semi-group is an indexed family of transition operators (P:):>0 that satisfies the Chapman-

Komogorov equality:
Pirsf(x) = PyPsf(x) for t,s >0 and f € C(Sa). (1.2)

A Feller semi-group is a semi-group (P:):>0, such that for f € C'(Sa), we have the followings:
1. for t > 0, P, f(z) is continuous with respect to x € Sa, and
2. for z € S, limy_o Pif(z) = f(x).

Example 1.1.1 (Brownian motion). Take S = R. A family of transition operators (P;):>0 specified
by

Prf(z) = / V;We—“zé“ﬂy)dy, (1.3)

is a Feller semi-group. The proof was left as an exercise at the end of Section 2.2 in [15].

Proposition 2. Given a Feller semi-group (P;);>0, there exists a standard Markov process (X, P)
such that

Pif(x) = Eo[f(X)], for f € C(Sa). (1.4)
We say that X is a Cadlag modification of (Pt)i>0.

Proof. Using Kolmogorov’s consistency, see Theorem 14.26 in [2], we can construct a stochastic
process X satisfying (1.4). Then, appealing to Proposition 5 in Section 2.2 and Theorem 1 in

Section 2.3 from [15] to verify the remaining conditions. O

Definition 2. We say (X, P) is a (R%-valued) self-similar Markov process if it is a standard Markov
process absorbed at A = 0 taking values in R such that X satisfies the scaling property i.e.

There exists a > 0 such that, for z € R?, ¢ > 0 and A € X,

Pex (Xt)i=0 € A) =Py ((cX-at)iz0 € A). (1.5)

The use of the term “self-similar” has appeared in |24, 32| before it is studied by Lamperti in

[28] under the name “semi-stable”.



1.2 Self-similar processes as scaling limits

In a lot of literature, a stochastic process with a scaling property can occur as a scaling limit of
another stochastic process, say (Y;)¢>0. Lamperti [28]| proved semi-stable processes form a class of
asymptotes of general stochastic processes. The treatment did not assume the process Y to be a
Markov process. Semi-stable processes were later renamed as self-similar Markov processes due to
their scaling property.

A slowly varying function is a function S : R — R such that

lim S(et)

0 =1, forall ¢>0.

We denote B(R?) as the set of Borel sets in R%. Let (Y, P) be a R%-stochastic process. Assume that
there exists a function f: R — R and (X¢)i>0 such that

L. YLt

WS

— X; as L — oo for finite dimensional distributions. (1.6)

This means for, n € N, Ay, As, A3,..., A, € B(RY) and 0 <ty <tg < --- < 1y,

Lli_)rgoIP’(th € A;, Vi=0,1,2,...,n) =P(Xy, € 4;, Vi =0,1,2,...,n).
Proposition 3 (Lamperti 1962). Let (Y, P) be an RPstochastic process. Suppose there exists
f: Rt — RT and a non-degenerate (X;)¢>o such that condition (1.6) holds. Then, necessarily, f
must take the form,

f(t) = tY2S(t), with S slowly varying.

Moreover, for i = 0,1,2,...,n € N, let 4; € B(R?) and 0 < tq < t; <ty <--- <t,. We have that
P(Xy, € A4, Vi=0,1,2,...,n) =P (X4, € A;, Vi =0,1,2,...,n) . (1.7)

We say that a process X satisfying (1.7) is self-similar in finite dimensional sense with index
a. This is a weaker condition than that specified in (4.29) where the statement is on the whole path.
The definition of index of similarity « in this thesis is different from those definitions appearing in
[28]. Our index of similarity is what is known as Hurst index in other literature.

Lamperti did not specify where the process starts. However, from the construction
P(X; € A) = P(t'/*X, € A), for A e B(RY), and ¢ > 0.

Therefore, it follows that Xg4+ = 0 almost surely.



As a process, we want X to start at an arbitrary € R?\ {0}. Further, we want to consider
the case where X is a Markov process. We need to modify the setting slightly. Let (Y, P) be a
Markov process. Assume that there exists f : R — R and a Feller semi-group (P;):>0 such that, for
A € B(RY),

lim Prp, (f}(/lg) € A> =Pila(z), (1.8)

L—oo
1 ifzeA
14(z) := { .

where

0 otherwise

It then follows from Proposition 1.7 that (P;)¢>0 satisfies

Pif(cx) = Po-oy(Hef)(z), where (Hef)(z) := f(cz) for all z € R%

Further, if we assume that (P;);>0 is a Feller semi-group, there exists a version (X,P) that is a
self-similar Markov process defined in Definition 2.
The first example that can be constructed this way is Brownian motion. The existence of the

scaling limit is just a consequence of Central Limit Theorem with o = 2.

Example 1.2.1 (Brownian motion). Let (x;)i>1 be (i.i.d.) real random variables with E[x;] =
0 and E[x?] = 1. Define the sequence

n
Sn :ZX"’ forn>1,
=1

with Sp = 0 and the interpolation
Yt = SUJ + (t - LtJ)XLtJ+1, for t > 0.

Under P, z € R, we can construct (B;)s>0 using the Central Limiting Theorem,

. Ynt
Bpi=w+ lim 77,

where B; has an explicit semi-group specified in (1.3). Tt can be checked from the density that
(Bt)t>0 has the scaling property. For ¢ > 0 and = € R,

Py(cB.2; € A) = K 5% W=2’qy = Py (B, € A), A € B(R).

\/ﬁ

Further, there exists a standard Markov process whose distribution is consistent with B, ¢ > 0.

The process is known as a Brownian Motion is a simple example of ssMp with index 2.



Example 1.2.2 (Continuous-state branching process with interactions). Consider a population
model with the number of individuals at time ¢ > 0 given by Y;. We set the evolution of Y in

discrete time steps as the following
1. start with Yy =99 € N,

2. at each time step n, the kth-individual living in this generation dies and produces Zj,,, off-

springs, where (Zj, ,)ken are independent with distribution given by

P(Z} 5 = a) = pa(Ys), where Zpa(w) =1 for all z € (0,00).

If we can find a function f such that there exists a non degenerate limit of

Yi

f(L)

Then, the result that comes out must be a positive self-similar Markov process. The setting could

given Yy = f(L)z, as L — oo.

also extend to multi-type population with slight complications in notations. However, it would
not change the intuition that one could expect the result to be a self-similar Markov process. The
question of what conditions on (p4(-))ecz are required for this to exist still remains rather open
ended. Lamperti [29] proved convergence for the cases when the offspring distribution does not

depend on the current population i.e. Galton-Watson process.

1.3 Lamperti’s transformation

In this part, we aim to describe an invertible map between a self-similar Markov process and a
Markov additive process (defined later) given in [1]. This allows us to deduce the properties for
Markov additive processes from self-similar Markov processes. Conversely, one might also learn more
about self-similar Markov processes from Markov additive processes. We give a heuristic deriviation
of the Lamperti-Kiu transform where the choice of time change is explained.

Let X be an R%-ssMp with index o € (0,2) and probability law (P.),cge. Consider the
probability,

IF’;E<<Xt+|Xt|%) EA‘}}>,fort>O,a:€Rd\{0} and A€ X.
1 Xel ) s>0

Denoting the Markov shift of X by X = 6,X , by Markov property and scaling property, this is

equal to

XXt xg
Px, ( ]‘Xltll ) cAl F | = Parg(x1) ((Xs)s>0 € A), where arg(z) := m
>0

9



This means that we can determine the evolution of X after time ¢ > 0 with just a rescaled X starting
at arg(Xy) with the factor of |X;|~* time adjustment. Hence, using this intuition, we introduce the

time change

(t) := inf {0 <s<Ty: / | X “du > t}.
0

We call {X,4) :t > 0} a Kiu process. According to Kiu [23], a Kiu process is multiplicatively
invariant i.e.

P, ((CX@(t))tZO S .A) = Py ((ch(t))tZO € 'A) :

Another way of saying this is that it is self-similar with index 0.

One could make an analogy of this time change with the idea that time runs with different
speeds depending on the position in space. The stopping time ¢(¢) can also be considered as a
“particle clock” which describes how much time the particle feels has passed from its point of view,
when the “system clock” has passed precisely ¢ units of time. The “particle clock” will be accelerated
faster the closer X gets to 0 and slow down as X gets far from the origin. For example, the process
might get absorbed in finite time, with Ty < oo, but the “particle clock” might need infinite time to
get there, i.e. ¢(Tp) = oco.

We can turn a Kiu process into a shift invariant process by taking logarithm of the radial part.
The resulting process will be called a Markov additive process (MAP). Let E be a locally compact
and separable subspace of ST := {z € R?\ {0} : |z| = 1} with d > 1.

Definition 3 (MAP). Let (£,0) be a R x E-valued standard Markov process absorbed at (—oo, A)
with probability law P and Go, and (Gi)¢>o their filtrations. We say this is a Markov additive
process, if forr € R, 0 € E, s,t >0 and f: R x E — R" measurable,

Er,@ [f (€t+s - €t7 ®t+s) 1(t+s<()‘ gt] = EO,@t [f(g& 65>1(s<§)] 1(t<§)7

where we set the stopping time ¢ as the life-time of the process with (&5, 0s) = (—o00,A), Vs > (.

In the literature, we say © is the modulator part and £ is the ordinator part. In the degenerate
case that F = {1}, £ is nothing more than a real valued Lévy process killed after an independent
and exponentially distributed time with rate in [0,00), where the rate 0 means infinite lifetime.
When F is finite, there are many known results. A reference of the case where finite E can be found

in several books, for example [4, 5, 34].

Proposition 4 (Lamperti-Kiu transform). Let X be an R%valued self-similar Markov process.
Under P, with = € R?\ {0}, define (£,0) as

& = log | Xy| and ©p = arg(X ), for t <,

with ( = fOTO | X¢|~*dt. Then, (£, ©) is a Markov additive process with & = log |z| and Oy = arg(z).
Conversely, let (£,0) be a Markov additive process with & = log|z| and Oy = arg(z).

10



Define, for t > 0,

s ¢
¢(t) = lnf {S > O . / ea£u > t} When t < / eafudu.
0 0

Otherwise, 9 (t) = oo. Then, the process X given by,

oY) hen t < [Ses(d
X = {e v When fo ¢ ° , is a self-similar Markov process with Xy = z.

0 otherwise.

Moreover, fixing o > 0, this transformation is bijective. We will write X = LK (&,0, a).

In 1972, Lamperti introduced this transformation in his paper [30] where he proved it for the
case X taking positive real values. The generalisation for this into R and R¢ case comes much later
in 2010s, see [14, 1] . This transformation also explains how rich the class of self-similar Markov
process is. We can just take & =t and © to be any Markov process on S%~!. Hence, there are more

self-similar Markov process on R? than there are Markov processes on S?1.

1.4 Stable processes

In section 1.2, we described the Central Limit Theorem as an example of a scaling limit of (i.i.d.)
sum. This requires the increments to have finite second moment. It would be natural to ask whether
or not the Central Limit Theorem can be modified to the case when the second moment is infinite.

We motivate this section by introducing the scaling limit result for real-valued processes.

Example 1.4.1 (R-stable process). Let (;)i>1 be (i.i.d.) such that there exists « € (0,2), c_,cq >
0, (c— +¢4) > 0 and L slowly varying function satisfying

Pl > )z - POa <o)z _
];EI-POO T = C4+ and IEIEIOO W = C_. (19)

Define
5/15 = SM + (t - LtJ)XLtJ—H’ for ¢ > 0.

Then, for each ¢ > 0, there exists X; such that for A € B(R),

lim P (;jta € A> =Py(X; € A).

n—oo

We say that Xy has a stable distribution. Indeed, from the construction, we have that

Xi1+s — X is independent of X; and distributed as X, for s,t > 0. (1.10)
11



Hence, we can define a standard Markov process X with transition probability given by
Py Xt € A) =Po(z+ Xt € A), z € R, and t > 0.

The process X satisfies the scaling property with index « given in Definition 2.

We want to push this idea of the stable distribution into R%valued processes. However, it
would be difficult to make sense of stable processes without first understanding Lévy processes and
the Lévy-Khintchine formula. We translate the feature that appears in equation (1.10) into the

context of standard Markov processes.

Definition 4 (R?%-Lévy process). Let (Y, P) be a R%valued standard Markov process. We say (Y, P)

is a Lévy process if
(i) it has infinite lifetime, and

(ii) it has stationary and independent increments, that is
P, (Y(t+s)—Y(t)e AlG) =Py (Y(s) € A). (1.11)

for z € RY, 5,¢t > 0 and A € B(R?).

The use of the letter P is intentional as we will soon consider Y as a self-similar Markov
process of some form. Let n € N, and consider
n

rovo-£(5) ()]

=0

Using the definition, the terms in the sum are independent and distributed as Y'(1/n) — Y (0). This
means the distribution of Y (1) — Y (0) has to be infinitely divisible and we have that

E, [ei<z\,Y(1)>} —E, [ei<>\,Y(1/n)>}n’ for \ € RY.

We could also obtain, for m,n € N,

and
m/n

E, [ei<)\,Y(M/n)>:| —E, [ei<)\,Y(1/n)>}m — K, {ei</\,Y(1)>}

For ¢t > 0, we can find sequences of integers (my)ken and (ng)ren such that TS—: 1 t. Then, we

can use the continuity of Y at time ¢, to have that

E, [ei<>\,Y(t)>] — R, [ei<)\,Y(1)>T7 for A€ RY.

12



where < -, - > is the inner scalar product in R?. Hence, the probability law of a Lévy process can

be determined by the characteristic exponent of Y (1) which is given by
exp{—V(\)} = Eg [ei<’\’y(1)>] , for X\ e RY,
It is necessary that it must follow Lévy-Khintchine formula.
Theorem 1 (Lévy-Khintchine). The followings are equivalent
(a) There exists a Lévy process (Y, P) with characteristic function W.

(b) There exists a characteristic triplet (a, Q,II) where a € R%, Q) a positive semi-definite d x d
real matrix and II a measure on R?\ {0} with [4(1 A |z[*)II(dz) < oo such that

1
T\ =i<a > +2)\TQ>\+/

(1 — A N> 1(‘x|<1)) II(dz), for A € RY.
Rd

We say (a, @, 1I) is the Lévy-Khintchine representation of Y. The representation is unique.

The first component a € R? represents a linear trend of the process, the second component
@ represents the Gaussian component and the third component Il represents the jump rate of the
Lévy process. Using Lévy-It6 Decomposition, as presented in Chapter 2 of [26], it can be shown
that

E. | Y ly()-veoen | =B,

0<s<t

for x € R% ¢ >0 and B € B(R?\ {0}) such that the closure B does not contain 0. More precisely,
the number of jumps with increments in a set B is Poisson distributed with mean I1(B)¢.
Lévy processes are very well studied due to their homogeneity in space and time. We refer to

[7, 26] for some general theory.

Definition 5 (R%stable process). We say that Y is a stable process if it is a Lévy process with
characteristic triplets given by (a, 0, II) with

dr
WE) = [ A [ Lgsen iy for B e BR (o)),
§d—1 (0,00) T

where a € (0,2) and A a finite measure on S%!,

(i) if o € (0,1) U (L,2),
a:/ 21 (|3 <1yH(dz),
Rd

otherwise, a € R? is arbitrary.

13



Example 1.4.2. In the one dimensional case, we have S¥~! = {—1,1}. Then, the measure A must
take the form
A(df) = c_6;_13(df) + c46413(d0), for some c_,cq > 0.

Referring back to Example 1.4.1, the constants c_,c; are consistent with those in the equation
(1.9). We say that a real stable process is symmetric when ¢ = ¢, and a = 0. In this case, it also
follows that X has the same distribution as —X.

The scope of this thesis restricts to a class where a stable process also satisfies a scaling
property. This is usually called “strictly stable processes” in the literature but we will henceforth

refer to it as just stable (Lévy) processes. This requires
U(cA) = ¥ (A), for ¢ > 0.
In such cases, we can refer to Theorem 14.10 from [36] Chapter 3 to have that
U\ = /Sd—l | <A 0> <1 — itan (%) sgn(< A, 6 >)> A(dB), for a € (0,1)U(1,2),
and

\I/(/\):i</\,a>+/

gd—1

2
<\ < N0 >|+i—sgn(< A, 0 >)log| < A, 0> |> A(dB), for =1,
m

where

acR? and / oA (df) = 0.
Sd—1

Stable processes satisfy the scaling property. However, they still do not fit our definition of self-
similar Markov processes given in Definition 2. This is because Y could hit 0 and then continue
thereafter. There are many modifications we can make to get different self-similar Markov processes

out of a stable process. One of the way possible is to kill it upon hitting 0.

Example 1.4.3 (Stable processes killed upon hitting 0). Consider the hitting time of 0 for a stable
process
To =inf{s > 0:Y(s) = 0}.

If d > 2 or a € (0,1], this is infinite almost surely. If d = 1 and « € (1,2), Ty < oo almost surely.
The explicit probability density of Ty in this case has been worked out as power series by Kuznetsov

et. al. [25]. In any case, the process X := kg, Y is a self-similar Markov process.

We can also consider a different way of killing the process Y to get a self-similar Markov

process that lives in a cone.
Example 1.4.4 (Stable processes killed upon exiting a cone). We say I' C R? is a Lipchitz cone if

F:{meRd\{O}:éeE} for £ C S% open.
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Then, we define the exit time from the cone and the stable process killed upon exiting a cone as
kr =inf{s >0:Y(s) ¢ T} and X' =k, V.

Then, the killed process X! is a self-similar Markov process with representation LK (£,0,a). In
this thesis, we will study such killed processes as examples of when theory developed for self-similar
Markov processes can be applied.

We can gain a better understanding of the stopping time xr using the Lamperti-Kiu repre-
sentation. For ¢ > 0 and z € T,

¢ ¢
Px(lﬂ“ > t) = Plog\x|,arg(m) </ e“udy > t> = PO,arg(w) ($|a/ e“udy > t) .
0 0

It can be easily verified from the equation above that kpr under P, is the same in distribution as
c“kr under P,. The integral fOC e®Sudy is known as an exponential functional of a Markov additive

process.

1.5 Isotropic stable processes in R?

The natural next step from real stable processes would be to replicate similar theory for R%-stable
processes, d > 2. We keep our focus on isotropic stable processes. A stable process is isotropic
if its increments, namely X; — X for t > s > 0, is distributionally invariant after orthogonal

transformation. This would mean that
a=0 and A is uniform on S%!.
The characteristic exponents of isotropic stable processes are given in Theorem 14.14 from Chapter
3 of [36].
Without loss of generality, one can choose the total mass of A(-) so that
T(N\) =AY X e RL

Equivalently, the Lévy measure is given by

~2°T((d+«)/2) dy
08) = =i Jy s 2 = B\ 10D

where dy denotes the d-dimensional Lebesgue measure.

Let Y be an isotropic R%-stable process with index o € (0,2), d > 2. The process Y does not
hit 0, hence T = oo almost surely, according to Chapter I of [7]. So, the killed process X = kg, Y is
basically Y i.e. no killing. We will refer to it as (X, P) to stress that we will study it as a self-similar

Markov process.
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One attractive feature of an isotropic R%stable process is the simplicity of its Riesz-Bogdan-
Zak transform, introduced in [12]. Write K2 = z/|z|?, for z € R?\ {0}. Introduce a time change

n(t) = inf {s >0: / | X |72 > t} , for ¢t > 0.
0
Then, for x # 0, it follows that (X,P°) given by
Po (X € A) =Pgy (KXy(5)sz0 €A), A€ X, (1.12)

is also a self-similar Markov process with index oe. We say that (X, P°) is the Riesz-Bogdan-Zak trans-
form of (X,P). The idea behind this comes from the fact that if the process (X;);>0 has Lamperti-
Kiu representation LK (§,©, ), then (X, 4))¢>0 has Lamperti-Kiu representation LK (—¢,©, ). For
an isotropic stable process, (X,P°) can be described as a density transform of (X, P). Specifically,
according to Theorem 1 of [12], for 2 € R?\ {0} and ¢ > 0,

. X a—d
]P):E (X € A,t < T()) - E$ |:||£t|ad]'(X€~A7t<TO):| 5 ./4 S Xt.

Theorem I11.3.4 of [19] implies that a martingale change of measure remains valid at a given stopping
time. This means, for z € R\ {0} and 7 a stopping time,

[¢] ’XT’aid
P (X e AT <Th) =E, Wl(XeA,T<TU) , A€ Xr.

We say that the process (X,P°), described above, is the Doob-h transform of (X,P) with respect
to the h-function x +— |x|*~¢. This Doob-h transform increases the likelihood of X to be closer to
the origin and decreases the likelihood of X to be further from the origin. This is clear when we

consider

a—d
_ W e (X, cdyr < Ty), for oy e R {0, (1.13)

]P);? (XT € dyaT < TO) - ’$|a7d T

and the fact that &« — d < 0 when d > 2.

Example 1.5.1 (Entrance/Exit into/from a ball). Let B(r) = {x : |x| < r} a unit ball. Define the

following stopping times, for r > 0,
79 =inf{s >0: X, ¢ B(r)} and 7¥ =inf{s > 0: X, € B(r)}.
Define the transformed process and the stopping time
(X)iz0 = (KX, 1))t=0 and 77 = inf{s > 0: X, € B(1)}.

From the definitions, we also have 7{” = inf{s > 0 : X, ) ¢ B(1)}. Recalling that 7(-) is continuous
16



and non-decreasing, it must follow that n(7}") = 7;”. Hence, on the event {r{° < 0o}, we have that
Xrp = KX gy = KXop-
We appeal to (1.12) and (1.13) to have that, for z € B(1)¢ and y € B(1),

PKQ;(KXTle S dy,ﬁe < OO) = PKx(jZ;l@ € dy, 7—1@ < OO)

= IP’;(XTI@ € dy, 77 < o0)

_ |y’a_dp D ®
= et 2 ( 8 € dy, 7" < 00).
Hence,
@ >4 o c
PI(XTI@ edy,n’ < o0) = ’y‘a_dPKx(KXTIe € dy, 7’ < o0), forx € B(1) and y € B(1)“.

This means that we can infer the distribution of X 8 from the distribution of X = There are many
other computations that could be done in the same spirit. The method can be verified by using an

explicit formula for the entrance/exit distribution into/from a ball, as computed in [9].

For z € B(1) and y € B(1)¢,

11— |zf?|*/2
11— |y|?|*/2|z — y|d

P, (XT? e dy) = Chd dy, (1.14)

where

Then, for x € B(1)¢ and A a Borel subset of B(1),

Px(XTfB €A TP <o) = /

]P)I(Xﬁ@ € dy, 7’ < )
A

|x|a—d

A lylo—d

’x‘a—d 5

a—d 2|a/2
1—-|K

= Cad/ i — | |[Kzl] dz,
T A [K2|0 7L — 222 Kp — 2|4

]P)Kx(KXTle S dy,Tle < 00)

where KA :={z € R?: Kz € A}. Apply a change of variables y = Kz, we have dz = |y|~?¢dy and

N R
A oo~ U Kyl K — Ky

Px(Xq—l@ € A, 7—16B < OO) - ‘y’_zddya
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which simplifies into

1 [af?[/2
Y =g (1.15)

P{E (XTEB € dy,Tl@ < OO) = Ca,d/ ’1 ‘
A —

The density functions look exactly the same with a different range of variables.

Martin kernels for a cone

Isotropic stable processes have strong connections to a-harmonic functions, from which many prop-
erties can be deduced using potential analysis. Let X be an isotropic stable process in R? with
a € (0,2) and d > 2. For a Lipchitz cone T, define the exit time

T, =inf{s > 0: X, ¢ '}, where I'y =T'N B(1).
A function u : R — Rt is regular a-harmonic in T'; if it satisfies
u(z) = Ex[f (X ), 0y < 0], for x €T
The following is the main result from [10].

Proposition 5 (Boundary Harnack Principle). There is a constant C7 = C1(I', @) such that for all

u, v regular a-harmonic functions in I'; with
(i) u(zo) = v(xp), for some xo € I' N B(1/2), and
(ii) u(z) = v(z) when x € N B(1), then we have,

O to(z) < u(x) < Cru(z), for || < 1/2.

Moreover, limps, o u(x)/v(z) exists.

The Boundary Harnack Principle gives us an idea of how fast an a-harmonic function decays
as we take I' 3 x — 0. We note specifically that the constant C7 does not depend on the choice of
u,v. A more recent result from [6] shows the existence of a regular a-harmonic function M of the
form
x

M(x):|x|ﬁM< >, for some 8 >0 forall x €.

||
We say M is a Martin Kernel (with pole at infinity) for T'. The choice of M is unique up to
multiplicative constant. The function M is bounded on any bounded set and vanishes outside I'.
There is no explicit formula for the function M. However, we know there are special cases where
M is explicit, according to [6].
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Example 1.5.2 (Half-space). Define the half-space by
H = {(z1,22,23,...,24) € RY: 24 > 0}.
Then, we have a Martin kernel of H given by
M (z) = \xd|0‘/21(xd>0), for & = (z1,x2,x3,...,24) € RL
Example 1.5.3 (Sliced domain). When « € (1,2), let
K = {(z1,29,23,...,24) € RY : 24 # 0}.
There is a Martin kernel of K is given by
ME(z) = \ard\afll(xd?go), for z = (x1, 29, 23, ..., 24) € RL

The exponent § = B(«a,T") € (0,a) depends on just the index of similarity and the cone. It
is decreasing in I' in the sense that if v C I' then 5(vy,a) > B(I', o), shown in |6]. We can see from
the examples straight away that 5(H,«) > S(K,«) and H C K.

The analysis extends futher to [11] where Bogdan, Palmowski and Wang proved that, for

yel,
. P, (X € dy,t < kr) .
1 = d ts.
I 6 neldy) exist

It also follows from the scaling property that

Px(t < HF)

lim ————= exists and is not dependent on t > 0.
I32—0 t=B/a M (x)

This means, as I' 3 2 — 0, the probability of X! surviving for at least a time ¢ behaves like
t=B/*M () which tends to 0 as I' 3 |z| — 0. Hence, a process that starts near the origin will exit
the cone very early. In chapter 4, we will develop the idea of a self-similar Markov process starting
at 0. This requires us to construct another process that could escape 0. The function M will play

a major role in the computation we will do in the future.

1.6 Lévy system of a Markov additive process

This section will serve as a review of results proved in [18, 16] where the general theory of Markov ad-
ditive process was developed. Let (£, ©) be a Markov additive process with probabilities (P g)gc i rer
and filtration (G¢)i>0 and G. It follows from the definition that © is a Markov process in its own
right. This means

Poo (0:0 € A|G:N{t < (}) =Poe,(0 € A)l;p),
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for £ >0, 8 € E and A a measurable collection of paths.

Let £ :=0({Oy : u > 0}) and K; := 0({O, : 0 < u < t}), for t > 0. In this section, the
starting point of the process may not be relevant as we will be considering the probability law given
KC. Hence, we shall omit the index on P when it is not necessary.

Referring to [16], we say that £ given K has independent increments meaning we have

E th(ftz _&7:—1) K :HE[hl(ftz _éti—l)}lc] )
=1 i=0
forneN,0<1t <ty <tz <---<t,and hy, ho, hs,...,h, positive measurable functions.

Ezhov and Skorohod [18] used the notation for a Markov Additive Process as (©,§) where
the first component is the Markov part and the second component is additive. Hence, the name

“Markov Additive”. The ordinator part can be characterised using the multiplicative functional

MME) = B [ee

K.

The characterisation of M (€) is done with the help of the additive functionals. Let A be a (Ky)i>o-
adapted process, we write A; := A; (0). We say that (A;);>o with Ag = 0 is an additive functional
of © if

(a) the path of A is almost surely right continuous with left limits with A; = A, for all ¢ > (, and
(b) almost surely A;4(0) = A (O) + A4(0,0).
One may consider an additive functional as a predictable process given ©.

Example 1.6.1 (Integrated functional). Suppose f : E — R* is measurable. Consider the inte-

grated functional

A = f(©s)ds. (1.16)
Then, (A¢)i>0 is an additive functional of ©.

Example 1.6.2 (Conditional drift). Let (£,0) be a Markov additive process. The expectation
E [{0¢ — &0|K] is also an additive functional.

It is tempting to conclude that every additive functional is an integrated functional. However,
this is not true in general.

The jump structure of a Markov additive process can be analysed using the Lévy system, see
[17]. This is applicable for every MAP with quasi-left continuity. Indeed, we have already assumed
a standard Markov process to be quasi-left continuous and a MAP to be a standard Markov process
in our definition. The definition in Cinlar did not assume a MAP to be quasi-left continuous. We

begin by reviewing the results from [17] and then using the result to simplify those given in [16].
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For a non-decreasing additive functional (Hs)s>0 we may write its derivative as dH,. For
arbitrary sets A and B, a transition kernel from A to B is a family of measures (jiq)qeca on the
Borel sets of B.

Proposition 6 (Cinlar (1975)). There exists a kernel II from E to R x E and additive functional
H of © such that

Eog | Y L(e 0. )2 00)f (6 = &y 05, 05)

0<s<t

¢
=Egy [/0 dHS/R/EH(@S,dr,dgzb)f(r,G)s,gzb) ) (1.17)

fort>0and f:R x E x E — R" measurable. Moreover, we have the following

1. for 0 € E,
11(6, {0}, {6}) = 0,
2. forf e F,
1
/ (P 2II(6, dr, {6}) < o,
—1
and

3. let K be as defined as
K(0,A) =110, A\ {6},R) 0 € E.

Then, we have that
t
Eo g Z Lo, 20,)f(0s—,05)| =Eqgg {/ st/ K(05,d9)f(Os,9)] ,
0<s<t 0 E
fort>0,0 € F and f: R x E x E — R measurable.

We say that (H,1II) is the Lévy system of (&,0).

Intuitively, I1(0, A, B) represents the rate of jumps with (§ —&—,0;) € A x B while ©;_ = 6.

We can write IT as the sum of two Kernels
I1(0,d¢, dr) = 1g_pTI*(0,dr) + 1(g4) K (0, dg) Fp 4 (dr),

for 0,¢ € E, r € R and a family of measures (Fy 4)9 ocr. This categorises the jumps of £ into two
categories, those simultaneous with jumps of © and those that are not. We can now go back to the

results from [16] to make sense of MAP decomposition.
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Proposition 7 (Cinlar (1972)). Let (£,0) be a MAP with a Lévy system (H,II). The ordinator

part £ can be decomposed into
G=A+& +E+¢ for0<t <,
where a({§£ 15> 0}), o({&¢: 5 > 0}) and o({¢¢ : s > 0}) are conditionally independent given K.

Fach component satisfies the following statements

(a) The process (A¢)i>o is an additive functional of ©.

(b) Let T:={s>0: 0, # O5_}. We have

Et = Z A(U)v < Cv

u€TN[0,t]

where (AM),cr are independent given K with A(") sampled from the measure Fo, o,

(c) For s,t >0, &, — & is independent of {£ : 0 < u < t}, and it has normal distribution with

variance Q¢ys — Q¢ where Q; is an increasing continuous additive functional of ©.

(d) For ¢t >0 and A € B(R), define random measures

Ni(A) =D Liea et cagoy and Bi(A) = / (6, A)dH. (1.18)
s<t ‘ 0

For A € B(R), By(A) is an additive functional of © with [(1 A |r|?)B¢(dr) < co. Moreover,

¢4 = lim (/ 7 N¢(dr) —/ rBt(dr)> , fort <, (1.19)
nd0 \ JR\(—€nen) (—1,)\(—€n.€n)

for some random ¢, | 0 which depends on ¢ and is K;-measurable.

Further, we have that M} (¢) follows an analogue of the Lévy-Khintchine formula, that is

‘ A2 ; .
MM =| ]I Fore. exp{zAAt—QQt+ /]R (™ =1 = ALy Bt(dr)},

u€TN[0,t]

for t < (.

Remark. Intuitively, we can say that N;(A) specified in (1.18), given K, has Poisson distribution
with parameter B;(A), for A € B(R) and t > 0. The convergence in (1.19) can be proved in a

similar fashion to Theorem 2.10 from [26].

This characterisation of a MAP gives us a better understanding. However, this characterisa-
tion relies heavily on how much we know about the modulator part ©. When E is finite, MAP is

rather well studied, see [4, 5, 20, 34| for references.
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However, if we take E to be infinite, especially uncountable, the development of theory be-
comes much harder in general. We will look to further develop the theory of MAP alongside the

theory of ssMp through some concrete examples, isotropic stable processes.
Example 1.6.3 (Isotropic stable MAP, Theorem 3.13 from [27]). Let X be an isotropic stable
process written as LT'(§, 0, «). Then, (£,0) has a Lévy system (H,II) given by

dr

H, =t A¢ and II(0, dr, d¢) = Wdrdgﬁ, (1.20)

fort>0,r €Rand 6,¢ € S°.

1.7 Fluctuation identities for self-similar Markov processes

We are interested in the manner by which new radial maxima of a ssMp are attained. Our un-
derstanding in this respect benefits from classical excursion theory presented e.g. in a paper by
Maisonneuve (1975) [31]. Let X be a R%-ssMp with representation

X = LK(£,0,a).

It follows from the Lamperti-Kiu transformation that X has the same range as e¢©. Hence, a new
radial maximum for X will also correspond to a new maximum for £. For example, under P, with

x € B(1), we can write

X o =& T0 0

7 (0,000 where T o) 1= inf{s > 0:& > 0}.

Hence, it is possible to study the behaviour at radial maximum of X from the behaviour of £ at its
maximum. Let & = sup,<; &, for t > 0. According to Section 3 of [22], it is true that (£ — &, ©) is
a standard Markov process.

We will work with a further assumption that & is regular for (0, c0) i.e.
Pog (inf {u > 0:&, € (0,00)} =0) =1, forall § € ST, (1.21)
For t > 0, define the left and the right supremum points of ¢ as
g, =sup{s<t:& =&} and &y =inf{s>t:& =¢,}. (1.22)

The quantity g, is well-defined as the time when the supremum of £ up to time ¢ is attained in a
sense that either &, = &g, OF & = g,— almost surely. In general, the quantities &, and &, could
be different. For ¢t > 0, let Ry = d; — t and the set of random times

G={t>0:R_=0,R>0}={g,:5s>0 and ds > g,}.
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Moreover, we will now show - using the strong Markov property and (1.21) - that for each g € G,
we have that {g < ;_ almost surely. For § > 0, define a stopping time TO) = inf{g > 0: Ry =
0,6 — &— > d}. Then, by the strong Markov property, we have

Pog(Ig€ G & — & >0) =Poy (RT<5)_ =0, Ry > 0,79 < oo)
=Egyg [I(T(5)<00)P0,@T(5) (Ro > 0)} =0 for § €S (1.23)
This is true for all § > 0, so by the dominated convergence theorem, we have that

Pog (g€ G,.& > & >0) = %i_l)l’[l)]l:bgﬁ (Jg € G,& — &- > 6) =0.

In any case, it follows that, for all g € G, Zg = & almost surely.

For t > 0 with g, < d; < oo, we define an excursion process

(€g, (5), 9;(3» = (€g,t+s — Eg, Ogy+s)s 8 < (g, :=dt — g (1.24)

This codes the excursion of (€ — &,©) from the set (0,S?1). The excursion lives in the space
U(R x S%=1), the space of Cadlag paths with life time ¢ = inf{s > 0: ¢(s) > 0}. This is different to
D(R x S%1) as the cemetery state is not fixed.

Proposition 8 (Maisonneuve (1975) [31]). There exists an additive functional (¢;);>¢ whose values
only increase on the set G, with supgcga-1 Eq g UOOO e_tdft] < oo and a family of excursion measures,
(Np)gesa—1 such that:

1. The kernels (Ng)pega—1 are measures on D(S~! x R) with support on the set

{¢ >0}, and Ny(1 —e %) < oo, forall e St

2. We have the exit formula

E oY F((& 0s): s < g)H((eg: 0f))
geG

=E.g Uoo F((&,04) : s < t)Neg,_(H(e,0)dl, |, (1.25)
0

forr € R, 0 € S=1 F positive continuous on D(RxS?1) and H is measurable on U(RxS%1).
3. For all t > 0 and 0 € S?!, the process (e, ©°) is Markovian in the sense that
N (H((e1+s, 04 5)s20),t < ¢) = Ng (Ee(py,0e1) [H(E,0)],t < () ,

where H is measurable on U(R x S?71).
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We say (¢, (Np)gesa—1) is an exit system for (€ — &, 0) from (0,S%71).

Remark. We note that £ and (Np)gcge—1 are not necessarily unique. Indeed, by writing

ng = f(©¢)4; and Ng(-) = Ny(+), for 6 € S and f bounded and measurable.

1
f(0)
It is obvious that (Z, (Ng)eegd—l) is another exit system.

Remark. It is possible to have Ng((eo, ©F) # (0,6)) > 0, possibly infinite, for some 6§ € S¥~1. This
corresponds to the case where it is possible that ({5, 0g_) # (g, Og), for some g € G.

Ascending ladder MAP
We denote /! as the right inverse of £ given by
(h=inf{s > 0: 4y > t}.

An advantage of defining /~! as the right inverse is that (& 551)1&20 has the same range of motion as

(gt)tz() in a sense that
Define a process (H+,07) as

H = ¢ and O = O, for t < Lo

Then, (HT,0%) is a Markov additive process with lifetime (T = /o, see Section 3 of [22]. In
particular, we call (H',©7) the ascending ladder MAP which is a MAP with respect to filtration

(.7-"4;1),520. Define the potential measure,

o
U, (dr,d¢) = Eog [/ 1(§t6dr,et6d¢)d€t:| , for 8,6 €S% ! and r > 0. (1.26)
0
This measure can be written in a more intuitive form. We note that ¢ is continuous and (¢, 0) is

right-continuous, so we can replace t— in (1.26) by just t. Moreover, we can perform a change of

variable with s = ¢; so we have that

U;’(dr, df) = Eoy

C+
/0 1(Hjedr,@jed9)d5] .

Intuitively, U(;"(A, B) describes the expected occupation time of (H*,07) in the set A x B, where
A€ B(RT) and B € B(S41).
The measures (U, )pega-—1 can simplify the exit formula when the only quantity we are inter-

ested in is the position of (_,0g_).
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Example 1.7.1 (Fluctuation identities for isotropic stable processes). Let X be an isotropic stable
process with X = LK (£,0,«). By rotational invariance, we have that £ is a Lévy process. By
Proposition 2.3 of [33], £ is regular for both (—o00,0) and (0, 00) in the sense that,

0=inf{s>0:& € (—00,0)} =inf{s >0:& € (0,00)} Pgg-almost surely, for all § € S
(1.27)
We will show that, under Piog 4| arg(z) With |z| < 1, the first passage time T(g ) is a right supremum

point £&. Hence, XTle can be written in terms of the excursion process defined in (1.24).
Proposition 9. For z € B(1), Plog |2 arg(x) (gT(Om) €qG)=1.

Proof. By the definition of G, it suffices to show that T 0.00) < T(0,00)- On the event that BT 000y =
T{0,00), this implies that &, -~ = £T<o,oo)—' By Theorem 3 from [13], ET0.00) 7 ET(p 00y~ BIMOSE
surely. Hence, we are only left with the possibility that fT(o,oo)— = fT(O,oo)_ < ET(O,oo)' We use the
fact that (§,&) is a standard Markov process, see [22], and (2.29) from [17]| to compute that

Plog fo].arg(2) (87 ) = T(0,00)) = Plog ] arg(a) (fT(o,oor = &1 - < 5T<o,oo>)
T(0,00)
= Elog|x\,arg(a:) /0 ]1(55_:Esi<0)n((_£sfv OO))dS )

where II is the Lévy measure of £. This is 0 as a result of Theorem 6.7 from [26] that

T(0,00)
P10g|$|,arg(x) /0 ]1(£S=Es)ds =0)]=1.

Hence, Plog|x\,arg(x) (gT(OpO) = T(O,oo)) = 0. So, Plog|x\,arg(a:) (gT(O’OO) < T(O,oo)) =L O

Proposition 10. For z € B(1) and f: B(1)° — [0,00) be a measurable function. It follows that

—log |z
E. |f(X,0)] = / / U (dr, dg)Ny ( f(Jale OO () (01> tog el 1))
0 Sd—1
Proof. For x € B(1), using Lamperti-Kiu representation, we can write

Ex [£(,)] = Boglaes) | ("0 07|

= Eiog |a) ara() Z 1(58,<o,eg(gg)>—§g,)f(eég’%g(gg)@;((g))
gelG

- EO,arg(z) Z 1(§gf<—log|x\)1(eg(Cg)>—log|:c|—§g,)f(|w’e£gi+eg(<g)@§(Cg))
gelG
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Then, we can appeal to (1.25), (1.26) and Fubini’s theorem so this is equal to

EO,arg(x) |:/0 1(§t_<flog|x\)N@t7 <f(‘$|e£t_+6(066(C))l(e(C)>flog\x|f§t_)) dgt:|
> e €

= Eo arg(a) { /0 (1§ <—10g fol,s<ct)Neit (f (lzle+e (C))1<e<o>—log|x\—HJ>> ds]

> T e €
= /0 (Boare Lo <—tog et Nor (£l OO (N1 0 _toglanr )| ) ds

oo p—log|z|
= / / / PO,arg(x) (I‘ISJr € dr, 0t ¢ do, s < <+)

0 0 Sd-1
X [N¢ <f(‘x|er+€(<)66<<))1(e(g’)>flog|x\fr)):| ds

— log |z|
- / / U0+(d7qv d¢)N¢ (f(’x‘er+€(g)96(4)>1(€(g)>—log|x|—7")> .
0 Sd-1

On the one hand, this means the distribution of X o can be computed from (U, )gega—1 and
(Ng)gegi—1. On the other hand, this also suggests that we may be able to obtain some information
about (U, )gegi-—1 and (Ng)gege—1 from a given distribution of Xoo, which has been computed by
Blumenthal-Getoor—-Ray [9] in this case.

1.8 Markov additive renewal theory

The aim of this section is to discuss some asymptotic properties of the potential measures (UQJr )oesd—1-
This can be described using Markov additive renewal theorem. Suppose that (H™,©7) has infinite

lifetime and 7 is the stationary distribution of ©F with
i [ @Bl € (0.00).
The main idea of this section is to establish that
U, (dr,d¢) behaves like ;err @t (d¢) as r — oo.

This can be done with the help of the main results in [3]. The results there are for a discrete time
analogue of Markov additive processes. Let (Sp, Zy)n>0 be a discrete time Markov chain with values
in R x S~ under measure P. Write Py(-) := P(:|Sp = 0,Z¢ = ) and Py(-) = [gs_1 p(d8)Py(-), for

measure pu. We say (5, E) is a Markov additive renewal process if

P (Snt1— Sn € A,Ens1 € B[ (Si,Ei)i<n) = Py (S1 € A,E1 € B)|y_z
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for all A € B(R), B € B(S%!) and n > 0. Assume 7 is the stationary distribution of =, we say
the Markov additive renewal process is non-arithemetic if the support of S7 under Py is non-lattice.

Define the Markov renewal function as

Us(A,B) = Eg | Y L(s,eaz,cn) | »
n>0

for § € S, A € B(R) and B € B(S™1).
In the framework of Alsmeyer [3], the Markov chain (Z,,),>0 is assumed to be strongly aperiodic

Harris recurrent, in the sense that there exists a probability measure, p(-) on B(S~!) such that, for
some A\ > 0,

Py(Z; € E) > M\p(E), for all E € B(S?™!) and p-almost surely 6 € S 1.
It also follows from [4] that = has a stationary distribution 7 satisfying
(dg) = lim Py(Z; € d¢) for ¢ € S9! and p-almost surely # € ST,

Proposition 11 (Markov additive renewal theorem). Let (Sp, Zy,)n>0 be a non-arithemetic Markov
additive renewal process where =, is aperiodic Harris recurrent with stationary distribution 7. If
pt = E;[S1] € (0,00) U {oo} and ¢ : R x S¥~1 — R measurable satisfying

1. g(-,0) is continuous almost everywhere for m-almost surely § € S%1,

2. there exists p > 0 such that

/S > sup g(r,0)|w(d6) < oo,

a1 £ pp<r<(n+l)p

then
, _
Jim By |0t = 5050 | = 5 [ #(@0) [ glr.oar

n>0 H

for m-almost all # € S41.

Example 1.8.1 (Ascending ladder MAP). Let (H",0%) be a continuous time ascending ladder
MAP. We could make a discrete time MAP by sampling at every exponential time with mean 1.
More precisely, let (e;);>0 be (i.i.d.) exponential random variable with mean 1 and T,, = >4, e;.
Setting Sy = 0, Zg = O and B

Sn:H;En and =, =0, forn > 1.
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Then, (S,Z) is a discrete time MAP with potential that corresponds to the potential of (HT,©T)

U (AB) =Y Eg|Y Ls,caz.en |

n>0 n>0
for # € S¥1, A € B(R) and B € B(S%1).

The ascending ladder MAP (H™,07) could be complicated. It is already a difficult task to
show that ©% has a stationary distribution even if © has a stationary distribution.

The Markov renewal theorem turns out to be a very important ingredient to compute many
asymptotic results. However, this comes at the cost of conditions being difficult to check. In Chapter
4, we use a different way of sampling (£, ©) which allows us to bypass many difficult conditions for

applying Markov renewal theorem.

1.9 Research Chapters outline

This thesis aims to develop further theory of self-similar Markov processes and Markov additive
processes from the themes listed in the introduction. The research chapters of this thesis each
contain a research article. The articles included in the thesis are results of collaboration with my

supervisors Andreas E. Kyprianou and Victor M. Rivero.

1. Conditioned real self-similar Markov processes (Chapter 2). The journey starts
with an exploration of real-valued self-similar Markov processes. The aim is to get better
understanding of absorption behaviour. This proves to be very useful in later chapters. More
precisely, let X be a R-ssMp with Lamperti-Kiu representation LK (£, 0, a). In this case, we
have that the modulator © only takes values in {—1,1}. We can characterise (£, ©) using the

matrix exponent F(-) which satisfies
Eo [ez&a O = 4 = ("),

for 6,¢ € {—1,1} and z where the left-hand side is defined. Suppose that F(z) has the leading
eigenvalue x(z) with the corresponding eigenvector v(z) = (v1(2),v-1(z)). Then, with respect

to its filtration, there exists a martingale of the form

Mez(&_go)_X(z)t, t > 0 and z when this is defined.
Vo, (Z)

We say that § € R is a Cramér number if x(8) = 0. It is well-known that

t—o00

. —oo  when >0
lim & = .
400 when 8 <0
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So, for B # 0, X will have two different absorption behaviours

(A) if 8 > 0, X has finite lifetime with X7,— =0,

(B) if < 0, X has infinite lifetime with lim;_,~ | X| = oc.

Under suitable assumptions, we condition X in category (A) to be in category (B) and vice
versa. The conditioning was done with two different limiting approaches. Our first approach
is to condition X to exit an asymptotically large ball around the origin, when 8 > 0, and to
enter an asymptotically small ball around the origin, when 5 < 0. In each of the cases, one

requires an estimate of
P, (79 < 00) as r — 0o and P.(7¥ < o0) as 7 — 0.

The article also presents another conditioning for the case (A). Intuitively, this is done by con-
ditioning on the event {7 > t} and then take ¢ — co. Using the Lamperti-Kiu representation,

we can write

o0
Ty = ]az\a/ et dt,
0

We call the integral on the right exponential functionals. We adapted some of the existing
techniques for exponential functionals of Lévy processes to compute the tail distribution of an
exponential functional of Markov additive process.

Preprint arXiv:1510.01781, to appear in Stochastic Processes and their Applications.

. Deep factorisation of the stable process III (Chapter 3). This chapter aims to develop
the excursion theory of (£ — &, 0) from the set {0} x S¥~1. We consider an isotropic R?-stable
process (X,P). In high dimensions, lim;_, |X;| = oo and so there exists a point of closest
reach to the origin which is almost surely non-zero. Let X have Lamperti-Kiu representation
LT(£,0,a) and (¢, (Np)pesa-1) be an exit system of (£ — &, ©) from (0,S%71). Then, we can
define H™ in similar way to H™ with H~ tracking all the minimum points of &.

Let G(oco) = sup{s > 0 : |X4| = inf,>0|Xu|} and the point of closest reach to the origin
denoted as Xg(oo)- In this case, it is known that Xg(o) = Xg(oo)— and |Xg(oo)| = infuzo [ Xyl
almost surely. Using exit formula from [31], it follows that the distribution of Xg() can be

computed using the potential
Po(Xo(00) € dy) = Uy (dY)Nyrg(y) (¢ = 00), for 6 € S* and y € B(1),

where

Uy (dy) == Egp [/ 1(eflt ©; € dy)dt]| .
0

Without loss of generality, we can choose ¢ so that Ny(¢ = oo) = 1 for all § € S¢~!. This

means that the potential measure U~ can be directly implied from the distribution of the
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point of closest reach to the origin. The distribution of | Xg ()| has been previously computed
in [13] where
d
Py (| Xo(oo)| € dr) = —5]}%(7}@ < ), for z e RY r > 0.

We need a different method to workout the distribution of Xg(oo) = [Xg(oo)| X arg(Xg(oo))-

Heuristically, we compute the distribution of the point of closest reach using the estimation
1
SEQ f(arg(XTT@)), |XT7@| €r—o, 5],7‘35 =oo|, for  €S% ! r <1, and f measurable,

as § — 0. We argue that, on the event {7'5975 = oo}, Xﬂg; would be a good approximation to
the point of closest reach. The main ingredient in verifying this was the classic formula given
by Blumenthal-Getoor-Ray [9]. We have also give some explicit formula for N in this case.
The main idea is to show that U, (dy) behaves like a point mass on small annuli. We can
then have that

for # € S41, y € B(1).

We can also derive some further explicit expression for isotropic R%stable processes in similar
way. Finally, we take anvantage of the fact that the process (KX, )i>0 has Lamperti-Kiu
representation LK (—¢&,©, «) and is the Doob-h transform of X with respect to the h-function
x + |2|*?. In a similar fashion to Example 1.5.1, we can work out the counterpart identities
for excursion of (€ — &, 0) from {0} x S4~1.

Preprint arXiv:1706.09924

. Stable processes in a cone (Chapter 4). This chapter aims at developing ideas used in
Chapter 2 to apply to a higher dimensional setting. Let X be an isotropic R%-stable process
killed upon exiting a Lipchitz cone, namely k,.Y. However, in this case, we do not have the
martingale assumptions. We start this work based on proven results from [6, 11|. Bogdan et.

al. proved that, for t > 0 and y € T', there exists a density n(y) such that

P, (X
lim (X¢ € dy)

Ty W)y

We use this result as the base assumption to condition X to stay in the cone, where we denote
the resulting process as (X,P?). We show that there exists a Skorohod limit
lim Po() =: P5(+).
im (P2() =:Po()
On the other hand, X can be conditioned to get absorbed at 0 continuously whilst remaining in

the cone which denote by (X, P*). The two measures P and P* can be considered counterparts

in many different ways. First of all, if the process (X,P?) has Lamperti-Kiu representation
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LK (&,0,a), then the process (X,P”) has Lamperti-Kiu representation LK (—¢,0,«). We
also establish that (X,[P”) is the time reversal of (X, P?) starting from 0. Finally, in the sense
of [35], we construct recurrence extentions of (X, P) after xr and also of (X, P") after Ty given
that the cone is “wide enough”.
Preprint arXiv:1804.08393

This thesis is presented in the alternative format which includes publications. This means the
research chapters are developed independent of the introduction and supposed to be self-contained.
Hence, it will be inevitable to have some inconsistency in notations and redundant contents to the

introduction chapter.
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Chapter 2

Conditioned real self-similar Markov

processes

Andreas E. Kyprianou', Victor M. Rivero?, Weerapat Satitkanitkul®

Abstract

In recent work, Chaumont et al. [10] showed that it is possible to condition a stable process with
index a € (1,2) to avoid the origin. Specifically, they describe a new Markov process which is the
Doob h-transform of a stable process and which arises from a limiting procedure in which the stable
process is conditioned to have avoided the origin at later and later times. A stable process is a
particular example of a real self-similar Markov process (rssMp) and we develop the idea of such
conditionings further to the class of rssMp. Under appropriate conditions, we show that the specific
case of conditioning to avoid the origin corresponds to a classical Cramér-FEsscher-type transform to
the Markov Additive Process (MAP) that underlies the Lamperti-Kiu representation of a rssMp.
In the same spirit, we show that the notion of conditioning a rssMp to continuously absorb at the
origin also fits the same mathematical framework. In particular, we characterise the stable process
conditioned to continuously absorb at the origin when « € (0,1). Our results also complement

related work for positive self-similar Markov processes in [11].
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2.1 Introduction

This work concerns conditionings of real self-similar Markov processes (rssMp) and so we start by
characterising this class of stochastic processes.

A 1ssMp with index of self-similarity o > 0 is a standard Markov process X = (X),5 (in the
sense of [6]) with probability laws (P;)zer and filtration (F¢)¢>0, which satisfies the scalmg_ property
that for all x € R\ {0} and ¢ > 0,

the law of (¢Xj.—a)t>0 under P, is Pg,.

In the language of the classical paper by Lamperti [27], where self-similar Markov processes were
first analysed at depth, this corresponds to the class of semi-stable Markov process with order (or
Hurst index) 1/a. The structure of real self-similar Markov processes has been investigated by
[13] in the symmetric case, and [10] in general. Here, we give an interpretation of these authors’
results in terms of Markov additive process (MAP) with a two-state modulating Markov chain and

therefore we make an immediate digression to introduce such processes.

2.1.1 Markov Additive Processes

Let E be a finite state space and (G;)t>0 a standard filtration. A cadlag process (§,J) in R x E
with law P is called a Markov additive process (MAP) with respect to (Gi)i>o if (J(t))e>0 is a

continuous-time Markov chain in F, and the following property is satisfied, for any ¢ € E, s,t > O:

given {J(t) =i}, the pair ({(t + s) — &(t), J(t + s)) is independent of G,
and has the same distribution as ({(s) — £(0), J(s)) given {J(0) = i}. (2.1)

Aspects of the theory of Markov additive processes are covered in a number of texts, among
them [5] and [4]. More classical work includes [15, 14, 3] amongst others. We will mainly use the
notation of [17], where it was principally assumed that £ is spectrally negative; the results which
we quote are valid without this hypothesis, however.

Let us introduce some notation. For x € R, write P,; = P(-|£(0) = z,J(0) = ). If p is
a probability distribution on E, we write P, , = > .. 1iPz;. We adopt a similar convention for
expectations.

It is well-known that a Markov additive process (£, .J) also satisfies (2.1) with ¢ replaced by a
stopping time, albeit on the event that the stopping time is finite. The following proposition gives
a characterisation of MAPs in terms of a mixture of Lévy processes, a Markov chain and a family
of additional jump distributions; see [4, §XI.2a| and [17, Proposition 2.5|.

Proposition 12. The pair (£, J) is a MAP (as described above) if and only if, J is a continuous-
time Markov chain in E, for each i,j € E, there exist a sequence of iid Lévy processes (£'),>0

independent of the chain J and a sequence of iid random variables (A?J)nzo, independent of the
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chain J, such that, if o9 = 0 and (op)n>1 are the jump times of J, then the process { has the

representation

£(t) = L0y (Elon—) + AT 2y 0(00) T EF(on) (E = Tn) t € [on, ony1), n > 0.

For each i € F, it will be convenient to define &; as a Lévy process whose distribution is the
common law of the £ processes in the above representation; and similarly, for each ¢, 5 € I, define
A; j to be a random variable having the common law of the A}, variables.

Henceforth, we confine ourselves to irreducible (and hence ergodic) Markov chains J. Let the
state space E be the finite set {1,..., N}, for some N € N. Denote the transition rate matrix of
the chain J by Q = (qi ;)i jer. For each i € E, the Laplace exponent of the Lévy process & will be

written ;. To be more precise, for all z € C for which it exists,
P(z) = log/ e**P(£(1) € dx).
R

For each pair of 4,5 € F, define the Laplace transform G; ;(z) = E[e*24] of the jump distribution
A; j, whenever this exists. Write G(z) for the N x N matrix whose (i, j)-th element is G; ;(2). We
will adopt the convention that A; ; = 01if ¢; ; =0, ¢ # j, and also set A;; = 0 for each i € E.

The multidimensional analogue of the Laplace exponent of a Lévy process is provided by the

matrix-valued function

F(z) = diag(¥1(2),...,¥n(2)) + Q o G(2), (2.2)

for all z € C such that the elements on the right are defined, where o indicates elementwise multi-
plication, also called Hadamard multiplication. It is then known that

Eol_(ezf(t); J(t) — ]) — (eF(z)t)

)

L hIEE >0,
such that the right-hand side of the equality is defined. For this reason, F' is called the mairiz expo-
nent of the MAP (£, J). Note, using standard convexity properties of regular Laplace transforms,
if we can garantee, for a,b € R with a < b, that F(a), F(b) are defined and finite (element wise),
then, F(z) is well defined and finite (element wise) for Re(z) € (a, b).

The role of F is analogous to the role of the Laplace exponent of a Lévy process. Similarly
in this respect, one might also regard the leading eigenvalue associated to F' (sometimes referred to
as the Perron—Frobenius eigenvalue, see [4, §X1.2c|] and [17, Proposition 2.12|) as also playing this

role.

Proposition 13. Suppose that z € R is such that F'(z) is defined. Then, the matrix F'(z) has a real
simple eigenvalue x(z), which is larger than the real part of all its other eigenvalues. Furthermore,

the corresponding right-eigenvector v = (vi(z),--- ,vn(2)) may be chosen so that v;(z) > 0 for
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every ¢ = 1,--- N, and normalised such that
w-v(z) = 1 (2.3)

where 7 = (71, -+ ,mn) is the equilibrium distribution of the chain J.

One sees the leading eigenvalue appearing in a number of key results. We give two such below
that will be of pertinence later on. The first one is the strong law of large numbers for (¢, .J), in
which the leading eigenvalue plays the same role as the Laplace exponent of a Lévy process does in

analogous result for that setting. The following result is taken from [4, Proposition 2.10].

Proposition 14. If x/(0) is well defined (either as a left or right derivative), then we have

lim @

t—oo

= X'(0) = Eox[€(1)] := Y miEo [£(1)] (2.4)
el

almost surely. In that case, there is a trichotomy which dictates whether lim;_, £(¢) = oo almost

surely, limy_, o £(t) = —oo almost surely or limsup,_,. £(t) = —liminf; o &(t) = oo accordingly

as X' (0) > 0, < 0 or = 0, respectively.

The leading eigenvalue also features in the following probabilistic result, which identifies a
martingale (also known as the generalised Wald martingale) and associated exponential change of
measure corresponding to an Esscher-type transformation of a Lévy process; cf. [4, Proposition
X1.2.4, Theorem XIII.8.1].

Proposition 15. Let G, = o{({(s), J(s)) : s < t}, t >0, and

M(t, ) = e €0-con—xe 200 o 2.5)
v1(0)(7) -

for some 7 such that x(v) is defined. Then, M(-,v) is a unit-mean martingale with respect to

(Gt)t>0- Moreover, under the change of measure

dP] ;
de,i

= M(ta 7)7 t> Oa
Gt
the process (£, J) remains in the class of MAPs and, where defined, its characteristic exponent is
given by
Fy(2) = Au(7) T F (2 +79)Au(7) = x(NL, (2.6)

where I is the identity matrix and A, (y) = diag(v(v)). It is straightforward to deduce that, when
it exists, the associated leading eigenvalue associated to F',(z) is given by x,(2) = x(z+7) — x(7)-

The following properties of x, lifted from [22, Proposition 3.4], will also prove useful in relating

the last two results together.
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Proposition 16. Suppose that F' is defined in some open interval D of R. Then, the function

X : z — x(z) the leading eigenvalue of F(z) is smooth and convex on D.

On account of the fact that F'(0) = @, it is easy to see that we always have x(0) = 0. If we
assume that there exists § € R\ {0} such that F is defined on D = {tf : t € (0,1)} with

x(0) =0, (2.7)

then by the proposition above, we can conclude that y is defined and convex on the interval D.
Henceforth the value satisfying (2.7) will be denoted by 6 and referred to as the Cramér number.
If & > 0, then x/(0+) is well defined and convexity dictates that it must be negative. In
that case lim; o £(t) = —o0 almost surely. Moreover, if we take v = 6 in Proposition 15, then, as
xp(0—) = x/(#—) > 0, and under the associated change of measure, lim;_, {(t) = co almost surely.
Conversely, if 8 < 0, then x/(0—) is well defined and convexity dictates that it must be
positive. In that case lim; o, &(t) = 0o almost surely. Again, if we take v = 6 in Proposition 15,
then x;(0+) = x’(6+) < 0. Hence, under the associated change of measure, lim;_,o §{(t) = —o0
almost surely. In both cases, the change of measure (2.5) using v = 6 exchanges the long-term drift

of the underlying MAP from 400 to Foo.

2.1.2 Real self-similar Markov processes

In [10] the authors confine their attention to rssMp in ‘class C.4’. A rssMp X is in C.4 if, for
all x # 0, P,(3t > 0 : X4 X3~ < 0) = 1; that is, with probability one, the process X changes
sign infinitely often. The reason behind this is to ensure that the chain J in the Lamperti-Kiu
representation is recurrent. Otherwise, we have that +1 or —1, possibly both, is an absorbing state.

Assume that both +1 are absorbing states, we can consider (X, P,) as a positive self-similar
Markov process specified by the sign of the starting point i.e. whether x > 0 or z < 0. If x < 0,
then —X is a positive self-similar Markov process. If x < 0, then X is a positive self-similar Markov
process.

Otherwise, assume that +1 is the only absorbing state, then (X,[P,) can be considered as a
positive self-similar Markov process once it crosses to a positive value and if it never crosses —X is
a positive self-similar Markov process. In particular, if it starts with a negative value X will cross
the origin once and remain positive. If it starts with a positive value, it will remain positive.

Henceforth we will rename the class C.4 as the class of infinite crossing rssMp. Such a process
may be identified with a MAP via a deformation of space and time which we call the Lamperti—Kiu
representation of X. The following result is a simple consequence of |10, Theorem 6|. In it, we will
use the notation

% —inf{t > 0: X; = 0},

for the time to absorption at the origin.
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Proposition 17. Let X be an infinite crossing rssMp and fix  # 0. Then there exists a time-change

o, adapted to the filtration of X, such that, under the law P, the process

(@), J(t)) = (log| Xo(p)|, sign(Xo)), =0,

is a MAP with state space E' = {—1,1} under the law Piog|4| sign(z). Furthermore, the process X

under P, has the representation
X, = J(p(t))ef#®), 0<t< 0}

where ¢ is the inverse of the time-change o, and may be given by

o(t) = inf{s >0 /D exp(ag(u)) du > t}, ¢ < 70 (2.8)

In short, up to an endogenous time change, a rssMp has a polar decomposition in which
exp{{} describes the radial distance from the origin and J describes its orientation (positive or

negative).

To make the connection with the previous subsection, let us understand how the existence of a
Cramér number for the underlying MAP to a rssMp affects path behaviour of the latter. Revisiting
the discussion at the end of the previous subsection, we see that if § > 0 then lim;_, {(t) = —o0.
In that case, we deduce from the strong law of large numbers for £ and the Lamperti-Kiu transform,
that

oo
{0t = / e dt < 0o and X _=0
0

almost surely (irrespective of the point of issue of X). Said another way, the rssMp will be continu-
ously absorbed in the origin after an almost surely finite time. Moreover, this implies that ¢(t) < oo
if and only if t < [~ e*(*)ds.

In the case that there is a Cramér number which satisfies § < 0, then, again referring to the

limiting behaviour of £ and the Lamperti—Kiu transform, we have
(o]
0 = / M dt = oo (2.9)
0

almost surely (irrespective of the point of issue of X). Hence, the associated rssMp never touches

the origin. Moreover, ¢(t) < oo for all ¢ > 0.

We can also reinterpret Proposition 15 in light of the Lamperti—Kiu representation and the fact
that the quantity o(t) in (2.8) is also a stopping time, as well as the fact that (F;)i>0 = (G )e0-
Theorem I11.3.4 of [18] states that a martingale change of measure remains valid at a given stopping

time, providing one restricts measurement to the set that the stopping time is finite. Accordingly
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we have that when 6 > 0, respectively 6 < 0,

Usign(Xt)(g) |Xt‘0

V@) () (e (o(t))-tog Jol)
M = LN ® S |
(Sp(t)ae) € Usign(x)(e) ‘l’|9

Usign(x) (9)

(p(t)<oo) = 1erton), t>0. (2.10)

is a P,-martingale, respectively, a P,-supermartingale.

2.2 Main results

Throughout the remainder of the paper we make following assumption.

(A): The process X is a rssMp whose underlying MAP does not have lattice support and has a
leading eigenvalue y with Cramér number 6 # 0 such that /() exists in R.

Under this assumption, our objective is to construct conditioned versions of X. When 6 > 0,
through a limiting procedure, we will build the process X conditioned to avoid the origin. Similarly
when 6 < 0, we will build the process X conditioned to be continuously absorbed at the origin.
Accordingly, in both cases, we shall show the existence of a harmonic function for the process X
which is used to make a Doob h-transform in the representation of the conditioned processes.

In this respect, our work is reminiscent of density transforms which have been considered in
the setting of positive self-similar Markov processes (pssMp); see [30]. In that case, the density
transform plays a crucial role in the construction of an entrance law or recurrent extension from 0.
Similar ideas appear in [28] when constructing a Bessel-3 process from a Brownian motion killed

upon hitting 0.

Theorem 2. Suppose that X is a rssMp under assumption (A), F := o(Xs : s > 0) and F; :=
o(Xs:s<t),t>0is its natural filtration. Define

h@(x) ‘= Usign(x) (0)|:E’0’ z €R,
and, for Borel set D, let 7P :=inf{s > 0: X, € D}.

(a) If 6 > 0, then, we define
ho(X4)

P;(A) = ]E:L' 7}10(1‘) 1(A,t<7'{0}) 5

(2.11)

for t > 0, x # 0 and A € F;. This can be extended to define P (A), for A € F, such that
(X,P3), z € R\{0}, is a rssMp. Moreover, for all A € F,

P;(A) = lim Py (AN{t < (720 | p(mea)® o {0 (2.12)
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(b) If 8 <0, then, we define

P2(A, t < 71 .=, [h}f:ég) 1A} ;

for all t > 0, z # 0 and A € F;. This can be extended to define PS(A), for A € F, such that
(X,P2), € R\{0}, is a rssMp. Moreover, for all £ > 0 and A € F;

Po(A, t < 710 = lim Py, (AN{t < r(maay ) 7m0 < o), (2.13)
a—

In case (a) of the above theorem, as # > 0, the Doob h-transform rewards paths that drift far
from the origin. Indeed the limiting procedure (2.12) conditions the paths of the rssMp to explore
further and further distances from the origin before being absorbed at the origin. In this sense, we
refer to the process described in part (a) as the rssMp conditioned to avoid the origin. In case (b) of
the theorem above, the Doob h-transform rewards paths that stay close to the origin. Moreover, the
limiting procedure (2.13) conditions the paths of the rssMp to ultimately visit smaller and smaller
balls centred around the origin. We therefore refer to the process described in part (b) as the rssMp
conditioned to absorb continuously at the origin.

The above theorem constructs the conditioned processes via limiting spatial requirements.
For the case of conditioning to avoid the origin, we can give a second sense in which the Doob
h-transform emerges as the result of a conditioning procedure. The latter is done by conditioning

the first visit to the origin to occur later and later in time.

Theorem 3. Suppose that X is a rssMp under assumption (A) and 6 > 0. Then for x € R\{0}
t >0, and A € F;, we have
P°(A) = lim P(A[r1% > ¢+ 5), (2.14)

S§—00

where P, x € R\{0}, is given by (2.11).

In order to approach the asymptotic conditioning in Theorem 3, we need to understand the
tail behaviour of the probabilities P,(7{% > t), as t — oo, for all 2 # 0. Indeed, the Markov
property tells us that, for any ¢ > 0, A € F, and = € R\{0}, we have

Px, (T{O} > S)
P, (710} > ¢ + )

lim P, (A |7 >t +5) = 1i>m E, [1(4, t < 710

S—00

(2.15)

We are thus compelled to consider the asymptotic behaviour of Px(T{O} > t) as t — oo. To that
end, we recall that by the Lamperti-Kiu representation of X, under P,, z # 0, we can identify 710}
in terms of the MAP (&, J), under P g (,), via the relation

10 = |x\a/ e () ds. (2.16)
0

More precisely, the dependency of the law of 7{% on |x|, where x is the point of issue, can be
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seen directly in (2.16) through a simple multiplicative factor of |x|“. Hence, we should determine
the asymptotic behaviour of the right tail distribution of the exponential functional of &, I =
fooo e®(s)ds. In particular, we will prove the following result, which is more general than needed
and of intrinsic interest. In order to state the result, we introduce the notation f ~ g as t — oo to

mean lim; o f/g = 1.

Theorem 4. Let E be a finite state space and (§,.JJ) a MAP with values in R x E. Assume that

(&, J) does not have lattice support and has a leading eigenvalue y with Cramér number 6 > 0 such

that x/(0) exists in R. Define
o0
I= [ e
0

We have that Eqx[I9°71] < 00, k € F, and

0 0 EO Ie/a 1]
Po (I > t) ~ vg(0) _/O‘Z Sl L , as t — oo,
JeE 7 pglo — Blv;(6)

where p1g =3 i W?Egvj [€(1)] and w¥ = (7 ],j € E) is the stationary distribution of J under P“,
reR, 1€ FE.

The above result specialized to the setting in Theorem 3 gives that

Po (7% > 1) ~ vgin(a) (0) ||t/ Z ”ew it e
p” sign(z) j=%1 7 poloc — 0lv;(0)

This fact, together with the argument in (2.15) easily leads to the proof of Theorem 3. Indeed, to
end the proof one should justify that it is possible to pass the limit through the expectation on the
right-hand side of (2.15). This is done reasoning as in the proof of Theorem 2, which will be shown

later in Section 2.5.

2.3 Remarks

We have a number of remarks pertaining to the suite of results in the previous section.

Unconditioning: It is natural to ask what happens if one takes a self-similar Markov process con-
ditioned e.g. to continuously absorb at the origin, and condition it to avoid the origin. Does this
reverse the effect of the original conditioning?

Suppose that X under P, x # 0, is a self-similar process satisfying (A), with underlying MAP
(&, J) with probabilities P, ;, x € R, i € {—1,1}. Now consider the matrix exponent of (£, .J) under
P’ .z e€R,ic{-1,1},is given by

937,’

Fo(z) = Ay(0) " F (2 4 0)Ay(0).
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This has leading eigenvector A, (0) 1v(z + 0) with eigenvalue xy(z) = x(z + ). Because we have
assumed (A), it also follows that yg(—6#) = 0. To show that the MAP (&, J) under Pgﬂ., x € R,
i € {—1,1}, satisfies assumption (A), we need a further assumption that xj(—6) = x’(0) exists and
takes a finite value. In that case, if e.g. 6 > 0, then necessarily x’(0) < 0 and if we condition
(X,P2), x # 0, to be continuously absorbed at 0, then from Theorem 2 (b), the resulting MAP

representing X can be identified via the Doob h-transform. For ¢ > 0 and A € F,

ho(Xt)
P3°(A Oh =g | -1
I<7t<7— ) x|:hg($) A:|7

with
Usign(x) (0) ‘x|79 o 1

hz(x) . Usign () (9) B h@({L‘)’

r €R,

where the second equality holds because F'(0) = Q and hence v1(0) = v1_(0) = 1. As a consequence,
we see that, changing measure in the stye of part (b) of Theorem 2 after a change of measure in the

style of part (a), we get

ho(X4)
00 {0} . RO o\t
PP(A, t < 7)) Ex[hg(:c 1,4]

_E [he(Xt) hg(Xe) | o ]
x hg(x) hg(fb) (A, t<10})
=P, (A t<7),  AeF,t>o.

That is to say that the resulting process agrees with the process (X,P,),  # 0, up to first hitting
of the origin.
This is also apparent when we consider that the effect on the Esscher transform of the under-

lying MAP clearly reverses the effect of the initial conditioning. Indeed,
A (=0 +0)AL(0)Fg(z — 0)Ay(0) T Ay(—0 + 0) = F(2).
Similar calculations show the same reversal if we had assumed 8 < 0.

Degenerate MAPs: We deliberately excluded the setting that {—1,1} is reducible for the underlying
MAP. In many cases, aside from, at most, a single crossing of the origin, we note the the conditionings
considered here reduce to known conditionings of Lévy processes. In particular, these are the cases
of conditioning a Lévy process to stay positive, cf, [8, 9], conditioning a Lévy process to continuously
absorb at the origin, cf. [8] and conditioning a subordinator to stay in a strip, [26].

Stable processes: The central family of examples which fits the settting of the two main theorems
above is that of a (strictly) stable process with index a € (0,2), which is killed on first hitting the
origin. Recall that the latter processes are those rssMp which do not have continuous paths and

which are also in the class of Lévy processes.
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As a Lévy process, a stable process has characteristic exponent W()\) := —t~1log Eq[e?X¢],
A e R, t >0, given by

TN = (€GP 0 +e ™G, ), AER,

where p := Py(X7 > 0). For convenience, we assume throughout this section that ap € (0,1), which
p ) g p ) )

is to say that the stable process has paths with discontinuities of both signs.

For such processes, the matrix exponent of the underlying MAP in the Lamperti—Kiu repre-

sentation has been computed in [22], with the help of computations in [10], and takes the form

- Tla=2T(1+>2) IMNa—2)I(1+2)
T(ap—2)T(1 —ap+ 2) T(ap)T(1 — ap)
F(z) = , (2.17)
INa—2)I(1+ 2)  Dla=2)l1+2)
I'(ap)I'(1 — ap) F(ap —2)T'(1 —ap+ 2)

for Re(z) € (—1,a), where p = 1 — p. Note, the domain (—1, «) is a specific to the stable process

and will not be the case for all rssMps.

A straightforward computation shows that, for Re(z) € (-1, ),

a—z)? z)?
a ) E(l *2) {sin(m(ap — 2)) sin(m(ap — z)) — sin(map) sin(rap)} ,

detF(z) =

™

which has a root at z = o — 1. In turn, this implies that y(a — 1) = 0. One also easily checks with

the help of the reflection formula for gamma functions that

(o —1) x [ sin(map) ] .

sin(map)

In that case, we see that Theorems 2 and 3 justify the claim that the family of measures (P, z € R)

defined via the relation

a—1

d]P); o sin(ﬂaﬁ)l(xt>0) -+ sin(n-ap)]_(xt<0)
dP, |z = sin(map)l(zso) + sin(rap)l <o)

Xy
ZT

1erion), t >0,

is the the Doob h-transform corresponding to the stable process conditioned to avoid the origin
when « € (1,2), and the stable process conditioned to be continuously absorbed at the origin when
a € (0,1). The former of these two conditionings has already been observed in [10], the latter is a
new observation. Note that, when § = o — 1 = 0, the Doob h-transform corresponds to no change
of measure at all, as the density is equal to unity and 71% = co almost surely under P,, z € R.
This is precisely the case of a Cauchy process. It is less clear in this case how to condition it to hit
the origin. One may prove Theorems 2 and 3 for stable processes by appealing to a direct form of

reasoning using Bayes formula, scaling, dominated convergence using the fact that E, [| X;|*¢]
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z€R,t>0,0 <e < a, and the representation of the probabilities:
. 1/x .
Py(r1D° < 7001 — (0 — 1)20! / (E—1)2 ¢+ 1)\, oz e (0,1)
1
for @ € (1,2), and

_ ['(1 - ap) 1 s _
( 171) N 7 ap 1 _ «
P.(T < o0) = Tlap) T —a) Ll t (I —1¢)~*dt, x>1

x+1

for @ € (0,1). The first of these probabilities is taken from Corollary 1 of [29] and the second from
Corollary 1.2 of [25]. For the general case, no such detailed formulae are available and a different
approach is needed. The main point of interest is in understanding the asymptotic probabilities of
the conditioning event in Theorems 2 and 3 by appealing to a Cramér-type result for the decay of
the probabilities P, (7(-*% < 00) and P,(7(-*%° < 00) as a — oc.

Interpreting the Riesz—Bogdan—Zak transform: An additional point of interest in the case of stable
processes pertains to the setting of the so-called Riesz—Bogdan—Zak transform, which was first
proved in [7] for isotropic stable processes and [21] for anistropic stable processes; see also [24]. The
understanding of P9, x € R\{0} as a conditioning, gives context to the transformation which states
that transforming the range of a stable process through the mapping —1/x, and then making an
additional change of time, results in a new process which is the Doob h-transform of the stable
process. We now see that the latter is nothing more than one of the two conditionings discussed in
Theorem 2.

Theorem 5 (Riesz-Bogdan-Zak transform). Suppose that X is a stable process with o € (0,2)
satisfying ap € (0,1). Define

n(t) = inf{s > 0: / | X |7 2%du > t}, t > 0.
0

Then, for all z € R\{0}, (=1/X,)):>0 under P, is equal in law to (X, Pil/x). Moreover, the process
X, P%), x € R\{0} is a self-similar Markov process with underlying MAP via the Lamperti-Kiu
z g

representation whose matrix exponent satisfies, for Re(z) € (—a, 1),

-2l (a+2) I'l—2)a+z)
I'l—ap—2)T(ap+ 2) C(ap)T'(1 — ap)
F°(z) = . (2.18)
Il —2T(a+z2) T =2 (a+2)
T(ap)T(1 — ap) (1 —ap—2)T(ap+2)
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2.4 Cramér-type results for MAPs and the proof of Theorem 2

Appealing to the Lamperti-Kiu process, we note that, for |z| < a

Px(T(_a’a)C < T{O}) = Plog|a:|,sign(ac) (Tli,rga < OO) = PO,sign(z) (ng(a/ub < OO)

where 7,7 = inf{t > 0: £(t) > y}. A similar result may be written for P, (7~ < o), albeit using

T, :=inf{t > 0: () < y}. This suggests that the asymptotic behaviour of the two probabilities

of interest can be studied through the behaviour of the underlying MAP. In fact, it turns out that,

in both cases, a Cramér-type result in the MAP context provides the desired asymptotics.
Proposition 18. Suppose that X is a rssMp under assumption (A).

(a) When 6 > 0, there exists a constant Cyp € (0, 00) such that, for [y| >0

lim aepy(T(—a,a)c < T{O}) = Usign(y) (0)09|y|9

a—r0o0

In particular,

—a.a)¢ . +
lim Py(T( ) < T{O}) — lim PO,Slgn(y)<ﬂog(a/|y\) < OO) _ Usign(y)(e) ‘g o T,y € R.
a—00 [P’z(q-(fa,a)c < 7—{0}) a—00 PO,sign(:v) (ng(a/lx‘) < 00) Usign(x)(e) T
(2.19)
(b) When 6 < 0 , there exists a constant Cy € (0, 00) such that, for |y| > 0
}Lii% aepy(T(_ma) < OO) = Usign(y) (0)09|y|9
In particular,
lim Py(717%) < 00) = lim P0sign(z) (Tlgg(“/‘yn < ) = Usign(y) (9) ‘Q ’ z,y € R.
a—0 P;p(T(f“’a) < 00)  a—oo PQSign(l‘) (Tl;g(a/m) < 00) vsign(x)(g) T
(2.20)

This result will be proved below after some preliminary lemmas. Recalling the discussion from
[21], an excursion theory for MAPs reflected in their running maxima exists with strong similarities
to the case of Lévy processes. Specifically, there is a MAP, say (H™(t), JT(t))i>0, with the property
that H T is non-decreasing with the same range as the running maximum process sups<; §(s), t > 0.
Moreover, the trajectory of the associated Markov chain JT agrees with the chain J on the times
of increase of the running maximum. We also refer to the Appendix in [16] for further information
on classical excursion theory for MAPs.

As an increasing MAP, the process (H ™, J") has associated to it a number of characteristics.

For convenience, we will introduce the Laplace matrix exponent & in the form

EOJ[ef)\H"'(t); J+(t) — ]] — [ein(A)t]i,ja A > 0.
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In a similar fashion to 2.2, the exponent « can be written as
K(A) = diag(P1 (M), P_1(N)) — Ao K (), A >0, (2.21)

where for i = £1, ®;()) is the Laplace exponent of the subordinator encoding the dynamics of H

when J* =i, A is the intensity matrix of J* and K()\); ; = f(o 00) e MF 1 (dz) with i # j F}'; is a
probability measure with non-negative support for ¢, j = £1 and otherwise K(\);; = 1, for i = £1.

Referring to Chapter 5 of [23], the Laplace exponent (®;(\));=+1 can be written as
Q;(N) = ¢; + ;A —|—/ (1 —e™)Yy(dx), for i = =+1, (2.22)
0

where ¢;,0; > 0 and [ min(1, 2)Y;(dz) < oo for all i = £1.

We can interpret (2.21) and(2.22) using the Lévy-Itd6 decomposition described in Chapter 2
of [23]. More precisely, when J* = +1, the process HT has the increments of a subordinator with
drift 647 and Lévy measure T4 and is sent to a cemetery state {+o0o} at rate g+1. When J* jumps
from i to j with 4,5 € {—1,1} and i # j, the process H™ experiences an independent jump with
distribution Ffj at rate A; ;

In the next lemma we write the crossing probability of interest in terms of the potential

measures

U (da) = /0 P (H*(t) € dz, J*(t) = j)ds,  ©>0,i,j € {~1,1}.

Lemma 1. The probability of first passage over a threshold can be decomposed into the probability
of creeping and the probability of jumping over it.

(a) For y > 0, the probability of jumping over a threshold can be written as
Po,i(T,, < oo, H'(T,}) > y)

Z / Uit (dz) k#)Aj,ijfk( —2)+ 132y Ty — 2)| - (2.23)
J,k==%1

(b) If §; > 0 for some j = %1, then U;r] has a density on [0,00) for i = £1, which has a continuous

version, say u:rj Moreover, for y > 0,

pi(y) = Pi(T, < oo, HM (T, Z(Su” y>0,i==+l,
j==1

where we understand u =0if §; =0. If 5; = 0 for both j = £1, then p;(y) = 0 for all y > 0.

Proof. (a) Appealing to the compensation formula for the Cox process that describes the jumps in

49



H™, we may write for y > 0,

Poi(T, <o0) = D Lyt (sm)>0) L=+ (s)<0)

0<s<o0

= 25: Eo;

jk=%1

= Y 1y /0 Poi(H+(s—) < g, J " (s=) = DAF L aly — B (s—))ds
G k=+1

Y / Po(H*(s—) <y, J5(s—) = )Tj(y - H (s—)ds,  (2.24)

j==1

D Lyt (5050 LAH (5)5y—H (s2) LI+ (sm)=5, T ()=k)
0<s<oo

where AHY(s) = HT(s)— H"(s—), F;rk(x) =1 —F;Lk(:n) and T;(x) = Y;(z,00). When we express
the right-hand side of (2.24) in terms of the potential measure we get (2.23).

(b) We first define, for a > 0,

M;(a) = /Oa Poi(H™(T;]) =y, T, < o0)dy = /Oapi(y)dy. (2.25)

The analogue of the Lévy-1té decomposition for subordinators tells us that, up to killing at rate

g+1, when JT is in state £1,

/6J+ dt+ Y AH™(s t>0.

0<s<t
Then,

Ta
M;(a) =Eo; |H (T, —) — Z (HT(s) — H'(s—)); T)” < oo| = Eo; / 8+ pydt; T,” < o0
0

0<s<Ty

Hence, for a > 0,

Mz(a) = Ez |:/0 1(0<H+( t)<a) (SJ dt:| Z (5 U+ 0 a
j==1

Noting from (2.25) that M; is almost everywhere differentiable on (0, 00), the above equality tells
us that, for j such that §; # 0 the potential measure U;rj has a density. Otherwise, if §; = 0 for
both j = £1, then p;(y) = 0 for Lebesgue almost every y > 0.

We define, for each 4,5 = &1 and = > 0,

pij(x) = POJ(T; < 00, HT(T;}) = 2, JY(T;) = j) such that p;(z Z pij(z
Jj==1
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Fix i € {—1,1}. We want to show that p;(z) is continuous. For that, we shall use the fact that
liﬁ)lpi7j(€) =1(6; > 0)1(i = 7). (2.26)

This is due to the fact that the stopping time T := inf{s > 0 : J*(s) # i or H(s) = 400} is
exponentially distributed while the time T | 0 as € | 0. Hence, on {¢t < T}, H*(t) behaves as a
(killed) Lévy subordinator and so 7. < T with increasing probability, tending to 1 as € | 0. Hence,
the result follows from the classical case of Lévy subordinators; see [20].

By the Markov property we have the lower bound

pi(z+e) 2 Pos(HN (L) =2, HHT ) =2+ e T <o00)= ) pijle (2.27)
j==%1

If we take the limit € | 0 and use (2.26), then we have that

hmpZ x+e€) Z Pz] 5 > 0) Z pi,j(x) = pi().

j==%1 j==*+1

On the other hand, we can split the behavior of creeping over x + € into two types

pi(x + 6) - Po,l(H_'_(Tcz—:‘r) - .’L',H+(T;_+6) =+ €7Tx+e < OO)
+P0,7«(H+<Tx+) > :L'>H+<Tz++e) =T+ ¢ T T+e€ < OO)

The first probability on the right-hand side above corresponds to the right-hand side of (2.27) and
we can bound the second term by the event that {0 < O, < €}, where we define the overshoot
O, := HY(T,}) — x. Hence, we deduce that

(1 +€) Zp” €)pj(z) + Poi(Oz € (0,¢€]).
Jj==1

The second probability on the right-hand side above goes to zero as € — 0. If we now combine this
inequality with (2.27) and take the limit € | 0, then we can then show that

hmp,(a: +€) Z pij(x
j==1

We can also show in a similar way that lim. o p;(z —€) = p;(x) and hence p; is continuous. Note that
the preceding reasoning is valid without discrimination for the case that p; is almost everywhere

equal to zero. The proof is now complete. O

Understanding the asymptotic of Pg (T, < 00) is now a matter of Markov additive renewal
theory. In this respect, let us say some more words about the Markov additive renewal measure
Ui,
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We will restrict the forthcoming discussion to the setting that 8 > 0. Recall from the discussion
at the end of Section 2.1.1 that this implies lim; o, £(t) = —o0, where £ is the MAP underlying
the rssMp. A consequence of this observation is that the process HT experiences killing. To be
more precise it has killing rates which we previously denoted by ¢+1 > 0. This makes the measures
U;rj finite. As with classical renewal theory, we can use the existence of the Cramér number 6 to
renormalise the measures U;“j so that they are appropriate for use with asymptotic Markov additive
renewal theory.

Appealing to the exponential change of measure described in Proposition 15, we note that the
law of (H,J") under P{; satisfies

P (HY(t) € da, JT(t) = j) = 27§Z§e9xPo,i(H+( yede, JY@#)=4),  i,j=+1,2>0.

In particular, the role of k for (H™,J™) under Pg’i, i = +1 is played by
Ko(A) = k(A —0), A>0.
Hence, we have that

Ul (dz) = / P (HT(t) € dz, JT(t) = j)dt = Qhée;eeij(dx), x> 0.
k2 O ) U’L b2

Again, referring to the discussion at the end of Section 2.1.1, since lim;_,~ £(t) = oo almost surely

under P&i, we may now claim that the adjusted Markov additive renewal measure Ug fr (dx) is that

of an unkilled subordinator MAP.

Lemma 2. Suppose that § > 0. There exists a constant Cy > 0, such that, as y — oo,
eeme(TyJr < 00) = v;(0)Cy.
Proof. Picking up equation (2.23), we have, for i = £1,
eGyPOi(TJF < oo, HN(T;") > y)

o 1 — _
Z / U 0 UG +(dz) 1(k7£j)Aj,ij,k:( — Z) + l(k ])T ( ) . (2.28)
Jk=%+1 v (0)

Our aim is to convert this into a form that we can apply the discrete-time Markov Additive Renewal
Thoerem 24 in the Appendix.

To this end, we define the sequence of random times ©;,03, -+ such that ©;,; — O; are
independent and exponentially distributed with parameter 1. For convenience, define ©g = 0. We
want to relate (HT, J1) to a discrete-time Markov additive renewal process (Z,, M,), n > 0, such
that

Api=Zp41—Zp=H"(0,11) — H(0,) and M,, = J7(6,,), n>0.
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A future quantity of interest is the stationary mean increment u; = Eg 0 H1(01)]; where wl =

(9, 7% ) is the stationary distribution of J (and hence of J* since it is described pathwise by J
sampled at a sequence of stopping times) under P?. In this respect, we note from Corollary 2.5 in

Chapter XI of [4] that,

wt = /0 UES o [HH(1)]dt
> 0
= / e 'xg (0)t + 7wl kO — . ARt
0

= xg ) +7" k" -7’ (A" — 1)K, (2.29)

where x; (0) is the leading eigenvalue of r4(0), k% = v/(6) and A? = ky(0). All of these quantities

are guaranteed to exist thanks to the assumption (A); see for example Section 2 of Chapter XI in

[4].

Note, moreover, that

Uln) = [T € de T (e = g
o] 0o i tn—l . . . |
= Zl/o e (n = 1)!P0,i(Ht cdz, JT(t) =j)dt

= Z Pg,i(He'n e dx’ Je'n = J)
n=1
=1 RY,(dz) — do(dz)1(i = j), (2.30)

where, on the right-hand side, we have used the notation of the discrete-time Markov additive

renewal measure in the Appendix.

Turning back to (2.28), if we define

G(@) = 3 o [1(k £ AR Fia(x) +1(k = HT@)], x>0,  (231)
k:ilvj(e)

for 7 = 41, then, as soon as we can verify that these functions are directly Riemann integrable,

then we can apply the conclusion of Theorem 24 in the Appendix and conclude that

lim e"Po (T, < oo, HT(T,}) > y)

Yy—00

0
T

oo s 7+ o
= v;(0) / ef [l(kz;éj)Aj,ij,k(S) + l(k:j)T]’(S) ds,

— T
j,k‘:il UJ(H)MH 0

where 71'?, j = %1 is the stationary distribution of the chain J* under Pgﬂ-, xz € R, 1 = 1. Note,
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moreover that, from Lemma 1, together with Theorem 1.2 of [1],

0
T

1
% — = 0.+
j=+1 j==1

as y — 0o.

To finish the proof we must thus verify the direct Riemann integrability of g;(z), j = +1 in
(2.31). Note however, that g;(z) is the product of e’* and a monotone decreasing function, hence
it suffices to check that [;* g;j(x)dz < oo, j = £1. To this end, remark that, for X in the domain
where k is defined,

> A A
(FL()\)].)] = (qj + 5])\ +/ (1 —e I)T](dl‘) + Z 1(j;ék)Aj,k/ e IFj7k(dII}), j = +1.
0

0 k=1

In particular, with an integration by parts, we have

qj — (k(—=0)1); . o B |

k=+1

where the left-hand side is finite thanks to the assumption (A). This completes the proof, albeit to

note that 0
wMa; — (k(—60)1).
lim eéy]P)i(Ter < o0) = v;(0) Z J[qﬂ (k(=0)1);]

o T 0

)

which identifies explicitly the constant Cy in the statement of the lemma. O

Proof of Proposition 18. First assume that 6 > 0. A particular consequence of Lemma 2 is that

a—r00 Px(T(fa’a) < 7'{0}) a—00 Po,sign(a:) (Tf{g(a/m) < o0) Usign(x) 4

—a,a)® i :
P, ({72 < {0} Posien) Tiog(a/s) < ) _ Vsign(y) (9) ‘y‘e z,y €R
0 lal > 7

Now we turn our attention to the case that 8 < 0. We appeal to duality and write

P, (1% < 00) = P10l sign(@) Tioga < ) = P log fel,sign(e)) (T 1oga < %)

where under f’m, x € R, i = =1, is the law of (=&, J). Note, the associated matrix exponent of this
process is F(z) := F(—z), whenever the right-hand side is well defined. In particular, we note that
F(—0) = 0, which is to say that —@ > 0 is the Cramér number for the process (—¢,J). Moreover,
F(=0)v(0) := F(#)v(d) = 0, which is to say that #(—0) = v(f). The first part of the proof can

now be re-cycled to deduce the conclusions in part (b) of the statement of the proposition. O
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2.5 Proof of Therem 2

Proof of Theorem 2. The (super)martingale (2.10) applies an exponential change of measure to
(€,.), albeit on the sequence of stopping times ¢(t), for t < 79, As the change of measure
(2.5) keeps (&, J) in the class of MAPs, thanks to Proposition 15, it follows that P, = € R\{0},
corresponds to the law of a rssMp whose underlying MAP is that of the Esscher transform of (£, J).

In the case of (a), recalling the discussion preceding Section 2.1.2; the underlying MAP for
(X,P), z € R\{0} drifts to +o0. This means that under the change of measure, X is a rssMp that
never touches the origin, i.e. it is a conservative process. In the case of (b), the underlying MAP
drifts to —oo and hence, under the change of measure X is continuously absorbed at the origin, so
it is non-conservative.

For the proof of (a), we follow a standard line of reasoning that can be found, for example,
in [8]. Appealing to the Markov property, self-similarity, Fatou’s Lemma and (2.19), we have, for
A e F,

lim infP, (AN{t < 7729} | 7m0 < {0}
a—0o0

= lim infE,,
a—o0

1 P ]P’Xt(T(—a,a)C <T{0})
(A, t<T0 AT (=2 )]P’I(T(_a’a)c<7'{0})

> Eg

—00 Paflm(’]'(_Ll)c < 7‘{0})

IP) - (_1,1)0 {0}
1(A,t<7{0})haminf a 1Xt(T < 7105

he(Xt)
= i)

Recalling the martingale property from (2.10) together with the above inequality, but now applied
to the event A€, tells us that

lim supP, (AN{t < T(—a,a)c} | F(aa) 7.{0})

a—r o0
<1- liniinﬂP’x(Acﬂ{t < 7(maa) Y| p(aa)® o {0}
ho(Xt) ho(X)
=t [he(m%m] o [h()1<>
ho(Xt)
== (50 e

where the final equality follows as we have used the martingale property of the chance of measure
for which recall the discussion around (2.10). The required limiting identity follows. For z € R\ {0},
the probabilities PS(A), for A € F; with ¢t > 0, can be extended to uniquely determine P3(A), for
A € F, see Section 1.3 from [12].
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The proof of (b) is similar to that of (a) except that in this case (2.10) ensures that X7 is
a super-martingale only and hence the final part of the argument above does not extend to this
setting. To overcome this difficulty we proceed as follows. Notice r(=aa) — 710} a5 ¢ — 0. As before
for A € F;, we have

lim ingx(Aﬂ{t < raa)y [ p(caa) o o)
a—

o Py, (7(-%% < c0)
= hgnﬁl(r]lex !1(A7t<7_(a,a)) Py

L (T(ma0) < 00)

I T -1x (7'(_1’1) < OO)
> a At
2 B | L ey o - o

ho(X¢)
- EI ]‘(147 t<‘l’{o}) h9($) :|
hG(Xt)}
= ]Ea: )
A he()

where, recalling the discussion around (2.9), in the final equality we have used the fact that § < 0
implies that 719 = 0o almost surely (irrespective of the point of issue of X). Now, the second half

of the argument in (a) extends to this setting if the following equation holds true

lln%) ]P)x(t < T(_a7a) ‘ T(-a,d) < OO) — ECE |:h9(Xt):| )
a—r

he(x)

On the one hand, the Markov property, Fatou’s lemma and the estimate (2.20) imply that

_ _ Py, (7749 < o0)
SN (—a,a) | ~(—a,a) T s Xt
llgl_gélfpm(t <T | T < o0) = hgn_:glf P, (1(t<7_(a,a))

P, (r(-0) < o0)

> 5 (52 o)
-5 555

Now, the estimate in (b) in Proposition (18) implies that for y # 0

[ 6
lim <g|> IP’y(T(_“’“) < 00) = lim <a> Psgn(y)(T(fm’m) < 00) = Ugign(y) () Cho,

a—0 a—0 ’y|

and the convergence holds uniformly in a/|y| such that a/|y| < €, for € > 0.
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Moreover, for a/|y| > € the term (a/|y|)?P,(7(-%% < oo) remains bounded. Thus for = #
0,e > 0, fixed we have

a—0 t<T(_a’a)) Px(T(_ava‘) < OO)

. Px (T(ia’a) < OO)
= limsup P, (1<<a/xz|)<e, t<rizae) IP;(TM@) < 00)

(70'»“)
lim sup P, (1( P (7 = oo))

a—0
. Px, (T(ia’a) < OO)
+ limsup Py <1<<a/xt>ze, t<r00) P Caa) < oo)

ho(X¢) . Py, (1% < o0)
= ]Ex |:h0(x) 1(t<7{0}):| + thUpr (1((0«/|Xt)257 t<7.(—a,a)) ]P)wt(,r(fa’a) > oo) .

a—0

Finally the limsup in the above estimate is equal to zero because it can be bounded by above as

follows

o (s Py, (749 < o)
v\ La/xize tere B o Tamy < o)

1
= afP, (-2 < o0)

Pr (1((G/|Xt|)26, t<T(—a,,a,))|Xt|9 sup ’Z‘Opsgn(z)(T(_Z7z) < OO))

|z|>€
Usign () (6) )
Usign(X+) (0) 7

2P supp s |2 Py (T02) < 00)

ae]P’z(T(*a:“) < OO) ]P)$ (1(a/Xt|>€, t<7-(fa,a))

and by the monotone convergence theorem the rightmost term in the above inequality tends to zero
when a — 0.

With a similar argument to the case (a), for z € R\ {0}, we can also extend the probabilities
P.(AN{t < 70}) for A € F, to define P°(A), for all A € F, (0, which is the same as F since
X, =0 for all t > 710} almost surely. O

Proof of Theorem 3. This can be done with the same reasoning with the proof of Theorem 2. O

2.6 Integrated exponential MAPs, proof of Theorem 4

The asymptotic behaviour of the tail distribution of objects similar to I, when the process £ is
replaced by a Lévy process, has been considered in [31, 2]. We will borrow some of the ideas from
the second of these two papers and apply them in the Markov additive setting in establishing the
estimate in Theorem 4. To this end, recall that in this setting J takes values in a finite state space

E, and let us introduce the potential measure

Vij(da) = /0 T PoilE(s) € de, J(s) = j)ds, ij € E.
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Proposition 19. For ¢t >0 and i € F,

Poi(I>t)dt =) / Vi (dy)e® Py (e € dt). (2.32)
jep /R
Proof. The method of proof is to show the left- and right-hand sides of (2.32) are equal by considering
their Laplace transforms. Integration by parts shows us that, for A > 0, we have on the one hand,
oo
oni(l — e_AI) = )\/ e_AtP07i(I > t)dt. (2.33)
0

We shall use the above equation for comparison later. On the other hand, we have for A > 0,

Eoi(1—e ) = Ey; [/ d(e™ " eﬁ&Mdu)]
0
= AEg; [/OO e(8) o= A ST eaé(u)d“ds]
0

= )\/OOZEOZ [eaf(s)e—AeaE(s) fsooea(f(u)*ﬁ(S))du;J(s) :]:| ds
0 jeE
- / E i[eag(s)E et ‘ ]ds
jeZE 0o " [ } y=€(s)
— )\Z/V;j(dy)eayEOJ[e)\eayl]
jeg’R
=AY / Vi j(dy)e™ / Po (eI € dt)e ™, (2.34)
R 0

JEE

where we have applied the conditional stationary independent increments of (£, J) in the fourth

equality. Now comparing (2.34) with (2.33), we see that
P()J'(I > t)dt = Z/ Vi,j (dy)eayPOJ (eayI c dt),
jee /R

for ¢t > 0, as required. O

Now that we have expressed the tail probabilities P ;(I > t) in terms of the potential measure
Vi,j, we may again turn to renewal theory for Markov additive random walks in order to extract
the desired asymptotics as t — oo. With a view to applying Theorem 24 in the Appendix, let us
therefore introduce (M, A,) defined as

M, = J(©,) and A,, =£(0,,), n >0,

where, as before, ©g = 0 and ©,, is the sum of an independent sequence of exponential random

variables with unit mean. As in the Appendix, we write R; j(dx) for the renewal measure of (2, M),
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where 290 =0, 2, = A1 4+ --- Ay, n > 1. We also introduce

[} U](e) Ox ..
s = i , eR, i,je k.
R; ;(dx) Ui(e)e R; j(dx) x 1,]

We note again that V; ;(dr) = R; j(dz) — do(dx)1(;—j).
In a similar spirit to (2.30), we may use these Markov additive random walks to write for any
interval A C [0, c0)

e(e_o‘)t/ Poi(I > s)ds = Z/ Vg,j(dy)eo‘yew_“)t/ Py ;(e*I € ds)
Aect R A

jEE eat

eat

1 e o
= vi(ﬁ)Z@ / RY(dy)e@=)=v) / Po;(e™] € ds)
jeE R A

+1(i:j)e(97a)tpo7j (I € Aeat)

1
= u(0)) — / RY (dy)e@==vPpg (I € Ae(W))
jEE UJ (9) R

—1(i:j)e(9_a)tpo7j(f S Aeat). (2.35)

Noting that the main term on the right-hand side above is a convolution between the renewal
measure Rﬁj and the function

gj(z, A) := 0= pg (I € Ae®®),  2€R, jeE,

v;(6)
we are now almost ready to apply the discrete-time Markov Additive Renewal Theorem 24 in the
Appendix. It turns out that we need to choose the interval A judiciously according to whether 8
is bigger or smaller than « in order to respect the directly Riemann integrability condition in the
renewal theorem. We therefore digress with an additional technical lemma before returning to the
limit in (2.35) and the proof of Theorem 4.

Lemma 3. When 6 > 0, Eq; (I/%7!) < oo, for all j € E.

Proof. When 6 = « the result is trivial. The case that §/a < 1 turns out to be a direct consequence
of Proposition 3.6 from [22]. To be more precise, careful inspection of the proof there shows that (in
our terminology) if 0 < a8 < 6 then Eq;[I°~!] < oo, for all i € F, in which case one takes 8 = 0/a.

For the final case that 8/« > 1, we can replicate the recurrence relation from Section 1.2 of
[2]. Appealing to (2.32), we have, for 5 € (0,6/a) and k € E,

EM[IB] = B/ sﬁ_lPo,k(I > s)ds = B/ §P1 Z/ Vi,j (dy)e®Pq (™1 € ds).
0 0 R

JjEE

Let us momentarily assume that Eq z[I°1] < oo for k € E. We can use Fubini’s theorem and put
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s =te*¥ and get
Eox[I°] = 5§ j/Reaﬁkavj(dy)/ t7P71Pg (I € dt)
- 0
J

= BZEOJ[IB_I]/eo‘ﬁka,j(dy)

jEE R

= Y BT [ ds [ e Boe(s) € dy. (o) =

P 0 R
= 5 Bl [ (ep{tF (s e

jEE 0

= B Eoi[I"(F(aB) k-
JEE

where the right-hand side uses the fact that 8 € (0,60/a). We deduce that Eqx[I°~!] < cofor k € E
implies that Eqx[I%] < oo for k € E.

If n is the smallest non-negative integer such that /o —n € (0, 1], we can use Proposition

3.6 from [22] again, to deduce that Eg ;[ 0/a=n] < 50, The argument in the previous paragraph can
now be used inductively to conclude that Eq x[I%/*71] < oo, for any k € E. O

Proof of Theorem 4. We break the proof into three cases. We start by assuming that § < «. In
that case, referring to (2.35), we have, assuming the limit exists on the right-hand side,

at

lim e(ea)t/ Poi(I > s)ds
0

t—o00

= Jim u(0) 3 — /R R j(dy)e =P (1 € [0, 0]

t—r00 — Ui (9)
. 1 )
= tliglo v;(0) ;E i (0) /RRi,j(dy)gj(t —v) (2.36)
where
1 o
gk (y) = e(ga)y/ Py (I € ds), ke E, yeR.
vk (0 0
Note in particular that
/ gr(y)dy = S — B[17%7] kekE
R (a—0)or(0) ’ ’

which is finite by Lemma 3. Moreover, since gi(x) is product of an exponential and a monotone

function, it is a standard exercise to show that it is also directly Riemann integrable.
The discrete-time Markov Additive Renewal Theorem 24 in the Appendix now justifies the
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limit in (2.36) so that

eat 7T0
lim e<9—a>t/ Poi(I > s)ds = v;(6 — Ry [, 2.37
oo 0 0, ( ) ( )JEZE ,U/9|05 — 9|U](0) 07][ ] ( )

provided pg < oco. This last condition is easily verified as a consequence of assumption (A). Indeed,

according to Corollary 2.5 of Chapter XI in [4], we have
o =X'(0) + 7"k — 7 (Q" — )Tk,

where Q% = Fy(0) is the intensity matrix of J under P?. Writing the limit in (2.37) with a change

of variables, we have
m?

J E ‘Ie/a—lv
ol — oy 8) oo

lim u(e/al)/ Poi(I > s)ds = v;(0) Z
0

U—00 ‘
JjEE

which shows, for each i, regular variation of the integral on the left-hand side. Appealing to the

monotone density theorem for regularly varying functions, we now conclude that

f

J q70/a—1
Eq |1 , U — 00,
ol — 0oy (@) 0

Poi(I > u) ~u%;(0)
JjEE

and the result for the case that < a now follows from (2.16).

The proof for the case 8 > « is completed by starting the reasoning as with the case of
0 < a but with A = (1,00) in (2.35). The desired asymptotics again comes from the first term on
the right-hand side of (2.35) using a similar application of the Markov Additive Renewal Theorem
24. The details are left to the reader. The second term on the right-hand side of (2.35) becomes
negligible since

Jim =P (1 > ) = 0

on account of the fact that Bg;[I%*"!] < oc.

The case that a = 6 is dealt with similarly by starting from (2.35) but now setting A = (1, \)
for some A > 1. In that case, the second term on the right-hand side of (2.35) makes no contribution
to the limit in question since

: . aty _
t]igloPoJ(I > e™) = 0.

The integral in the first term on the right-hand side of (2.35) can be written in the form

/RR?J-(dy)POJ(I € Ae®t7v)) = /RPOJ(I € dv)Rﬁj(t —allogv,t —atlogv+ a tlog\).
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Thanks to Lemma 3.5 of [1], we have the uniform estimate

sup sz(aj, z+a tlog)) < W?Rzi(—afl log A\, a tlog \).

z€R
This result is accompanied by the classical form of the Markov Additive Renewal Theorem (c.f
Theorem 3.1 of [1]), which states that
glog A

- o -1 _ 6
xh_g)lo R} i(x, x4+ a”  log\) = 7; g

This allows us to apply the dominated convergence and note, in conjunction with the classical form
of the Markov Additive Renewal Theorem (c.f Theorem 3.1 of [1]) that

log A
im | R?. . a(t-y)y — ;0298
th A 2 (dy)Po (I € Ae ) =7} g

Plugging this limit back into the first term on the right-hand side of (2.35) provides the necessary
convergence to complete the proof in the same way as the previous two cases. The details are again
left to the reader. O

Appendix: Markov additive renewal theory

Consider a discrete-time stochastic process described by the pair (A, M) := ((Ay, My))n>0, Where
A, takes real (or just positive) values and M, takes values in the set F := {1,2,..., N}. We shall

specify the law of such a process as follows.

Set Ag = 0. For each i, j € E, there is a probability distribution P; ;(x) such that, conditioning
on the history of (A, M) up to time n — 1, the distribution of (A,, M,) is given by

P(Mn =754, < x|(Mk, Ak),k‘ =0,...,n— 1) = PMn,l,j(-T)-

In this sense, we have that the the process M = {M,, : n > 0} alone is a Markov chain on F with
transition matrix p; ; := P; j(00), for 4, j € E. The possibility that p;; > 0 is not excluded here.

The distribution of A, only depends on the state at time n — 1 which makes the discrete-time

Markov additive process

n
Bp = ZA’“ n >0,
k=0

the analogue of a Markov additive random walk (or Markov additive renewal process if the incre-

ments are all positive).

To state a classical renewal result for discrete-time Markov additive processes, we need to
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introduce a little more notation. The mean transition is given by

n; = Z /R:EPi,j(dx), 1€ F

jJEE

Moreover, the measure R; ; denotes the occupation measure
oo
Rij(z) =Y P(Z, < w, My = j|Mo = ).
n=1

The following discrete-time Markov additive renewal theorem is lifted from Proposition 9.3 in [19].

Theorem 6 (Markov Additive Renewal Theorem). Given a sequence of functions gi,g2,...,gn

that are directly Riemann integrable, we have, for j € F,

lim gj (t— S)Ri,j(ds) = M

, (2.38)
7o Jr Zjvzl j1;

as soon as z;vzl mjn; € (0,00), where m; is the stationary distribution for the chain M.
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Concluding remarks

We have conditioned a real self-similar Markov process to avoid or hit the origin. This gives us a

better intuition of how a self-similar Markov process behaves near the origin. We will push this

idea further into a higher dimensional setting in Chapter 4. In the next chapter, we will compute

explicitly some fluctuation identities in a similar fashion as Lemma 1 in the case of d-dimensional

isotropic stable processes.
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Chapter 3
Deep factorisation of the stable process

Andreas E. Kyprianou', Victor M. Rivero?, Weerapat Satitkanitkul®

Remark. This article has been submitted using the name Deep factorisation of the stable process

IIT: Radial excursion theory and the point of closest reach.

Abstract

In this paper, we continue our understanding of the stable process from the perspective of the
theory of self-similar Markov processes in the spirit of [11, 15]. In particular, we turn our attention
to the case of d-dimensional isotropic stable process, for d > 2. Using a completely new approach
we consider the distribution of the point of closest reach. This leads us to a number of other
substantial new results for this class of stable processes. We engage with a new radial excursion
theory, never before used, from which we develop the classical Blumenthal-Getoor—Ray identities for
first entry/exit into a ball, cf. [3], to the setting of n-tuple laws. We identify explicitly the stationary
distribution of the stable process when reflected in its running radial supremum. Moreover, we
provide a representation of the Wiener—Hopf factorisation of the MAP that underlies the stable

process through the Lamperti-Kiu transform.

3.1 Introduction and main results

For d > 1,let X := (X; : t > 0), with probabilities P,, € R?, be a d-dimensional isotropic stable

process of index o € (0,2). That is to say that X is a R%valued Lévy process having characteristic
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triplet (0,0,1I), where

CeT(d+a)2) [ 1
) = O /B|ya+ddy, B B(R). (3.1)

Equivalently, this means X is a d-dimensional Lévy process with characteristic exponent W (6) =
—log Eg(e'*1) which satisfies
v(g) = 10|, 0 € R.

Stable processes are also self-similar in the sense that they satisfy a scaling property. More
precisely, for ¢ > 0 and = € R%\ {0},

under P, the law of (¢X a4, t > 0) is equal to P,. (3.2)

As such, stable processes are useful prototypes for the study of the class of Lévy processes and, more
recently, for the study of the class of self-similar Markov processes. The latter class of processes
are regular strong Markov processes which respect the scaling relation (3.2), and accordingly are

identified as having stability index 1/a.

In the last few years, the fluctuation theory of one-dimensional stable processes has benefitted
from the interplay between these two theories, in particular, exploiting Lamperti-type decomposi-
tions of self-similar Markov processes. Examples of recent results include a deeper examination
of the first passage problem, for the half-line, in one dimension, [13], the distribution of the first
point of entry into a strip, [14], and the stationary distribution of the process reflected in its radial

maximum, [15].

In this paper, we aim to push this agenda further into the setting of isotropic stable processes
in dimension d > 2 (henceforth assumed). According to Section 1.4 from |[2]|, such processes are
transient in the sense that

lim | X;| = o0 (3.3)

t—o0
almost surely. Accordingly, when issued from a point x # 0, it makes sense to define the point of
closest reach to the origin; that is, the coordinates of the point in the closure of the range of X with
minimal radial distance from the origin. Our main results offer the exact distribution for the point
of closest reach as well as a number of completely new fluctuation identities that fall out of its proof

and the use of radial excursion theory.

Before describing them in more detail, let us define point of closest reach with a little more
precision. We need to note a number of facts. First, isotropy and transience ensures that |X| is a
positive self-similar Markov process with index of self-similarity 1/« that does not hit 0. Accordingly

it can be represented via the classical Lamperti transformation

Xy =efer, >0, (3.4)
68



where

o(t) =inf{s > 0: /OS eCudy > t} (3.5)

and £ = (& : s > 0), with probabilities P,, = € R, is a Lévy process. It was shown in [5]
that the process & belongs to the class of so-called hypergeometric Lévy processes. In particular,
its Wiener—Hopf factorisation is explicit. Indeed, suppose we write its characteristic exponent

Ue(0) = —log Eglexp{if&1}], 6 € R, then up to a multiplicative constant,

F(%(—i@—ka))x I'((i0 + d))
I'(—3i0) L0 +d—a))’

Ve () = 0 R, (3.6)
where the two terms either side of the multiplication sign constitute the two Wiener—Hopf factors.
See e.g. Chapter VI in [2]| for background. Recall that if ¥ is the characteristic exponent of any
Lévy process, then there exist two Bernstein functions x and & (see [19] for a definition) such that,

up to a multiplicative constant,
U (if) = k(—i0)k(i0), 0 € R. (3.7)

Identity (3.7) is what we refer to as the Wiener-Hopf factorisation. The left-hand factor codes the
range of the running maximum and the right-hand factor codes the range of the running infimum
of £. It can be checked that both belong to the class of so-called beta subordinators (see 9], as well
as some of the discussion later in this paper) and, in particular, have infinite activity. This implies
that & is regular for both the upper and lower half-lines, which in turn, means that any sphere of
radius r > 0 is regular for both its interior and exterior for X. This and the fact that X has cadlag

paths ensures that, denoting
G(t) = sup{s <t: ‘Xs| = igf |Xu|}v t >0,
u<s

the quantity Xg() is well defined as the point of closest reach to the origin up to time ¢ in the sense
that Xg)— = Xgu) and |Xg| = infs<; [Xs|, see Lemma VI.6 from [2]. The process (G(t),t > 0)
is monotone increasing and hence there is no problem defining G(co) = lim; o G(¢) almost surely.
Moreover, as X is transient in the sense of (3.3), it is also clear that, almost surely, G(co) = G(¢) for
all ¢ sufficiently large and that

[ Xo(oo)| = inf | X].

Our first main result provides explicitly the law of Xg(o)-
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Theorem 7 (Point of Closest Reach to the origin). The law of the point of closest reach to the

origin is given by

L (d/2)” (l2* — [y[*)*/?

— i)
Py (X¢(0) € dy) T ((d—a)/2)T (a/2) |z —y|9y*

dy,  0<ly| <lzlf.

Fundamentally, the proof of Theorem 7 will be derived from two main facts. The first is a
suite of exit/entrance formulae from balls for stable processes which come from the classical work
of Blumenthal-Getoor—Ray [3].

To state these results, let us write
P =inf{t > 0:|Xy| <r}and 72 =inf{t > 0: |X¢| > 7},
for r > 0.

Theorem 8 (Blumenthal-Getoor-Ray [3]). For either |z| < r < |y| when 7 =72, or |y| < r < |z|

when 7 = 7.7,

P,(X, € dy) = 7~ @241 (d/2) sin (%) W@ — y|~dy. (3.8)

Moreover, for |z| > r,
|2 /r?)—

Palr’ =20 = 1 —Foff//;))r(a/z) /0( T ey (3.9)

and, for |z| < r and bounded measurable f on RY,
-0
E, [ | f<X3>ds] — [ W
0 [y|>r
such that
B () = 272 PF<$Z//22>)2 [ =yl /Dgr(x’y) (ut )~ P2 du, Jyl<r, o (3.10)

where

G (@ y) = (= |2)(r? = [yI*) /r?]e — yI?.

Remark. It is worth remarking that (3.9) can be used to derive the density of | Xg()| quite easily.
Indeed, thanks to the scaling property and rotational symmetry, it suffices in this respect to consider
the law of | Xg()| under Py, where 1 = (1,0,---,0) is the ‘North Pole’ on Sy_1. In this respect, we
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note that Py (| X¢(o0)| < 7) =1 —Py(7° = 00), hence, for v > 0,

1
Ex[| Xo(oo)*'] = /0 PP (| Xggooy| < 1)

_ 2I'(d/2) 17‘2 Hd—a)=1(1 _ ;2y5-14,
N F((d—a)/2)r(a/z)/o ! (1—r7)=77d
- L(d/2) 1u7+(d;a)_1 — w2 ldu
- F((d—a)/2)r(a/2)/0 (12" du. (3.11)

From this it is straightforward to see that |Xg()| under Py is equal in law to VA, where A is a
Beta((d — ) /2, «/2) distribution.

The second main fact that drives the proof of Theorem 7 is the Lamperti-Kiu representation of
self-similar Markov processes. To describe it, we need to introduce the notion of a Markov Additive
Process, henceforth written MAP for short.

Let Sg_1 = {x € R?: |x| = 1}. With an abuse of previous notation, we say that (£,0) =
((&,0©¢),t > 0) isa MAP if it is a regular Strong Markov Process on RxSy_1, with probabilities P, g,
x € R, 0 € Sq_1, such that, for any ¢t > 0, the conditional law of the process ((§s4+¢—&;, Os4¢) = s > 0),
given {(&u,Oy),u < t}, is that of (£,0) under Pgy, with § = ©,. For a MAP pair (§,0), we call £
the ordinate and © the modulator.

According to one of the main results in [1], there exists a MAP such that the d-dimensional

isotropic stable process can be written
Xt = exp{fw(t)}@w(t) t> 0, (3.12)

where ¢ has the same definition as (3.5). Now we see the reason for our preemptive choice of notation
as clearly |X;| now agrees with (3.4) and we can understand e.g. P (& € A) = fsdi1 P,o(& €
A, ©, € df), fort > 0 and A € B(R). Whilst the processes © and ¢ are corellated, it is clearly
the case that © is isotropic in the distributional sense, and hence an ergodic process on a compact

domain with uniform stationary distribution.

Remark. Noting that Xg() = [Xg(so)| X arg(Xg()), it is tempting to believe that it is a simple
step to take the distributional identity in (3.11) into the law of Xg(). Somewhat naively, this
is a particularly attractive perspective because of the similarity between (3.8) and the a postiori
conclusion in Theorem 7. Indeed one of our approaches was to try to derive the one from the other
by a simple limiting procedure. Making this idea rigorous turned out to be much more difficult
than originally anticipated on account of the very subtle nature of the correlation between radial

and angular behaviour of the MAP that underlies the stable process.

Our proof of Theorem 7 will take us on a journey through an excursion theory of X from
its radial maximum. In dimension d > 2, this is the first time, to our knowledge, that such a

radial excursion theory has been used, see however [6]. This will also allow us to prove the n-tuple
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laws at first entry/exit of a ball (below), which provide a non-trivial extension to the classical
identities of Blumenthal, Getoor and Ray [3] given in Theorem 8. Indeed, once the relevant radial
excursion theory is made clear, the following theorem and its corollary emerge as a consequence of
an application of the appropriate exit system, very much in the spirit of how analogous calculations
would be made e.g. in the setting of Lévy processes. What makes them difficult, however, is that
the underlying excursion theory deals with excursions of the process Xy /M, t > 0, away from the
set Sq—1, where My := sup,; | Xs|, t > 0. As such it is significantly harder to deal with the family
of associated excursion measures that appear in the exit system and which are indexed by S4_1, see

below for further details.

Theorem 9 (Triple law at first entrance/exit of a ball). Fix r > 0 and define

(o) o= p32 DA+ @)/ (/22 Jaf? = a2y 2 — |22
- TCa/2)] T(a/2 o]z - affls — ylflo — g7

for x, z,y,v € RN\{0} with o # 2, y # z and v # z.

(i) Write
6(t2) = sup{s < 77 : | X,| = inf | X,|}
u<s

for the instant of closest reach of the origin before first entry into {x € R% : |z| < r}. For
|z| > |z| > r, |y| > |2| and |v] <,

IPJC(XG(T?@) €dz, X\ s €dy, X o € du; 7P < 00) = xu(2,y,v) dzdy dv.

(ii) Define G(t) = sup{s <t : | X;| = sup, <, [Xul}, t > 0, and write

9(7'7,9) = sup{s < 7;9 : | Xs| = sup | Xy}
u<s

for the instant of furthest reach from the origin immediately before first exit from rSy_;. For
lz| <|z| <, |yl <|z] and |v| > r,

Pw(Xg(r,@) €dz, X e €dy, X o€ dv) = xz(z,y,v)dzdy dv.

Marginalising the first triple law in Theorem 7 to give the joint law of the pair (XG(T?)v Xﬂg;)
or the pair (Xﬂga_, XTSB) is not necessarily straightforward (although the reader familiar with the
manipulation of Riesz potentials may feel more comfortable as such). Whilst an analytical compu-
tation for the marginalisation should be possible, if not tedious, we provide a proof which combines

other fluctuation identities that we will uncover en route.
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Corollary 1 (First entrance/exit and closest reach). Fix 7 > 0 and define, for z, z,v € R%\{0},

I'(d/2)” 122 — |z [*|*/2
Tl (=a/2)[T(a/2) [|2]2 = [v[*|*/2]z — v]d]z — 2|

Xz(2,0,0) =
(i) For |z| > |z| > r, |v| <,

Px(XG(TSB) €dz, X o € dv; 7P < 00) = xu(2, ®,v)dz dv.

(ii) For |z| < |z| < rand |v| > 7,
PI(XQ(T?) €dz, X e € dv) = xa(z,0,v)dzdv.
Corollary 2 (First entrance/exit and preceding position). Fix r > 0 and define, for z,z,y,v €
R\ {0},

T((d+ a)/2)[(d/2 ¢ (z.9) o — yla—d
Xz (®,y,v) == 7Td(|(F(—|——a/)2/))F(Ey//2))2 </0 (u+ 1)_d/2u0‘/2_1du> "U_;aﬂldv dy,

where
P, y) == (o> =) (y> =) 7|z — y|*.

(i) For |z, |y| >, |v] <,

IP’x(Xﬂga_ €dy, X e € du; 7P < 00) = xe(e,y,v)dy dv.

(ii) For |z|,|y| <7 and |v| > 7,

P,(X o_ €dy, X.o € dv) = xz(e,y,v) dy do.

Tr

In [11, 15], one-dimensional stable processes were considered (up to first hitting of the origin
in the case that a € (1,2)), for which the process © in the underlying MAP is nothing more
than a two-state Markov chain on {1,—1}. Such MAPs are known to have a Wiener—Hopf-type

decomposition.

To be more precise, one may describe the semigroup of (£, 0) via a matrix Laplace exponent

which plays a similar role to the characteristic exponent of £&. When it exists, the matrix ¥, mapping
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C to the space of 2 x 2 complex valued matrices?, satisfies,
(7Y =Boile W, =4, i,j==+1,t>0,

In fact, it is known to take the form

Na+ 2)I(1 - 2) Ta+2)I(1 —2)
Fap+ 2)I'(1 —ap — 2) T(ap)T'(1 — ap)

P(z) = , (3.13)
o+ 2)(1—=2) IMNa+2)I(1—=2)

" T(ap)T(1 —ap) Iap+ 2)I'(1 —ap—2)

for Re(z) € (—1,a); see [7] and [10]. Similar to the case of Lévy processes, we can define k and &
as the matrix Laplace exponents of two MAPs, each with non-decreasing ordinate, whose ordinate
ranges and accompanying modulation coincide in distribution with the the range of the running
maximum of £ and that of the dual process é, with accompanying modulation. The analogue of
the Wiener—Hopf factorisation for MAPs states that, up to pre-multiplying & or & (and hence
equivalently up to pre-multiplying W) by a strictly positive diagonal matrix, we have that

U(—i\) = A R(INT Ark(—iN), (3.14)

for A € R, where

A sin(rap), 0 ‘
0 sin(map)

In the setting of the MAP which underlies the stable process, the so-called deep Wiener—Hopf
factorisation was computed in [11], thereby providing the first explicit example of the Wiener—Hopf
factorisation for a MAP. When X is a symmetric one-dimensional stable process, then, without loss
of generality, we may take A, as the identity matrix, the underlying MAP becomes symmetric, in
which case 7 = & and, moreover, &(\) = k(A + 1 —a), A > 0. In that case, the factorisation
simplifies to

P (—id) = k(A + 1 — a)r(—iN), A €eR, (3.15)

up to multiplication by a strictly positive diagonal matrix.

For dimension d > 2, by adopting the right mathematical language, we are also able to
provide the deep factorisation of the d-dimensional isotropic stable process, which also generalises
the situation in one dimension. To this end, let us introduce the notion of the descending ladder
MAP process for (§,0).

“Here the matrix entries are arranged by
A A
A= ’ ’ .
(A71,1 Ay,
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It is not difficult to show that the pair ((§, — &, ©0;),t > 0), forms a strong Markov process,
where £, = SUps<;&s, t > 0 is the running maximum of §. Naturally, on account of the fact
that &, as a lone process, is a Lévy process, (£, — &, t > 0), is also a strong Markov process, but
we are more interested here on its dependency on ©. If we denote by L the local time at zero
of £ — &, then the strong Markov property tells us that (Lt_l,H;r,@zr), t > 0, defines a Markov
additive process, whose first two elements are ordinates that are non-decreasing, where Hf =¢ L
and whose modulator ©; = 6, -tz 0. In this sense, L also serves as a local time on the set
{0} x S4_1 of the Markov process (€ — &,0). Because &, alone, is also a Lévy process then the pair
(L=, HT), without reference to the associated modulation ©%, are Markovian and play the role of
the ascending ladder time and height subordinators of £&. But again, we are more concerned here
with their dependency on ©T.

If we are to state a factorisation analogous to (3.15), we must understand how we should
define the quantities that are analogous to ¥ and k. Inspiration to this end comes from [15], where
it was shown that it is more convenient to understand the relationship (3.14) in its inverse form.
This is equivalent to showing how the resolvent of the underlying MAP relates to the potential
measures associated to kK and K.

Therefore, in the current setting of d-dimensional isotropic stable processes, we define the

operators

R.[f1(6) = o, [ / ~ eZEtf<et>dt} . BeSeizeC

and

p.171(6) = Eog [ [ e f(@?)dt} . 0eSunzeC,

for bounded measurable f : Sy_1 — [0,00), whenever the integrals make sense.

Theorem 10 (Deep factorisation of the d-dimensional isotropic stable process). Suppose that f :

S4—1 — R is bounded and measurable. Then

R_iA[f1(0) = Ca.d Pirsd—aP_in[f1] (0), 0 €S4_1,A€R,

where Cpq = 27°T((d — a)/2)%/T(d/2)%. Moreover,

e TG I 1 ] e »
0) = T S ST [, ) g Re(2) 20
and J 2)

Ralf)0) = gy [, fare(uly =0 s, Ak

This, our third main result, is the first example we know of in the literature which provides in
explicit detail the Wiener—Hopf factorisation of a MAP (in the same spirit as [8]) for which the

modulator has an uncountable state space.
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Our final main result concerns the stationary distribution of the stable process reflected in
its radial supremum. Define M; = sup,<;|Xs|, t > 0. It is a straightforward computation to show
that (X;/My, My), t > 0 is a Markov process which lives on By x (0,00), where By = {z € R? :
|z| < 1}. Thanks to the transience of X, it is clear that lim; ,~, M; = oo, however, thanks to
repeated normalistaion of X by its radial maximum, we can expect that the lim; o X¢/M; exists
in distribution. Indeed, in the one-dimensional setting this has already been proved to be the case

in [15].

Theorem 11. For all bounded measurable f: B; — R and z € R\{0}

. _ aplldta)/2) [ Y L L P
tl_onx[f(Xt/Mt)] [(a/2) /Sd_1 1(do) /w<1 f(w) 6 — wl| )

where o1 (dy) is the surface measure on Sy_1, normalised to have unit mass.

Remark. Although we are dealing with the case d > 2, with the help of the duplication formula
for gamma functions, we can verify that the above limiting identity agrees with the stationary
distribution for the radially reflected process when d = 1 given in Theorem 1.3 in [15] if we set
d=1and a € (0,1).

We also note that the stationary distribution in the previous theorem is equal in law to the
independent product of random variables U x v/B, where U is uniformly distributed on Sy_; and B is
a Beta(d/2,a/2) distribution. Indeed, suppose we take f(w) = |w|*Yg(arg(w)) for v > 0, then we

also see that

o 1
Jim E7 (/M) = Sy [ (i) [ rrta et | S (@0),

A Newton potential formula tells us that de—l |p — rf| =901 (dp) = 1, see for example Remark I11.2.5
in [12], and hence, after an application of Fubini’s theorem for the two spherical integrals and change

of variable,

F(d/Q)F(a/Z)/O e (l-w)rrd / 9(0)o1(d0),

Sa-1

Jim B [f(Xe/My)] =

verifying the claimed distributional decomposition.

The remainder of this paper is structured as follows. In the next section we discuss the
fundamental tool that allows us to conduct our analysis: an appropriate excursion theory of the
underlying MAP (£, 0). This may otherwise be understood as (up to a change of time and change
of scale space) the excursion of X from its radial minimum. With this in hand, we progress directly
to the proof of Theorem 7 in Section 3.3. Thereafter, in Section 3.4, we introduce the so-called
Riesz—Bogdan—Zak transform and discuss its relation to some of the key quantities that appear

in the aforesaid radial fluctuation theory. Next, in Section 3.5 we analyse in more detail some
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specific identities pertaining to integration with respect to the excursion measure that appears in
Section 3.2. These identities are then used to prove Theorem 9 in Section 3.6 and to prove the deep
factorisation in Section 3.7. Finally, we deal with the stationary distribution, which is proved in
Section 3.8.

3.2 Radial excursion theory

One of the principal tools that we will use in our computations is that of radial excursion theory
of X from its running minimum. In order to build such a theory, we return to the Lamperti-Kiu
transformation (3.12). In the spirit of the discussion preceding Theorem 10, by considering, say,
¢ = (4, t > 0), the local time at 0 of the reflected Lévy process (& —§,t=> 0), where §, = infs<t &,
t > 0, we can build the descending ladder MAP ((H, ,0; ),t > 0), in the obvious way. As before,
although the local time £ pertains to the reflected Lévy process £ —§, we will see below that it serves
as an adequate choice for the local time of the Markov process (§ — &, ©) on the set {0} x Sq_; to
the extent that we can use it in the context of Maisonneuve’s exit formula.

More precisely, suppose we define g, = sup{s < t: & = §s}, and recall that the regularity of
€ for (—o0,0) and (0, 00), i.e. satisfying (1.27), ensures that it is well defined, as is g, = lim;_, g.
Set

di =inf{s >t: & =¢ }

and, for all ¢ > 0 such that d; > g, the process

(fgt(s)v @;(8)) = (ggt—&-s - fgta @gt+8)7 s < Cgt =d¢ — gy,

codes the excursion of ({ — £, ©) from the set (0,S4_1) which straddles time ¢. Such excursions live

in the space of U(R x S4_1), the space of cadlag paths with lifetime ¢ = inf{s > 0 : €(s) < 0} such

that (¢(0),0(0)) € {0} x Sg—1, (e(s),0(s)) € (0,00) x Sg_1, for 0 < s < ¢, and €(¢) € (—o0,0).
Taking account of the Lamperti-Kiu transform (3.12), it is natural to consider how the ex-

cursion of ({ —¢,0) from {0} x Sy_; translates into a radial excursion theory for the process
Y, = e*O,, t>0.

Ignoring the time change in (3.12), we see that the radial minima of the process Y agree with the
radial minima of the stable process X. Indeed, an excursion of ({ —¢&, ©) from {0} xSy_; constitutes
an excursion of (Y;/infs<¢ |Ys|,t > 0), from Sy_1, or equivalently an excursion of Y from its running
radial infimum. Moreover, we see that, for all ¢ > 0 such that d; > g,,

Yo, 45 = eﬁgteegt(s)@;(s) _ |§/gt‘eﬁgt(s)@§t(3)’ s < (g,-

This will be useful to keep in mind in the forthcoming excursion computations.
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For ¢t > 0, let Ry = d; — ¢, and define the set G ={t >0: R,_ = 0,R; > 0} = {g, : s > 0}.
The classical theory of exit systems, described in Section 4 of [17], now implies that there exists an
additive functional (A, t > 0) carried by the set of times {t > 0: (§ —§,,0y) € {0} x Sq_1}, with

a bounded 1-potential, and a family of excursion measures, (Ng,0 € Sy_1), such that

(i) the map 6 — Ny is a kernel from Sq_; to R x Sg_1, such that Np(1 — e™¢) < oo and Ny is
carried by the set {(e(0+),0(0) = (0,0)} and {¢ > 0};

(ii) we have the ezit formula

Eog | Y F((£,05) 1 s < 9)H((eg, 05))
geG

B, [ | 0. s < 0, (e, )an, | (3.16)
0

for  # 0, where F' is any continuous function on the space of cadlag paths D(R x S;_1) and

H is any measurable function on the space of cadlag paths U(R x Sg_1);

(iii) under any measure Ny the process (e, 0¢) is Markovian with the same semigroup as (&, ©)

stopped at its first hitting time of (—o0,0] X Sg_1.

The couple (A, N') is called an exit system. Note that in Maisonneuve’s original formulation, the pair
A and the kernel N is not unique, but once A is chosen the measures (Ny,0 € Sy_1) are determined
but for a A-neglectable set, i.e. a set A such that E ([, 11, —¢ 0.)ca3dAs) = 0. Since £ is an
additive functional with a bounded 1-potential, we will henceforth x:;ork with the exit system (¢,N")

corresponding to it.

The importance of (3.16) can already be seen when we consider the distribution of Xg(s)-

Indeed, we have for bounded measurable f on R,

E, [f(XG(oo))} = Elog|m|,arg(w) Z f(e& @t)]-(Ct = OO)]

LteG
= Elog|:c|,arg(x) A f(eéth)Net (C = OO)th:|
-l

= Elog|m|,arg(w) 0 f(e_Ht_ @;)N@t_ (C = Oo)dt:|

- / U O () (€ = 20), (3.17)

where -
U= (d2) = / Ploy ioargey (€7 O €z, t < Lo)dt,  |2] < Jaf
0

may be thought of as the expected occupation time of (e~ ©; );>¢ in dz.
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Remark. It is worth noting here that the definition of U; is designed specifically to look at the
expected occupation measure of the radial minima in cartesian coordinates, rather than in polar

coordinates which would be another natural potential associated with (H, ,0; ), t > 0.

On account of the fact that X is transient, in the sense of (3.3), we know that (H~,07)
experiences killing at a rate that occurs, in principle, in a state-dependent manner, specifically
Ny(¢ = ), 0 € Sy_1. Isotropy allows us to conclude that all such rates take a common value and
thanks to the arbitrary scaling of local time ¢, we can choose this common value to be unity. Said
another way, / is exponentially distributed with rate 1.

In conclusion, we reach the identity
Bl (o)) = [ Ur(@2)5(2) (318)

or equivalently, the law of Xg() under P;, x # 0, is nothing more than the measure U, (dz),
|z| < |z|. From this analysis, in combination with (3.9), we also get another handy identity which
will soon be of use. For r < ||, Py(7,” = 00) = P4(|Xg(o0)| > 7) and hence, from Theorem § we

have

P, (r® = co0) = / U; (d2)
r<|z|<|z|

_ '(d/2)
~ I((d-a)/2)T

(2 /r2) -1
e / (1 4 1)4/20/271 gy (3.19)
0

Another identity where we gain some insight into the quantity U, is the first passage result
of Blumental-Getoor-Ray [3] which was already stated in (3.8). For example, the following identity

emerges very quickly from (3.16). For bounded measurable functions f,g on R,

Em[g(XG(ﬁ@))f(XT?)WfB < oo

- / U (dz) / Narg() (€90°(C) € dy: ¢ < 00)g(2) f(12ly)- (3.20)
1<]z|< ] lyllz|<1

With judicious computations in the spirit of those given above, one might expect to be able to
extract an identity for U, in combination with (3.8). For example, developing (3.20) we might

write

B/ (X pl)irf? < ool = [

1<|z|< x|

- / U (d) / v(dy)f(2le ) (3.21)
1<|z|< |z y>log|z|

for |z| > 1 and bounded measurable f on R?, where we have appealed to isotropy to ensure that

Us (d) / Narg(o) ([€()] € dys € < 00) f(|2]e™Y)
y>log |z|

Narg(2)(|€(¢)| € dy) does not depend on arg(z) and thus can rather be written as v(dy), where v is
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therefore the Lévy measure of the subordinator H ™, see e.g. [20]. On account of the fact that the
Wiener—Hopf factorisation for £ is known, c.f. (3.6), the measure v can written explicitly; see [5].
Indeed, the normalisation of ¢ is equivalent to the requirement that ®~(0) = 1, where ®~ is the

Laplace exponent of H~ and hence

_ _ )y B I'((d—a)/2)T(A+d)/2)
e _/m,oo)“_e ) = TN+ d=a)2)

A >0,

which, inverting with the help of a change of variables and the beta integral (see also [5]), tells us

that
ol'((d —a)/2)

d p—
Y(49) = ST = a)/2)
Nonetheless, despite the fact that the left-hand side of (3.21) and (3.22) are explicitly available, it

seems here, and in other similar computations of this type, difficult to back out an expression for

(1—e 2V)"2 leMyy. (3.22)

the measure U, .
Whilst our approach will make use of some of the identities above, fundamentally we prove
Theorem 7 via a method of approximation, out of which the expression we will obtain for U, can be

cleverly used, in conjunction of the excursion theory above, to derive a number of other identities.

3.3 Proof of Theorem 7

We start with some notation. First define, for = # 0, |z| > r, 6 > 0 and continuous, positive and
bounded f on RY,

ALf(x) = 5B [f(arg(Xo. )i | Ko € [r = 6,7]).

The crux of our proof is to establish a limit of ASf(x) in concrete terms as § — 0.
Note that, by conditioning on first entry into the ball of radius r, we have, with the help of
the first entrance law (3.8) and (3.18),

1
Mf@ =5 [ P0G € dy 7 < co)B, [fars(Xa))s oo € (= alyl]
ylE|r—o,r
[ g i, (a0 e € (= ]
=<Cad 13 - Goo )i 1 XGoe — 0,
o wlelr—sr 17— [y]? !
1 ly — ¢ -
= §Coal? = laP [yt | Uy (d2)f(arg(2),  (3.23)
0 lyl€(r—8,r] |72 — [y[?[/2 r—<|z|<|y] Y
where
Coa = 7~ @2HDT (d/2) sin (%) .
Our next objective is to try and replace fT*5§‘2|§‘y| U, (dz)f(arg(z)) by a term of simpler form

which can be asymptotically estimated in the limit as & — 0. To this end, we need some technical

lemmas.
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Lemma 4. Suppose that f is a continuous function on R¢. Then

_5<lz U, (dz)f(z
lim  sup Jo—s<i21<1u Us (7 ) ( )—f(y) o
=0 lyletr—or] | Jr—s<)zi<iy Uy (d2)

Proof. Suppose that C, 5.(y) is the geometric region which coincides with the intersection of a cone
with axis along y with radial extent 2¢, say C., and the annulus {z € R% : r — § < |2] < r}; see
Figure 3-1. Chose ¢, such that

sup | f(z) = f(y)l <€,

Zecr,éye(y)

for some choice of ¢’ <« 1.

Figure 3-1: The process (H~,©7) in relation to the domain C, 5. (y).

Since f is continuous and {x € R?: |z| < r} is a compact set, we can define

M,= sup |f(z)| < 0.
{veRe|z]<r}

Hence, we have that

fr76§|z\§|y| Uy_ (dz)f(z)
sup - - f(y)
wietr—arl | Ji_s<pzi<py Uy (d2)
M s Jr—s<izi<py Uy (d2)1(= ¢ CracW))

lyle(r—d,r] fr_ag\z|g|y| Uy (d2)

(3.24)

In order to deal with the second term in the right-hand side above, taking the example computations
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of (3.20) and (3.21), note that, for |y| € (r —6,7],

sup / Uy (d2)1(2 & Cpse(y))v (10g< 2] )OO>
lyle(r—8,r] Jr—6<|2|<]y| r—o

= sup Py(XT@ _ & Cr,é,a(y)a TﬁB—& < OO)
lyle(r—a,r] e

= sup Pﬁi(XTGB _ € Crse(Bl), 7—59_5 < 00)
BE(T_évT‘} e

< sup Pg(O
Be(r—é,r] Tr—s

€ C.NSy_1, 0, _5< )

< sup Pgi(ve <o, _45) <Pri(ve <o, ) (3.25)
BG(T*(S,T}

where 1 = (1,0,---,0) is the ‘North Pole’ on Sq_y, o, s = inf{t > 0: HS < r — ¢} and v, =
inf{t >0:0;, &C.NS4_1}. Right-continuity of paths now ensures that the right-hand side above
tends to zero as § — 0.

On the other hand, from (3.19)

/ Uy (dz) =Py(r,2 5 =00) =P _y,_, (1" = 0), (3.26)
r—8<|z|<[y| 5

where we have used isotropy in the final equality and from (3.9) and (3.22) a rather elementary

computation shows that
hirll v (logn, 00) Py (17 = 00)
n

o 0 o n?—1
= lim / 1—e _2_le_d”dv> / u+1)"202 1y
1 T(a/2)T(1 — a/2) ( logn( ) ) ( )
1

T T+ /21— a/2)

Hence

frﬂsg\zg\m U, (d2)1(z € Cr56(y))

lim
=0 (i1 Jr—s<pz12py Uy (d2)

. v(log (|21/(r - §)) , )
< s Uy CHE & o) iy (1176 —5)) , 0)

11m su

= 50 ye(ro) Jr—s<)21<py Uy (d2)
i Dy Uy (@91 € o )08 (21— ) o0)
= 30 e v(10g (yl/(r — 6)) , 50)B, (7 5 = o)

Pr(v. <o
< lim sup (Ve r—s)

) L<n<lt v(logn, 00)Py1 (117 = 00)

=0
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and thus plugging this back into (3.24) gives the result. O

With Lemma 4 in hand, noting in particular the representation (3.26), we can now return to
(3.23) and note that, for each € > 0, we can choose ¢ sufficiently small such that
A? A1 1 2 202 ly — x|~ ® _
pf(2) = D(e)A1(z) + gcoa,d|7“ — |z|7| dwa(arg(y))Py(T 5 = 00),

2 r—
wletr—os] 7> —

where, |D(e)| < € and for |z| > r,

lim sup |A%1(z)| < limsup
0—0 d—0

1 ly — x| 7@
L Calr® — 2202 / dy— = p (8 = o)
0 le(r—sr - |12 — |y[2|e/2" Y0

1
= limsup ‘5 (Po(12 5 = 00) — Py(7 = 00))

6—0 "
(lz[?/v?)-1
(i)/ (u+ 1)~ %/20/2 1y,

r(d/2)

T((d—a)/2)T(a/2)
W)

T((d—a)/2)T(a/2)

where in the third equality we have used (3.9).

v=r

_ 2)04/2—1 T,dflfoz‘x|27d

We can now say that, if the limit exists,

lim A?
lim A f(2)

_ |—d
:thadr z|2|2/22 / wf arg(y))P TSB_ =00
5§50 s ‘ ’ ‘ ’ y|€ T 57.] |T2 - ’y|2’a/2 ( ( )) y( ) )

" 0 — x|~
— lim C, 2 2 a/2/ d-1q / a6 lp 0\P o _
61_I)I(1) 7d|7’ |LU‘ | 5 s p p de ) ( ) |'f'2 . p ’a/2 f( ) 99(7—7‘—5 OO)

Ppl(Tr@ 5 = )

1 T
— lim O, glr? — |of? a/2/ -1 - / _-d 5
51;1(1)(7 dlr || % 5 ) p 2 p2‘a/2 s op(dO)[p0 — x|~ f(0), (3.27)

|7
where, in the second equality, we have switched from d-dimensional Lebesgue measure to the gener-
alised polar coordinate measure p?~1dp x o,(df), so that p > 0 is the radial distance from the origin
and 0,(d0) is the surface measure on pSy_1, normalised to have unit mass. In the third equality we
have used isotropy to write Py(7 5 = 00) = Py (1 5 = 00) for § € Sy_1.

Noting the continuity of the integral fPSdfl 0,(df)|pt — z|~?f(0) in p, the proof of Theorem
7 is complete as soon as we can evaluate

. 'r 6 - OO)
Y e (3.28)
To this end, we need a technical lemma.
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Lemma 5. Let D, 4 =

(d/2)/T((d — &)/2)T(c/2). Then

2D
. 2 2\ —a/2, .« a,d
lim sup (o = (= 0)%) B ys(r? s = 00) = 0| =
Proof. Appealing to (3.9), we start by noting that
p?/(r—8)%~1
sup Da,d/ u®/2 1y — Py (Tfi(; = 0)
pE[r—b,r] 0
p?/(r—06)*—1
< sup Dgg ‘(1 +u)" Y% = 1‘ u®? Ty
pE[r—4,r] 0
p?/(r—6)>~1 —5)d
< sup Dgg (7’d)‘ u®?1du
pPE[r—a,r] 0 p
(T - 5)d 2 2 o o/2 _
<Dg,gqll— - —(r—=9 —0)" ¢
I ,d Y’d Py (T (T ) ) (7’ )

which tends to zero as 6 — 0. Furthermore

P2/ (r—8)2—1 5D
sup Da,d/ ua/Qfldu _ 7ad(p2 o (T o 5))&/27,7(1
pPE[r—a,r] 0 o
9D 4 . o
= sup (0 = (r =01 (r = 8)7* =77
pE[r—a,r] (0%
2Dg

S (g2 (= 5))2 (- )7 =0

which also tends to zero as 6 — 0. Summing (3.29) and (3.30) in the context of the triangle

inequality and dividing by r~(r? — (r — §))*/? we can also deduce that

lim sup

—a a 2Da,d
6=0 pe[r—5,r] (p2 —(r— 5)2) /2y Ppl(Tga =00) — —>—
P r

=0,
«

and the lemma is proved.

(3.29)

(3.30)

We are now ready to prove (3.28), and identify its limit, thereby completing the proof of

Theorem 7. Appealing to Lemma 5,

]

for all € > 0, there exists a § sufficiently small

( OO) 2Da,dr_a "
5 _

(P — (r—6))*/2
L o 8 TR )l

r 2 _ 5\2\a/2
< 8/ dp(p (r —0)")**
0 r—6 (r2 - p2)a/2

p
"
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Next note that

T 2 _ _ a/2 a2 . a2
O LN et Gt ) g / =] [0
§=00 Jp_s (r2 — p2)a/2 50 0 r+p
a/2 2r — 26 + u]/?
= lim du O ——
6—0 Jo 1—u 2r — 0+ du
1
:/ du(1 — u) = 2u/?
0
=T(1—-a/2)T(1+a/2), (3.32)
where we have used the substitution p = (r — §) + ud in the second equality and dominated

convergence in the third.

Putting the pieces together, we can take limits in (3.31), using (3.32), to deduce that

lim = [ d w = 2Dl = a/2)T(1 + a/2)r"
500 p (r2—p )0‘/2 T

which, in turn, can be plugged into (3.27) and we find that

lim A% (2) = > Do.al(1 — /2T (1 + 0/2) Cor™ | 2|2 / 00(d0) [0 — x| £ (0)
— 0% rSq_1

— —d/2 I'(d/2)? pd—a—1,2 _ | ,12/0/2 - g pl-d
T((d— a)/2)T(«/2) Ir” =l /le p(d0)|r6 — x|~ f(0)

Now suppose that ¢ is another bounded measurable function on [0, c0), then

Ez[g(’XG(oo)‘) arg(‘XG(oo)

- I'(d/2)* || 172 — |z[2]2

_ . —d/2 |2 = [a]?|*/?
! I'((d - a)/2)I(2/2) / /Sd ) 7p(d6) re|rf — x| 10)g(r)
2 2 /2
_ —d/2 '(d/2) / ly[> = || f
-7 o f(arg(y))g(ly|)dy,
D@~ /20072 Jyjaqey ool — e B9
which is equivalent to the statement of Theorem 7. 0

3.4 Riesz—Bogdan—Zak transform and MAP duality

Recently, Bogdan and Zak [4] used an idea of Riesz from classical potential analysis to understand
the relationship between a stable process and its transformation through a simple sphere inversion.
(See also Alili et al. [1] and Kyprianou [11]). Suppose we write Kz = x/|z|?, 2 € R? for the classical
inversion of space through the sphere Sy_;. Then in dimension d > 2, Bogdan and Zak [4] prove
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that, for z # 0, (K X4y, t > 0) under Py, is equal in law to (X, ¢ > 0) under P7, where

aps X,
- |z[o—d

P, et t>0 (3.33)
and n(t) = inf{s > 0 : [J|X,/"?**du > t}. It was shown in Kyprianou et al. [16] that P},
r € RN{0} can be understood, in the appropriate sense, as the stable process conditioned to be
continuously absorbed at the origin. Indeed, as far as the underlying MAP (&, ©) is concerned, we
see that —i(aw — d) is a root of the exponent (3.6) and the change of measure (3.33) corresponds
to an Esscher transform of the Lévy process &, rendering it a process which drifts to —oo. Thus,
an application of the optimal stopping theorem shows that (3.33) is equivalent to the change of

measure for £

dPg

_ Jla—d)(&—a) >
ol e . t>0 (3.34)

((§5,05):s<t)

Following the reasoning in the one-dimensional case in [1, 11|, it is not difficult to show that
the space-time transformed process (K X,),t > 0) is the Lamperti-Kiu transform of the MAP
(—&,0). Therefore, at the level of MAPs, the Riesz-Bogdan-Zak transform says that (£, 0) under
the change of measure (3.34), when issued from (log|z|,arg(z)), = € R, is equal in law to (=&, 0)

when issued from (—log |z|, arg(z)).

An interesting consequence of this is that the Riesz—Bogdan-Zak transform provides an effi-
cient way to analyse radial ascending properties of X, where previously we have studied its descend-
ing properties. That is to say, it offers the opportunity to study aspects of the process (HT,01).
A good case in point in this respect is the analogue of the potential U (dy), |y| < |z|.

For convenience, note from Theorem 7 and (3.18) that establishing the law of Xg(o0) 18 equiva-
lent to obtaining an explicit identity for U, (dy), |y| < |z| and this we have already done. Specifically,
for all |z| > 0,

I'(d/2)” ly[* — |z[*|*/>

_ — /2
Uz (dy) I((d—a)/2)0(a/2) Jyl*ly —al "

[yl <[] (3.35)

On the other hand, recalling that lim; o | X;| = 0o, which implies that lim; o & = oo and hence

Lo, = 00, we define
Uaj(dz) = / Plog|:p\,arg(x)(th+@;_ S dZ)dt, ’Z’ > ’(13‘
0

Then the Riesz-Bogdan-Zak transform ensures that, for Borel A C {z € R?: |2| < |z|},

217~

+ —H - A~—
WP10g|x|,arg(z’) (th @t+ € A) = P—log\x|,arg(x) (e i @t € KA,t < Eoo)
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where KA = {Kz:z € A}. Hence, for |z| > 0,

Hdz) = i LD [ A el
Um (d ) F((d — Oz)/Q)F(oz/Q) |Z|—a |(Z/‘Z|2) _ (.1’/|I'|2)|d |Z|afd |Z|2d
e T@RPPlePle
T((d—a)/2)T(a/2) |z]o|z— 2@ 2| > |al. (3.36)

where we have used the fact that dy = |z|2?dz, when y = Kz, and

|z — 2|

Ko — Kz| = (3.37)

jzlz]

One notices that the identities for the potential measures U, (dz) and U, (dz) are identical
albeit that the former is supported on |z| < |z| and the latter on |z| > |z|. These identities and,
more generally, the duality that emerges through the Riesz-Bogdan-Zak transformation will be of

use to us in due course.

3.5 Integration with respect to the excursion measure

In order to proceed with some of the other fluctuation identities and the deep factorisation, we need

to devote some time to compute in explicit detail the excursion occupation functionals

¢
Np </ 9(66(8)95(8))@) , 0€Sq, (3.38)
0
and the excursion overshoot

Ny (f(eO0Q)) (<o), 0 €Su, (3.39)

for judicious choices of f and g that ensure these quantities are finite.

The way we do this is to use Lemma 4 to scale out the quantity of interest from a fluctuation
identity in which it is placed together with the potential U_. Let us start with the excursion
overshoot in (3.39).

Proposition 20. for § € S;_1, we have

Np (ee(o@ﬁ(é) edy;( < 00)

_ar2D0((d - a)/2)
2 T(1-a/2)

11— |y2720 —y| "y, |y < 1.

Proof. Take |z| > r > rg > 0 and suppose that f : R% = [0, 00) is continuous with support which
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is compactly embedded in the ball of radius ro. We have, on the one hand, from (3.8), the identity
Eaﬁ[f(XTﬁB)Q 7,0 < o0

— g (d/2+1) sin (T4
s F(d/Q)blIl( 5 >/|

’7‘2 _ |1‘|2|O‘/2 3
WW —y df(y)dy-

yl<r ’TQ
On the other hand, from (3.20), we also have
E,[f(X,0); 78 < oc]
— [ U@ [ Nag (06O < o) (3.40)
r<z|<|z| lyllz|<r

Note that, for each z € R%\{0},

2 Nagg() (F(|2[e9905(€)): ¢ < 00)

is bounded thanks to the fact that f is bounded and its support is compactly embedded in the unit
ball of radius rg. Indeed, there exists an € > 0, which depends only on the support of f, such that

sup | Narg(z) (f(12e19V0(()); ¢ < 00)

r<|zl<|z|

< [[flloov (= log(ro — €),00) < o0.
Moreover, since we can write

Narg(z) (F(|21e590(0));: ¢ < 00) = Ny (f(|2[e190°(¢) % arg(2)); ¢ < ), (3.41)

where, for any a € S;_1, the operation *a rotates the sphere so that the ‘North Pole’, 1 =
(1,0,---,0) € S4_1 moves to a. Using a straightforward dominated convergence argument, we
see that

Narg(2) (F(121e“V0(¢));¢ < 00)
is continuous in z thanks to the continuity of f.

Appealing to Lemma 4, we thus have that

Narg(a) (f (|21e190%(€)): ¢ < 00)
fr<\z|<|z| Ufﬂ_(dz) f\y||z‘<r Narg(z) (f(|2’66(<)@6(g))a< < OO)

= lim

lz| fr<|z\§|x\ Uz (dz)
E[f(X,8); 77 < oc]
= lim e
|z PI(TT = OO)

Substituting in the analytical form of the ratio on the right-hand side above using (3.40) and (3.9),
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we may continue with

Narg(m) (f(’x‘ee(C)@e(C))vg < OO)
T = a)/2) (2 = )22 I =y P2l — 1= (y)dy

= lim 7w
rlz| Il —«a/2) fo(|a:\2—r2)/r2 (u + 1)~9/2u/2-1dy
_a2T((d—a)/2) _ _
_d)2 / 22 — [Pz — o~ () dy
Ti—a/2) |y‘<mH "=yl e =yl f ()

o 2 _ .2 21a/2
R (Vs

| f()(lx\Q—r2)/r2(u+1)_d/2ua/2—1du

/| P =l ) (3.42)
yi<|xr

B ar~ 2 T((d - a)/2)
2 T(-a/2)

where we have used that the support of f is compactly embedded in the ball of radius |z| to justify
the first term in the second equality. O

Next we turn our attention to the quantity (3.38). Once again, our approach will be to scale

an appropriate fluctuation identity by
P.(7¥ = 00) = / U, (dz).
r<|z|<|z|

In this case, the natural object to work with is the expected occupation measure until first entry
into the ball of radius r < |z|, where z is the point of issue of the stable process. That is, the

quantity

Ey

/0 " f(XS)ds] (3.43)

for |z| > r > 0 and continuous f : R? + [0, 00) with compact support.

Although an identity for the aforesaid resolvent is not readily available in the literature, it is
not difficult to derive it from (3.10), with the help of the Riesz-Bogdan-Zak transform.

Recall that this transform states that, for z # 0, (K X,,4),t > 0) under P, is equal in law to
(Xt,t > 0) under P2, where

n(t) =inf{s > 0: / | X |72 du > t}.
0

For convenience, set r = 1. Noting that, since fg(t) | Xu|72du = t, if we write s = n(t), then

| X,|2%ds = dt, t>0,
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and hence we have that, for |z| > 1,

= EK;B

Zafd 7'169
[ A ase = [ " scxoa

/0 ' f(KXn(t))dt]
:E ) T KXS XS —20éd

X [ /0 FIKX)|X] ]
_ / W (K, y) f (Ky)ly| > dy

lyl<1

where we have pre-emptively assumed that the resolvent associated to (3.43) has a density, which
we have denoted by h{ (z,y). In the integral on the left-hand side above, we can make the change
of variables y = Kz, which is equivalent to z = K. Noting that dy/dz = 1/|2|?? and appealing to
(3.10), we get

’ ’2a

/ lz\a:dh?(x,z)f(z)dz = / W (K, K2) f(2) 5742,
} 2|

|z|>1

from which we can conclude that, for |z|,|z| > 1,

B ]x|a_d

hY (z,2) = R (Kz, Kz)

|Z|a—d

|Z|2a

‘Z|2d

e
o —asp D(d)2) |x| |22 6 (KeKz) - -
— 9« d/2 o o d/ 1 d/2, /2 L.

T a2 e T AT (e DR

Hence, after a little algebra, for |z|,|z| > 1,

T(d/2)
I'(a/2)?

(¥ (z,2)
h?(x,z) = 2*a7rfd/2 ’33 _ Z|ad/ (u + 1)fd/2ua/271du
0

where we have again used the fact that |Kx — Kz| = |z — z|/|z||z| so that
Cf (K, K2) = (]2 = 1)(|2] = 1)/Jz = 2 = (P(x, 2).

After scaling this gives us a general formula for (3.43), which we record below as a lemma on account
of the fact that it does not already appear elsewhere in the literature (albeit being implicitly derivable

as we have done from [3]).

Lemma 6. For |z| > r, the resolvent (3.43) has a density given by

o a1 D(d)2) - ¢P(x,2) B B
o _—d/2 a—d d/2, a/2—1
he(z,2) =274 T(a/2)2 |z — z| /0 (u+1)"42u*/2" 1 qu, (3.44)

where (P (z, 2) := (|22 — r?)(|2]? — r?)/r?|x — 2|2
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We can now use the above lemma to compute occupation potential with respect to the ex-
cursion measure, defined in (3.38). As for other results in this development, the following result
is reminiscent of a classical result in fluctuation theory of Lévy processes, see e.g. exercise 5 in
Chapter VI in [2], but as it includes the information about the modulator there is no direct way to

derive it from the classical result.

Proposition 21. For z € R?\{0}, and continuous g : R? ++ RT whose support is compactly

embedded in the exterior of the ball of radius |z,

¢ L((d—a)/2)?
Nugto ([ atlate o) =2 [ s
5\ Jo L(d/2)?  Jig<pe
Proof. Fix 0 < r < |z|. Recall from the Lamperti-Kiu representation (3.12) that

X = exp{gtp(t)}(_)(so(t))a t>0,

where
©(t)
/ exp{a&, tdu = t.
0

In particular, this implies that, if we write s = ¢(t), then

ds

— =e % t 4
o = > 0, (3.45)

Splitting the occupation over individual excursions, we have with the help of (3.16) that

" scxoas

=E, {/ 1(e5s > r)g(e&@S)eo‘fsds}
0

Eqy

¢
= ~(dz 216 0% (s)) (121e€())ds | . .
/T<|Z<|z Ug (d2)Nag(2) </0 9(|2[e®O°(s))(|z[e™)) d) (3.46)

Note that the left-hand side is necessarily finite as it can be upper bounded by E, UOOO g(Xt)dt],

which is known to be finite for the given assumptions on g.

Straightforward arguments, similar to those presented around (3.41), tell us that for contin-
uous g with compact support that is compactly embedded in the exterior of the ball of radius |z,

we have that, for r < |z| < |z|,

¢ 00
gt ([ o0I0)as ) = [~ Ny (aa100%(5))ex s s < ) s

is a continuous function.
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Accordingly we can again use Lemma 4 and Theorem 8 and write, for z € R?,

Narg(a) </OCg(l«’v\eﬁ(s)@e('&))(leee(s))“)

fr<|z\<\x| Uz (dz)Narg(z) (fOC g(‘Z|€€(S)@E(S))(|Z‘ef(5))a)

= lim —
rtlz| Jr<ioi<ia Un (d2)
P
B Ey [fo Q(Xs)ds]
B P, (7 = 00)
o T,z _ o _
e apP(d=)2) | fyag 8210 < D)l — A 1)/
D(a/2) vt fO(II\LT?)/TQ(u_|_1)—d/2ua/2—1du
o g DA )/2) .
=2"% d/2/ dz g(2)|z — 2|~ 4|2 = |z|*)*/?,
i) . @0 = =P~ LoP)

where in the final equality we have used dominated convergence (in particular the assumption on

the support of g). By inspection, we also note that the right-hand side above is equal to

r(d - a)/2)° et
(T /|m|<|z|g( )|2oU (d2).

The proof is completed by replacing g(x) by g(x)|z|~. O

2—a

3.6 On n-tuple laws

We are now ready to prove Theorems 9, Corollary 1 and Corollary 2 with the help of Section 3.5
and other identities. In essence, we can piece together the desired results using Maisonneuve’s exit
formula (3.16) applied in the appropriate way, together with some of the identities established in

previous sections.

Proof of Theorem 9. (i) Appealing to the fact that the stable process |X| does not creep downward
and the Lévy system compensation formula for the jumps of X, from Section 0.5 of [2], we have, on

the one hand,

Ealf (Xg(,00)9(X,0 )h(X,0)i 78 < oo] = E, [ /0 T H(Xe)g (X k(X | (3.47)

where continuous positive-valued functions f, g, h are such that the first two are compactly sup-
ported in {z € R? : |z| > r} and the third is compactly supported in the open ball of radius 7

and
(y) /y w|<r ( ) (y )

On the other hand, a calculation similar in spirit to (3.46), using (3.16), followed by an application
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of Proposition 21, tells us that

/ F(Xo(w)g(X0)k <Xt>]

¢
= z Zee(S) (g Zee(s) (s Zee(s) s
/< U)o )</0 o(12]e D0 (5) (2l O%(s)) )d>

I'(d/2)? /T<Z|<x| Uz (d2) f( )/|Z|<|y U, (dy)g(y)k(y)ly|*.

Putting the pieces together, we get

=@

EI[f(XG(T )) (X &_ X @) 7' < OO

((d— a/2 . X
=2 ~(d2)U (dy)II(d h
BRCEE /< 2I<lal /z|<y| /w p 07 G2 (@IAw) (@) W)l Ay + )
1212 = |=*/2]|y|* = |2[*|*/
dydzd h
/ <z |<|z/ <l /w < T2l — 2]z — gapulara Y 424wl (2)g(v)hly +w)

e e et 1 e e e
dydzdvf(z)g(y)h(v)
/<|z|<|a: /z|<|y /v<r 22|z — 2]d|z — y|dv — y|otd

I'((d+a)/2) T(d/2)?

‘4 = TI0(—a/2)] 7P (a/2)?

where

This is equivalent to the statement of part (i) of the theorem.

(ii) This is a straightforward application of the Riesz-Bogdan-Zak transformation, with com-
putations in the style of those used to prove Lemma 6. For the sake of brevity, the proof is left as

an exercise for the reader. O

Proof of Corollary 1. As above, we only prove (i) as part (ii) can be derived appealing to the Riesz—

Bogdan—Zak transformation.

From (3.20), (3.35) and Proposition 20, more specifically (3.42), we have that for bounded

measurable functions f, g on RY,

Ex[g(XG(Tlﬁa))f(XTl@);ﬁ@ < o0

- / o U@ (OO N1 < 15 < o)yl

I'(d/2)?sin(ma/2) / / |2[2 = |z[2|o/2
B dz dv.
— T (—a/2)[T(a/2) Jicizi<iz) Jpoj<r 1212 = [0[2]272]2 — v]d]2 _m|df(v)9(z) zdv

This gives the desired result when r = 1. As usual, we use scaling to convert the above conclusion

to the setting of first passage into a ball of radius » > 0. O
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Proof of Corollary 2. As with the previous proof, we only deal with (i) and the case that » = 1 for
the same reasons. Setting f =1 in (3.47), we see with the help of Lemma 6 and (4.1) that

Eo[9(X 0)h(X 0); 7 < o]

®
71
-5, || g(ng(Xt)]
0
2°T((d + ) /2) / / 1
= 9(y) ———dwh(y + w)h{ (z,y)dy
d/2,r (—a/2)| ly|>1 ly+w|<1 |w] +d !
_2°T((d+ «)/2) / / 1
= h x,y)dvdy
d/2’F (—a/2)| ly|>1 |v|<1 -yl Jv — ylatd (@y)
where the function k(+) is as before. The result now follows. O

3.7 Deep factorisation of the stable process

The manipulations we have made in Section 3.5, in particular in Proposition 21, are precisely what

we need to demonstrate the Wiener—Hopf factorisation.

Recall that, for Theorem 10, we defined

R.[f1(0) = Eqg [/OOO e_zgtf(@t)dt] , 0 €S4-1,2€C.

Moreover, define

p.17)(6) = By [ / Sy >dt} / P lans(0) U )
yl<

and

o —Zz + —Zz
p10) = Bog | [ f0 )] = [ bl are(w) 0 (@
0 ly|>1
for bounded measurable f : S;_1 + [0,00), whenever the integrals make sense.

We note that the expression for p,[f](f) as given in the statement of Theorem 10 is clear
given (3.36).

Moreover, from e.g. Section 2 of [3], it is known that the free potential measure of a stable

process issued from z € R? has density given by

I'((d—a)/2)

20d/2T (o) 2)
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Accordingly, taking account of (3.45), it is straightforward to compute

R.If(0) = Buo | [« 5 flo)e0as]
~5| [ |Xt|-<a+z>f<arg<xt>>dt]
/ £ (arg(y) g,a)ﬂ dy,  Re(z) >0,

where we have used stationary and independent increments in the final equality. Note also that this

agrees with the expression for R;[f](f) in the statement of Theorem 10.

Proof of Theorem 10. From the second and third equalities of equation (3.46) (taking » — 0) and

Proposition 21 gives us

R, [£)(6) = /M Uy (40)N egary ( / <<w|ef<s>>ﬂf<@€<s>>)

L((d—a)/2)?

=2 Ty

[ v [ fasePui@.
lwl<1 lw|<|y|
Note that, by conditional stationary and independent increments, for any w € R4\ {0},

. S . +
/ <] ‘yll)\f(arg(y))U;r(dy) = Elog\w\,arg(w) |:/O elAHt f(@j)dt:|
w(<|y
. 0 . Jr
= P Boauy | [ V% s(01)1]
[ P (arg)U ) (@)
1<yl

Hence back in (3.48), we have

L((d—a)/2)*

R i\ [f](e) =27 F(d/Q)

Punlo—ulf11(0),  AeR.

Finally we note from (3.36) that, making the change of variables y = Kw, so that arg(y) = arg(w),
ly| = 1/|w| and dy = |w|2?dw and, for § € Sg_1, |0 — Kw| = |6 — w|/|w|, we have

- — /2 I'(d/2)? A flar ||y\2—1|a/2
nlf](0) ey ey /| P Fare(w) G
T2 TN o P i
I((d— )/2)T(a/2) /1<w P () e

= Pirx+(a—d) Ui] (0)7 AER,

as required. O

95



3.8 Proof of Theorem 11

Recall from the description of the Riesz-Bogdan-Zak transform that (¢,0) under the change of
measure in (3.34) is equal in law to (—&,©). Accordingly, we have for ¢ > 0, z € R%\ {0} and

bounded measurable g whose support is compactly embedded in the ball of unit radius,

E_ log |z|,arg(x) [g(e_(geq ~ted) @eq )]

(O‘_d)ge
@ Déeq (e, ¢
= E10g|x|,arg(x) [ ‘m|a—d g(e 9 2eq @eq)

= |$‘d_aElog|z\,arg(x) Z (Cg < e , VG > g < g) (a—d)fge(a—d)eg(eg)g(e—eg(eﬁ)@;(eg))l(eg < Cg)
_gEG

— |l“d_aElog|z\,arg(x) / e—qte(a—d)ftNet (e(a—d)E(eq)g(e—e(eq)@(eq)); €q < C) st:|
LJO

= |$‘diaElog|w\,arg(x) /O eiqglei(aid)H;NGZ (e(aid)e(eq)g(eie(eq)@(eq));eq < C) ds] )

where, for each g € G, €§ are additional marks on the associated excursion which are independent

and exponentially distributed with rate ¢q. Hence, if we define

UL (dy) = / 05 Biog s ans(o) [~ 5 07 €y 5 <loo], Jyl <lal.
0
then

E_ log |z],arg(z [g( @eq £GQ)6 q)]

a—d ¢
/ / y)%Narg(y) < / ot pla—d)e(t) g(e_€(t)@(t))dt> (3.49)
0,00) y|<|:c\ ‘ | 0

Recall that ¢~! is a subordinator (without reference to the accompanying modulation ©7F).

Suppose we denote its Laplace exponent by

AT (q) == —log Eqg g [exp{—qLi'}], ¢ >0,

6 € Sy_1 is unimportant in the definition. Appealing again to the Riesz—Bogdan—Zak transform, we

also note that for a bounded and measurable function h on Sy4_1, using obvious notation

a—d o0
y - -1
/|y ‘ ||a ~qUD ™ (dy)h(arg(y)) = g /0 ds E_jog]a] arg(x) [e e h(@j)]

I<le| [T
_ 9 [T g At (g)e A @sR® .
B A+(Q) /0 dsA (Q) ! E — log |z|,arg(z) [h(@s )]
__ 9 Q@ .
N A+(q) E,loglzl,arg(x) [h (QeAﬂq))} (3_50)
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where P(q)

“log o] arg(z) APPEATS A3 the result of a change of measure with martingale density exp{—qL; !+

At (q)s}, s > 0, AT(q) is the Laplace exponent of the subordinator L~=! and ep+(q) is an independent

exponential random variable with parameter A™(q).

Next, we want to take ¢ | 0 in (3.49). To this end, we start by remarking that, as L is a
local time for the Lévy process £ (without reference to its modulation), it is known from classical
Wiener—Hopf factorisation theory that, up to a multiplicative constant, ¢ > 0, which depends on
the normalisation of the local time L, ¢ = cA*(q)A~(q), where A~ (q) is the Laplace exponent of

the local time at the infimum ¢; see for example equation (3) in Chapter VI of |2].

On account of the fact that X is transient, we know that o, is exponentially distributed and
the reader may recall that we earlier normalised our choice of ¢ such that its rate, A7(0) = 1. This

implies, in turn, that limg o ¢/A*(q) = c.

Appealing to isotropy, the recurrence of {0} x Sq_; for (£ — ¢, 0) and weak convergence back
in (3.50) as we take the limit with ¢ | 0, to find that

‘a—d

lim 'y,a_dqU;q%-(dy)h(arg(y)) —c / o1(A6)h(8),

=0 Jiy|<jof |2 Sy

where we recall that o1(d¢) is the surface measure on Sy_; normalised to have unit mass. Hence,
back in (3.49) we have with the help of Proposition 21 and (3.36),

ImE_og 2] arg(x) [g(e” (€ ~Eeq) Oe, )]

q{0
¢
= o e(a— )e(t) e—e(t)
- /S 1(d@)Ng ( /0 D g @(t))dt>
2 T'(a/2) /Sd_1 1(dg) /1<|Z 9(K )!z!d\¢—z!dd , (3.51)

where we recall that Kz = z/|z|2.

Finally, let f : B4 — R™ be a bounded measurable function, where B, was previously defined
as {x € R?: |z| < 1}. We use the Lamperti-Kiu transform and (3.45) to note that

f(Xe/My)dt = f (e_@s_fs)®5> e“sds
where s = (t), suggesting that, for y € R%\ {0},
lim E,[f (X;/M;)] = lim E, [f (e—@s—s% )eaﬂ _
t—oo Y soyon log |yl,arg(y) s

In fact, we can justify this rigorously appealing to the discussion at the bottom of p240 of [21].
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Hence, putting this together with (3.51), for f and x as before, we conclude that,

3 —1i _(ge —Eeq) Qe
tliglo EKI[f (Xt/Mt)] = lqlﬁ)l Eflog\ﬂ,arg(z) [f(e @ G)eq)e ¢ q]

oy llld-a)f) [ e e
S YPYE) /s 1<d¢)/1<|zf(K) 2l =z
o pyllldma)f) [ e

2 o) /S 1(d¢>/|w|<1f” w352

where we changed variables w = Kz, or equivalently z = Kw, and we used (3.37), that |w| = 1/|z|
and that dz/dw = 1/|w|?®.

In order to pin down the constant ¢, we need to ensure that, when f = 1, the integral on the
right-hand side of (3.52) is identically equal to 1. To do this, we recall a classical Poisson potential

formula (see for example Theorem 4.3.1 in [18])

(1 wf?)! = / 6 —w|loy(dg)  |w| < 1. (3.53)

Writing o,.(df), 8 € rS4_1 for the uniform surface measure on rSy_; normalised to have total mass

equal to one, it follows that

1— 2|a/2 o
/ al(dqb)/ il _/ 11— w23~ 1duw
Sa_1 wj<1 |9 —w| w|<1

27Td/2

1
= rdldr/ or(dO)(1 —r%)2 7"
I(d2) | o, 4O =)
7Td/2 /1 d 1 a_q
= Y2 1— y)z— dy
) fo Y

__ap_T(/?)
Ir'((d+«)/2)

This forces us to take ¢ = 2“% and so,we have

' e EOR) [ 11— Jewp?
Jim Brcal (X0 My)] =m0 /S ao) [ s .
as required. -
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Concluding remarks

We have applied Maisonneuve’s exit formula in the setting of Markov additive processes to develop
a new radial excursion theory for R? self-similar Markov processes, where we have used isotropic
stable processes as examples. Further, we apply this new theory to extend the classical Blumenthal-
Getoor—Ray for first entry/exit into a ball into n-tuple laws.

In the next chapter, we combine the ideas developed in this chapter and the previous chapter

to study isotropic stable processes killed upon exiting a cone.
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Chapter 4
Stable Lévy process in a cone

Andreas E. Kyprianou!, Victor M. Rivero?, Weerapat Satitkanitkul®

Abstract

Banuelos and Bogdan [6] and Bogdan et al. [20] analyse the asymptotic tail distribution of the first
time a stable (Lévy) process in dimension d > 2 exists a cone. We use these results to develop
the notion of a stable process conditioned to remain in a cone as well as the notion of a stable
process conditioned to absorb continuously at the apex of a cone (without leaving the cone). As
self-similar Markov processes we examine some of their fundamental properties through the lens of
their Lamperti-Kiu decomposition. In particular we are interested to understand the underlying
structure of the Markov additive process that drives such processes. As a consequence of our
interrogation of the underlying MAP, we are able to provide an answer by example to the open
question: If the modulator of a MAP has a stationary distribution, under what conditions does its
ascending ladder MAP have a stationary distribution?

With the help of an analogue of the Riesz-Bogdan-Zak transform (cf. Bogdan and Zak [21],
Kyprianou [41], Alili et al. [1]) as well as Hunt-Nagasawa duality theory, we show how the two forms
of conditioning are dual to one another. Moreover, in the sense of Rivero [52, 53| and Fitzsimmons
[34], we construct the null-recurrent extension of the stable process killed on exiting a cone, showing
that it again remains in the class of self-similar Markov processes. Aside from the Riesz-Bogdan-
Zak transform and Hunt-Nagasawa duality, an unusual combination of the Markov additive renewal
theory of e.g. Alsmeyer 2] as well as the boundary Harnack principle (see e.g. [20]) play a central

role to the analysis.
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In the spirit of several very recent works (see [45, 41, 44, 46, 42, 32]), the results presented
here show that many previously unknown results of stable processes, which have long since been
understood for Brownian motion, or are easily proved for Brownian motion, become accessible by
appealing to the notion of the stable process as a self-similar Markov process, in addition to its

special status as a Lévy processes with a semi-tractable potential analysis.

4.1 Introduction

For d > 2, let X := (X; : t > 0), with probabilities P = (P,,z € RY), be a d-dimensional isotropic
stable process of index o € (0,2). That is to say, (X,P) is a R%valued Lévy process having
characteristic triplet (0,0,1I), where

Cer(dta)2) [0
) = 2O /B|ya+ddy, B € B(R). (41)

Equivalently, this means (X, P) is a d-dimensional Lévy process with characteristic exponent ¥ (6) =
i<9,X1>)

—logEo(e which satisfies

v(9) =61, H6eRL

Stable processes are also self-similar in the sense that they satisfy a scaling property. More
precisely, for ¢ > 0 and z € R?\ {0},

under P, the law of (¢X —a4,t > 0) is equal to P,. (4.2)

As such, stable processes are useful prototypes for the study of the class of Lévy processes and, more
recently, for the study of the class of self-similar Markov processes. The latter class of processes
are regular strong Markov processes which respect the scaling relation (4.2), and accordingly are

identified as having self-similarity (Hurst) index 1/a.

In this article, we are interested in understanding the notion of conditioning such stable

processes to remain in a Lipschitz cone,
I'={zcR%: z+#0,arg(z) € Q}, (4.3)

where  is open on S ! := {z € R? : |z| = 1}. Note that I' is an open domain which does
not include its apex {0}, moreover, 2 need not be a connected domain. See [20] for the notion of

Lipschitz cone and some related facts.

Our motivation comes principally from the desire to show how the rapidly evolving theory
of self-similar Markov processes presents a number of new opportunities to contextualise existing

theory and methodology in a completely new way to attack problems, which may have otherwise
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been seen as beyond reach. We note in this respect that the key tool, the Lamperti-Kiu transform
for self-similar Markov processes, was formalised only recently in [25, 39, 1|. It identifies self-
similar Markov processes as in one-to-one correspondence with Markov additive processes through
a generalised polar decomposition with additional time change, and is the principal tool which, in the
last five years or so, has unlocked a number of ways forward for classical problems such as the one we
consider here; see [25, 45, 43, 40, 41, 44, 46, 30, 32, 31]. Moreover, this new perspective opens up an
entire new set of challenges both in the setting of the underlying class of Markov additive processes
(which have seldom received attention in the general setting since the foundational work of e.g.
Cinlar |26, 27, 28| and Kaspi [36]) as well as the general class of self-similar Markov processes. Many
of these challenges also emerge naturally in the setting of other stochastic processes and random
structures where self-similarity plays an inherently fundamental role; see for example [57] in the
setting of multi-type fragmentation processes, [11] in the setting of growth fragmentation processes
and [7, 9] in the setting of planar maps. In this respect interrogating fundamental questions in the
stable setting lays the foundations to springboard to problems of significantly greater generality.
We mention in this respect, an outstanding problem in the setting of stable Lévy processes, which
relates to the extremely deep work of e.g. [13, 33, 14| which showed how to condition a Brownian
motion to stay in a Weyl Chamber and the important relationship this has to random matrix theory.
This also inspired similar conditionings of other processes, such as those that appear in queueing
theory; see [51].

Our journey towards conditioning stable processes to remain in the cone I' will take us through
a number of striking relations between stable processes killed on exiting I" and stable processes con-
ditioned to absorb continuously at the apex of I', which are captured by space-time transformations.
Our analysis will necessitate examining new families of Markov additive processes that underly the
conditioned stable processes through the Lamperti—Kiu transform. As an example we will exhibit
a difficult result which identifies semi-explicitly the existence of a stationary distribution for the
radially extreme points of the conditioned process (showing how the harmonic functions that drive
our conditionings influence the strong mixing of the angular process). Moreover, our work will
complement a number of other recent works which have examined the notion of entrance laws of
self-similar Markov processes, as well as the subsequent notion of recurrent extension; see for ex-
ample [12, 22, 52, 53, 34, 30]. Our approach will consist of an unusual mixture of techniques,
coming from potential analysis and Harnack inequalities, Markov additive renewal theory, last exit

decompositions ¢ la Maisonneuve and It6 synthesis.
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4.2 Harmonic functions in a cone

For simplicity, we let kr be the exit time from the cone i.e.
kp =inf{s > 0: X, ¢ T'}.
Banuelos and Bogdan [6] and Bogdan et al. [20] analyse the tail behaviour of the stopping time k.

Let us spend a moment reviewing their findings.

Suppose that we write
o]
Ur(z,dy) = / P.(X: € dy, t < kp)dt, z,y el
0

for the potential of the stable process killed on exiting I'.

Then it is known from Theorem 3.2 of [6] that Ur(x,dy) has a density, denoted by ur(z,y)
and that

M(y) == lim M, yel,
|z|—oc0 ur (7, yo)

exists and depends on yo € I' only through a normalising constant. Note that it is a consequence of
this definition that M (x) = 0 for all z € T'. Moreover, M is locally bounded on R? and homogeneous
of degree g = (I, ) € (0, ), meaning,

M (x) = |z|"M(z/|z]) = 2] M (arg(z)),  z #0. (4.4)

It is also known that, up to a multiplicative constant, M is the unique function which is harmonic
in the sense that
M(z) = Eo[M(Xrp)l(ryenpy], 2 €RY (4.5)

where B is any open bounded domain and 75 = inf{t > 0: X; & B}.

The function M plays a prominent role in the following asymptotic result in Corollary 4 of

Bogdan et al. [20], which strengthens e.g. Lemma 4.2 of Banuelos and Bogdan [6].
Proposition 22 (Bogdan et al. [20]). We have

P >t
a—0 z€l, [t=1/az|<a M(l’)t

where C > 0 is a constant.
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4.3 Results for stable processes conditioned to stay in a cone

The above summary of the results in [6, 20] will allow us to introduce the notion of stable process
conditioned to stay in I'. Before doing that we make a slight digression to introduce some notation.

Let D be the space of cadlag paths defined on [0, 00), with values in RY U A, where A is a
cemetery state. Each path w € D is such that wy = A, for any ¢ > inf{s > 0: ws = A} =: ((w). As
usual we extend any function f: R? — R to R? U A by taking f(A) = 0. The space D is endowed
with the Skorohod topology and its Borel o-field. We will denote by X = (X;):>0 the coordinate
process, and by (F, t > 0) the right-continuous filtration generated by X. We will also denote by
PU' the law of the stable process (X, P) killed when it leaves the cone I'. Note, in particular, that

(X,P) is also a self-similar Markov process.
Theorem 12.
(i) For any ¢t > 0, and z € T,
PI(A) = SlilgloPm (Alkr > t+s), Ae F,

defines a family of conservative probabilities on the space of cadlag paths such that

dPs M(X,)
z =1 t —_
AP, |~ T M ()

t>0, and z €T (4.6)

In particular, the right-hand side of (4.6) is a martingale.
(ii) Let P9 := (P3,x € I'). The process (X,P?), is a self-similar Markov process.

Next, we want to extend the definition of the process (X, P9), to include the apex of the cone
I" as a point of issue in a similar spirit to the inclusion of the origin as a point of issue for positive
and real-valued self-similar Markov processes (cf. Bertoin and Yor [12], Bertoin and Caballero [8],
Caballero and Chaumont [23], Bertoin and Savov [10], Chaumont et al. [24], Dereich et al. [30]).
Said another way, we want to show the consistent inclusion of the state 0 to the state space I' in

the definition of (X,P) as both a self-similar and a Feller process.

Before stating our theorem in this respect, we must first provide a candidate law for P§, which
is consistent with the family P<. To this end, we need to recall the following theorem which is a
copy of Theorem 5 in Bogdan et al. [20]. In order to state it, we need to introduce the notation
Pt (z,y), 2,y € T, t > 0, which will denote the transition density of (X,P'). Note the reason why
this density exists is because of the existence of a transition density for X, say ps(z,v), ,y € R?,
t > 0 and the relation

p{(iﬂ,y) = pt(may) - E:E[KF < t;ptflﬂ“(Xlﬂ“yy)]a T,y S Fat > 0.
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Theorem 13 (Bogdan et al. [20]). The following limit exists,

I
. pi (z,y)
= lim ————— It 4.

and (n;(y)dy,t > 0), serves as an entrance law to (X,Pl), in the sense that

Nits(y) = /Fnt(w)pg(:c, y)dz, yel, s, t>0.

The function n(-) is a finite strictly positive jointly continuous function with the properties

_ _ P (K}F > 1)
— 4= (d+B)/c 1/a ~ M 7 r 4.
nf(y) t nl(t y) and nl(y) (1 ¥+ ‘y’)d—HX’ (TS 7t > 07 ( 8)
and
/ n(y)dy = 99, >0, (1.9)
I

where f &~ g means the ratio of the functions f and g are bounded from above and below by two

positive constants, uniformly in their domains.

The existence of the entrance law (n:(y)dy,t > 0), is sufficient to build a candidate for a
probability measure, say P, on D carried by the paths with values in I', under which the paths of
X start continuously from 0 and remain in I" forever. To that end, note from (4.7) and Proposition

22, that for any ¢t > 0 we have the following weak convergence,

M(y)

: M(y) r
P, (X = 1 St VAR
rsz—0 M(x) o(Xi € dy, t < rr) Falacrgocpm(t < /fr)tﬂ/ocpt (@, y)dy

=CM(y)ne(y)dy,  yeT, (4.10)

where C' is the constant in Proposition 22, and it is independent of ¢t. With a pre-emptive choice of
notation, let us denote by Pj(X; € dy) the measure that is obtained as a limit in the above relation,
that is

P5(Xy € dy) := CM (y)ni(y)dy, yel,t>0.

Recalling from (4.6) that M forms a martingale for the process killed at its first exit from I', we
have that necessarily [ P§(X; € dy) = 1. Furthermore, denote by PP§ the probability measure on I

whose finite dimensional distributions are given by,

Po(Xt, € Ajyi=1,---,n):=C [ M(y)ng, (y)Py(Xy,—1, € Aiy i =2,--- ,n)dy,

Ay
forn € N, 0 < t; < ---t, < oo and Borel subsets of I, A1, .-, A,. The weak convergence in
(4.10) extends in a straightforward way to the finite dimensional convergence P35 _td Pg. Our

I'sz—0
main result in this respect establishes that the convergence holds in the stronger sense of Skorohod’s
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topology.

Theorem 14. The limit P§ := limps,—,0P; is well defined on the Skorokhod space, so that,
(X, (Pg,x € ' U {0})) is both Feller and self-similar, and enters continuously at the origin, af-

ter which it never returns.

The proof of Theorem 14 leads us to a better understanding how stable processes enter into
the wedge I' from its apex. One may ask further if there is a self-similar process that behaves like
(X,PY) while in T, but once it hits 0 it is not absorbed but returns into I' in a sensible way. In the
specialized literature, a process bearing those characteristics would be called a self-similar recurrent
extension of the stable process killed on exiting the cone T, (X,Pl), i.e. a I' U {0}-valued process
that behaves like (X,P") up to the first hitting time of 0, for which 0 is a recurrent and regular
state, and that has the scaling property (4.2). If such a process exists, say (;(t,t > 0), the fact
that 0 is regular for it, implies that there exists a local time at 0, say L, and an excursion measure
from 0, say NT. We will see in Section 4.13 that either N'(Xo; # 0) = 0 or NI'(Xoy = 0) = 0.
In the former case, we say that the recurrent extension leaves 0 continuously, and in the latter that
it leaves 0 by a jump. General results from excursion theory (see e.g. [35, 16]), ensure that both
objects together (L, N') characterize X. Furthermore, the measure NT is a self-similar excursion
measure compatible with the transition semi-group of (X, P'), that is, it is a measure on (D, F) such
that

(i) it is carried by the set of I'-valued paths that die at 0, with lifetime ¢,
{xeD|¢>0,xs€l,s<(, and xt =0, for all t > (},

i.e. where, tautologically, ¢ = inf{t > 0: x; = 0};

(ii) the Markov property under NT', is satisfied, that is, for every bounded F-measurable variable
Yand A€ F, t >0,

N'(Yob, An{t <¢}) =N (B, [Y],An{t <(});

(iii) the quantity N'(1 —e™¢) is finite;

(iv) there exists a v € (0,1) such that for any ¢,c > 0,

0

¢ ¢
N ( / e e f(XS)ds) = I=MeNT < / e e f(cXS)ds> . (4.11)
0
The condition (iv) above is equivalent to requiring that

(iv’) there exists v € (0,1) such that, for any ¢ > 0 and f : ' — RT measurable,

NY(f(Xs), s <€) = N (f(c1 Xpas), s <€), for s >0
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The fact that N necessarily satisfies the above conditions is a consequence of a straightforward

extension of the arguments in Section 2.2 in [52].

Conversely, 1t6’s synthesis theorem, from [53] Lemma 2, ensures that, given an excursion mea-
sure satisfying the conditions (i)-(iv) above, and a local time at zero, there is a self-similar recurrent
extension of (X, P!). Using this fact, and that the entrance law (n;(y)dy,t > 0) is intimately related
to an excursion meagsure, we establish in the next result the existence of unique self-similar recurrent
extension of (X,P!) that leaves 0 (the apex of the cone) continuously. Furthermore, we will give a

complete description of recurrent extensions that leave zero by a jump.

Theorem 15. Let N' be a self-similar excursion measure compatible with (X,P'). There exists a
v € (0,8/a), a constant a > 0, and a measure 7 on Q = {# € T : || = 1} such that ax’ = 0,
Jo ™ (d8)M(#) < oo, and N can be represented by, for any ¢ > 0, and any A € F;

> dr

NU(A, t <¢) =aE] [M(lXt)lA] +/0 M/ﬂ#(d@)mm, t < k). (4.12)

If a > 0, the process (X, P') has unique recurrent extension that leaves 0 continuously, and v = 3/a.

Conversely, for each v € (0, 3/a), and 7! a non-trivial measure satisfying the above conditions,

there is a unique recurrent extension that leaves zero by a jump and such that

dr

r -9
N* (| Xo4| € dr,arg(Xo4) € df) = rltay

'(d), r>0,0€eQ.

Finally, any self-similar recurrent extension with excursion measure N has an invariant mea-

¢
%F(d$) = l\IF </ 1(Xtedx)dt>
0

o—d— (o] d,',, KT
= afz|*d BM(arg(az))dx—k/() M/QWF(CZG)ETQ {/0 1(Xt€d:p)dt:|a

sure

which is unique up to a multiplicative constant, and this measure is sigma-finite but not finite.

As a final remark, we note that, whilst we have provided a recurrent extension from the apex
of the cone, one might also consider the possibility of a recurrent extension from the entire boundary
of the cone. We know of no specific work in which there is a recurrent extension from a set rather
than a point. That said, one may consider the work on censored stable processes as meeting this

notion in some sense; see e.g. [19, 43]
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4.4 Auxiliary results for associated M APs

By an R x S9~!-valued Markov additive process (MAP), we mean here that (¢,0) = ((&,0;),t > 0)
is a regular Strong Markov Process on R x S?™! (possibly with a cemetery state), with probabilities
P := (P,g,7 € R,0 € ST 1), such that, for any ¢ > 0, the conditional law of the process ((£s1+ —
£1,O441) 1 5> 0), given {(&,, ©4),u < t}, is that of (£,0) under Py g, with § = ©;. For a MAP pair
(£,0), we call € the ordinate and © the modulator.

A very useful fact in the theory of self-similar Markov process is the so called Lamperti-Kiu
transform, which is one of the main results in [1], extending the seminal work of Lamperti in [48],
and establishes that there is a bijection between self-similar Markov processes (ssMp) in R¢, and
R x S Lvalued MAPs. Indeed, for any ssMp in R%, say Z, there exists a unique R x S !-valued
MAP (&,0) such that Z can be represented as

eXp{fq,(t)}@@(t), t < Iy,
A, t > Ioo,

Z = (4.13)

where [; := fot e®tdt, t > 0 (so that I, is the almost sure monotone limit = lim; .o, I;) and
S
o(t) =inf{s > 0: / e®Sudy > t}, t>0. (4.14)
0

Reciprocally, given a R x S%~!-valued MAP (¢, ©) the process defined in (4.13) is an R%valued
ssMp. This is known as the Lamperti-Kiu representation of the ssMp Z. When the lifetime of Z
is infinite a.s. we say that law is conservative, which is equivalent to require that I, = oo almost

surely.

In [42], it was shown that the MAP underlying the stable process, for whom we will henceforth
reserve the notation P = (P, 9,2 € R? 0 € S1) for its probabilities, is a pure jump process, such
that & and © jump simultaneously. Moreover, the instantaneous jump rate with respect to Lebesgue
time dt when (&, ©;) = (z,?) is given by

evd
C(@)Wdym(d@, t>0, (4.15)

where o1 (¢) is the surface measure on S%~! normalised to have unit mass and

() — o1 p-d DA+ @)/2T(d/2)
D(—a/2)|
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More precisely, suppose that f is a bounded measurable function on (0, 00) x R? x S9! x §4-1
such that f(-,-,0,-,-) = 0, then, for all # € S,

EO,@ <Z f(87 65—7 Ags; 95—7 es)>

s>0 (416)

c(a)ev?

- Vtds,dza0) [ [ ooy 5 s 0.0,
/(O,oo)xRdel ( ) si-1 JR 1(de) ¥ — J|otd ( )
where Afs = 55 - 58—7

Vo(dt,dz,d¥) = Pgg(& € dz, 0, € dv)dt, zeR, 9eS >0,

o1(de) is the surface measure on S?~! normalised to have unit mass and

et _—al((d+0)/2)T(d/2)
T(—a/2)

c(@)

Similar calculations as those used in [42] show that the Lévy system (H, L) of the MAP (¢, 0),
associated to the stable process (X,P), see [27] for background, is given by the additive functional
H,:=1t, t >0 and the kernel

evd
Ly(de,dy) := Ul(dﬁb)dyC(Q)W- (4.17)
So, for any predictable process (G, t > 0), and any function f as above, one has
EO,@ <Z Gsf(sv 55—7 Agsa 98—7 @s)>
s>0 (418)

5o ([T ase [ [ Le.tas.anfs.6nn000)).

We are interested in the characterisation of the Lévy system of the MAP associated to (X, PY),
via the Lamperti-Kiu transform. To this end, suppose now we write P := (P74, (z,0) € R x Q)
for the probabilities of the MAP that underly (X, P<).

Proposition 23. For any positive predictable process (G, t > 0), and any function f : (0,00) X
R? x §%1 x S%1 — R, bounded and measurable, such that f(-,-,0,-,-) = 0, one has

Ea,@ <Z Gsf(sa {s—a A‘S& 68—7 @s)>

s>0

E<]“ 0 (/ dSGS/ / L?: [e) (d(ﬁ,dy)f(s,és, y, 687 (25)) 5 V@ & Sd 17
’ 0 Sa-1 JR e



where
M(9)

A oo dy).  peSThycR

2o(de,dy) =Pl 2

That is to say that, under P, the instantaneous jump rate when (&, 0:) = (z,7) is

eYdeB(y—2) M (o)
>
@) levep — f|atd M (¥9) dyo(dg)dt, t>0,0,0€Q

A better understanding of the MAP that underlies (X P), allows us to deduce e.g. the
following result. For a > 0, define by m(7y—) = sup{t < 77 : |X;| = sup,;|Xs|} the last radial

maximumn before exiting the ball of radius a.

Theorem 16. There exists a probability measure, v* on €2, which is invariant in the sense that
Py (arg(X,) € d0) = /Q v (d0)P] (ars(X,0) € d6) = v*(d0), B,
such that, for all z € I, under P7,, the triple

Xmro—) Xroo Xop
a  a  a

converges in distribution as @ — oo to a limit which is independent of r and 6 and non-degenerate.

Equivalently, by scaling, the triple
(XTIG ) XTle—’ Xm(Tle—))

converges in distribution under P,, as I' 3 « — 0, to the same limit. More precisely, for any

continuous and bounded f : I'* — [0, 00),

lim B [f(X,e. X,o s X0 )] = = 1og\X@\ // *(dg)dr G(r, ),

I'sz—0

where

G(r,¢) = Eg vy [f(XrleaXﬁe—’Xm(T?—ﬂl(r?sTS_»} '

The above theorem, although seemingly innocent and intuitively clear, offers us access to
a very important result. In order to understand why, we must take a small diversion into radial

excursion theory, as described in Kyprianou et al. [46].

Theorem 12 shows that (X,P9), is a self-similar Markov process. As mentioned above, it
follows that it has a Lamperti-Kiu representation of the form (4.13), with an underlying MAP, say
(&,0), with probabilities P} 0 TER O€ S%-1, For each t > 0, let £, = SUp,<; §u and define

g, =sup{s <t:& =&} and &y = inf{s > t: & = &},
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which code the left and right end points of excursions of ¢ from its maximum, respectively. Then,

for all ¢ > 0, with d; > g,, we define the excursion process

(6gt (8)’ @gt (8)) = (fgﬁ»s - ng,’ @gt+s)’ 5 < Cgt =d — &t

it codes the excursion of (£ — &, ©) from the set (0,S%!) which straddles time t. Such excursions
live in the space U(R x S¥1), the space of cadlag paths with lifetime ¢ = inf{s > 0 : €(s) < 0} such
that (e(0),0¢(0)) € {0} x S¥1 (e(s),0%(s)) € (0,00) x ST for 0 < s < ¢, and €(¢) € (—o0,0].

For t > 0, let Ry = d; — t, and define the set G ={t >0: R,_ =0,R; > 0} = {g, : s > 0} of
the left extrema of excursions from 0 for £ — £&. The classical theory of exit systems in Maisonneuve
[49] now implies that there exist an additive functional (¢;,¢ > 0) carried by the set of times
{t>0:(&—&,0;) € {0} xS 1}, with a bounded 1-potential, and a family of ezcursion measures,
(Ng,0 € ST71), such that

(i) (Ng, 0 € S?71) is a kernel from S?71 to R x S471, such that Nj(1 —e¢) < oo and Ny is carried
by the set {(e(0), ©¢(0) = (0,0)} and {¢ > 0} for all § € S~

(ii) we have the ezit formula

Eg | Y F((6,05) i s < g)H((eg, ©5))
geG

=E;, [/OO F((&,0,) : s <t)Ng,(H(e,0))dly |, (4.20)
0

for  # 0, where F'is continuous on the space of cadlag paths D(R x Sdfl) and H is measurable
on the space of cadlag paths U(R x S?~1);

(iii) for any 0 € S9!, under the measure N, the process (e, ©¢) is Markovian with the same

semigroup as (£, ©) stopped at its first hitting time of (—oo, 0] x S4~1.

The couple (£, (N3, € S%71)) is called an exit system. In Maisonneuve’s original formulation, the
pair £ and the kernel (N, € S9°!) is not unique, but once ¢ is chosen, the (Ng,0 € S%71) is

determined but for a ¢-neglectable set, i.e. a set A such that

q JE—
Exve(/t>0 1((55*55795)€A)d£5) — 0

Let (£;',t > 0) denote the right continuous inverse of ¢, H," := §€;1 and O] = 63;1,
t > 0. The strong Markov property tells us that (¢, ', H,",©;), t > 0, defines a Markov additive
process, whose first two elements are ordinates that are non-decreasing. Rotational invariance of
X implies that &, alone, is also a Lévy process, then the pair (¢~1, H'), without reference to the
associated modulator ©T, are Markovian and play the role of the ascending ladder time and height

subordinators of £&. But here, we are more concerned with their dependency on ©7.
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Taking account of the Lamperti-Kiu transform (4.13), it is natural to consider how the ex-

cursion of (£ — &, 0) from {0} x S?! translates into a radial excursion theory for the process
Y; = egt@t, t> 0.

Ignoring the time change in (4.13), we see that the radial maxima of the process Y agree with the
radial maxima of the stable process X. Indeed, an excursion of (€ —¢, 0) from {0} x S¥~! constitutes
an excursion of (Y;/sup,<, |Y;|,t > 0), from S9!, or equivalently an excursion of Y from its running

radial supremum. Moreover, we see that, for all ¢ > 0 such that d; > g,,
Y, 45 = ol eegt(s)@;(s) = [V, |efet (s)@;(s) =: |V, |, (s), 5 < (g,

Whilst a cluster of papers on the general theory of Markov additive processes exists in the
literature from the 1970s and 1980s, see e.g. Cinlar [26, 28, 27] and Kaspi [36], as well as in the
setting that © is a discrete process, see Asmussen [4] and Albrecher and Asmussen [5], as well as
some recent advances, see the Appendix in Dereich at al. [30], relatively little is known about the
fluctuations of MAPs in comparison to e.g. Lévy processes. Note the latter are a degenerate class

of MAPs, in the sense that a Lévy process can be seen as MAP with constant driving process.

A good example of an open problem pertaining to the fluctuation theory of MAPs is touched
upon in Theorem 16: Suppose that © has a stationary distribution, under what conditions does ©F
have a stationary distribution? This is a question that has been raised in general in Section 4 of

the paper [37]. Below we give a complete answer in the present setting.

Theorem 17. Under P, the modulator process ©T has a stationary distribution, that is
747 (df) := lim PJ (0, € db), e reR,
t—00 ’
exists as a non-degenerate distributional weak limit.
Remark. The reader will also note that, thanks to the change of measure (4.31) combined with

the fact that ¢, Lis an almost surely finite stopping time and the optimal sampling theorem, the
ascending ladder MAP process (HT,©"), under P<, has the property

dpPg, + M(0])
s — ,BHt t 1
dPOﬂ . € M(a) (t<ka+)7

t>0. (4.21)
((H,07),5<1)

As a consequence of the existence of 7%, we note that

1

7 (dh) = Y0

T(de),  feq,

is an invariant distribution for (@jl(t<kgz,+),t > 0) under P.
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4.5 Auxiliary results for dual processes in the cone

In order to prove some of the results listed above, we will need to understand another type of

conditioned process, namely the stable process conditioned to continuously absorb at the origin.

Theorem 18. For A € F;, on the space of cadlag paths with a cemetery state,
P2 (A, t < k) = lim Py (A, ¢ < kr AT |75 < fir),

is well defined as a stochastic process which is continuously absorbed at the apex of I', where
kO = inf{t > 0: |X;| = 0} and 72 = inf{s > 0 : | X,| < r}. Moreover, for A € F;,

H(X,
P;(A, t < k) - Ex |:1(A,t<1€1‘)£[((xt)):| 3 t 2 O, (422)

where
H(z) = |a|* M (z/|2[*) = |2|*7P ="M (arg(z)).

Next, we write P := (P;ﬁ7 x € R, Q) for the probability law of the MAP that underly (X, P*). For
any positive predictable process (G¢, t > 0), and any function f : (0,00) x R? x S¥71 x S~ & R,

bounded and measurable, such that f(-,-,0,-,-) =0, one has

5,9 (Z GSf(SJ 58—7 Afs; 68—7 @s)>

s>0 (423)

:E@(/ dsG, / / Lz@‘<d¢7dy>f<sjgs,y,@s,¢>), VO € ST,
" \Jo si-1Jr 7

where
(y—=x) H(¢)
H(0)

L% o(do, dy) == ¢” Lo(dp,dy), ¢S yeR.

That is to say, that under P”, the instantaneous jump rate when (&, 0¢) = (x,9) is

evdeBfly=2)  H(p)
aa levp — flatd H (D) dyo(dg)dt, t>0,0,0€Q

As alluded to, the process (X, P”), is intimately related to the process (X,[P9). This is made
clear in our final main result which has the flavour of the Riesz-Bogdan-Zak transform; cf. Bog-
dan and Zak [21]. for the sake of reflection it is worth stating the Riesz-Bogdan-Zak transform
immediately below first, recalling the definition of L-time and then our first main result in this

section.
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Theorem 19 (Riesz-Bogdan-Zak transform). Suppose we write Kz = x/|z|, x € R? for the classi-
cal inversion of space through the sphere S¥~!. Then, in dimension d > 2, for x # 0, (KXn(t),t >0)

under Pg, is equal in law to (X¢,¢ > 0) under P, where

dP2 | X9
= |zp[o—d

t>0 (4.24)
dPy o(Xs:8<t)

and n(t) = inf{s > 0: [ |Xy|72*du > t}.

Hereafter, by an L-time we mean the following. Suppose that G is the sigma-algebra generated
by X and write G(P;) for its completion by the null sets of Py, where v is a randomised initial
distribution. Moreover, write G = (1, G(P3), where the intersection is taken over all probability
measures on the state space of X. A finite random time k is called an L-time (generalized last exit
time) if {s < k(w) —t} = {s < k(wy)} for all ¢,s > 0. (Normally, we must include in the definition
of an L-time that k < (, where ( is the first entry of the process to a cemetery state. However, this
is not applicable for (X,P9).) The two most important examples of L-times are killing times and

last exit times.

Theorem 20. Consider again the transformation of space via the sphere inversion Kz = z/|z|?,
r € RY.

(i) The process (K X, 4),t > 0) under Pg, x € T, is equal in law to (X¢,t < k10 under P2, 2 € T,
where

n(t) =inf{s > 0: / | X | 2%du > t}, t>0. (4.25)
0

and k10 = inf{t > 0: X; = 0}.

(ii) Under P§, the time reversed process
Xe=Xpn, t<k

is a homogenous strong Markov process whose transitions agree with those of (X,P%), x € T,
where k is an L-time of (X,PJ), x € T U {0}.

Our third main theorem considers the possibility of a recurrent extension from the origin of

of (X,P”), similar in spirit to Theorem 15.

Theorem 21. Assume 0 < d+ 28 — a. Let N” be a self-similar excursion measure compatible with
(X,P*). We have that there exists a v € (0,a '(d + 28 — a) A 1), a constant a > 0, and a measure
7> on Q such that an” =0, [, 7°(df)H (#) < oo, and N” can be represented by, for any ¢ > 0, and
any A € F;

* dr

N°(A, t < () = aES [Zgg 14 +/O 7,HM/QWD(CM) E2,[A ¢ < k). (4.26)
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If 0 < B < (2a —d)/2, and a > 0, the process (X,P”) has unique recurrent extension that leaves
0 continuously. If 5 > (2a — d)/2, then a = 0, and there is no recurrent extension that leaves 0

continuously.

Conversely, for each v € (0,a*(d+ 28 — a) A1), and 7 a non-trivial measure satisfying the

above conditions, there is a unique recurrent extension that leaves zero by a jump and such that

%w”(d@), r>0,0€Q.

N (| Xo+| € dr, arg(Xo+) € df) = 7

Finally, any self-similar recurrent extension of (X,P”) with excursion measure N”, has an

Invariant measure

¢
\ﬁp(dl‘) = l\ID </0 1(Xzedx)dt>
2(a—d—p3) 2 > dr > > r
:a’$| M(ﬂ?) de“l— 0 W Qﬂ' (d@) ET9 o 1(X,«,€d:r)dt 5

which is unique up to a multiplicative constant, and this measure is sigma-finite but not finite.

It is interesting to remark here that if the cone is such that g > (2a — d)/2, or equivalently
(d+ 28 — a)/a > 1, there is no recurrent extension that leaves zero continuously. This is due to
the fact that the closer § is to « the smaller the cone is. Because the process is conditioned to hit
zero continuously, a process starting from zero should return too quickly to zero, forcing there to be
many small excursions, whose lengths become increasingly difficult to glue end to end in any finite
interval of time. We could understand this phenomena with heuristic language by saying that ‘the
conditioned stable process is unable to escape the gravitational attraction to the origin because of

the lack of space needed to do so’.

The rest of this paper is organised as follows. In the next section we give the proof of Theorem
12. Thereafter, we prove the above stated results in an order which differs from their presentation.
We prove Theorem 23 in Section 4.7 and then turn to the proof of Theorem 16 and Corollary 17 in
Sections 4.8 and 4.9, respectively. This gives us what we need to construct the process conditioned
to continuously absorb at the apex of I', i.e. Theorem 18, in Section 4.10. With all these tools in
hand, we can establish the duality properties of Theorem 20 in Section 4.11. Duality in hand, in
Section 4.12, we can return to the Skorokhod convergence of the conditioned process (X,P3), x € T,
to the candidate for (X,[P), described in (4.10), and prove Theorem 14. Finally, in Sections 4.13
and 4.14, we complete the paper by looking at the recurrent extension of the conditioned processes

inTheorem 15 and 21 respectively.
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4.6 Proof of Theorem 12

We break the proof into the constituent parts of the statement of the theorem.

4.6.1 Proof of part (i)

For Ae Fand 0 #z €T,

Px, (kr > s)

Py (kr >t + 3) (4.27)

P;(A, t< C) = shﬁlgo Eg 1(Aﬂ{t<nr})

From Lemma 4.2 of [6], for t~1/®|z| < 1, we have the bound

Px(ﬁr > t)

—1
M(.’]Z’)t—ﬁ/a € [C 7C]7

for some C' > 1. Otherwise, if t~%/%|z| > 1 then, P,(kr > t) < 1 < |z|?t~#/*. Hence, noting that
M is uniformly bounded from above, we have that, for all z € I" and s > 0, there is a constant C’
such that P, (kr > s) < C'|z|?s~8/®. Hence, for s sufficiently large, there is another constant C”
(which depends on z) such that

Py, (kr>s) _ C'|Xi| M (Xy)s— P/

< O X,|P.
Py(kp > t+s) = C-1M(z)(t + s)~F/ Xl

It is well known that X; has all absolute moments of any order in (0, «); cf. Section 25 of Sato
[56]. The identity (4.6) now follows from Proposition 22 and the Dominated Convergence Theorem.

Furthermore, by construction, for any x € I,
Pi(t<k)=1, vt > 0.

It thus follows that under P9, X has an infinite lifetime.

4.6.2 Proof of part (ii)

That (X, PY) is a ssMp is a consequence of (X, P) having the scaling property and the strong Markov
property. Indeed, (X,P9) is a strong Markov process, since it is obtained via an h-transform of
(X,P). To verify that it has the scaling property, let ¢ > 0 and define X; := ¢X,—a;, t > 0. We have
that

fp=inf{t >0: X; ¢ I'} = kr, (4.28)
and by the scaling property

(X, P,) "2 (X,P,), el (4.29)
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Considering the transition probabilities of (X, P<), we note with the help of (4.29) and (4.2) that,

for bounded and measurable f,

EZ[f (X))

M(X oy
E, [1(cat<nr)f(cxcat)](\4(fv))}
) e X MR 1K)
=E,; [1(t<f’»r) (Xe |cx|ﬁM(Ca7/|Cx|) ]
) | X4 P M (X1 /| X))
— E., {1(t<l~tr)f(Xt) ez P M (ca/|cal) ]

—ELIf(X)), wel.

This last observation together with the Markov property ensures the required self-similarity of
(X, P9). O

4.7 Proof of Theorem 23

We use a method taken from Theorem 1.3.14 of [42]|. From the Lamperti-Kiu transformation (4.13),

we have x
_ A 7 >0,
| X))l

& =log(|Xawl/|Xol),  © (4.30)

where

A(t) =inf{s > 0: / | X" %du > t}.
0

To show that (4.19) holds, we first note that, from the martingale property in (4.6), on
account of the fact that A(t) in (4.30) is an almost surely finite stopping time, we have by the

optimal sampling theorem that

dP3 4

eB—) M(©:)
dP

M(6)

Gt

Licxe)y, >0, (4.31)

where Gy = 0((&5,05),s <t),t > 0.

Now write

EB],O (Z Gsf(s,és,, Afs» @s,, @s)> = tlir& EO,O Mt Z Gsf(svgsfa Af& 6577 @s)

s>0 0<s<t

where

s M(O1)

Mt = 1(t<k9)e M(@) 5 =

is the martingale density from the change of measure (4.6).
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Suppose we write ; for the sum term in the final expectation above. The semi-martingale

change of variable formula tells us that
t t
MiSy = Mo(6)o + / S dM, + / Mo dSs + [M,S] 30,
0 0

where [M,X]; is the quadratic co-variation term. On account of the fact that (X¢ > 0), has
bounded variation, the latter term takes the form [M, X]; = ngt AM;AY. As a consequence

t t
MtZt:Mo(9)20+/ Es_d/\/ls+/ My dE,,  t>0, (4.32)
0 0

Moreover, after taking expectations, as the first in integral in (4.32) is a martingale and ¥y = 0,

the only surviving terms give us

Eg,e (Z Gsf(sa 58*7 AE& 6877 @s>)

s>0

M(O,
=Eoy (Z Ly qrye” M( ( 0))6’5 f(s, €, AL, O, @s)>
s>0

o 2o M(©,) (@)l M (g)
A dSG51(8<kF)e M(Q) AUl(d¢)Adyey¢_ @S‘a'i‘d M(@s)f(3,687y7657¢)

o0 C(a)ey(6+d) M (o)
/O dSGs/QO'l(d(Zﬁ)/Rdyey¢_@sa+dM(@s)f(S,§Say7@sv¢)

=Eogp

_
- EO,@

where in the second equality we have used the jump rate (4.18) and in the third Fubini’s theorem
together with (4.31). O

4.8 Proof of Theorem 16

At the root of our proof of Theorem 16, we will appeal to Markov additive renewal theory in the
spirit of Alsmeyer |2, 3], Kesten [38] and Lalley [47]. The radial excursion theory we have outlined in
Section 4.4 is a natural mathematical pre-cursor to Markov additive renewal theory, however, one of
the problems we have at this point in our reasoning, as it will be seen later, is that it is not yet clear
whether there is a stationary behaviour for the process (©7,P<), of the radial ascending ladder
MAP. Indeed, as already discussed, we will deduce from our calculations here that a stationary

distribution does indeed exist in Corollary 17.
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We build instead an alternative Markov additive renewal theory around a naturally chosen
discrete subset set ladder points which behave well into the hands of the scaling property of (X, P9).
As the proof is quite long, we break the remainder of this section into a number of steps, marked

by subsections. The proof of Theorem 16 will thus be our.

4.8.1 A discrete ladder MAP

Under P9, define the following sequence of stopping times,
T, :=1inf{t > T,,_1 : | X¢| > €| X7, |}, n>1,

with Tp = 0, and

X
S = Z A A, =log Xz, | and Z, = arg(X7,), n>1.

k=1 ‘XTnfl |
Note in particular that
X1, = |z|eS"E,, n>1.

Then, we claim that ((Sp,Zn),n > 0), is a Markov additive renewal process. To verify this
claim, we appeal principally to the strong Markov and scaling property of (X,P9). Indeed, for any
x € T', we have that for any finite stopping time 7', under P, the conditional law of (X714, s > 0)

xT

given (Xy,u < T') equals that of (|y|X,/yj~,s > 0) under P:rg(y),

n > 0, by construction, conditionally on (X,,u < T,,) we have that

with y = X7. Hence, for any

Tn+1 = mf{t > 1T, : |Xt| > e’XTn’}
=T, +inf{s >0: |Xsy7,| > | X1, |}

Law

=T, + inf{s >0: |XTn||Xs/\XTn|"“ > e|XTn|}
=T, + | Xr,|*Th,

where X depends on (X,,u < T,) only through arg(Xr ), has the same law as (X, Png(XT )), and
Ty = inf{t > 0 : | X;| > e}. From these facts, it follows that for any bounded and measurable f on

R x €,

E; [f(Sn-H - Sna En+1)|(sz‘, Ez) 11 < n]
X
=E; |:f <10g | |)?;+|1| 7 arg(XTnH)) | X7, i < n:|

= By [f (log [ X1, |, arg(X7,)] ly=z,-

These calculations ensure that ((Sp,Z,),n > 0), is a Markov additive renewal process. Note, this

computation also shows that, under P9, the modulator = := (£,,,n > 0) is also a Markov process.
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4.8.2 Application of Markov additive renewal theory

Let us introduce the MAP renewal function associated to (.5, Z), for ,

Vi (dr,de) = ZP;(Sn e dr,2, € d¢), reR, ¢e. (4.33)

n=0

We will next show that the joint law in Theorem 16 can be expressed in term of a renewal like

equation involving Vj.

Lemma 7. For a bounded, measurable function f : I'® — [0, 00), we have, for x € I' N By,

—log |z|
E; f(X7197X7—19_7 Xm(»rl@_))j| = / / Varg(oc) (dT‘, d¢)G(_ log ‘x’ - ¢)7 (4'34)
0 Q
where, for ¢ € €Q,
G(y, ¢) = Ezfyqb [f(XflevXTle,a Xm(Tl@,))l(TIGSTe@l_y) . (4.35)

Proof. Noting that | X7, | = |z|e®" and arg(X7,) = Z,. Appealing to the strong Markov property

we get

<
Ew [f(Xq—le ) Xrle—7 Xm(Tle—))l(Tle<OO)i|

- E; Z 1(T7L<7'16§Tn+1)f(X7—197X716_7 Xm(,rle_))

n>0

=B |3 L, o0y By [F(Xop Koo Koo ) ip ey

n>0

[ oo

_ <

= Em Z 1(|x|e5n<l)Ey [f(Xq—leaXrle_y Xm(,rl@_))].(Tleng)} y:xeSnEn] ;
n=0

y=Xr,

where in the first equality the indicator implies T}, < m(7;"—). We can thus write

B 1000 X X,
—log|z|
= /0 /QVarg(a:) (dr, dﬁb)Efx\ew [f(X-rl@a XTIG_, Xm(Tle_))l(TleST‘e‘ 7‘+1):| ,

which agrees with the statement of the lemma. O

We now have all the elements to explain the strategy we will follow to prove Theorem 16. In
light of the conclusion of Lemma 7, we will apply the Markov Additive Renewal Theorem, see for

example Theorem 2.1 of Alsmeyer [2].
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Subject to conditions, this result would tell us that, there is a probability measure v*, such

that for v*-a.e. Q, for any f: I'* — [0, 00) continuous and bounded,

1 oo
lim Ey [f(XTle,XT?_>Xm(T?_))} = IEZ'[Sl]/Q/o v (de)dr G(r, ¢), (4.36)

where G is as defined in (4.35). The required conditions for this to hold are:

(I) The process Z is an aperiodic Harris recurrent Markov chain, in a sense that there exists a
probability measure, p(-) on B(€2) (Borel sets in €2) such that, for some A > 0,

P§(21 € B) > Ap(E), for all 0 € Q, E € B(). (4.37)

(IT) Under P9, (Z,,,n > 0), has a stationary distribution, that is
v*(df) := lim Pg ,(E, € db), e oeq,
n—00 ’

exists as a non-degenerate distributional weak limit.

(III) With v* as above
E2.[Sy] = / o (O)ES[S)] < oo. (4.38)
Q

(IV) For any continuous and bounded f : I'* — [0, c0), the mapping r +— G(r, ¢) is a.e. continuous,

for any ¢ fixed, and

/Q/o U*(d¢)z sup G(r,¢) < oo, (4.39)

n>0 nh<r<(n+1)h

for some h > 0.

4.8.3 Harris recurrence

We will here prove that the condition (I) holds. To this end, we must first prove the following
lemma and its corollary which deals with the Boundary Harnack Principle. In the current setting,
it can be formulated as follows (see e.g. Bogdan et al. (BHP) in [20] and Bogdan [18]).

Lemma 8. Write B, := {x € R : |z| < ¢} for the ball of radius ¢ > 0. Suppose that u,v : I' — [0, c0)
are functions satisfying u(x) = v(z) = 0 whenever x € I'“N By, and are regular harmonic on I'N By,

meaning that, for each x € I' N By,

E, [u(XTleMF)] =u(z) and E, [U(XTleMF)] = v(z).
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Suppose, moreover, that u(zg) = v(zo) for some xg € I' N By /5. Then, there exists a constant
Cy = C1(T, ) (which does not depend on the choice of u or v) such that,

Crto(z) < u(z) < Cro(z), z€l'NBy;. (4.40)

It is worth noting immediately that M is a regular harmonic function on I' N By according to
the above definition. Indeed, from (4.6), the Optional Sampling Theorem and dominated converge
(e.g. Theorem A in Blumenthal et al. [17] tells us that EIHXT? 1] < 0o, we know that

M(z) = tlggoEx [[XtATle|ﬂM(arg(Xt/\Tle))1(

tATY <wr)

—E, [M(XTle)l(

7‘1@<H1"):|

—E, [M(X,0 )] -

As M can only be defined up to a multiplicative constant, without loss of generality, we henceforth
assume there is a xg € I' N By, such that M (zo) = 1.

Corollary 3. Let zg be as above. For each f > 0 on R? such that
O < Eg;o [f(XTle)l(Tle<KF):| < OO,
there is a constant C; = C1(T', ) (which does not depend on the choice of f) such that

Eo |7(X0) 110 o)

Ot M (z) <
ExO [f(XTle)]‘(Tle<Hr‘):|

< C1M(z), forall x € I'N Byjs.

Proof. The result follows from Lemma 3, in particular from the inequalities (4.40), as soon as we

can verify that
Eg [f(XTle)]‘(’rl@ <I€r):|

g(x) :=
Euy [£(X,0)1(0 <o)

R zel'N By,

is regular harmonic on T'N By. To this end, note that the function g clearly vanishes on T¢ N B,

and is equal to f on I'N BY by construction and g(z¢) = M (xo) = 1. Finally, note g(X,.) = 0 and




as required. O

Returning to the verification of (4.37), we consider a measure pu(-,-) given by p(A4, E) =
Py, (S1 € A,2; € E), for A € B(RT). Let us define the measure p by the relation p(B) := P (1 €
E) for E € B(Q2), which is clearly a probability measure as p(2) = 1. The inequality (4.37) can be

verified as a direct consequence of the following lemma.
Lemma 9. For all 0 € Q, A € B(R") and F € B(f2), we have that
CT (A E) <PJ(S; € A,Z) € E) < Ciu(A, E). (4.41)

Proof. If u(A,E) = 0 the inequality (4.41) is trivially satisfied. Therefore, let us assume that
w(A, E) > 0. From the previous lemma, we know that

g(x; A E) :=E, M(XTle)l re€TNB,Ax EcBR"xQ),

(log |X7_19 H—leA,arg(X_rl@)EE, T <kr) |

is a regular harmonic function in I' N B; (in the sense defined in Lemma 3). By virtue of the fact

that we have normalised M so that M (xg) = 1, we also have that
1WA E) =P (51 € A,E1 € E) = g(v0; A x E).

Now take , and note, with the help of the scaling property, and M (x) = |z|?M (z/|z|), for
any x € I, that

— 1
Pg(51 €A =€ E) = M(Q)EB |:M(X1-ee)1(logXTG|€A,arg(XT@)€E,Tee</€p):|

1

E M(X o)1
M(Q/e) 9/‘3|: ( 7'16) (log|X7_1@|+l€A,arg(XT1@)€E,Tle</ip):|

_9(0/e; A E)
M(0/e)

Thanks to the assumption g(zo; A, E) > 0, the Boundary Hanack Principle (Corollary 3) tells us
that, for all |z|] < 1/2,

_ g(z; A E)
CTiM(z) < 222 < O\ M(z). 4.42
T < SRS < ai) (4.42)
Hence, with z = 6/e,
_ g(0/e; A, E)
Py A= F)="—"F "~ 4.4
H(Sl € , 21 € ) M(G/e) ( 3)
Note also that || < 1/e < 1/2, so we can put this into ineqaulity (4.42) to finish the proof. O

We can put A = RT and the inequality (4.37) is verified. Now that we have verified (4.37),
we have the following corollary, which follows from e.g. Theorems VII.3.2 and VIL.3.6 of Asmussen.
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Corollary 4. Under P9, (E,,n > 0), has a stationary distribution, that is

v*(df) := lim Pg ,(Z, € db), 0eoe,

n—oo

exists as a non-degenerate distributional weak limit. So, the condition (IT) is satisfied.

Remark. Note that

M(9)
M(6)

[ o @oru(E, € a0, T < sy Trod = (a0,

Q

which makes v'(d¢) = v*(d¢)/M(¢), ¢ € Q, an invariant measure for the killed semigroup
Pg(En € d¢, T, < K:F)7 n > 0.

Note that, under the assumptions (I) and (II), the limiting distribution (4.36) is proper, which

can be seen by taking f = 1, in which case

// *(d¢)dr G(r, ¢) = // v*(dg)drPy-, (17 < 75_,)
// *(do) dr+// *(de) dqu_%(rl =75.,)

=1 +/ / “(dg)dr Pg.y(log | X o | >0)

4.44
—1+// *(dg)dr Py(logle™" X o| > 0) (4.44)
—1+// d¢ d?“]P’¢(Sl>7“)
=1+E.[S1 —1]
= B3 [51]

and hence the limit of (4.36) is equal to unity.

4.8.4 Verification of conditions (IIT) and (IV)

We do this with two individual lemmas.
Lemma 10. Condition (IIT) holds, i.e. ES.[S1] < oo

Proof. We can appeal to the law of first exit from a sphere given in Theorem A of Blumenthal et

al. [17] to deduce that, up to constant C, which is irrelevant for our computations, and may take
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different values in each line of the below computation, we have the following inequalities
sup B, [M(X,2)(1+log|X,e])1,
|| <1/2 1 !

< sup Eg[M(X,0)(1+log| X o)
lz|<1/2 ! !

T16<f€[‘)

o o 1+ log |y
=Cap [y )l 1) () LT lo8 ]
z|<1/2 J|y|>1 ly — x|

<C'/d0M / dr(r? — 1)—o/2pd-1+p L1087

|r6 — |
1+ logr
=C [ dOM(0) [ dr(r? o/2pd=1Hh LS
/. / -1 19— af?

& 1+ logr

M 2 a/2 d—1+p8
+C/Qd9 (9)/2 dr(r® — 1) o
=: B1 + Bs. (445)

Using that |[rf — x| > r — |z| > 1/2 we can bound the first term as follows:
2
By < 22148 (1 4 10g 2)C / d0M(6) / dr(r? — 1)~/ < 0o,
Q 1

To verify that the second term is finite also, we use that |rf — x| > 3r/4, by the triangle inequality,
and that necessarily 8 < «, to obtain that

4 d+5 0o
B; < <3) C/ dGM(G)/ drrP=71(1 + logr) < oo,
Q 2

We can now apply the Boundary Harnack Principle in Corollary 3 and the scaling property to
deduce that

[ v @ossisi) = [ v (@o)Eglog| X o
Q Q

_ / V" (dO)E],[log | X, o] +1]
Q 1

Q

M(6/e)
< /Q v*(d6)Cy s E, [1(T1@<HF)M(XT1@)(1 +log \Xﬁe\)}
< 00,
where finiteness follows from (4.45). O
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Lemma 11. The conditions in (IV) hold.

Proof. Let f : T3 — [0,00) be a continuous and bounded function. On account of continuity of
M and standard Skorokhod continuity properties of the stable process with killing at first passage
times, together with the dominated convergence theorem, imply that for any ¢ € I' fixed, the

function

Y= G(ya ¢) - ]E;] Yo f(XTlea X’rle—’ Xm(Tle—))l(TleﬁTg,y)] ) y > 01

is continuous and bounded. Since f is assumed to be bounded it is enough to check that (4.39)
holds with f = 1. But this follows from a straightforward modification of the computation in (4.44),
using that for any 6 € I' fixed, the function r — IP’;(Sl > r) is non-increasing, together with the

conclusion of Lemma 10. O

We can remove the requirement that the limit is taken along the sequence of points af, for
a — 0 and v*-a.e. 0 and replaced by taking limits along I' 3 x — 0. Which, assuming (I)-(IV)
would end the proof of Theorem 16.

Lemma 12. Suppose that (4.36) and the conditions (I)-(II) hold, then the limit also holds when

the limit occurs as I' 3 x — 0.

Proof. Let us assume that A is a null set of v*. From (IT), we know that P,«(Z; € A) = v*(A4) = 0.
From (4.41), this implies that 0 = P,«(Z; € A) > C; ' p(A), and hence that p(A) = 0. On the other
hand, we know from (4.41) and the latter fact, that, for all § € Q, Py(Z; € A) < Cy1p(A) = 0.

We have thus shown that the very first step of the process = positions it randomly so that it

is in the concentration set of v*. We introduce a constant Cy given by
Cp = lim By | f(X,0, X0, X0 )] -

This constant only depends of f and not on 6. We have that

[ f(X, o, X o, m(q@—))] —Cf‘

Hf (X e,X o ’Xm(Tle_))_CfH
Ey [1(‘”0“" FXop Xooo, Xorony) = Cf‘ F 1 (jzjesi>1) ‘f(XT%Xrl@f’Xm(Tl@f)) - CfH
|

B [t <ty (1flloe + €1+ Lo | F (Ko X i) = O]

(4.46)
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Next note that, as |z| — 0,

E2 [1(sfessny (11loo + C)]
< (1 flloe + Cp)PL(T ( <T|z\)
(1fls0 + C)Pirg((Xre > e/ lal)

< Cp)supEy | a2) g 0
< (M llec + Cr)sup By | Trer oy 1 e >ela |

where the second equality follows by scaling and the final limit follows from Corollary 3. This deals
with the first term on the right-hand side of (4.46).

For the second term on the right-hand side of (4.46), we appeal to (4.41) to have that
E; {1(\x\e51>1) ‘f(XTleaXTle_va(Tle_)) - CfH
— <l = < _
_ /Q /O P3(S1 € dr,E1 € dB)Ejorg, ||/ (X0 Xop s Koroy) = €
<
< [ [ CuntanaoBi |00 X X0 = o] (4.47)

We use (4.36) and the fact that
Pg(El (S ) < U*()

imply, with the help of (4.33), (4.34) and the Dominated Convergence Theorem, that

<
I‘%IIIEOE f(XTle y XTle_, Xm(’rl / / d¢ dT’ G(T ¢)
without restriction on arg(z) in relation to v*, as I' 3 x — 0. O

4.9 Proof of Theorem 17

Let us define a new family of stopping times with respect to the filtration generated by ((H,",0;"), t >
0). Set xo =0 and
Xnt1 = inf{s > xn : Hf — H > 1}, n > 0.

We should also note that these stopping times have the property that the sequence of pairs ((Sy, Ey), n >
0), agrees precisely with ((Hy,,, ©F ), n > 0). Moreover, it is easy to show that ((xn,Zn), n > 0), is

a Markov additive process, and we known (Z,,n > 0) is Harris recurrent, in the sense of (I) above.

Let,

U (ds,dg) == Y Pi(xn €ds, 5, €dg),  5>0,0.
n>0
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Appealing to the Markov property, we have, for  and bounded measurable f on 2,

E§o[f(67)] = Ej Z Lin<t<xnsn) F(0F)
n>0

=B | > Lol [Luca) O] ymor umr
n>0

:/Ot/Q%;(ds,dgﬁ)F(t—mﬁ),

with F(s,¢) = ans[l(sgm)f(@j)] which is bounded and continuous in both its arguments. Note,

moreover, that
/ / (de)ds F(s / / (d¢)ds Eg ol Ls<x) (O )

2/0 /QU*(d¢)d5E3,¢[1(H:<1)f(@s )lds
_ /Q /Q v (dp)UZ(0,1), d6) £(6),

where U;(dx, df), x > 0, Q, is the ascending ladder MAP potential

Uj(da,df) = /0 P{ ,(H € dz,©F € df)ds.

As such, whenever f is bounded, we have that [ [, v*(d¢)ds F(s, ¢) < oc.

We also note that
S bl = /Q o* (A6)E o 1]
= [t [ P00 > v
:/QU*(d@/O $(HF < 1)dt
:/QU*(d¢)U;([o, 1),9) < o.

Arguing as in the proof of Lemma 11, it follows that whenever f is continuous and bounded, the

mapping (s, @) — F(s, ¢), satisfies the conditions in Theorem 2.1 in [2].

As such, and on account of the fact that (Z,,n > 0) has been proved to have a stationary

distribution, v*, we can again invoke the Markov additive renewal theorem [2] and conclude that,
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for v*-almost every €,
lim EJ O, / / (de)U3(]0,1),d0) f(6
i O,G[f( ) ()U* Xl qb ) )f( )

We can upgrade the previous statement to allow for all 2 by appealing to reasoning similar in
fashion to the proof of Lemma 12. For the sake of brevity, we thus leave this as an exercise for the

reader.

In conclusion, (©;,¢ > 0) has a non-degenerate stationary distribution, which is given by

fgfg )UJJ 1), d6)
Jo v (do)U3([0,1),92)

as required. O

SH(dh) = 6 e Q.

4.10 Proof of Theorem 18

We first need a technical Lemma. Recall that 77 := inf{t > 0: |X}| < a}, a > 0.

Lemma 13. We have the following convergence,

. Pm(TEB < KF)
1 a d d Eq—r
I'saKa-0 H(z)a%tF-a — EL] log\X o] // (dg)dr ?

where, H(x) = |z|*#~IM (arg(x)).

‘XTG ‘afd
— 1 | <
M(X,0) !

Proof. We first use properties from the Riesz-Bogdan-Zak transform in Theorem 19,

|x‘a d

:EKJ} ‘KX@ ‘a d’ l/a

< KT

where Tle/a = inf{s > 0: | X;| > 1/a}. The scaling properties (4.2) and (4.28) (employed similarly
for Tle/a) tells us that

P, (r® < kp) = |2/al* E [\Xﬁe\a d, 1S RF]

‘a d
= M(aKz)|z/a|* "Eik, ! ]

| X,
M(GK:EHJ;/G‘Q dEaKx

—B—
<arg< >>]

= M(arg(z))(|z|/a)* P~ EL,,

X pleds
M(arg(Xﬁe»] |
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Using Theorem 16, we have that

. P, (7P < kr)
rsaKz—0 M (arg(x))(|z|/a)>=F~4

li q | X ol
= o Earca ]\4(g(X))]
1 o . [IXeled
= EZ‘*UOg!XTeeH/Q/o v (dg)drE. [JW(XTle)] < o0 (4.48)

where we have used that @ — d < 0 and hence | X 716| > 1 in the first inequality, and Theorem 16
with f(x) = |x|a*d/M(x)1(x21), for x € T', in the final inequality. Note, in particular, that the limit

does not depend on the starting point.

The limit in (4.48) is thus finite and hence, noting that
fo/al" M (@) = Mang(e) (2] fa) P~ = H(z)a™P,

the result follows. O

Returning now to the proof of Theorem 18, the usual application of the strong Markov property

means we need to evaluate, for x € T,

@
P;(A) = lim E, |1 Px,(1a’ < #r)

4.4
a—0 (A, t<rrATe) P.(78 < wr) |’ (4.49)

where A € F;. In order to do so, we first note from Lemma 13 that,

lim th(TéB < /ﬂ“) _ H(Xt)
a=0 Py(rs <kr)  H(z)

Moreover, from (4.48), we also see that, for each € > 0, there exists a constant A > 0 such
that, when |aKz| = (a/|z|) < A,
P, (79 < kr) P, (1 < kr)

190 = Fjate ~ (afla)redobGarge) = I

With C as in the previous Lemma. On the other hand, if (a/|z|) > A, then
Po(ry < kr) <1< (aflx])PTone—rf-

From this we conclude that there is an appropriate choice of constant C' such that for a < 1,

PXt(TCEB < HF)

< CO|X, |98, 4.50
P.(r& < kp) ~ X (4:50)
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We want to show that
Eo | Xe|* Py < o0 (4.51)

To this end, we note that, since « — f —d < 0, Egc[\Xt\a*d*fgl(‘thl,t<,{r)} < 1. The problem thus
lies in showing that Em[|Xt|a_d_61(\Xt|21,t<np)} < o0o. To this end, let us recall from Bogdan et al.
[20] that (X[, ¢ > 0), the stable process killed on exiting I', has a semigroup density, say p; (z,y),
x,y € I'. Moreover, in equation (10) and (53) of the aforesaid reference, they showed that

t
p{(.’[‘,t) ~ ]P)g(:‘if > t)Pg(li]_" > t) <t1/a A W) s T,y € P,

where p} (z,v) is the transition density of (X,P') and f(z,t) =~ g(z,t) means that, uniformly in the
domains of f and g, there exists a constant ¢ > 0 such that ¢! < f/g < c. It thus follows that

Eo[|Xe|* ™21 x5, t<np)]

t
< CPL(kp > t)/ Pg(ﬁp > t) (tl/a A ’y|a+d> ly|e— B dy
ly|<1

1
< CtV*PL (kp > t)/ r* A ldr < oo
0

where the constant C has a different value in each line of the calculation above, but otherwise is

unimportant.

The bound (4.50) and the finite moment (4.51) can now be used in conjunction with the
Dominated Convergence Theorem in (4.49) to deduce (4.22).

We must also show that this process is continuously absorbed at 0. Applying the Riesz—
Bogdan-Zak transform (cf. Theorem 19), for continuous and bounded f : R x R — [0,00) and
0<ac< |z

B[ (X oy X, 0)] = E

X X o)1 MEXe)
F X - X L <or) 37 (F)

M(X,0 )
FE X e KX e :

= B )5 <) (R

1/a

— B | AKX 0 K5 )

where, for a > 0, m(75—) = sup{t < 757 : | X¢| = infs<¢ | Xs|}. From Theorem 16 it follows that the
limit on the right-hand side above is equal to f(0,0). This shows (X,P%), = € I is almost surely

absorbed continuously at 0.

Finally, reconsidering the proof of Proposition 23, the remaining statement is straightforward

to prove in the same way. O
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4.11 Proof of Theorem 20

It turns out more convenient to prove Theorems 20 before we deal with Theorem 14. Indeed, it will

play a crucial role in its proof.

4.11.1 Proof of Theorem 20 (i)

We can verify the statement of this part of the theorem by first noting that the transformation
(K X,(1),t > 0) maps (X,P), to a new self-similar process. Then we verify it has the transitions of
(X, P7).

For the first of the aforesaid, we refer back to the Lamperti-Kiu transform. As already

observed in Alili et al. [1] and Kyprianou [42], from the Lamperti—Kiu representation of (X, [P<),
KXy = e 08000 ¢ 20.
Note however that

w(t) n(t)
/ e®¢sds = t and / e 2w dy = t, t>0.
0 0

A straightforward differentiation of the last two integrals shows that, respectively,

dL(ﬂ — e_aggo(t) and dL(t) — 62a§gaon(t)7 t> 0’
dt dt -

and so the chain rule now tells us

d(pon)(t) _ de(s) dn(t) _ eOgon(t), (4.52)
dt ds ooy At

and hence, p on(t) = inf {s > 0: [J e *du > t}. It is thus clear that (K Xyt > 0) is a self-
similar Markov process with underlying MAP equal to (—¢,©).

To verify it has the same transitions as (X,P"), we note that (n(t), t > 0), is a sequence of
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stopping times

e [f (K Xp4))]

= Brce [ (0 X 1) < ]
| K X, =P M (arg(K X, 1))

|2| =P M (arg(x))
—E, [‘Xt‘a 41Xy 7P M (arg(Xy))
lz[o=d |z| =P M (arg(x))
~E [|Xt\a O M (arg(X3))
|z|o=d=F M (arg(z))

= EZ [f (X4)]

= EKQC

FIK X)) n(t) < HF]

F(X)st < %F]

f(X )t<l€r:|

where in the third equality we have applied the regular Riesz-Bogdan-Zak transform (cf. Theorem
19) and in the final equality we have used Theorem 18. O

4.11.2 Proof of Theorem 20 (ii)

The proof of this part appeals to Theorem 3.5 of Nagasawa [50]. The aforesaid classical result gives
directly the conclusion of part (ii) as soon as a number of conditions are satisfied. Most of the
conditions are trivially satisfied thanks to the fact that (X, P), is a regular Markov process (see for
example the use of this Theorem in Bertoin and Savov [10] or Déring and Kyprianou [32]). However

the two most important conditions stand out as non-trivial and require verification here.

In the current context, the first condition requires the existence of a sigma-finite measure p

such that the duality relation is satisfied, for any f, ¢ : ' — R measurable and bounded, one has

/F u(de) f(z) /F dy i, ) (y) = /F u(dz)g(z) /F dypi () f(w),  VE>0,  (453)

and the second requires that
p(dz) = GU0,dx) := / P§(X; € dz)dt, xel. (4.54)
0

Our immediate job is thus to understand the analytical shape of the measure p. To this end, we

prove the following intermediary result, the conclusion of which automatically deals with (4.54).

Lemma 14. We have for bounded and measurable f : I' — [0, 00), which is compactly supported

in I', up to a multiplicative constant,

/f(ﬂZ)G<1(O,dJ:):/f(l‘)M(a:)H(x)dx.
r r

Proof. Referring to some of the facts displayed in Theorem 13, we have with the help of Fubini’s
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Theorem, the scaling properties of the transition density p', and (4.10) that

/f / P5(X; € dy)dt
—/ dt/f(y)M(y)m(y)dy

/ dt / F(y)M(y) liny Pp(t/f: ;y)l)dy

o opi( pi (z,y)
/dt/f Hop(tﬂp>1dy+/ dt/f zi%lp(tnp>1)dy
i Dby (-T y)
/ dt/f y) i 5. (K,F>1)dy
7d/apF(t71/ax’t71/ozy)
/ d / F@)M(y) i ——5 "y dy (455)

We wish to use Dominated Convergence theorem to pull the limit out of each of the integrals.
Referring again to Theorem 13, and recalling the compactness of the support of f, the integrand in
the first term on the righthand side of (4.55) is uniformly bounded.

For the second term on the right-hand side of (4.55), we can assume without loss of generality
that the support of f lies in I' N {x € RY: |z| < 1}. Recall again from the bound in Lemma 4.2 of
[6], which states that, for ¢ > 1 and |z| < 1, there exists a constant C' > 0 such that

CUPlM (2) < Py_ija, (ke > 1) < Ct /M ().

Using the above, and appealing in particular to equation (56) of Bogdan et al. [20], for
t,Jx| >1and y € T,

t*d/ap{(tfl/ax’tfl/ay) t*d/ap{(tfl/ax’tfl/ay>

P, (rr > 1) M(z)
(T + Tyl
< —(d+28)/a

< ¢—(@+B)/a

The right-hand side above can now be used as part of a dominated convergence argument for the

second term in (4.55), noting in particular that f is compactly supported.
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In conclusion, we have

/f(y) /oo PH(X € dy)dt

T 0

o b opi(ay)
=t [ 1) [k

| * L p(z,y)
+lim | F@)M() /1 YBulior > 1)

iy S @M ()G (2, y)

(4.56)

The above limit has already been computed in Lemma 7 of Bogdan et al. [20] and agrees with the

conclusion of this Lemma. O

To complete the proof of part (i) of Theorem 20, we must show (4.53). To this end, let us
start by recalling Hunt’s switching identity for X as a symmetric process and <r as a hitting time

of an open domain. It ensures that for any f, ¢ : ' — R measurable and bounded one has

/F def(x) /F dy pF (2, 9)g(y) = /F deg(z) /F dypf (e 9)f(y), V0.

With this in hand, it is easy to check that

[ )@ [ i) = [ der@m@nE) [ ez

:/Fdxg(x)M(x)H(x)/pr(w,y)f(y)H
- / u(dz)g(z) / dy (@) fw), >0,
T T

as required. O

4.12 Proof of Theorem 14

To prove the weak convergence on the Skorokhod space of P,, as x — 0, to Py, we appeal to the
following proposition, lifted from Dereich et al. [30] and written in the language of the present

context.

Proposition 24. Define 7 = inf{t : |X;| > ¢}, £ > 0. Suppose that the following conditions hold:
(a) lim._olimsupps, o EJ[7S] =0
(b) limps.o0PI(X e € -) =t () exists for all e >0

(c) Pg-almost surely, Xo =0 and X; # 0 forall t >0
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(d) P((X 0y )iz0 € ) = fi e (dy)P3() for every & > 0

Then the mapping
I'>z— P

is continuous in the weak topology on the Skorokhod space.

Verification of Condition (a). Define G(x,y) via the relation

[ 106y = 2 [ I f<Xt>dt} ,

and note that G%(x,y) = M (y)G* (x,y)/M(x), z,y € T. Then, for f positive, bounded, measurable
and compactly supported and x € I"U {0}, then (4.56) and Lemma 14 tells us that

lim /Ff(y)Gq(Z,y)dyz/Ff(y)Gq(O’y)dy

I'5z—0

Now note that

&
lim lim sup EY[7°] = lim lim sup E / 1(x,|<edt
€20 1520 2l =0 350  |Jo (1<)

o
< lim limsup E [/0 1(Xt<5)dt:|

e=0 13520

< lim lim sup Gq(zv y)dy
€20 13220 Jiy|<e

< C'lim H(y)M (y)dy

e—0 lyl<e

€
< Clim [ o1(d)M(6)* / re A1y
e—0 [¢) 0

< O lime*?
e—0

=0,
where C' € (0,00) is an unimportant constant which changes its value in each line and o1(d6) is the
surface measure on S~! normalised to have unit mass.

Verification of Condition (b). This condition is covered by Theorem 16. Note, moreover, that

pe does not depend on e.
Verification of Condition (c¢). This condition is covered by Theorem 20.

Verification of Condition (d). We have that, for |z| < n < ¢, from the Strong Markov Property,

ES(f((X,py ¢ 2 0 =Ef [Ex J[f(Xe: ¢ 2 0)]]| =S [g(X,0)] (4.57)
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for bounded, measurable f, where

o) = 55 [B% L 7CXes 02 0)

is bounded and measurable. From Theorem 16 and the Skorokhod continuity of X, P9, which follows

from the Lamperti-Kiu representation (4.13), we can take limits in (4.57) to get
Bilf(Xe ¢ 2 0)) = B [Ex o [£(X0 1t 2 0)]] =E§ [o(X,0)] (4.58)

Now appealing to Theorem 20 (ii), thanks to cadlag paths, we know that XT»,]e — 0 almost surely
under P§. As a consequence, we can appeal to the Dominated Convergence Theorem in (4.58),
together with condition (a) and, again, the Skorokhod continuity of X under Py, y € I, and deduce

the statement in condition (d).

4.13 1It6 synthesis and proof of Theorem 15

The bagis of Theorem 15 is the classical method of Itd synthesis of Markov processes and an extension
of the main ideas in [52]. That is to say, the technique of piecing together excursions end to end
under appropriate conditions, whilst ensuring that the strong Markov property holds. In our case,
we are also charged with ensuring that self-similarity is preserved as well. We split the proof of
Theorem 15 into the construction of the recurrent extension and the existence and characterisation

of a stationary distribution.

4.13.1 Some general facts on self-similar recurrent extensions

As described before the statement of Theorem 15, according to Itd’s synthesis theory a self-similar
recurrent extension of (X, P!) can be build from a self-similar excursion measure, i.e. a measure on

D satisfying the conditions (i)-(iv) stated just before Theorem 15.

Suppose that N is a self-similar excursion measure compatible with the semigroup of (X, P').
Define a Poisson point process ((s,xs),s > 0) on (0,00) x D with intensity d¢ x N'(dy) and let

each excursion length be denoted by
(s == 1inf{t > 0: xs(t) = 0} > 0.

Then, via the subordinator

«=> C, >0,

s<t

we can define a local time process at 0 by

Ly =inf{r >0:¢ > t}, t>0
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Note, for each t > 0, by considering the Laplace transform of ¢, Campbell’s formula and the
assumption that NT(1 — e™¢) < oo ensures that (g, t > 0) is well defined as a subordinator with
jump measure given by v(ds) = NT(¢ € ds), s > 0.

Now, we define (;(t,t > 0) with the following pathwise construction. For ¢ > 0, let L; = s,
then o, <t < os_ and define

o A ), i <,

0, if . =¢50or s=0.

Salisbury [54, 55] demonstrates how the process constructed above preserves the Markov property.
In fact, one can easily adapt the arguments provided by Blumenthal [16], who considers only [0, c0)
valued processes, to show that, under some regularity hypotheses on the semigroup of the minimal
process (X,P'), the process constructed above is a Feller process. This is due to the fact that, here
we are considering an extension from I' to ' U {0}, for (X,P"), which, by decomposing this process

into polar coordinates, is equivalent to extend the radial part from (0, c0) to [0, c0).

To thus verify the Feller property, suppose that Cy(I") is the space of continuous functions
on I' vanishing at 0 and oo, and we write (P}, ¢ > 0) for the semigroup of (X,P'). The aforesaid
regularity hypothesis needed to adapt the argument given by Blumenthal [16] are:

(i) If f € Cy(T"), then P} f € Co(T') and P} f + f uniformly as t — 0;
(ii) For each ¢ > 0, the mapping = + EL[e~%] is continuous in TI';

(iii) The following limits hold;

lim Effe™]=1and lim ELl[e¢]=0.
I'sz—0 z€l, |x|—o0
All of these are easily verified using the Lamperti-Kiu representation of (X,Pl) .

Now that we know that the process (}Zt, t > 0) defined above is a strong Markov process, in
fact a Feller process, we should verify that such a process has the scaling property. But this is a
consequence of the condition (iv) above, as can be easily verified using the arguments in the proof
of Lemma 2 in [52].

We will next describe all the excursion measures N, compatible with (X,P"). To that end,

we recall that the entrance law (N} (dy),t > 0) of an excursion measure N'' is defined by

NI (dy) == N'(X; € dy,t <), t>0.
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Lemma 15. Let N be a self-similar excursion measure compatible with (X,P), and 7 the index
appearing in (iv). Then, its entrance law admits the following representation: there is a constant
a > 0, such that for all + > 0 and any f : I' — R* continuous and bounded

Ez [f(Xt), t < KF}

NY(f(Xy),t <€) =a lim

- NY(Xoy € dy)E,[f(Xy1),t < kr).
ly|>0
Furthermore, there is a measure 7' on € such that
r dr p
N (| Xo4]| € dr,arg(Xo4) € df) = Trar " (d0), (4.60)

and [, 7" (df)M (#) < oco. Finally, necessarily v € (0,1), and v < B/a; if v = 3/c then the measure
7l = 0, whilst if v < 3/a, then a = 0.

Proof. In order to prove the decomposition (4.59) we start by noticing that for all s,¢ > 0, we have
N (f(X) ¢ < Q) = NH(lim f(Xose), 5+ < Q),
which is a consequence of the dominated convergence theorem, since
NY(f(Xae), s+t < Q) < [IFIINV(s + ¢ < Q) < [IfIINT(t <€) < o0,
since N(t < () is always finite for any ¢ > 0 because
co>N(1—e ) >N (1 —eSt<()>(1—e HNY(E < Q).
The former, together with the Markov property under N', implies that

NE(f(X0), ¢ < Q) = NE(lim f(Xspa),s +1 < Q)

= lim NU(f(Xgpe),s +1 <)

s—0

— %NF(EXS [£(X),t < kr],5 < C)

= lim lim NU(Ex, [f(Xy),t < &r], | Xs| < €,5 < ()

e—0s—0

+ lim lim NF(IEXS[f(Xt),t < kr), | Xs| > €,5 < ()

e—0s5—0
- Ex,[f(X:),t < kr]
— I Xs t)s
—lg%lg%N <M(X8) X)) Xl <e,s<(

+/ N (Xo4 € dy)By[f(X1),t < kr);
yel,|y[>0

where in the final equality we used the continuity of the mapping y — E,[f(X¢),t < kr], y € T
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The main result in [20] implies that the limit limg_,o E.[f(X:),t < xr]/M(x) exists. This implies
from the right hand side above that

NT(f(X)),t < () = a tim elf(K0)t < rir]

+/ N (Xoy € dy)E,[f(X}),t < k),
|20 M(.’L’) JETly]>0 ( 0+ ) y[ ( t) F]

where

a = lim lim NF(M(XS)7 |Xs| <€,5<()

e—0s—0

= lim lim NT

e—05—0 <[p>XS (kr > 1) Px, (kr > 1),[Xs| <€,8 < g‘)

M (x)
=1 lim lim N" (| X 1
(i, E 1>)55%55% (el < etts <oy <ec

This finishes the proof of the identity (4.59). We will next prove the identity (4.60). The latter
decomposition together with the convergence (4.10), applied to f(z) = M (z)g(arg(z))1(jz/c(0,1))

with g any continuous and bounded function on I', implies that

N (M (X)g(arg(Xe))1(ix,1c(0,1): t < €)

=aC /|y>1g(arg(y))m(y)dy

+/ N"(Xo4 € dy)Ey[M (X)g(arg(X:))1(x,je(1,00)) t < £r]
yeT,|y|>0

By the scaling property (iv’) applied to f(z) = M(z)g(arg(z))1(|zc(0,1))-

N (M (Xo4)garg(Xos), [ Xos| € (0,1))) = N (M (e Koy )g(Xo+), [ Xos] € (0,¢))
— T INT (M (Xos)g(Xo1 ), [ Xos | € (0,0)).

Notice that this is always finite because for |z| < 1, M(z) < KP,(kr > 1), for some K > 0. So, by
the Markov property, the latter is bounded by ¢** #K||g||NT (¢ > 1). Differentiating in ¢ > 0, one
gets

(B — ay)r? =7 1dr NU (M (Xo4)g(arg(Xo4)), | Xo+] € (0,1))
=N (M (Xo4)g(arg(Xo+)), | Xo+| € dr).

Observe that since the right hand side is positive as soon as g is positive, we get as a side consequence
that B — ay > 0. Using again that M(x) = |2|? M (arg(z)), one gets

(8 — an)r™ 7" dr NV (| Xo4 |7 M (arg(Xo+ ) g (arg(Xo+)), [ Xo+| € (0,1))
= N' (M (arg(Xo))g(arg(Xo+)), | Xo+| € dr).
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Since this identity holds for any ¢ continuous and bounded, we derive that, when 8 > a~, the

equality of measures

dr

N"(|Xo1| € dr, arg(Xoy) € d6)) = s

"(a0),

holds, where,
NF(’XO-‘:-W’ ’XO—F‘ € (07 1)7 arg(XO—l-) < de))

B —ay
Whilst if 8 = ary, N'(| X, | > 0) = 0, and thus 7' = 0. We are just left to prove that when 8 > o,
then 7" M < oo and a = 0. Indeed, that 7" M < oo follows from the following estimates

7(dg) =

0o > n(l — e, Xoy #0)

= /Oodsn(s < (, Xo+ #0)e?
0

o0 o0 d
_/o dses/ﬂﬁr(dﬁ)/D M%WPTQ(K,F > 5)

> 7 (df 1 o d SM(ro Bla
I( ) ; TTro . se (7“ )s

> it (d9)M (0) l T dse 35~ h/e

- 0 rltay—_3 1 ’

where we used the estimate in Proposition 22. As claimed we derive that [, 7' (df)M(0) < cc. To
finish, we observe that the identity (4.59) together with the scaling property (iv’) implies that for
any t >0

tTINI(¢> 1) =NY(¢ > t) > a lim Py (t < wr) — at~PloC,

lzj—0  M(x)

with C' > 0 the constant appearing in Proposition 22. Since by assumption 5 > a7y, we obtain by
making t | 0, that a = 0. We have thus finished the proof of Lemma 15. O

To finish the proof of Theorem 15 one should notice that, from the equation (4.10), for every

f: T — RT continuous with compact support, one has the convergence

hm ]E-"ﬂ[f(Xt%t < K/F] — C

2|0 M (x) /F fy)ni(y)dy, >0

This together with the decomposition in Lemma 15 implies that we necessarily have the following
representation for the entrance law of any self-similiar excursion measure N'. There is a measure
7' on Q, such that [, 7' (df)M(6) < oo, and a constant a > 0 such that

NU(X; e dy,t < ¢) = any(y)dy +/ / 7l (dO)Eyg[ Xy € dy, t < kr], (4.61)
0 Q

pltaoy
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art =0, if a > 0 then v = B/a, and if 71" # 0 then v < 8/a, and 7' M < oc.
Furthermore, via cylinder sets, one can check that for t > 0 and A € F;

> dr

NT(A, t < () = aEg [M(lXt)lA] +/0 Trar /QWF(dH)Erg[A, t < Kr). (4.62)

with @ and 7' as above. As a side consequence, we have that the measure N' on D, defined by the
relation

1
NF(A,t<C) = ES [ )IA:| , forAeF, t>0, (4.63)

M (X,
is a self-similar excursion measure, whose entrance law is (n¢, ¢ > 0), and such that NF(X0+ #*
0) = 0. Finally this is the unique self-similar excursion measure bearing this property, and hence
the self-similar recurrent extension associated to it leaves zero continuously, and it is the unique
self-similar recurrent extension having this property.

4.13.2 Invariant measure

We start by computing the invariant measure according to Chapter XIX.46 of Dellacherie and Meyer
[29]. There it is shown that the invariant measure 7 ''(dy), y € T, defined up to a multiplicative

constant, is given by the excursion occupation measure so that

frmsran=ae ([ o),

for all bounded measurable f on I'. Note, however, the computations in Lemma 14 can be used to
show that

NT (/ch(Xt)dt> :/Om/rf(z)nt(z)dzdt:/rﬂj;(é)) (O,dz):/rf(z)H 2)dz

It is then straight forward to prove the final identity in the statement of Theorem 15.

Finally, to see that T is not a finite measure, we can compute its total mass, after converting

to generalised polar coordinates (see e.g. Blumenson |15]), by

/F H(z)dz = C /Q o1(d6)M () /0 " pamB-lgy = 0, (4.64)

where C' > 0 is an unimportant constant attached to the Jacobian in the change of variables to
generalised polar coordinates, and o1(df) is the surface measure on S¥~! normalised to have unit

total mass. Moreover, we also have that if 7° is not trivial then

*® dr
/0 rltoy /QWF(dG)Ere [kr] = o0,

because by Proposition 22, E.¢ [kr] = oo, for any r > 0, and .
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The failure of this measure to normalise to have unit mass means that a stationary distribution
cannot exist, cf. Chapter XIX.46 of Dellacherie and Meyer [29] and hence X is a null-recurrent

process. O

4.14 Proof of Theorem 21

The proof of this result follows verbatim that of Theorem 15, albeit for some of the estimates that
are used. Indeed, to establish Theorem 15, we used that for (X,P') we have

(a) for t < |z|°,
P, (kp > t) = M(z)t %/,

(b) for any ¢t > 0 and f: I' — R™ continuous and bounded

lim P.(f(X¢),t < kr)

exists.
|| —0 M (x) *

These conditions are replaced by the following conditions on (X, P")

(a’) for ¢t < |z|°,
P (kr > t) ~ H(z)t@d=28)/

(b?) for any t >0 and f: T — R* continuous and bounded

i B (X0).t < r)

exists.

Moreover, in proving Theorem 21, where one reads 8 in the proof of Theorem 15, one should use
B := 28+ d — «. From here we have the restriction 0 < 8’ = d + 28 — a < «, which restricts 3 to
the interval ((a —d) /2) V0 < 8 < (2a—d)/2.

Let us finish by noticing that the finiteness of N>(1 —e~¢) is equivalent to d < 2(a — ). To
this end, we can appeal to Lemma 4.3 of [6] to see that, there exists a constant C' > 0, such that,
forx €T,

Csle=28=d)/a i |z|* 2P (s < k(0 < Oslo—20-d) e (4.65)

z—0

where k{9 = inf{t > 0: | X|; = 0}. Moreover, if we set J(z) = H(z)/M(z) = |z|*~2#~4, note that,
forzel,and A€ F, t >0,

a | (X H(X, N
= [ J((a;))lA} =E [H((xﬁl(m{t«p}) = P5(A, t <x%). (4.66)
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Hence, using (4.66), we have
N™(1—e %) = / e °N”(¢ > s)ds
0

_ /0 " dse— BT (X,)]

o0
= / dse™ lim || 2P=9P> (s < x10}),
0 r—0
and, thanks to (4.65), the right hand side either converges or explodes depending on whether
d < 2(a— ). So, remember that by Campbell’s theorem, the sum of the lengths ngt (s is finite

a.s. for any t > 0, if and only if N*(1 —e~¢) < oo, which is equivalent to d < 2(a — 3). This justifies

our commnient following the statement of Theorem 21.
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Chapter 5

Conclusions

We have considered several problems for self-similar Markov processes in R?, conditioning a self-
similar Markov process to hit/avoid the origin, computing some fluctuation identities for isotropic
stable processes, and constructing a recurrent extension of a self-similar Markov process after hitting
zero. We have used Lamperti-Kiu representation to translate a problem for self-similar Markov
processes into a similar problem for Markov additive processes. This gives us access to many of our
principal tools, for example Maisonneuve’s exit formula and Markov additive renewal theorem. In
high dimensions, we have given special attention to isotropic stable Lévy processes. Our analysis, in
this case, benefits from Blumenthal-Getoor-Ray’s first passage into a ball formula and the Boundary
Harnack Principle for a-harmonic functions.

The methods used in Chapter 3 and Chapter 4 are designed for proving results in the case
of isotropic stable processes. However, heuristically, the methods do not seem to be very specific
to isotropic stable processes. As a possible future direction, it would be interesting to see if the
methods used in this thesis can be adapted to the setting of R? self-similar Markov process in

general.
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