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�(✓) = 0,

� D

✓

✓ > 0 �0(0+)

limt!1 ⇠(t) = �1 � = ✓
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 (�) := �t�1 logE
0

[e

i�X
t

]

� 2 R t > 0

 (�) = |�|↵(e⇡i↵(
1
2�⇢)1
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|x| < a
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y = inf{t > 0 : ⇠(t) > y} Px(⌧ (�a,a) < 1)

T�y := inf{t > 0 : ⇠(t) < y}
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i,j ⇤i,j

U+

i,j(dx) =

Z 1

0

P
0,i(H

+

(t) 2 dx, J+
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=
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(⇥n+1

)�H+

(⇥n) Mn = J+

(⇥n), n � 0.



µ+

✓ := E✓
0,⇡✓ [H1

(⇥

1

)] ⇡✓ =

(⇡✓
1

,⇡✓�1) J J+

P✓

µ+

✓ =

Z 1

0

e

�tE✓
0,⇡✓ [H

+

(t)]dt

=

Z 1

0

e

�t
[�+

✓ (0)t+ ⇡✓ · k✓ � ⇡✓ · e⇤
✓tk✓]dt

= �+

✓ (0) + ⇡✓ · k✓ � ⇡✓ · (⇤✓ � I)�1k✓,

�+

✓ (0) ✓(0) k✓ = v0(✓) ⇤✓ = ✓(0)

U ✓,+
i,j (dx) =

Z 1

0

P✓
0,i(H

+

t 2 dx, J+

(t) = j)dt

=

1
X

n=1

Z 1

0

e

�t tn�1

(n� 1)!

P✓
0,i(H

+

t 2 dx, J+

(t) = j)dt

=

1
X

n=1

P✓
0,i(H⇥

n

2 dx, J
⇥

n

= j)

=: R✓
i,j(dx)� �

0

(dx)1(i = j),

gj(x) =
X

k=±1

1

vj(✓)
e

✓x
⇥

1(k 6= j)⇤j,kF j,k(x) + 1(k = j)⌥j(x)
⇤

, x � 0,

j = ±1

lim

y!1
e

✓yP
0,i(T

+

y < 1, H+

(T+

y ) > y)

= vi(✓)
X

j,k=±1

⇡✓j
vj(✓)µ

+

✓

Z 1

0

e

✓s
h

1
(k 6=j)⇤j,kF

+

j,k(s) + 1
(k=j)⌥j(s)

i

ds,

⇡✓j j = ±1 J+ P✓
x,i x 2 R i = ±1



e

✓yPi(T
+

y < 1, H+

(T+

y ) = y) = vi(✓)
X

j=±1

1

vj(✓)
�ju

✓,+
i,j (y) ! vi(✓)

X

j=±1

�j
⇡✓j

vj(✓)µ
+

✓

,

y ! 1

gj(x) j = ±1

gj(x) e

✓x

R1
0

gj(x)dx < 1 j = ±1 �



((�)1)j = qj + �j�+

Z 1

0

(1� e

��x
)⌥j(dx) +

X

k=±1

1
(j 6=k)⇤j,k

Z 1

0

e

��xFj,k(dx), j = ±1.

qj � ((�✓)1)j
✓

= �j +

Z 1

0

e

✓s

"

X

k=±1

1
(k 6=j)⇤j,kF

+

j,k(s) + 1
(k=j)⌥j(s)

#

ds, j = ±1,

lim

y!1
e

✓yPi(T
+

y < 1) = vi(✓)
X

j=±1

⇡✓j [qj � ((�✓)1)j ]
✓vj(✓)µ

+

✓

,

C✓

✓ > 0

lim

a!1

Py(⌧ (�a,a)
c
< ⌧{0})

Px(⌧ (�a,a)
c < ⌧{0})

= lim

a!1

P
0,sign(y)(T

+

log(a/|y|) < 1)

P
0,sign(x)(T

+

log(a/|x|) < 1)

=

v
sign(y)(✓)

v
sign(x)(✓)

�

�

�

y

x

�

�

�

✓
, x, y 2 R.

✓ < 0

Px(⌧
(�a,a) < 1) = P

(log |x|,sign(x))(T
�
log a < 1) =

˜P
(� log |x|,sign(x))(T

+

� log a < 1),

˜Px,i x 2 R i = ±1 (�⇠, J)
˜F (z) := F (�z)

˜F (�✓) = 0 �✓ > 0 (�⇠, J)
˜F (�✓)v(✓) := F (✓)v(✓) = 0, ˜v(�✓) = v(✓)



(⇠, J) '(t) t < ⌧{0}

(⇠, J) P�x x 2 R\{0}
(⇠, J)

(X,P�x) x 2 R\{0} +1 X

�1 X

A 2 Ft

lim inf

a!1
Px(A\{t < ⌧ (�a,a)

c} | ⌧ (�a,a)c < ⌧{0})

= lim inf

a!1
Ex

"

1
(A, t<⌧{0}^⌧ (�a,a)c

)

PX
t

(⌧ (�a,a)
c
< ⌧{0})

Px(⌧ (�a,a)
c < ⌧{0})

#

� Ex

"

1
(A, t<⌧{0})lim inf

a!1

Pa�1X
t

(⌧ (�1,1)
c
< ⌧{0})

Pa�1x(⌧ (�1,1)
c < ⌧{0})

#

= Ex



1
(A, t<⌧{0})

h✓(Xt)

h✓(x)

�

.

Ac

lim sup

a!1
Px(A\{t < ⌧ (�a,a)

c} | ⌧ (�a,a)c < ⌧{0})

1� lim inf

a!1
Px(A

c\{t < ⌧ (�a,a)
c} | ⌧ (�a,a)c < ⌧{0})

Ex



h✓(Xt)

h✓(x)
1
(t<⌧{0})

�

� Ex



h✓(Xt)

h✓(x)
1
(Ac, t<⌧{0})

�

= Ex



h✓(Xt)

h✓(x)
1
(A, t<⌧{0})

�

,

x 2 R\{0}
P�x(A) A 2 Ft t � 0 P�x(A)

A 2 F



X✓
t

⌧ (�a,a) ! ⌧{0} a ! 0.

A 2 Ft

lim inf

a!0

Px(A\{t < ⌧ (�a,a)} | ⌧ (�a,a) < 1)

= lim inf

a!0

Ex

"

1
(A, t<⌧ (�a,a)

)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

#

� Ex

"

1
(A, t<⌧{0})lim inf

a!0

Pa�1X
t

(⌧ (�1,1) < 1)

Pa�1x(⌧ (�1,1) < 1)

#

= Ex



1
(A, t<⌧{0})

h✓(Xt)

h✓(x)

�

= Ex



1A
h✓(Xt)

h✓(x)

�

,

✓ < 0

⌧{0} = 1 X

lim

a!0

Px(t < ⌧ (�a,a) | ⌧ (�a,a) < 1) = Ex



h✓(Xt)

h✓(x)

�

.

lim inf

a!0

Px(t < ⌧ (�a,a) | ⌧ (�a,a) < 1) = lim inf

a!0

Px

 

1
(t<⌧ (�a,a)

)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

� Ex



h✓(Xt)

h✓(x)
1
(t<⌧{0})

�

= Ex



h✓(Xt)

h✓(x)

�

.

y 6= 0

lim

a!0

✓

a

|y|

◆✓

Py(⌧
(�a,a) < 1) = lim

a!0

✓

a

|y|

◆✓

P
sgn(y)(⌧

(� a

|y| ,
a

|y| ) < 1) = v
sign(y)(✓) ˜C✓,

a/|y| a/|y| < ✏, ✏ > 0.



a/|y| > ✏ (a/|y|)✓Py(⌧ (�a,a) < 1) x 6=
0, ✏ > 0,

lim sup

a!0

Px

 

1
(t<⌧ (�a,a)

)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

= lim sup

a!0

Px

 

1
((a/|X

t

|)<✏, t<⌧ (�a,a)
)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

+ lim sup

a!0

Px

 

1
((a/|X

t

|)�✏, t<⌧ (�a,a)
)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

= Ex



h✓(Xt)

h✓(x)
1
(t<⌧{0})

�

+ lim sup

a!0

Px

 

1
((a/|X

t

|)�✏, t<⌧ (�a,a)
)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

.

Px

 

1
((a/|X

t

|)�✏, t<⌧ (�a,a)
)

PX
t

(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

!

 1

a✓Px(⌧ (�a,a) < 1)

Px

 

1
((a/|X

t

|)�✏, t<⌧ (�a,a)
)

|Xt|✓ sup
|z|�✏

|z|✓P
sgn(z)(⌧

(�z,z) < 1)

!

=

x✓ sup|z|�✏ |z|✓Psgn(z)(⌧
(�z,z) < 1)

a✓Px(⌧ (�a,a) < 1)

P�x
✓

1
(a/|X

t

|�✏, t<⌧ (�a,a)
)

v
sign(x)(✓)

v
sign(X

t

)

(✓)

◆

,

a ! 0.

x 2 R \ {0}
Px(A \ {t < ⌧{0}}) A 2 Ft P�(A) A 2 F⌧{0} F
Xt = 0 t � ⌧{0}

I ⇠

J

E,

Vi,j(dx) =

Z 1

0

P
0,i(⇠(s) 2 dx, J(s) = j)ds, i, j 2 E.



t > 0 i 2 E

P
0,i(I > t)dt =

X

j2E

Z

R
Vi,j(dy)e

↵yP
0,j(e

↵yI 2 dt).

� > 0

E
0,i(1� e

��I
) = �

Z 1

0

e

��tP
0,i(I > t)dt.

� > 0

E
0,i(1� e

��I
) = E

0,i



Z 1

0

d(e

��
R1
s

e

↵⇠(u)
du
)

�

= �E
0,i



Z 1

0

e

↵⇠(s)
e

��
R1
s

e

↵⇠(u)
du
ds

�

= �

Z 1

0

X

j2E
E

0,i

h

e

↵⇠(s)
e

��e↵⇠(s)
R1
s

e

↵(⇠(u)�⇠(s))
du
; J(s) = j

i

ds

= �
X

j2E

Z 1

0

E
0,i



e

↵⇠(s)E
0,j

h

e

��e↵yI
i

�

�

�

y=⇠(s)

�

ds

= �
X

j2E

Z

R
Vi,j(dy)e

↵yE
0,j [e

��e↵yI
]

= �
X

j2E

Z

R
Vi,j(dy)e

↵y

Z 1

0

P
0,j(e

↵yI 2 dt)e��t,

(⇠, J)

P
0,i(I > t)dt =

X

j2E

Z

R
Vi,j(dy)e

↵yP
0,j(e

↵yI 2 dt),

t > 0

P
0,i(I > t)

Vi,j

t ! 1
(Mn,�n)

Mn = J(⇥n) �n = ⇠(⇥n), n � 0,

⇥

0

= 0 ⇥n

Ri,j(dx) (⌅,M)



⌅

0

= 0 ⌅n = �

1

+ · · ·�n n � 1

R✓
i,j(dx) :=

vj(✓)

vi(✓)
e

✓xRi,j(dx), x 2 R, i, j 2 E.

Vi,j(dx) = Ri,j(dx)� �
0

(dx)1
(i=j)

A ✓ [0,1)

e

(✓�↵)t
Z

Ae

↵t

P
0,i(I > s)ds =

X

j2E

Z

R
Vi,j(dy)e

↵y
e

(✓�↵)t
Z

Ae

↵t

P
0,j(e

↵yI 2 ds)

= vi(✓)
X

j2E

1

vj(✓)

Z

R
R✓

i,j(dy)e
(✓�↵)(t�y)

Z

Ae

↵t

P
0,j(e

↵yI 2 ds)

+1
(i=j)e

(✓�↵)tP
0,j(I 2 Ae

↵t
)

= vi(✓)
X

j2E

1

vj(✓)

Z

R
R✓

i,j(dy)e
(✓�↵)(t�y)P

0,j(I 2 Ae↵(t�y))

�1
(i=j)e

(✓�↵)tP
0,j(I 2 Ae

↵t
).

R✓
i,j

gj(z,A) :=
1

vj(✓)
e

(✓�↵)zP
0,j(I 2 Ae

↵z
), z 2 R, j 2 E,

A ✓

↵

✓ > 0 E
0,j

�

I✓/↵�1
�

< 1 j 2 E.

✓ = ↵ ✓/↵ < 1

0 < ↵�  ✓ E
0,i[I��1] < 1 i 2 E, � = ✓/↵

✓/↵ > 1

� 2 (0, ✓/↵) k 2 E

E
0,k[I

�
] = �

Z 1

0

s��1P
0,k(I > s)ds = �

Z 1

0

s��1
X

j2E

Z

R
Vk,j(dy)e

↵yP
0,j(e

↵yI 2 ds).

E
0,k[I��1] < 1 k 2 E



s = te↵y

E
0,k[I

�
] = �

X

j

Z

R
e

↵�yVk,j(dy)

Z 1

0

t��1P
0,j(I 2 dt)

= �
X

j2E
E

0,j [I
��1

]

Z

R
e

↵�yVk,j(dy)

= �
X

j2E
E

0,j [I
��1

]

Z 1

0

ds

Z

R
e

↵�yE
0,k[⇠(s) 2 dy, J(s) = j]

= �
X

j2E
E

0,j [I
��1

]

Z 1

0

(exp{tF (↵�)})k,jdt

= �
X

j2E
E

0,j [I
��1

](F (↵�)�1)k,j .

� 2 (0, ✓/↵) E
0,k[I��1] < 1 k 2 E

E
0,k[I� ] < 1 k 2 E

n ✓/↵ � n 2 (0, 1]

E
0,k[I✓/↵�n] < 1

E
0,k[I✓/↵�1] < 1 k 2 E

✓ < ↵

lim

t!1
e

(✓�↵)t
Z

e

↵t

0

P
0,i(I > s)ds
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t!1
vi(✓)

X

j2E

1

vj(✓)

Z

R
R✓

i,j(dy)e
(✓�↵)(t�y)P

0,j(I 2 [0, e↵(t�y)])

= lim

t!1
vi(✓)

X

j2E

1

vj(✓)

Z

R
R✓

i,j(dy)gj(t� y)

gk(y) =
1

vk(✓)
e

(✓�↵)y
Z

e

↵y

0

P
0,k(I 2 ds), k 2 E, y 2 R.

Z

R
gk(y)dy =

1

(↵� ✓)vk(✓)
E

0,k[I
✓/↵�1

], k 2 E,

gk(x)



lim

t!1
e

(✓�↵)t
Z

e

↵t

0

P
0,i(I > s)ds = vi(✓)

X

j2E

⇡✓j
µ✓|↵� ✓|vj(✓)

E
0,j [I

✓/↵�1
],

µ✓ < 1

µ✓ = �0(✓) + ⇡✓ · k✓ � ⇡✓ · (Q✓ � I)�1k✓,

Q✓
= F ✓(0) J P✓

lim

u!1
u(✓/↵�1)

Z u

0

P
0,i(I > s)ds = vi(✓)

X

j2E

⇡✓j
µ✓|↵� ✓|vj(✓)

E
0,j [I

✓/↵�1
],

i,

P
0,i(I > u) ⇠ u�✓/↵vi(✓)

X

j2E

⇡✓j
µ✓|↵� ✓|vj(✓)

E
0,j [I

✓/↵�1
], u ! 1,

✓ < ↵

✓ > ↵

✓ < ↵ A = (1,1)

lim

t!1
e

(✓�↵)tP
0,j(I > e

↵t
) = 0

E
0,i[I✓/↵�1] < 1

↵ = ✓ A = (1,�)

� > 1

lim

t!1
P

0,j(I > e

↵t
) = 0.

Z

R
R✓

i,j(dy)P0,j(I 2 Ae

↵(t�y)
) =

Z

R
P

0,j(I 2 dv)R✓
i,j(t� ↵�1 log v, t� ↵�1 log v + ↵�1 log �).



sup

x2R
R✓

i,j(x, x+ ↵�1 log �)  ⇡✓jR
✓
i,i(�↵�1 log �,↵�1 log �).

lim

x!1
R✓

i,j(x, x+ ↵�1 log �) = ⇡✓j
log �

↵µ✓
.

lim

t!1

Z

R
R✓

i,j(dy)P0,j(I 2 Ae

↵(t�y)
) = ⇡✓j

log �

↵µ✓
.

(�,M) := ((�n,Mn))n�0

�n Mn E := {1, 2, . . . , N}

�

0

= 0 i, j 2 E Pi,j(x)

(�,M) n� 1 (�n,Mn)

P(Mn = j,�n  x|(Mk,�k), k = 0, . . . , n� 1) = PM
n�1,j(x).

M = {Mn : n � 0} E

pi,j := Pi,j(1) i, j 2 E pii > 0

�n n�1

⌅n :=

n
X

k=0

�k, n � 0,



⌘i =
X

j2E

Z

R
xPi,j(dx), i 2 E

Ri,j

Ri,j(x) =
1
X

n=1

P(⌅n  x, Mn = j|M
0

= i).

g
1

, g
2

, . . . , gN

j 2 E

lim

t!1

Z

R
gj(t� s)Ri,j(ds) =

⇡j
R1
0

gj(y)dy
PN

j=1

⇡j⌘j
,

PN
j=1

⇡j⌘j 2 (0,1) ⇡i M





↵



d



d d � 2

n

d � 1 X := (Xt : t � 0) Px x 2 Rd d

↵ 2 (0, 2) X Rd



(0, 0,⇧)

⇧(B) =

2

↵
�((d+ ↵)/2)

⇡d/2|�(�↵/2)|

Z

B

1

|y|↵+d
dy, B 2 B(R).

X d  (✓) =

� logE
0

(e

i✓X1
)

 (✓) = |✓|↵, ✓ 2 R.

c > 0 x 2 Rd \ {0}

Px, (cXc�↵t, t � 0) Pcx.

1/↵

d � 2

lim

t!1
|Xt| = 1

x 6= 0

X

|X|
1/↵ 0

|Xt| = e

⇠
'(t) , t � 0,



'(t) = inf{s > 0 :

Z s

0

e

↵⇠
u u > t}

⇠ = (⇠s : s � 0) Px x 2 R
⇠

 ⇠(✓) = � logE
0

[exp{i✓⇠
1

}] ✓ 2 R

 ⇠(✓) =
�(

1

2

(�i✓ + ↵))

�(�1

2

i✓)
⇥

�(

1

2

(i✓ + d))

�(

1

2

(i✓ + d� ↵))
, ✓ 2 R,

 

 ̂

 (i✓) = (�i✓)̂(i✓), ✓ 2 R.

⇠

⇠

r > 0 X X

(t) := sup{s  t : |Xs| = inf

us
|Xu|}, t � 0,

X
(t) t

X
(t)� = X

(t) |X
(t)| = infst |Xs| ( (t), t � 0)

(1) = limt!1 (t)

X (1) = (t)

t

|X
(1)

| = inf

s�0
|Xs|.

X
(1)

.



Px(X
(1)

2 y) = ⇡�d/2
� (d/2)2

� ((d� ↵)/2)� (↵/2)

(|x|2 � |y|2)↵/2

|x� y|d|y|↵ dy, 0 < |y| < |x|.
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y z wf(z)g(y)h(y + w)

= c↵,d

Z

r<|z|<|x|

Z

|z|<|y|

Z

|v|<r

||z|2 � |x|2|↵/2||y|2 � |z|2|↵/2
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|�(�↵/2)|
�(d/2)2

⇡3d/2�(↵/2)2
.

f, g Rd

Ex[g(X
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�⇤( �)dr G(r,�),

G

⌅

⇢(·) B(⌦) ⌦ � > 0

P/✓(⌅1

2 B) � �⇢(E), ✓ 2 ⌦, E 2 B(⌦).

P/
(⌅n, n � 0),

�⇤( ✓) := lim

n!1
P/

0,�(⌅n 2 ✓), ✓ 2 ⌦,� 2 ⌦,

�⇤

E/�⇤ [S1

] :=

Z

⌦

�⇤(d✓)E/✓[S1

] < 1.

f : �

3 ! [0,1), r 7! G(r,�)

�
Z

⌦

Z 1

0

�⇤( �)
X

n�0
sup

nh<r(n+1)h
G(r,�) < 1,

h > 0.

Bc := {x 2 R : |x| < c} c > 0 u, v : �! [0,1)

u(x) = v(x) = 0 x 2 �c\B
1

�\B
1

x 2 � \B
1

Ex

h

u(X⌧ 1 ^�
)

i

= u(x) Ex

h

v(X⌧ 1 ^�
)

i

= v(x).



u(x
0

) = v(x
0

) x
0

2 �\B
1/2

C
1

= C
1

(�,↵) u v

C�1
1

v(x)  u(x)  C
1

v(x), x 2 � \B
1/2.

M �\B
1

Ex[|X⌧ 1
|� ] < 1

M(x) = lim

t!1
Ex

h

|Xt^⌧ 1
|�M(arg(Xt^⌧ 1 )

)1
(t^⌧ 1 <�)

i

= Ex

h

M(X⌧ 1
)1

(⌧ 1 <�)

i

= Ex

h

M(X⌧ 1 ^�
)

i

.

M

x
0

2 � \B
1/2 M(x

0

) = 1

x
0

f � 0 Rd

0 < Ex0

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

< 1,

C
1

= C
1

(�,↵) f

C�1
1

M(x) 
Ex

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

Ex0

h

f(X⌧ 1
)1

(⌧ 1 <�)

i  C
1

M(x), x 2 � \B
1/2.

g(x) :=
Ex

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

Ex0

h

f(X⌧ 1
)1

(⌧ 1 <�)

i , x 2 � \B
1

,

� \ B
1

g �

C \ B
1

f � \Bc
1

g(x
0

) = M(x
0

) = 1 g(X�) = 0

g(X⌧ 1
)1

(⌧ 1 <�)
=

f(X⌧ 1
)1

(⌧ 1 <�)

Ex0

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

x 2 � \B
1

g(x) =
Ex

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

Ex0

h

f(X⌧ 1
)1

(⌧ 1 <�)

i

= Ex

h

g(X⌧ 1
)1

(⌧ 1 <�)

i

= Ex

h

g(X⌧ 1 ^�
)

i

,



µ(·, ·) µ(A,E) :=

P/x0
(S

1

2 A,⌅
1

2 E) A 2 B(R+

) ⇢ ⇢(B) := P/x0
(⌅

1

2
E) E 2 B(⌦) ⇢(⌦) = 1

✓ 2 ⌦ A 2 B(R+

) E 2 B(⌦)

C�1
1

µ(A,E)  P/✓(S1

2 A,⌅
1

2 E)  C
1

µ(A,E).

µ(A,E) = 0

µ(A,E) > 0

g(x;A,E) := Ex



M(X⌧ 1
)1

(log |X
⌧

 
1
|+12A,arg(X

⌧

 
1
)2E, ⌧ 1 <�)

�

, x 2 � \B
1

, A⇥ E 2 B(R+ ⇥ ⌦),

� \ B
1

M M(x
0

) = 1

µ(A,E) = P/x0
(S

1

2 A,⌅
1

2 E) = g(x
0

;A⇥ E).

⌦ M(x) = |x|�M(x/|x|),
x 2 �,

P/✓(S1

2 A,⌅
1

2 E) =

1

M(✓)
E✓



M(X⌧ e
)1

(log |X
⌧

 
e
|2A,arg(X

⌧

 
e
)2E, ⌧ e <�)

�

=

1

M(✓/e)
E✓/e



M(X⌧ 1
)1

(log |X
⌧

 
1
|+12A,arg(X

⌧

 
1
)2E, ⌧ 1 <�)

�

=

g(✓/e;A,E)

M(✓/e)

g(x
0

;A,E) > 0

|x| < 1/2

C�1
1

M(x)  g(x;A,E)

g(x
0

;A,E)

 C
1

M(x).

x = ✓/e

P/✓(S1

2 A,⌅
1

2 E) =

g(✓/e;A,E)

M(✓/e)
.

|x| < 1/e < 1/2

A = R+



P/
(⌅n, n � 0),

�⇤( ✓) := lim

n!1
P/

0,�(⌅n 2 ✓), ✓ 2 ⌦,� 2 ⌦,

Z

⌦

�⇤( ✓)P✓(⌅n 2 �, Tn < 
�

)

M(�)

M(✓)
= �⇤( �),

��( �) = �⇤( �)/M(�) � 2 ⌦

P✓(⌅n 2 �, Tn < 
�

), n � 0.

f = 1

Z

⌦

Z 1

0

�⇤( �)dr G(r,�) =

Z

⌦

Z 1

0

�⇤( �)drP/
e

�r�(⌧
 
1

 ⌧ 
e

1�r

)

=

Z

⌦

Z

1

0

�⇤( �)dr +

Z

⌦

Z 1

1

�⇤( �)drP/
e

�r�(⌧
 
1

= ⌧ 
e

1�r

)

= 1 +

Z

⌦

Z 1

1

�⇤( �)dr P/
e

�r�(log |X⌧ 
e1�r

| > 0)

= 1 +

Z

⌦

Z 1

1

�⇤( �)dr P/�(log |e�rX⌧ e
| > 0)

= 1 +

Z

⌦

Z 1

1

�⇤( �)dr P/�(S1

> r)

= 1 + E/�⇤ [S1

� 1]

= E/�⇤ [S1

]

E/�⇤ [S1

] < 1

C



sup

|x|<1/2
Ex

h

M(X⌧ 1
)(1 + log |X⌧ 1

|)1
(⌧ 1 <�)

i

 sup

|x|<1/2
Ex[M(X⌧ 1

)(1 + log |X⌧ 1
|)]

= C sup

|x|<1/2

Z

|y|>1

y(|1� |x|2)↵/2(|y|2 � 1)

�↵/2M(y)
1 + log |y|
|y � x|d

 C

Z

⌦

d✓M(✓)

Z 1

1

dr(r2 � 1)

�↵/2rd�1+�
1 + log r

|r✓ � x|d

= C

Z

⌦

d✓M(✓)

Z

2

1

dr(r2 � 1)

�↵/2rd�1+�
1 + log r

|r✓ � x|d

+ C

Z

⌦

d✓M(✓)

Z 1

2

dr(r2 � 1)

�↵/2rd�1+�
1 + log r

|r✓ � x|d

=: B
1

+B
2

.

|r✓ � x| � r � |x| � 1/2

B
1

 2

2d�1+�
(1 + log 2)C

Z

⌦

d✓M(✓)

Z

2

1

dr(r2 � 1)

�↵/2 < 1.

|r✓� x| � 3r/4,

� < ↵,

B
2


✓

4

3

◆d+↵

2

C

Z

⌦

d✓M(✓)

Z 1

2

dr r��↵�1(1 + log r) < 1,

Z

⌦

�⇤(d✓)E/✓[S1

] =

Z

⌦

�⇤(d✓)E/✓[log |X⌧ e
|]

=

Z

⌦

�⇤(d✓)E/✓/e[log |X⌧ 1
|+ 1]

=

Z

⌦

�⇤(d✓)
E✓/e

h

1
(⌧ 1 <�)

M(X⌧ 1
)(log |X⌧ 1

|+ 1)

i

M(✓/e)

<

Z

⌦

�⇤(d✓)C
1

sup

|x|<1/2
Ex

h

1
(⌧ 1 <�)

M(X⌧ 1
)(1 + log |X⌧ 1

|)
i

< 1,



f : �

3 ! [0,1)

M

� 2 �

y 7! G(y,�) := E/
e

�y�

h

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)1

(⌧ 1 ⌧
 
e1�y

)

i

, y > 0,

f

f ⌘ 1.

✓ 2 � r 7! P/�(S1

> r)

a✓

a ! 0 �⇤ ✓ � 3 x ! 0

� 3 x ! 0

A �⇤ P�⇤(⌅1

2 A) = �⇤(A) = 0

0 = P�⇤(⌅1

2 A) � C�1
1

⇢(A), ⇢(A) = 0.

✓ 2 ⌦ P✓(⌅1

2 A)  C
1

⇢(A) = 0

⌅

�⇤ Cf

Cf = lim

a!0

E/a✓
h

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)

i

.

f ✓

�

�

�

E/x
h

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)

i

� Cf

�

�

�

 E/x
h

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

i

 E/x
h

1
(|x|eS1<1)

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

+ 1
(|x|eS1>1)

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

i

 E/x
h

1
(|x|eS1<1)

(||f ||1 + Cf ) + 1
(|x|eS1>1)

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

i

.



|x| ! 0

E/x
h

1
(|x|eS1<1)

(||f ||1 + Cf )

i

 (||f ||1 + Cf )P/x(⌧ 
1

 ⌧ 
e|x|)

= (||f ||1 + Cf )P/
arg(x)(X⌧ 1

> e/|x|)

 (||f ||1 + Cf ) sup
⌦

E✓

"

M(X⌧ e
)

M(arg(x))
1
(X

⌧

 
1
>e/|x|)

#

! 0

E/x
h

1
(|x|eS1>1)

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

i

=

Z

⌦

Z 1

0

P/✓(S1

2 dr,⌅
1

2 d�)E/|x|er�1
h

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� C

�

�

�

i


Z

⌦

Z 1

0

C
1

µ(dr, d�)E/|x|er�
h

�

�

�

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)� Cf

�

�

�

i

.

P✓(⌅1

2 ·) ⌧ �⇤(·)

lim

�3x!0

E/x
h

f(X⌧ 1
, X⌧ 1 �

, Xm(⌧ 1 �)
)

i

=

1

E/�⇤ [S1

]

Z

⌦

Z 1

0

�⇤( �)dr G(r,�),

arg(x) �⇤ � 3 x ! 0

((H+

t , ✓+t ), t �
0) �

0

= 0

�n+1

= inf{s > �n : H+

s �H+

�
n

> 1}, n � 0.

((Sn,⌅n), n �
0) ((H�

n

,⇥+

�
n

), n � 0) ((�n,⌅n), n � 0)

(⌅n, n � 0)

U /
✓ (ds, d�) :=

X

n�0
P/
✓(�n 2 ds,⌅n 2 d�), s � 0,⌦.



⌦ f ⌦

E/
0,✓[f(⇥

+

t )] = E/
0,✓

2

4

X

n�0
1
(�

n

t<�
n+1)

f(⇥+

t )

3

5

= E/
0,✓

2

4

X

n�0
1
(�

n

t)E
/
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⇥

1
(u<�1)
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u )
⇤

�=⇥

+
�

n

,u=t��
n

3

5

=

Z t

0

Z

⌦

U /
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F (s,�) = E/
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f(⇥+
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Z 1

0

Z

⌦

�⇤( �) s F (s,�) =

Z 1

0

Z

⌦

�⇤( �) sE/
0,�[1(s�1)

f(⇥+

s )]

=

Z 1

0

Z

⌦

�⇤( �) sE/
0,�[1

(H+
s

<1)

f(⇥+

s )] s

=

Z

⌦

Z

⌦

�⇤( �)U/
�([0, 1), ✓)f(✓),

U/
�( x, ✓) x � 0 ⌦

U/
�( x, ✓) =

Z 1

0

P/
0,�(H

+

s 2 x,⇥+

s 2 ✓) s.

f
R1
0

R

⌦

�⇤( �) s F (s,�) < 1

E/
0,�⇤ [�1

] :=

Z

⌦

�⇤( �)E/
0,�[�1

]

=

Z

⌦

�⇤( �)

Z 1

0

P/
0,�(�1

> t) t

=

Z

⌦

�⇤( �)

Z 1

0

P/
0,�(H

+

t < 1) t

=

Z

⌦

�⇤( �)U/
�([0, 1),⌦) < 1.

f

(s,�) 7! F (s,�),

(⌅n, n � 0)

�⇤



�⇤ ⌦

lim

t!1
E/

0,✓[f(⇥
+

t )] =
1

E/
0,�⇤ [�1

]

Z

⌦

Z

⌦

�⇤( �)U/
�([0, 1), ✓)f(✓).

⌦

(⇥

+

t , t � 0)

⇡/,+( ✓) =

R

⌦

R

⌦

�⇤( �)U/
�([0, 1), ✓)

R

⌦

�⇤( �)U/
�([0, 1),⌦)

, ✓ 2 ⌦.

⇤

⌧�a := inf{t > 0 : |Xt| < a} a > 0

lim

�3aKx!0

Px(⌧�a < 
�

)

H(x)ad+��↵
=

1

E/�⇤ [log |X⌧ e
|]

Z

⌦

Z 1

0

�⇤( �)drE/
e

�r�

"

|X⌧ 1
|↵�d

M(X⌧ 1
)

#

< 1,

H(x) = |x|↵���dM(arg(x))

Px(⌧
�
a < 

�

) = E�x

"

|x|↵�d

|X⌧�
a

|↵�d ; ⌧
�
a < 

�

#

= EKx

2

4

|x|↵�d

|KX⌧ 1/a
|↵�d ; ⌧

 
1/a < 

�

3

5 .

⌧ 
1/a = inf{s > 0 : |Xs| > 1/a}

⌧ 
1/a

Px(⌧
�
a < 

�

) = |x/a|↵�dE�aKx

h

|X⌧ 1
|↵�d; ⌧ 

1

< 
�

i

= M(aKx)|x/a|↵�dE/aKx

"

|X⌧ 1
|↵�d

M(X⌧ 1
)

#

= M(aKx)|x/a|↵�dE/aKx

"

|X⌧ 1
|↵���d

M(arg(X⌧ 1
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#

= M(arg(x))(|x|/a)↵���dE/aKx

"

|X⌧ 1
|↵�d��

M(arg(X⌧ 1
))

#
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lim

�3aKx!0

Px(⌧�a < 
�

)

M(arg(x))(|x|/a)↵���d

= lim

�3aKx!0

E/aKx

"

|X⌧ 1
|↵���d

M(arg(X⌧ 1
))

#

=

1

E/�⇤ [log |X⌧ e
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Z

⌦

Z 1

0

�⇤( �)drE/
e

�r�

"

|X⌧ 1
|↵�d

M(X⌧ 1
)

#

< 1

↵ � d < 0 |X⌧ 1
| � 1

f(x) = |x|↵�d/M(x)1
(x�1) x 2 �

|x/a|↵�dM(aKx) = M(arg(x))(|x|/a)↵���d = H(x)ad+��↵,

x 2 �

P.x(A) = lim

a!0
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

1
(A, t<�^⌧�a )

PX
t

(⌧�a < 
�

)

Px(⌧
�
a < 

�

)

�

,

A 2 Ft

lim

a!0

PX
t

(⌧�a < 
�

)

Px(⌧
�
a < 

�

)

=

H(Xt)

H(x)
.

" > 0 � > 0

|aKx| = (a/|x|) < �,

(1� ")C
1

 Px(⌧�a < 
�

)

H(x)ad+��↵
=

Px(⌧�a < 
�

)

(a/|x|)�+d�↵M(arg(x))
 (1 + ")C

1

.

C
1

(a/|x|) � �

Px(⌧
�
a < 

�

)  1  (a/|x|)�+d�↵
�

↵���d.

C a ⌧ 1

PX
t

(⌧�a < 
�

)

Px(⌧
�
a < 

�

)

 C|Xt|↵�d�� .



Ex[|Xt|↵�d��1
(t<�)] < 1.

↵� � � d < 0 Ex[|Xt|↵�d��1
(|X

t

|>1, t<�)]  1

Ex[|Xt|↵�d��1
(|X

t

|�1, t<�)] < 1.

(X�

t , t � 0) � p�t (x, y)

x, y 2 �

p�t (x, t) ⇡ P�

x(� > t)P�

y (� > t)

✓

t1/↵ ^ t

|y|↵+d

◆

, x, y 2 �,

p�t (x, y) (X,P�

) f(x, t) ⇡ g(x, t)

f g c > 0 c�1  f/g  c

Ex[|Xt|↵�d��1
(|X

t

|�1, t<�)]
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x(� > t)

Z
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y (� > t)

✓
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◆

|y|↵�d�� y
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x(� > t)

Z

1

0

r↵���1 r < 1

C

0
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0 < a < |x|

E.x[f(Xm(⌧�
a
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a
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"

f(Xm(⌧�
a
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a

)1
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a
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a

)

M(Kx)

#

= EKx

"
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