Proposition 6 (Upper bound 2) T Ky<00 S.£. for £>0, for + suff icienﬂs lowae,
Wt 2)€ & VTt -3 logt + Kylegloat.

Proof: Take + large and € [VT€ -3 logt, VZ4 + logt].
For je[0,-1]nZ, let
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Proof ctd:

For 33 [0,10 0o +] .
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Proposition 6 (Vpper bound 2) T K, <00 5.£. for £>0, for + suff icienﬂb lorge,
w(t2)€ & V% IT4 - 335 logt + K loglog .

Proof ctd: Recall Ei= $seljj+il: Bg< ﬁé—scc— min ($™, (é—s)'"")}
£ (1- wlt-5,Bg))ds
ond Da,": Em[ﬂEA_QSO( “ > u.o(Be)].

Take K o larae const. For | (loat)| € ¢ |&- (logt)?],
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So b (3, if =% {T4-305 loat + Kyloalogt, u(t,x) <-4+ (loqt)™. m.



Corolloxrs'-? (Exponential deca ) For ¢ sufficiently (mrse, for %0,
for x 2 JT (£+s) - los(;lu-s) + Ky b3’°3(£+s) N

wlt,50) < e ¢ 'S,

Proog : Suppose X% {Z (t+3) “2_‘3—\,-; log (€+5)+ K, ‘03'03('“5) and w (€, e,l_c-‘s.
83 Lemma. 2 LQ,XPOA,ex\‘hal %row'f'k) , w(t+s,x)=c, which is a F for £ Swif large bb
Prop® 6

Proposition 8 (Lower bound 2) J Kz<00 $.4. for £ sufficiently large,
w®,x)2c V<24 —_3_ 103e Ks(lcaleﬁk)

Proo(.' et = J'Z‘(—.- los‘l’ 83 FK {formula,
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Proposition 8 (Lower bound 2) I Kz<00 $.£. for € sufficiently lacge
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Non-local Fisher-KPP eqaation
%2— = —'i:AuH- u.(l—-cb* w), where de L_‘L(IR) oith 4>>, o, 45(00)2 & Vix]<o, some o>0

“(Hli:i ond ¢¥u(\‘:;ac)= S¢(b)m('é,m-b)o(3.
* Models non-local interaction and coMPd'i-HOn. in o PoPulod-iou.
c.§. %% = -'iAU\.+ u.(|-u.) local Fisher-KPP %«M’ioo\.

“(’eaw)“‘:‘“ POPV\‘W";O'\' o\e,msi-#a of locotion ¢ of fime +.



Non-local Fisher-KPP e,q,u«l'io'\.
g—e- ZAw+ w(1-dpxw), where el 12(R) itk ¢ 0, <|>(ac)> & Ylx|<o; some o>0

“ (HI:L: 1 ond dxu(t,x)= ‘S ¢(v°') u.('é,m.-b)o(3.

* Models non-local interaction and compe+i+io»\ in o popu.lod'im.
c.§. 9’8‘% = 12-'Auu+ w(l-w) local Fishes-KPP ?.dv\od'ion.
w(t,%) =" polaulm+io~ density cith frait o ot time +.

(Wikipedia)



Non-local Fisher-KPP e,q/o\od'ior\.

%‘6‘\— =z Au+ u(l-Ppxw), where e (R) with $>0, 4>(ac)>, & Yix]ss, some >0
“(Hli:i ond ¢¥u(\‘:;ac)= S¢(b)m('é,m-b)o(3.
* Modele non-local interaction and coMPd'i-HOn. in o PoPulod-iou.
* Comparison. principle doesn’t hold.
If Wi,y solve Fisher-KPP equation with w (0,5)¢ wy(0,%) VxeR, then
W (£,%) € ny (6,x) V£20,xeR.
Not true for non-local Fisher-KPP etvwhon.

Wpz 4 /]\
w,(0,)

Alk‘.‘:o




Non-local Fisher-KPP e,q/a\od'ior\.

32 —'i:AuL-t- w(l-dxw), where de L_""(IR) with ¢ 0, cl;(m)> & V(x|<6;, Some >0

“ <Hli= ond Pxu(t,x)= ‘S (b(&& w('é,oc-b)oib.

* Models non-local interaction and C.OmPQ“’H’iOn. in o Populad‘iou.
. CoumriSm\. Prin.c_i(:le doesn’t hold.

Theorem (P- (2018)) SU\PFOseo wo(ax)=0 V3L, Imgcwe Uo()> 0 and flugll g < 00,
l. Suﬁ)o&. du>2 s.t. {or € sufg er%e,, S
4)(&)0(& P

Then for € su{(‘ncne,nﬂn h\r%e. ,
gor < JT¢ - 1 1034 A(‘oalosé)s w(¢,%)Zc>0.

* for % (7¢- losé + Aloglagt, w(£s2)=0(d).
2. Suppose o€ (0,2), C,,Cz s.€. for r suff large, C ™ < ?fﬂwﬁm € Cpe™
Let B 2+: For £>0, for ¢ Sn\ﬂ:icien‘Ha Mrae,, ‘

* for s (T¢ - LBrE > w(®,%)2c>0.
s for T JZ¢- £FE w,2)= o).

See also Bouin, Henderson, Ryzhik (2019).



%‘? = —'E:Au-*- w(l-dxw)

Fesyumon- Ko formula: for 45,0, R, (6,%)= Exs [uo(8)) So(1-prutisblsg
Lemmo. (Global bound) 3M<oo 5. O< u(t,x)sM Y¢30,xeRk.

Lemmo. (Opper bound 4) For 4 suff loarge , for 2 (T +7mloat, w(t,0) <+

Proof: Same as for Lemma 4. By FK. formala, w(t,2)<€ Eq[us(8)] 0.

Lemmo (Expouen‘l’iosl ﬁrow'H\.) qC<e0, c>0 5. for 20, if w(¢,x)%2 then
w(t+C(loa()+ ) +5,:)7 ¢ Vs20.

Suppose J>2 s.b. °§4>(:n)o(ocs =% for ¢ suff large.

Proposition (Lower bound 1) FK<wo 5. for 4 suff lacge, wlt,x)me Yaue{Te-K, logt.

Proof: Take S<la 5.6, o8>, Fix + lavae. Lot {6)= {Ts +iglogt + min((5-loat)’(4-5))

For ye[0,2], by FK formula,  w(logk, £(loqt)+y) > QUMY E{:aosé)m[.‘*o(glo%e)]
247" ot swff large.



(Vo]
Suppose o> 8. S ¢lxydax € % forr—sulf large.
Proposition (Lower bound 1) JK<oo 54 for + suff lacge, wlt, x)7e YaelTé- K loat.
Proof: Take $<'l2 st. uS>1 Fix + larqe. Let §(8)= J" Ls "'U" loat + mm((s—losé) (£-s)°

For 5@[_0,2_], bb FK -(-‘ormu\la, (A.Uob'ﬁ,.(:(losé)-l's)?, -(', .For £ Suﬁ' (N"&(’,.
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> £ -(lor t suff brge.  The result follows by exp orowth. .



[~)
Suppose for some oe(0,2), Cir*<f <‘>(0:)olm $ Cor™ for ¢ suff large.

Lt R= 2o nd +ake £>0. Let xzzz'?c>’/2.

2+ oL

Suppose  (for a¥) w(t,x)z2m>0 V4=, T

Then 6‘3 FK .Qormulm, Lor = JT4¢- {ﬁ‘"t)
S (1-drult-s,B)ds
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