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Abstract

Taking account of recent developments in the representation of d-dimensional isotropic stable Lévy
processes as self-similar Markov processes, we consider a number of new ways to condition its path.
Suppose that S is a region of the unit sphere sd-1 = {x e RY - |x| = 1}. We construct the aforesaid
stable Lévy process conditioned to approach S continuously from either inside or outside of the sphere.
Additionally, we show that these processes are in duality with the stable process conditioned to remain
inside the sphere and absorb continuously at the origin and to remain outside of the sphere, respectively.
Our results extend the recent contributions of Doring and Weissman (2020), where similar conditioning
is considered, albeit in one dimension as well as providing analogues of the same classical results for
Brownian motion, cf. Doob (1957). As in Doring and Weissman (2020), we appeal to recent fluctuation
identities related to the deep factorisation of stable processes, cf. Kyprianou (2016), Kyprianou et al.
(2020) and Kyprianou et al. (2017).
© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

Let X = (X,,t > 0) be a d-dimensional stable Lévy process with probabilities (P, x € R%).
This means that X has cadlag paths with stationary and independent increments as well as
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respecting a property of self-similarity: There is an ¢ > 0 such that, for ¢ > 0, and
x € RY, under P,, the law of (cX.-o;,t > 0) is equal to P.,. It turns out that stable Lévy
processes necessarily have the scaling index « € (0, 2]. The case o = 2 pertains to a standard
d-dimensional Brownian motion, thus has a continuous path. The processes we construct are
arguably less interesting in the diffusive setting and thus we restrict ourselves to the isotropic
pure jump setting of o € (0, 2) in dimension d > 2.

To be more precise, this means, for all orthogonal transformations U : R? +— R¢ and
x e R4,

the law of (UX;,t > 0) under P, is equal to (X;,t > 0) under Py,.

For convenience, we will henceforth refer to X just as a stable process.
The stable Lévy process has the jump measure I/ that satisfies

2°T'((d + @)/2) 1 )
2P\ T —a)2) J, e e B S BED.

The constant in the definition of II(B) can be arbitrary, however, our choice corresponds to
the one that allows us to identify the characteristic exponent Lévy process as

11(B) =

1 .
ve)=—- log B *) = 10|, 6 eR,

where we write PP in preference to IPy; more precisely, the coefficient of |6]% is one.

In this article, we characterise the law of a stable process conditioned to hit continuously
a part of the surface, say Borel S € S%! = {x € R? : |x| = 1}, either from the inside
or from the outside of the unit sphere. We develop an expression for the law of the limiting
point of contact on S. Moreover, we show that, when time reversed from the strike point on S,
the resulting process can also be seen as a conditioned stable process. The extreme cases that
S = §~! (the whole unit sphere) and S = {¢} € S (a single point on the unit sphere) are
included in our analysis, however, we will otherwise insist that the Lebesgue surface measure
of S is strictly positive.

Our results relate to the recent work of [12], who considered a real valued Lévy process
conditioned to continuously approach the boundary of the interval [—1, 1] from the outside. In
order to avoid repetition, we always remain in two or more dimensions. As in [12], we rely
heavily on recent fluctuation identities that are connected to the deep factorisation of the stable
process; cf. [16,20,21]. The results here are also related the classical results of Doob [11], who
deals with similar conclusions for Brownian motion and as well as echoing the general theory
of conditioned stochastic processes in the potential-analytic sense (via a Doob h-transform),
see e.g. Chapter 14 of [10].

2. Attraction towards S

For convenience, we will work with the definition B, = {x € R? : |x| < 1}. Let D(R%)
denote the space of cadlag paths w : [0, 00) — R4 U 8 with lifetime k(w) = inf{s > O :
w(s) = 3}, where 9 is a cemetery point. The space D(R“) will be equipped with the Skorokhod
topology, with its Borel o-algebra F and natural filtration (F;, ¢ > 0). The reader will note
that we will also use a similar notion for D(R x S?~!) later on in this text in the obvious way.
We will always work with X = (X;,t > 0) to mean the coordinate process defined on the
space D(RY). Hence, the notation of the introduction indicates that P = (P,, x € R?) is such
that (X, P) is our stable process.
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Consider a subset S € S9! such that it has strictly positive Lebesgue surface measure or
it is a point. We want to construct the law of X conditioned to approach S continuously from
within IB%Z := R? \ B,. From a potential-theoretic perspective, this law can be obtained as a
Doob h-transform of the killed stable process in EZ, provided that & is a positive harmonic
function in E; which is equal to zero in B, and which goes to zero at infinity and at SY~'\ S;
cf. [10, Chapter 14]. In this paper, we want to give a probabilistic construction, which identifies
a more physical meaning to the conditioning in terms of the paths of the stable process; see
e.g. the classical work of [3,9]. Similarly, we want the law of X conditioned to approach S
continuously from within B;. More precisely, via an appropriate limiting procedure, we want
to build a new family of probabilities PV = (P, x € B) such that

PY(X, €BS,s <kand X,  €S)=1, xeB,

with a similar statement holding when the conditioning is undertaken from within B,.
As we are considering two or higher dimensions, the process (X, P) is transient in the sense
that lim,_, » | X;| = oo almost surely. Defining

G(1r) = sup{s = 1: |X,| = inf [ X, [}, t =0,

we thus have by monotonicity and the transience of (X, IP) that G(c0) := lim,_, », G(f) exists
and, moreover, X () describes the point of closest reach to the origin in the range of X.

We can similarly define G(r) = sup{s < 1: |X,| = sup, , | Xul}, t = 0, so that E(IIG—) is
the point of furthest reach from the origin prior to exiting B,, where

€ =inf{r > 0: X, > 1}.

Let us turn to what we mean by conditioning to attract to the set S from either the interior
or the exterior of the sphere. If S is not a point, we define A, = {r6 : r € (1,1 +¢),0 € S}
and B, = {r6 :r € (1 —¢,1),0 € S}, for 0 < ¢ < 1 and define the corresponding events
C; ={Xg(x) € As}, and C) = {XGee) € Be). Let

rfB =inf{t > 0:|X;| < 1}.
We are interested in the asymptotic conditioning

P/(A, t <k) = g%PX(A, t <t2IC)), (1)

when x € B and
PMA, t <k) = lirr(l)[Px(A, t <toICh), )
E—>

when x € B, for all A € F;.

When S = {#} € SY"!, we need to adapt slightly the sets A, and B, so that A, = {r¢: r €
(1,1+¢e),peS ! |¢p—0| <eland Be={r¢p:re(1—g,1),¢p €S, |¢p — | < &)

We will go a little further in due course and give a fuller description of these two conditioned
processes by including the cases that X is issued from the unit sphere itself but not within S,
ie. S-1 \ S. For now, we have our first main result, given immediately below, for which we
define the function

l1x]? = 1|“/2/ 10 — x|~01(d0) if 51(S) > 0,
Hs(x) = s 3)
2 = 1119 — x| if S = (v},
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for |x| # 1, where 0(df) is the Lebesgue surface measure on S¢~! normalised to have unit
mass. It is worthy of note that, when S = S¢~!, the integral in (3) can be computed precisely.
Indeed, up to an unimportant (for our purposes) multiplicative constant, C > 0, which may
change from line to line, we note that, for x| > 1,

T : d—2
f |x—9|*d01(d9)=C/ i (sin ¢) dp
se-1 o (x| —2|x|cos¢ + 1)4/2
= Clx|™,F1(d/2.1: d/2, |x|7?)

1 —1
=Clx|™? (1 — —> ,
x|

where we have used the hypergeometric identity in (A.1) of the Appendix. We can perform a
similar calculation when |x| < 1 and, obtain, up to a multiplicative constant, C > 0, that

/Sd_l lx — 0™ 01(d9) = C (1 — |x|2)’1 ) 4)

All together, noting that we may ignore multiplicative constants, we have
L
lx[*= (1 = |x|7%)? if |x] > 1

(1—|x»Hz! if x| < 1.

Hei1 (x) = { 5)

As the next result will make clear, Hg is a positive harmonic function for both (X;, t < tle )
and (X,,t < th ). From the potential-theoretic perspective, it can be described as an integral
of the Martin kernel over S. Then, by the Martin boundary theory, the i-conditioned process
will approach S with probability one, see [10, Chapter 14] as well as the classical results of
Doob for Brownian motion, cf. Theorem 7.1 [11].

Theorem 1 (Stable Process Conditioned to Attract to S Continuously from One Side). Let
S C S be an closed set with 01(S) > 0 or S = {8} for a fixed point © € S*~'. Then for
all points of issue x € R4\ S~ we have

dPy Hs(X,) . -
7 R R A ©
and otherwise
daP? Hs(X,)
2 = —_—, if x € By. 7
aP, |, = oD g 0 U E B ?

In particular, (P, x € IB%Z) and (P}, x € IEBZ) are Markovian families.

Remark 1. The choice of limiting conditioning procedure that we have used reflects a similar
approach taken in [12] in one dimension. It is worth noting at this point that the choice of C
and C/ are by no means the only possibilities as far as performing a limiting conditioning that
results in (6) and (7). For example, once the reader is familiar with the proof of Theorem 1, it
will quickly become clear that, when S is not a singleton, by defining e.g. C;/ = {XH@ € B.},
or indeed C) = {X @ € A.}, the limit (1) will still produce the change of measure (6). Once
the reader is familiar with the proof of Theorem 1, it is a worthwhile exercise to verify the two
proposed alternative definitions of C,” for the limiting process by appealing to the fluctuation
identities in e.g. [20]. Other definitions of C, giving a consistent limit may indeed also be
possible.
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Whilst the above theorem deals with the construction of the conditioned process up to but
not including its terminal position, we characterise the latter in the next result, which resonates
with Theorem 14.8 of [10].

Proposition 1 (Distribution of the Hitting Location). Suppose that S C S9! be a closed set
with 01(S) > 0. Let S’ be a closed subset of S. Then for any x € R? \ By, we have

Jo 16 —xI701(d6)
Js 10 — x|"%o1(d8)

PY(Xe €S) = @®)

with an identical result holding for Xy_ under P}, with x € By.

3. Lamperti-Kiu representation and radial excursions

The basic definition of the stable process conditioned to attract continuously to S from one
side is not quite complete. Strictly speaking, we could think about defining the process to
include the points of issue in S*~!\ S. It turns out that this is possible. However, we first need
to remind the reader of the recently described radial excursion theory, see [20,19]. The starting
point for the aforementioned is the Lamperti—Kiu transform which identifies the stable process
as a self-similar Markov process.

To describe it, we need to introduce the notion of a Markov Additive Process, henceforth
written MAP for short. Let SY~! = {x € R? : |x| = 1}. We say that (5, 7) = ((5,, 1}),t > 0)
is a MAP if it is Feller process on R” x S~!, with probabilities P, 5, x € R", § € S,
such that, for any r > 0, the conditional law of the process (=54, — =, Ys4s) : s > 0), given
((Zu, Tu),u <1),is that of (=, T) under Py, with 6 = 1,. For a MAP pair ((Z;, 1;),t > 0),
we call = the ordinate and 1 the modulator.

According to one of the main results in [1], there exists a MAP on R x S-1 which we
will henceforth write as (£, ©), with probabilities P = (P, 4, x € R,0 € S~!) such that the
d-dimensional stable process can be written

X, = exp{éw(t)}@(p(z) t>0, 9

where
<P(t)=inf{s >O:/‘ e du >t}. (10)
0

Whilst © alone is a Feller process, it is not necessarily true that £ alone is. However, it is a
consequence of isotropy that this is the case here. Moreover, £ alone is a Lévy process whose
characteristic exponent is known (but not important in the current context); see for example [8].
What is important for our purposes is to note for now that it has paths of unbounded variation,
and therefore is regular for the upper and lower half line (in the sense of Definition 6.4 of [15]).

It is not difficult to show that the pair ((§;, — § o ©;),t > 0), forms a strong Markov process,
where 5 = inf; -, &, t > 0 is the running minimum of £. On account of the fact that &, alone,
isa Levy process, (& — ét, t > 0) is also a strong Markov process. Suppose we denote by
£ = (4,t > 0) the local time at zero of & — g, then we can introduce the following processes

= —5[71 and O, = 1 t>0,
and define (H__], _1) = (0, 1), a cemetery state, if £, I = 0. Then, the pair ', H),

without reference to the associated modulation ©~, are Markovian and play the role of the
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descending ladder time and height subordinators of &. Moreover, the strong Markov property
tells us that (£, 1 H7, 67),t > 0, defines a Markov Additive Process on R2x S9!, whose first
two elements are ordinates that are non-decreasing. In this sense, £ also serves as an adequate
choice for the local time of the Markov process (€ — £, @) on the set {0} x S9~!. (See [20]).

Suppose we define g, = sup{s < ¢ : & = & }, and recall that the regularity of & for (—o0, 0)
and (0, co) ensures that it is well defined, as 1s 8o = lim,, o g;. Set

d, =inf{s >1:& = EY}.
For all t+ > 0 such that d, > g, the process
(Gg,(s)a 6;(5)) = (Eg;-&-s - Sg;’ @g,-&-s), § < g :=dr — &,

codes the excursion of (§ —§, ©) from the set (0, SY~!) which straddles time ¢. Such excursions
live in the space U(R x S9!, the space of cadlag paths in R x S?~!, written in canonical form

(e, O°) = ((e(1), ©°(t)) : t < &) with lifetime ¢ = inf{s > 0 : €(s) < 0},

such that (e(0), ©¢(0)) € {0} x S, (e(s), O(s)) € (0,00) x S¥7!, for 0 < s < ¢, and
€(¢) € (—o0, 0].

Taking account of the Lamperti—Kiu transform (9), it is natural to consider how the excursion
of (§ — &, ©) from {0} x S?=! translates into a radial excursion theory for the process

Y, :=¢% 6, t>0.

Ignoring the time change in (9), we see that the radial minima of the process Y agree with the
radial minima of the stable process X. Indeed, each excursion of (¢ — &, ©) from {0} x S¢~!
is uniquely associated to exactly one excursion of (Y;/inf,<, |Ys|,t > 0), from S*°!, or
equivalently an excursion of Y from its running radial infimum. Moreover, we see that, for
all ¢+ > 0 such that d, > g,

Y€1+S = eggt eég,(f)(.); (S) = |Yg, |e€gt(s)9§1 (S), s < ng-
This will be useful to keep in mind for the forthcoming excursion computations.
Fort > 0, let R, =d, —t, and define the set G={t > 0: R,_ =0, R, > 0} = {g, : s > O}
The classical theory of exit systems in [22] (see Theorems (4.1) and (6.3) therein) now implies

that there exists an additive functional (A,,r > 0) and a family of excursion measures,
Ny, 6 € S?71) such that:

(i) A is an additive functional of (&, ©), has a bounded 1-potential and is carried by the set
of times {t > 0: (§ — &, 6)) € {0} x S4-11,
(ii) the map @ +— N, is an S?~!-indexed kernel on U(R x S?~!) such that N,(1 —e~¢) < oo;
(iii)) we have the exit formula

Eco| Y F(&. 6):s < @)H((e. 65)

geG
=E. [/oo F((&, 65) s <1)Ng, (H(e, 96))(1/1:] , (11)
0

for x # 0, where F is continuous on the space of cadlag paths D(R x S¢~!) and H is
measurable on the space of cadlag paths U(R x S?~1);

(iv) under any measure N, the process ((€(s), O°(s)), s < ¢) is a strong Markov process with
the same semigroup as (£, ©) killed at its first hitting time of (—oo, 0] x S¥~1.
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The couple (A, N) is called an exit system. Note that in Maisonneuve’s original formulation,
the pair 4, N = (N,,6 € S9=1y is not unique, but once A is chosen the measures
(Ny, 6 € S?71) exist however, are only unique up to A-neglectable sets, i.e. sets A such that
E, o( f0°° 1;0,e4yd4;) = 0. Another example of where this theory has been used is in the
construction of excursions from a set is that of Brownian motion away from a hyperplane;
see [7].

Now referring back to ¢, the local time of £ — & at 0O, since it is an additive functional with
a bounded 1-potential, there is an exit system which corresponds to (£, N ). With this choice of
£ we assume that the choice of N is fixed despite the fact that we can induce subtle variations
in N on a A-negligible set of & € S?~! e.g. by setting N, = 0 there. The reader is referred to
Chapter VII of [4] for further discussion on this matter. Note that N, is not isotropic in 6. For
example, excursions that begin at the ‘North Pole’, say 1, are, with high frequency, arbitrarily
small and hence will end near to 1. That said, depending on the event A, it is possible that
Ny(A) does not depend on 0 € Se-1. for example, Ny(¢ = 00). The reason for this is that it
must agree with the rate at which the infinite excursion of & — & occurs, according to the local
time £. More generally, we have that, for all orthogonal transformations U : RY > R? and f
such that N, (f (e, ©¢)) < 00, 6 € S?!, isotropy implies that N, (f (e, U 69)) = N, (f(€, O9)).
On account of the fact that £ is only defined up to a multiplicative constant, we can use the
common value of Ny({ = o0) to fix a normalisation the local time, or equivalently, of the
excursion measures (N,, 0 € S?~!). We thus fix it to take the value of unity. The place at
which this choice of normalisation becomes relevant is when we cite certain identities from
(cf. (39) below) from [20], in which this assumption was also made. Henceforth, this is the
exit system we will work with and the system of excursion associated to it is what we call our
radial excursion theory.

Later in our proofs we will use a variant of the above excursion theory based on the MAP
(€ — &, ©), where £ is the process &, = sup,_, &, t > 0. We leave the details until that point
in the text. With our excursion theory in hand, we can now proceed to identify the completion
of Theorem 1.

Theorem 2. Let S € S be an closed set with o1(S) > 0 or S = {¥} for a fixed point
® € S¥7L. The processes (X, PV) and (X, P") can be extended in a consistent way to include
points of issue x € S~ \'S with pathwise continuous entry via

I'd/2) Hs(v). .
T@/2+ DI =) hir) X O edy.1<9).

PY(X, edy, t <k):=

(12)
for |y| > 1 and
A . I'(d/2) Hs(Y)—< .
PY(X; edy, t <k):= T2+ DI(d —a)2) h@x) N, (X(t) edy, t <¢),
(13)
for |y| > 1, where,
h(x) = / lx — 0] %0,(d9)
S
and, for (e, O°) selected from UR x S or TR x S, respectively,
¢
X(t) = eV O(p(1) and s = 7' () = f | X ()" du. (14)
0
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Here, pathwise continuous entry means that
PY(lim X, = x) = P)(lim X, = x) = 1 (15)
t—0 t—0
forall x e S\ S.

Note, referring to the discussion preceding Theorem 2, the choice of local time £ leaves
a free choice of multiplicative constant in the definition of local time, which may depend on
x € S971'\'S. In the proof of Theorem 2, we use a method of continuity of resolvents to pin
down the aforesaid constants. We also note that extending the notion of a Doob A-transformed
process to include certain ‘boundary points’ in the way we have seen in Theorem 2 can be
seen in e.g. [24,9] as well as the classical work of Doob [11].

4. Repulsion and duality

In this section, we want to introduce two new processes, which will turn out to be dual
to (X,PY) and (X,P") in the sense of time reversal. The two processes we are interested
give meaning to the stable process conditioned to remain in I@fi and By, respectively, in an
appropriate sense.

An important tool that we will make use of in analysing the aforesaid time reversed
processes comes through the so-called Riesz—Bogdan—Zak transform, cf. [6,17], which relates
path behaviour of the stable process outside of the unit sphere to its behaviour inside the unit
sphere. In order to state it, we need to introduce the process (X, P°), where the probabilities
P° = (P, x # 0) are given by

dpy| X,

. Ft_W, ont <t :=inf{t >0:|X,| <e¢} (16)

for all ¢ > 0. Since ¢ < 2 < d, we note that the change of measure rewards paths that approach
the origin and punishes paths that wander far from the origin. Intuitively, it is clear that (X, P°)
describes the stable process conditioned to continuously approach the origin. Nonetheless, this
heuristic can be made into a rigorous statement, see for example [17,20,19,21]. The reader will
also note from these references (and it is easy to prove that) that (X, P°) is also a self-similar
Markov process with the same index of self-similarity as (X, P).

Theorem 3 (Riesz—Bogdan—Zak Transform, [6]). Suppose we write Kx = x/|x|%, x € R? for
the classical inversion of space through the sphere S¢~'. Then, in dimension d > 2, for x # 0,
(KX, t = 0) under P, is equal in law to (X, Py ), where n(t) = inf{s > 0: fos |Xu|_2°‘du >
t}.

Let us return to our duality concerns. To this end, let us introduce the probabilities
B /2 -1
- I =)/ (@/2) Jo

for |x| > 1, where the second inequality is lifted from [5], and,

HO(x) =P, (® = 00) (u+ D)™?u**qu, (17)

H®(x) = |x|*“H®(K x),

for |x| < 1.
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These two functions are positive harmonic for X and can be used to define the two families
of probabilities P© = (P9, |x| > 1) and P® = (P?, |x| < 1) via the Doob h-transforms,

iy HG(X’)l t>0,|x|>1 (18)
= - < 3 - ) X[ >
dPx = He(x) (t '[GB)
and,
dPe® H®(X
_’ _HXDy o =0l <. (19)

dP, |~ H®(x)

The first of these two changes of measure corresponds to the stable process conditioned to avoid
entering B, by a simple restriction on the probability space (remembering that lim,_ | X;| =
00). Note from Theorem 3 that

HO(Kx) =Pk, (z? = 00) = P(z' < ),

where 7{% = inf{t > 0 : |X,_| = 0}. The second change of measure, (19), is a composition
of conditioning the stable process to be absorbed continuously at the origin, followed by
conditioning it not to exit B, via a simple restriction on the probability space (noting that
lim,_, o | X;| = O under P°).

The reader will also note that the Riesz—Bogdan—Zak transform also implies a similar spatial
inversion and time change must hold for the pair (X, P°) and (X, P®).

Corollary 1. For |x| > 1, (KX,y),t > 0) under ]P’)? is equal in law to (X, ]P’%), where
n(t) = inf{s > O : f(; | X, |72%du > t}. Similarly, for |x| < 1, (K Xyt > 0) under P? is
equal in law to (X, ]P’%x).

Proof. Suppose that F(X,,s < t) is a bounded F;-measurable function for each ¢t > 0. Then,
for |x| > 1, appealing to Theorem 3, we have

H®(K (K X))
ES [F(K Xy, 5 < 1] =Ex |:F(KX,,(S), 5 < t)Tx)”l(n(,k,@)

=E [F(Xs, s < l)w (t<r9)]

* H®(x)

1X:°™ HO(KX,)
|Kx|“~4 HO(K (Kx)) ““e)}
=EY [F(X,,s <1].

= EKX I:F(XS’S <t

This shows the first half of the claim. The second part of the claim is proved using the same
technique and the details are omitted for brevity given how straightforward they are. [l

In the spirit of other cases of conditionings from an extreme boundary point (e.g. condi-
tioning a Lévy process to avoid the origin, cf. [24], or to stay positive, cf. [9]), we can extend
the definitions given in (18) and (19) by appealing to the Markov property of the excursion
measures N and N, x € S~

Theorem 4. The processes (X, P9) and (X, P®) can be extended in a consistent way to include
points of issue on S, Specifically,
PS(X; e dy) = HO(y)N, (X“(t) edy, t <), xeST |y >1 (20)
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and similarly
P®(X, edy) = HP(»)N, (X“() edy, t <), xeS" |y <1, 1)

(specifically, the normalisation of the excursion measure is unity in both cases) where we have
used the notation given in (14). As in Theorem 2, there is pathwise continuous entry.

Our objective is to pair up (X, PY), (X, P®) and (X, P"), (X, P®) via Nagasawa’s duality
theorem for time reversal; cf [23]. To this end we need to introduce the notion of L-times.

Suppose that ¥ = (Y;, t < ¢) with probabilities P,, x € E, is a regular Markov process on
an open domain E C R (or more generally, a locally compact Hausdorff space with countable
base), with cemetery state A and killing time ¢ = inf{r > 0 : Y; = A}. Let us additionally
write P, = || g v(da)P,, for any probability measure v on the state space of Y.

Suppose that G is the o -algebra generated by Y and write G(P,,) for its completion by the null
sets of P,. Moreover, write G = ﬂu G(P,), where the intersection is taken over all probability
measures on the state space of Y, excluding the cemetery state. A finite random time k is called
an L-time (generalised last exit time) if

(i) k is measurable in a, and k < ¢ almost surely with respect to P, for all v,
@) {s < k(w) —t} = {s < k(w,)} for all ¢, s > 0,

where o, is the Markov shift of w to time 7. The most important examples of L-times are
killing times and last exit times.

Theorem 5. In what follows, we work with the probability distribution

o1(da)ls d
v(da) = —==, acR?, 22)
(da) 1) (
if S is closed and o1(S) > 0 and, otherwise, if S = {9}, ¥ € S?~!, we understand
v(da) = 85,(da),  a eR9. (23)

(i) For every L-time k of (X, P®), the time reversed process (Xu—n-,t < k) under PS is
a time-homogeneous Markov process whose transition probabilities agree with those of
(X, PY).

(ii) Similarly, for every L-time k of (X,P®), the time reversed process (Xx——,t < k)
under P® is a time-homogeneous Markov process whose transition probabilities agree
with those of (X, P™).

Nagasawa’s result, [23, Theorem 3.5], allows the definition of the time reversed process only
for t > 0, however we can extend it for r = 0. Indeed, in (i), k < { = oo with probability P°
one, and the time-reversal can include ¢+ = O; in (ii), we may have k = ¢ < oo with positive
P®-probability, but in this case X, = 0 with P®-probability one, and therefore again t = 0
can be included in the time reversed process. That means, if the duality is true for ¢ > 0, it
must be true for all r > 0.

5. Proof of Theorem 1
We start by recalling two useful identities. In Theorem 1.1 in [20], the law of X () is given
by

(x> = |z}
|z|*

P, (Xg(o0) € d2) = Caa Ix — z|7dz, x| > |z| > 0, (24)
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where
ap T@2)?
Irad—-w)/2)I'(@/2)
Similarly, from Corollary 1.1 of [20], it was also shown that
(Iz)> = |x )"
a,d
(Il =122z = v|*|z — x|

Cad =T

dzdv, (25)

PX(XE(T]G) € dz, Xfle edv)=C

for |x| < |z] <1 and |v| > 1, where
I'(d)2)*
wd| [ (—a/D)|(2/2)
First take x € ]ES;. Let Tga = 1inf{t > 0: | X;| < B} for any B > 1. For any A € F;, define

sz,d =

PY(A,t < 159) =1limP, (A, 1 < r?lCav). (26)
e—0
The Markov property gives us

27)

Py, (CY
Pu(A,t < T§|C)) =E, [1{ x,( f)}.

A,t<t§}m
In order to prove Theorem 1, it is enough to prove that, for all 8 > 1, (6) is true for sets of
the form A N {r < Tga} € F;, in which case the full statement (6) follows by the Monotone
Convergence Theorem as we take 8 | 1. Next note from (24) that

2 2 2

(x> — |z _d

Cad ——a —lx—z[ 7%z
Z€Ag |z

1+e 2 2va2
- c;d/ / e = 401 g, (d0),
N s re

where ¢, , is an unimportant constant.
Since (|x|> — r?)*?|x —r6|~¢ is continuous at r = 1 with fixed |x| > 1, for any § > 0,
there exists € > O such that forall 1 <r < 1+¢,

(1 =8)(x|* = D*?|x =01 < (x> = rH**x —r0]™ < (1 +8)(|x]* — D**|x — 0]

Px (XQ(OO) € As)

and
I4e¢
/ rd—oz-‘rldr — C€d_a +0(€d—a)’
1
where ¢ is an unimportant constant. Hence, we have
lin(l)s"‘_dIP’x(XQ(oo) cA)=c,, /(|x|2 — D*?|x — 0|7%,(d0),
£—> ’ S

where ¢, ; does not depend on x and may change from the previous one. Note, moreover, that
for all fixed 8 > 1

Js(x> = D*2|x — 0] Y01(d)
sup < 00

P (28)
Ix|>p ||~
We can both make use of the limit
Py, (X €A 0 — X, 74X, > — 1)*%,(do
lim X (Xooo) € Ae)  [g (X )*701(d0) 3 (29)

= y <
=0 Pe(Xgoo) € Ac) [ 10 —x|7(IxI* = D)*/201(d0) ’
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as well as (28) and the Dominated Convergence Theorem to ensure the limit may be passed
through the expectation in (27) to give (6) on {t < r;?}, thus giving the desired result.

Next we look at the proof of (7). In a similar way, it is enough to work with sets of the
form AN{r < 'L’?} € F;, with B < 1. From (25), recalling C} = {Xa(fle*) € B.}, we have

Px(cg\) = ]P)x(Xﬁ(rl@_) € B,)
2 _ a/2
_ ca,df / 0 . O™ e
weB Juems (07 = [2]9)*/2|z — v[|z — x|

2 1y 12ye/2 0 rd-1q 1
4 X r
=C;d/ el = e dz/ —2f T (d),
R A L= 2P Js100 |2 — 0]

(30)

where o,(d9) is the surface measure on S¢(0,r), the sphere centred at 0 of radius r,
normalised to have unit mass and C; , is henceforth a constant whose value may change from
line to line, which depends only on « and d. The Poisson formula (giving the probability that
a d-dimensional Brownian motion issued from z (with |z| < 1) will hit the sphere S?~1(0, r))
tells us that

2 = 1z
e =1, k<1<, 31
si-10,) |z —0]
see for example Remark II1.2.5 in [17]. Putting (31) in (30) gives us

2 p12ye/2 0 d—1 1
]Px(ch):C(;d/ Md / ’ 2 2dr
“Jien, |z — x| 12 =1z rd 22 — 2)7)
(Iz]* = [x [}/ 1
[
ZE€EB;

dz
lz—x|" (1 —|z])?

W@ =P
/;8/3(1 u?)/2|uf — x |du du 01(d0).

Since (u? — |x|*)*/?|x — u@|~¢ is continuous at u = 1 with fixed 0 < |x| < 1, for any § > 0,
there exists ¢ > O such that forall 1 —¢ <u < 1,

(1= 8)(1 = [x|H?x — 0™ < W* — |x|H**|x —ub]™ < (1 +8)A — [x[H)**|x — 0]

and

! d-1 € d—1
u (1—r) 1—af2 a2
/Hmd”:/o rar = & =6t oe ™,

for an unimportant constant ¢ > 0.
It is now clear that

e—0

lim £%/>~1P «(XGue-) € B) = ;.d/(l — x»)*?|x — 0] %51(d9).
S

Finally, we get again

i Px,(XGeoy € Be)  [510 — X,|7(1 — |X,|)*/?01(d6)

1m - )

=0 Po(Xgee € B [g10 —x|7!(1 — [x[)*/201(d6)
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and we can proceed as in (26), noting the application of dominated convergence and that for
every fixed 8 < 1,
2 —d
Js(xI? = D*?|x — 6] ™401(d0)
< 00

Ixl<p |x|e?

In a similar manner, when S = {##}, we work with sets of the form A N {r < r;f } e Foor
AN{t < rﬁ?} e F;, with B/ < 1 < B, respectively. In this case, A, = {r¢:r e (1,14+¢),¢ €
S |¢p—®| < e} and B, = {r¢p:r € (1 —¢,1),¢ € S, |¢p — 9| < ¢}, thus it is clear by
similar analysis that

Px,(Xgoo € A) . PxXgeey € B 1o — X, 17| x,)2 — 11
=0 Pr(Xgoo) € As) £—0 PX(XE(IIG_) € B,) 10 —x|7d||x|2 _ 1|°‘/2 '

(33)

The rest of the proof is otherwise a minor adjustment of what we have seen previously, now

taking account of the continuity of (u, ) — lu? — |x|2|w/2|x —uf|™? as well as the fact that
sup, - 5 ((|x > = 1)*2|x — 6179 /|x|*~ < o0 and sup;,|_g (1= |x[)*?]x — 6] /[x|*" < oo,
in order to use dominated convergence. [J

5.1. Proof of Proposition 1

To calculate the hitting distribution, recall that PV is the law of a stable process conditioned
to attract to S continuously from the outside, and A, ={r6:re(l,14¢),0 ¢ S}, that is the
restriction of A, from the set S to its subset S’ C S. Then, due to Theorem 1.3 in [20], we
have PY(Xy— € §') = lim,_, o P, (X(o0) € ALIC,). Then

lim P (Xg(oo) € A;IC,) = I Pi(Xgo0) € Al X (oo € Ac)
— 1im X0 € 4))

e—0 PX(XQ(OQ) € As)

Jo 160 — x|™01(d6)

T et (34)

Js 16 — x|7¢o1(dB)

which concludes the statement in Proposition | for the case when X is issued from outside.
Similar computations give the result when X is issued from inside B;. U

6. Proof of Theorems 2 and 4

Proof of Theorem 2. Let us restrict our attention to the extension of (X, PV) to include S9! \S.
We need to prove that the proposed definition of P}/, for any # € S9~!\' S, is well defined
as a finite entity, conforms to the correct normalisation to represent a probability measure and
is consistent with the definition of (X, PY) given in Theorem | on B¢, as well as offering
continuous entry from the boundary S9!\ S.

We start with finiteness. To this end, we must show that, for 6 € Sd‘l\S

Ny(Hs(X€(1)); t < ¢) < 00, t > 0. (35)

Noting from (5) that Hg(x) < Hga-1(x) = |x|*~¢(1 —|x|72)2~", which tends to 0 as |x| — oo,
it suffices to prove that, for any R > 1,

Ny(IXO] = R, t < ¢)+ Ny(Hs(X()); |X(1)] < R, t < 5) < 00, t>0. (36)
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Abusing notation and using r? =inf{t > 0:|X{| > R} in the canonical sense,
Ny(IX(O = R, 1 < 6) <Ng(r < g ATg) < nlt < Kiogr A ) < 00 (37

where kjog g = inf{t > 0 : €(¢) > log R} and n is the excursion measure of § —£&. (The fact that
the second expression in (37) is finite is a well known fact from the theory of iévy processes;
otherwise there would be an infinite rate of having arbitrary large excursions, which occurs
with probability zero.)

Our objective now will be to show that

Is(0) = / N, (Hs(X(0): [X“(0)] < R, 1 < )t < oo, (38)
0

which ensures that (35) is finite for Lebesgue almost all # > 0 and hence, thanks to stochastic
continuity of the excursion measure, for all # > 0.

To prove (38) consider |y| > 1 and @ € SY~!1\'S, we can appeal to Proposition 5.2 of [20],
which identifies, for x € R9\{0}, and continuous g : RY — R whose support is compactly
embedded in the exterior of the ball of radius |x]|,

¢ _ 2 2\a/2
Narg(x) </0 g(|x|e€(u) 96(”))(1“) = M g(Z)MdZ (39)

. 202 (t/2) Jixj<pe) |2|%)x — 2|4

This gives us

oo
p’0,dy) = / Py (X, € dy, t < k)dt
0

_ radj/2) Hs(y) [* .
= T — o)/l @/2+ 1) h®) /o By (X0 € dy, t < ) dr
_ F(d/Z) HS()’) o o () pe
= Td—w/)l @2t he) " /O Ny (™ 6%w) e dy, u < ¢)du
B r /2 lyP? = 11" Hs(y)
C 2emd2[ (/) (@/2+1) |0 —y|?  h@®)
radj/2) Hyy(y)Hs(y)

= d

272/ (/2 + 1) h@)
where we recall h(0) = fs |6 — 19|’d01(d19), the representation of X€ is given in (14) and the
fact that e*@dg(t) = |X¢|*dp(t) =dt ont < g.

It now follows that, up to a multiplicative constant C (which, in the following calculations,
will play the role of different constants that may change from line to line)

Is(6) = f pV(6, dy)
I<|y|<R

C
h(@) - 10y(¥)Hs(y)dy

f / _IE=T e, (40)
h(@) 1<iyl<r Joes 10 — y¥|p — v
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Since S?'\S is open, it is easy to see that we can choose & small enough such that, for
0 e STI\S,

(yeRY:|y|>1}={yeR?:|y|>1and |y —0]| > ¢}

Uf{yeR?:|y|>1and |y —¢|>e, forall p €S},
41)

such that
{yeR : |yl > 1and |y — 6] <&}
N{yeR:|y|>1and |y —¢| <e, forsome ¢ € S} =¢.

Making use of (4), (5) and (A.1), and that, for r > 1, ,F(d/2,1;d/2, r)y=010-r?71,
allowing C to again play the role of a strictly positive constant that may change from line to
line, we have, for 0 ¢ S,

¢ Iy = 11"
I5(0) = —— B TR
@ h(9) /1<\y\<R /q‘)es |6 — y|d|¢ |d yo1(de)

c / Iyl = 11"

e dyoi(dp)
0] 1<lyl<R.[0—y|=e Jpes 10 — y|91p — y|*
o

C llyl> =1
/ yd— dyoi(do)
h(9) 1<|y|<R, |¢> yize Jopes 10 — yI4lp — y|¢

Dt

a C / / lyl* — 4 / / lyl? — 1/
+ —d d
h(®) 1<|y|<R Jpes ¢ — y|d o109) 1<iyl<Rk Jpes 10 —y|¢ youl ¢))

(1

2 2
7dh(%) /]<M<R /qsesd 1 ||y|— dyo1(df) +o1(8) 1<|y|<R ”I);' —_ylld| dy)
=& @(/RWRM — 1y d<1—|y| 23!
b4 dl o (i d—2
ST “zrcii(éi‘iﬁid/zd dﬁ)
= E_dh(%) (/ r* — 7_1rdr+/1 r*— l)o‘_]rdr>

C R2 3a Rz
=e¢ (w—1D2"'du + (w—1"""du | < oo.
1 1

h(®)

Now let us turn to the issue of consistency. Recall that (4, N) is an exit system for the
process (£, ©). In particular, under any measure N, the process ((e(s), @°(s)),s < ¢) is a
strong Markov process with the same semigroup as (&, ©) killed at its first hitting time of
(=00, 0] x S?~!, see [22, Theorem 6.3]. As a consequence, for 6 € Se-1 \'S,

Ey[g(Xi+5)] = (Hs(X71)8(X[ ) (s 41<c))

h(e)—"
Hs(X,)

- h(e)— <HS(X Mol [mg(xf)l““le )D

— i (HsCX o B e

= By [ Hs (X100 B [0 42)
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where C = I'(d/2)/I'(¢/2+ 1)I'((d — «)/2). Hence, using the notation P[g]l(x) :=
EY[g(X,)], we have P [gl(x) = P[P, [g]l(x) for any x € R?\ (By US), and the required
consistency follows.

To demonstrate the consistent choice of normalisation in our definition of PV, we will
reconsider a different derivation of the resolvent p". To this end, suppose that x € B¢ and
we can similarly consider the resolvent of (X, PPY). This calculation can be developed using
the nature of the Doob /h-transform (6) and Theorem II1.3.4 in [17] and takes the form

Hs(y)

Y ®
o (x,dy) = o7 (x,dy), |x], 1yl > 1, (43)
Hs(x)
where
I'd/2) ~ ¢®x.y) ~ ~
® R Y e A IO 42 aj2—1
PP dy) = sl =) fo -+ 1)~2ue gy dy (44)

and ¢®(x, y) = (Ix|> = D(|y|*> = 1)/]x — y|>. To show continuity as x — 6 € S¢~'\S, and
hence that the choice of normalisation in (12) is correct, we note that, as r — 1,
Hs(») o I'@d/2)ro = y|*~*Hs(y)
=22 p%(r6, dy) ~ — .
Hs(x) 207d/2(a/2)2h(0)
y 2r(ly]> — DIr6 — y|72¢(r6, y)** 711 + £ (r6, y)) =/
2r(a/2)(r2 — 1)x/2-1
_T@/2)(yl> = )16 — yI = Hs(y)
207 d/2 (o /2)T (/2 + 1)h(O)
B rd/2) Ho)(y)Hs ()
©297d2P(a/2) (/2 + 1) h(0)
Now, we need to show that Py (Xo, = 6) = 1 for any 6 € S~! \ S. Since lim, o ¢(t) = 0,

it suffices to show that

Py (Xo # 6) = N, ({lim, 0 €(t) = 0, lim, o ©°(1) = 6}°) = 0. (46)

dy

(45)

Let us first observe € is an excursion of & from its running minimum and & is a hypergeometric
Lévy process with unbounded variation, hence 0 is regular for (0, co), that is

Poo(ry =0) =1, 9 esi !,

where 7,7 = inf{r > 0 : & > 0}. Classical excursion theory for Lévy processes implies that the
excursions of £ from its infimum begin continuously. Thanks to isotropy, this is equivalent to
saying

N, ({lim, 0 €(t) = 0}) = 0. (47)

Since the jump measure of X in radial form is

1
(dr, d0) = ——01(do)dr, r>0,0e8!,
r o

as a consequence, the process (£, ©) has the property that both the modulator and the ordinate
must jump simultaneously (the precise jump rate was explored in [17]). If it were the case
that N, ({lim, o ©¢(r) = 0}°) > 0 (and hence for all & € S?~! by rotational symmetry),
this would be tantamount to a discontinuity in @ but not in &, which is a contradiction since
((e(s), ©(s)), s < ¢) under N, has the same semigroup as the isotropic process (§, ©) killed
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at its first hitting time of (—o0, 0] x S?~!. The requirement (46) now follows. This completes
the proof of Theorem 2 as far as PV is concerned.

The proof of Theorem 2 for (X, P") is essentially the same as soon as we have an analogous
identity for (39), but for N,. Unfortunately this does not seem to be available in the literature,
and so we spend a little time developing it here. However the remaining details of the proof
of Theorem 2 we leave to the reader.

The main idea behind the derivation of an analogue to (39) for N@ lies with the use of the
Riesz-Bogdan—Zak transform in Theorem 3. Let us consider a variant of the radial excursion
process which is based on the MAP (£ —£, ©), that is associated to X but now under the change
of measure (16). The reader will recall that the probabilities P° = (P}, x # 0) correspond to
conditioning the process X to be continuously absorbed at the origin. It turns out that if (¢, ©),
with probabilities P° = (P} ,,x € R, 0 € S?-1), is the MAP whose Lamperti transform gives
(X, P°), then (—£&, O), is the MAP whose Lamperti transform gives (X, IP); see Theorem 1.3.6
and Corollary 1.3.17 of [17].

In the spirit of (11) we can write down the exit system for the radial excursion process
of ( — £, ©) from {0} x S?"! under P°. Suppose that £°, and (N;,6 € S?~') denote the
associated local time and system of excursion measures. As with excursion theory from the
radial minimum of X, isotropy allows us to conclude that we may choose ¢° to be the local
time at 0 of & — £, and that £ (without its modulator @) is necessarily a Lévy process under
P. Since lim,_,» & = —oo under P°, we can also appeal to isotropy again to normalise £° in
such a way that No(g“ =o00) = 1.

With this set up we can follow the reasoning in [20] and deduce that, for positive, bounded
and measurable g on R?,

, (43)

©
o | B (7 scxous)
Nargo) ( fo g(e““@f(s»e““”ds) = lim

2t Pe(r = 00)

where we recall that ‘L’le = inf{t > 0 : |X,| > 1}. Note that the choice of normalisation
of £° is implicit in the aforementioned limiting equality. Appealing to numerous calculations
involving the Riesz—Bogdan—Zak transformation e.g. in [17] or indeed [18], we can rewrite the
limit

E2 <fotle g(Xs)dS> Bk <fot1@ g(KX.s)IXsI_Z“dS>

Bt PP =o00) it Pi(r2 = 00),

where Kx = x/|x|*. Appealing to the identities provided in (17) and (44), the limiting ratio is
computable directly giving us in (48)

— ¢
Narg(x) </O 8(66(3)95(8))6“(‘”(10 = /z|>1 g(Kz2)|z|~

An easy change of variables y = Kz, noting the classical analytical facts that dz = |y|~>¢dy
and |0 — Ky| =18 — y|/|y|, for 6 € S,

o ([ o o wels) wa (1= [y[H)e/?
Ny (/ g O (s))e dS) =/ gy —————dz. (49)
0 Iyl<1 6 — vl

2 (217 = D2

| arg(x) — 2|
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As noted in [17], the change of measure (16) when understood as a change of measure
affecting (&, ©), is equivalent to the martingale change of measure,

dpP; 4
dP,

— ela=d)E—x) (50)
o ((§s,Os),5<t)

We can use this to compare the left-hand side of (49) with an analogous object albeit for Ny,
the excursion measure of (¢ — £, ©) from {0} x S?~! under P, by studying the effect of (50)
on the exit formula (11). It is straightforward to show that, for 6 € S?-1 and positive, bounded
and measurable g,

— ¢ _ ¢
NO (/ g(ee(s) QG(S))dS> =N, (/ g(ee(s) QE(S))e(rx—d)e(s)ds) )
0

0

Note that the normalisation of local time for (¢, @) under P is, in effect, chosen by the above
equality. It follows that

N ¢ €(s) ne (1 — |y|2)a/2
Ny (/ g™’ e (s))ds> =/ 8Y)—————dy. (1)
0 Iyl<l [yI¥16 — ¥l

The reader will note that, aside from the domain of integration on the right-hand side, this
agrees with (39).

With (51) in hand, as alluded to above, we can now leave the reader to verify that the proof
of Theorem 2 for (X, P") is essentially verbatim the same as for (X, P¥). O

Proof of Theorem 4. Given the proof of Theorem 2 above, we refrain from giving the proof
of Theorem 4, noting only that it is a variant of the arguments given there. The details are,
once again, left to the reader. We additionally note that e.g. in the case of P®, the excursion
may begin anywhere on S?~! and, when proving that e.g. Ny (H®(X¢(1));t < ¢) < oo, it is
much easier to show that the analogue of (38) is finite without needing to split space up as in
41). O

7. Proof of Theorem 5

Recall the notation for a general Markov process (Y, P) on E preceding the statement of
Theorem 5. We will additionally write P := (P,, ¢t > 0) for the semigroup associated to (Y, P).

Theorem 3.5 of Nagasawa [23], shows that, under suitable assumptions on the Markov
process, L-times form a natural family of random times at which the pathwise time-reversal

Yo= Yoo, 1 €(0,X),

is again a Markov process. Let us state Nagasawa’s principle assumptions.
(A) The potential measure Uy (a, -) associated to P, defined by the relation

/ f(x)Uy(a,dx) = /oo Pilfl(a)dr = E, [/Oo f(Xr)dt] ; ack, (52)
E 0 0

for bounded and measurable f on E, is o-finite. Assume that there exists a probability measure,
v, such that, if we put

u(A) = / Uy(a, A)v(da) for A € BR), (53)
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then there exists a Markov transition semigroup, say P := (P,,t > 0) such that

/EPr[f](x)g(x)M(dx)=/Ef(x)ﬁz[g](X)M(dX), t >0, (54

for bounded, measurable and compactly supported test-functions f, g on E.

(B) For any continuous test-function f € Cy(E), the space of continuous and compactly
supported functions, and a € E, assume that P;[ f](a) is right-continuous in ¢ for all a € E
and, for g > 0, U;q)[ f ]()7;) is right-continuous in ¢, where, for bounded and measurable f
on E,

U;‘”[f](a):/ e P, fl(a)dt, ackE,
0

is the g-potential associated to P.
Nagasawa’s duality theorem, Theorem 3.5. of [23], now reads as follows.

Theorem 6 (Nagasawa’s Duality Theorem). Suppose that assumptions (A) and (B) hold. For
the given starting probability distribution v in (A) and any L-time Xk, the time-reversed process
Y under P, is a time-homogeneous Markov process with transition probabilities

P,,()?e A )?,, O<r<s)= PU()?,E A 175) = py(t —s, 175, A), P,-almost surely,
(55)

forall 0 < s <t and Borel A in R, where pyu,x, A), u>0,x€ R, is the transition measure
associated to the semigroup P.

Proof of Theorem 5. We give the proof of (i), the proof of (ii) is almost identical albeit
requiring some straightforward adjustments. Once again, we leave the details to the reader.
When ¢t > 0, we use Nagasawa’s duality theorem. However, since the process is conditioned to
hit continuously, its dual processes from the hitting time must leave the sphere continuously.
That means, if the duality is true for ¢ > 0, it must be true for all ¢ > 0.

We will make a direct application of Theorem 6, with ¥ taken to be the process (X, P9)
where v satisfies (22) or (23) according to the nature of S. Accordingly, we will write U®
in place of Uy, P® in place of P etc. Moreover, the dual process, formerly )% , is taken to be
(X, PY) and we will, in the obvious way, work with the notation U" in place of Uy, PY in
place of P and so on. In essence we need only to verify the two assumptions (A) and (B). Let
us momentarily take the former of these two cases.

In order to verify (A) we will make use of (39). Noting that e*“»®dgp(¢) = df, we have for
a € S\ S and bounded measurable f : R\ (B, US) — [0, 00),

U®[fla) = ES [ / N f(Xz)dt}
0

=N, </§ He(Xf)f(Xf)dt>
0
— Na </g He(ee(u) Qe(u))f(ee(u) Qg(u))e““du>
0
_c f HOO)f )1y P — D*2la — y|~dy, (56)
RI\(ByUS)
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where U®[f1(a) = fRd\(BduS) f(»)U®(a, dy), C > 0 is an unimportant constant and we have
used (20) in the second equality.

Next, we need to develop an expression for the reference measure p. This only needs to be
identified up to a multiplicative constant. As such, in the setting that o1(S) > 0, recalling (53),
(22) and (3), we can take (ignoring multiplicative constants in each line)

n(dy) = /S v(da)U®(a, dy)

_ /S o1 da)HO)(Iy > — D*la — y|~dy
= Hs(»)H®(y)dy,  yeR‘\(B,US). (57)

When S = {9}, we replace the use of (22) by (23) in the above calculation and the same
answer comes out (up to a multiplicative constant).

Next, we need to verify that (54) holds. Indeed, using Hunt’s switching identity (cf.
Chapter IL1 of [2]) for the process (X,,t < ), we have for x, y € R\ By

w(dy)PP(y, dx) = P2(y, dx)Hs(y)H® (y)dy
)
~ HS(y)
P (x, dy)Hs(y)H® (x)dx
=P (x, dy)u(dx),

P (y, dx)Hs(y)HO (y)dy

where P}Bd (x,dy) =P, (X, edy, t < rfB). Note, as the measure w is absolutely continuous
with respect to Lebesgue measure, we do not need to deal with the case that x or y belong to
S4-1\ S.

Let us now turn to the verification of assumption (B). This assumption is immediately
satisfied on account of the fact that both P° and PV are right-continuous semigroups by virtue
of their definition as a Doob A-transform with respect to the Feller semigroup P24 of the stable
process killed on entry to B,;. With both (A) and (B) in hand, we can invoke Theorem 6 and
the desired result follows. [J

8. Concluding remarks

The results in this paper have considered the setting of conditioning a relatively special class
of Markov process to continuously hit a subset of the unit sphere with a one-sided approach.
Taking a step back, one would ideally like to drop a number of the specialisms specific to
our approach e.g. moving to a general Markov process and conditioning it continuously hit a
suitably general domain. The current proofs rely on too many particular features of stable Lévy
processes for the results to directly generalise in this respect. For example, suppose that we
drop the assumption that the stable process continuously approaches S from just one side, but
instead we allow it to continuously approach without radial confinement. This is a topic that
has been addressed in follow-on work [14], for which a mixture of features that are specific
to stable Lévy processes together with general potential-analytic considerations are used. The
classical work of Doob [11] for the setting of Brownian motion also gives insight in how one
may go about dealing with greater generality.
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Appendix. Hypergeometric identity

An identity for the hypergeometric function that has been used twice in the main body of
the text is taken from formula 3.665(2) in [13]. It states that, for any 0 < |a| < r and v > 0,

P - d-2 2
sin“ "~ ¢ 1 d—11 d d a
dp = —B(——, = )2F(vov—=+ 15 =), (Al
/0 (a% +2ar cos ¢ + r?)” ¢ rev ( 2 2)2 1(U Y 2+ 2 r2) (A-D
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