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Attraction to and repulsion from a subset of the
unit sphere for isotropic stable Levy processes
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Stable process

A process X = (X;, t > 0) with probabilities P,,x € R? is a
d-dimensional stable Lévy process with stability index «, if it is a

(i) Lévy process: cadlag paths with stationary and independent
increments and

(ii) Self-similar Markov process: 3 a self-similarity index « s.t. for
Vc > 0 and Vx € R\ {0},

under Py, the law of (cX.-a;, t > 0) is equal to Py
Furthermore, let X; be isotropic, that is

e for all orthogonal U: RY — RY and x € R, the law of
(UX¢, t > 0) under Py is equal to (X¢, t > 0) under Py
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Remarks

e | évy-Khintchine + Scaling = a € (0, 2]

® When o = 2, BM with continuous path

® For a € (0,2), pure jump process with Lévy triplet (0,0, IT)
where jump measure is given as

L 2er((d+a)2) [ 1
18) =" 2oty Jy e B CBE)
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Aim of the work

Want to characterize
® X, conditioned to hit 2 C S?71 := {x e RY: |x| = 1}
continuously either from outside or from inside of S9~1
® jts time reversal from the hitting point on {2
Remark:

® The case d = 1 has characterized by Doring, L. and
Weissman, P. (2018)

® hence, we will only consider d > 2
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Attraction towards (?
Let 2 C Sy be a measurable subset with o1(£2) > 0 or 2 = {9}
® Attraction towards 2
(X,PY) - conditioned to hit {2 continuously from outside
(X,P) - conditioned to hit {2 continuously from inside
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Conditioning to hit {2 continuously from outside

Let By := {x € RY: |x| < 1} and B := RY\ By

e Define G(t) :=sup{s < t: |Xs| = infy<s|Xyl}, t>0

e When d > 2, (X,P) is transient, e.g. lim;_ |[X¢| = 00 a.s.
® Due to monotonicity and transience, 3G(00) := lim;_0o G(t)
[ ]

X6 (o0) - the point of closest reach to the origin
® characterized in [Kyprianou, Rivero, Satitkhanitkul '18]
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Definition of conditioning
Conditioning event to hit {2 continuously from outside:
i CEV = {Xg(oo) S AE}, for Ve > 0
o 77 =inf{t >0: |X;| <1}
For x € By, define asymptotic conditioning as
PY (A, t < 77) = limeso Py(A, t < 77| CY)
forall Ae Fy :=0(Xs,s <t)

Aaz[re' remre), 9eR3
B, - {ro * ret-s0, 0623
o
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Conditioning to hit {2 continuously from inside

Similarly, define
® G(t) :=sup{s < t: [Xs| = sup,<s |Xul}, t>0
e 77 :=inf{t > 0: |X¢| > 1} then
° XE(T?—) - the point of furthest reach from the origin before
exiting By
® characterized in [Kyprianou, Rivero, Satitkhanitkul '18]
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Definition of Conditioning
Conditioning event to hit {2 continuously from inside:
e for Ve > 0, define C/ := {XE(TP—) € B.}
When x € By, define asymptotic conditioning as
PL(A t < k) :=lim.0 Px(A t < 77| CL)

for all A € F.

AE;[rer re(i+e), GeR]
[ re-£,4), 062
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Results: Distribution of (X, PY) and (X, P")

Denote

Ho(x) = {

Jol0 = xI79Ix[> = 1|11 (d0), o1(£2) >0
[0 — x| ~9[x]* = 1]*/271, 2= {9}

Theorem (Distribution of the conditioned process)

Let 2 C Sy be an open set with o1(§2) > 0 or 2 = {9} for a fixed
point ¥ € Sg, then for all point of issue x € RY\ S971, we have

(i) if|x| > 1,

(i) if |x| < 1,

dPy Ho(Xt)

g 1 N —————
dP, |7~ U<} Hp(x)
dPy Ho(Xt)

dB, |7 = He<PY Ho(x)
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Results: Distribution of the hitting location
e let ' C £ and

® AL := the restriction of A. on 2/
® B! := the restriction of B. on 2

® Want PY(Xi € 2') and P (Xk € £2), where k is their lifetime
Define

PY(Xk € ') := lim Py(Xg(o0) € ALICY),  for |x] > 1,

e—0 -

PL(Xi € 2) = lim Px(Xg(,y € B CL), for |x| <1.

Theorem (Distribution of the hitting location)

Let £2' C 2. If 51(£2") > O then the conditioned process has a
hitting distribution given as

Jor 16 = x|79d6

P;/(XkEQI):PQ(XkEQ/): f ’9—X|7ddl9
19}
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Repulsion from (2

® Repulsion from (2
(X,P®) - conditioned to avoid the unit ball, issued from 2
(X,P®) - conditioned to hit the origin continuously and stay
inside the unit ball, issued from (2




Denoting Kx = x/|x|2,x € RY, let us introduce
HE(x) = Py(1{ = <), for |x|>1,
HP(x) = [x|*"?H®(Kx), for |x| <1,
Define two families of probabilities

P® = (PY,|x| > 1) and P% = (PY,|x| < 1)

via the change of measures

dPy HE(X:)
dPX £ = 1{t<7'1®} HG(X) |X| >1
dP® H®(X;) <1

£ U<TYVHO(x)

dPy

References
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Characterization of (X,P°) and (X, P?)

From the definition, one can observe that
® (X,P°) is a stable process conditioned to avoid S9!

® (X,P?) is a stable process conditioned to stay inside S9!
and absorb to the origin

® thanks to Reisz-Bogdan-Zak transform in [Kyprianou '18]

Theorem (Relationship between (X, P®) and (X, P?))

For |x| > 1,(KX ), t > 0) under P° is equal in law to (X, P}, ),
where n(t) = inf{s > 0: [;|Xy|"**du > t.}
For |x| < 1,(KX,(),t > 0) under P® is equal in law to (X,P}).
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Duality
Pairing up (X,PV), (X,P°) and (X,P"), (X,P?)
® via Nagasawa's duality theorem for time reversal
[Nagasawa '64]
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Idea behind Duality by Nagasawa

Markov processes (X, P) and (X,P) are dual in the sense that
"time reversed” process of (X,PP) "is" (X,P)

if
3 a special measure 7 (with some properties) s.t.
pe(x, dy)n(dx) = pt(y, dx)n(dy)

To construct "time reversed” process of (X, P), need to
e guess (X,P) and 5

® then verify
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Duality result

We guessed and verified that
e Time reversed process of (X,P®) "is" (X,PV) with
n(dx) = Ho(x)H®(x)dx
e Time reversed process of (X,P?) "is” (X,P") with
n(dx) = Ho(x)H®(x)dx
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A bit more (but not full) precisely

Theorem

® For every L-time k of (X,IP€), the process (Xk—¢)—,t < k)
under P has Markov increments which agrees with those of
(X7 Pv)?

® For every L-time k of (X,IP?) the process (X(k_s)—, t < k)
under P has Markov increments which agrees with those of
(X,P?)

where

o1(da)
v(da) := 01(£2)° 01({2) > 0
ooy(da), 2= {0}

Remark: Examples of L-time includes killing time and last exit
time.
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RBZ stands for Reisz—Bogdan—Zak transform

o @
1;{32 g

Odede B, | (x,BY) <S> 0P

%V(ﬂm Pm[sfm
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