Back +o +he riaktmost pacticle §(@= ur N=1.

CUTSESF R, WS
NG
=1- E_ox[.‘}j: :ﬂ‘)(;(ﬂfoj
=4 -v(t,-x), where v solves {%{: SV 4Ty

v(O,4)= 4 <0

B ) 3T

Hence wlé,%):= |-v(£,-) solves {5‘20 ’%A“{ w9 erokep equation
I it B

So P(ME)3x) = wlt,x).

F_'e,anman.- Koc formulo
Proposition Suppose k:[0,0)x R—> R is continuous and bounded, thot w:[0,0)x R > R is
continuous and bounded , and Smooth on (0,00)x R, and thadt
’%‘—‘é: L,‘-_Au.-l» kE,®)w VYé>0,xe R.

Then O<t'st, xcR, €,

- wit, ) = Eo:[ 6£° flé-,8)ds

Proof: For se[0,471], let M¢= w(t-s,B) €55,
where T = X: k(t-¢, Bg)ds.

“'L'(""e, Be)].

By W8’ formula,

dM, = %ﬁx('é-s ,85) e dBg + i Du(t-5,8¢) eIs ds

,%f(é-s,ggeisds + u(t-s,8) & dLy



Feyaman-Koc Lormulo
Proposition Suppose k:[0,00)x R—>R is continuous and bounded, thot w:[0,m)x R > R is
continuous and bownded , and smooth on (0,00)x R, and that
o LAt RE,0)w V>0, e R
Then O<t'<t,xcR, €

for by EL[ okt

Proof: For sefo,4], let M¢= u(t-s,8;) €5,
where T¢= S: k(t-¢,B4)ds'.

u(k-(—,‘,ge)]_

33 #3’s Lormula,
dMg = B2 (£-5,8) &S dg, + L Bults,B) € ds

- ?;%({:-s,ggeisd.s + w(t-s,8y) o dL
Ri-5,8ds

= 9% (45,80 €0 B + (5 A+ uk - & ds

2t ),(:E-S,es)
= %&x(‘e's,gs) &Is dgs

So (MQ)ggg.y is & local mackingale,and since it is bounded it iy & true mackingale.

Thetefore for +'24,  wit,x) = E M= E,.[My] n

If w solves Bz LAw+u(i-w), w(0, 9= noly, thea

t
- 'E‘ )S ))‘s
ik, = Ex[e'soh (£-5,8g

Note thot we[o,} if woefo,1].

o (3(-,)] .



Sketch proof_of Bramson’s result

S“PP& Wo(x)= 1&‘0

We will showo  w(€,x)= o(4) for =% 2+ '—‘ﬁbﬁ-l' + o(loat)
and  w(£,%) %70 for x<ITE - 3 !os'l' 0(103{')

Lemma 1 (Uﬂn,r bound 1) For £t%! and x % {0t *im |03+ w(t,x)< £

p(oo{;: 8.3 FK {.’ormu.\m
w(¢,x) s e Ex["\o(&gﬂ <e Po(.g{r?' 24 +?.J-‘ ‘°3+)

< ot (p(‘.z_> Jﬂ'«l— los{') where Z~ N(0,7)

Lemmo, 2. (Exponentiol arouth)
JC<w,c>0 st. for 270, if w(t, )%z then uw(t+ C(los(_‘l%)+l)+s,:!:)>,c Vs>o.

Proo{': Can uge FK -('ormula.

Degn (_Bfoowuous bridge from O 4o O in time 1) “ Brownian mohion conditioned on B,= =07
Let %(s) B, - 5 S B, for 0¢s2t, where (Bg)g,  is o Brownian metion s+o~r{-e,o\ at O.



Defn (Browmom bridge.Lrom O 4o O in time 1) “ Brownian motion conditioned on B = =0”
Let %(5) B - 5 8{: for O<s ¢t , where (_35)90 it o Brownian metion 5“'0.!‘{'2,0\ at O.

Lemmo. 3 (Brownion Bridae 1) For -3\,32_7, o,
2u, 2

P> -3y~ 2y, Vse[o,t]) = e 2. &1-.'3& os +->00.

Proof: p:= P(Isefo,t]: %"(s» S '6‘++' Suy) = = P(3sefo,4]: (3 (s)+—-(31_ 4 > 3,_)
LgR from O 4o Yoy, in

NS time. ¥
Ya 83‘&2— re(ilechm, P(‘ll\.cll)le,

MP/ ey P(ceross Yy and ead ot %,. 3.) Plend ot 3’-“3')
0 Let Gd’-ﬁhm ef’* .

Tien pe Golyry) = ¢ % PoRr2a8) -S4
Ge(ya-y0

. Q.



hPM (Lower bound 1) FK,<0 5. {'or + suﬁ.‘icienﬂb larse,,
wt,®)zec Vs VTt-K, logt

Proof: Fix large.. Lot MOE JZ's +5_"J—f_. '°3+'
For 36 [0,2.'_1, 53 FK .Gormula)

u.Uos"’, g(‘OS"')"'S) 2 E.(:(!o%+)+3[u°(5b3+)]

Z P.G(los+)+2, (B‘cs-l' < O) 2
S -;-';—+(Ji"°3++i'3‘t'°s"*3)
/W e 3

=z ‘(’:2 Lor + Suff (o.rse..

By FK formula, "“°3+(l- (£-5,B) ds
w(t, ()+1) = Eg(e)ﬂ Les" * s uLUoS+, B+4°3+)]

ke E\C(é)ﬂ E{ﬁ‘ssz §E-s) Vse[o,¢- loy‘] ,ﬂ'Bf—xoses §(loat) +2
. %1’:""5"((— (£-sY")ds -2

¢ since w(®-s,x) < (£-5)' for x> gE-9) bb Lemma 4
> J""S‘* QJ—S‘ sds (2

' P—GL&)H (Bg> gt-s) Vse [0,¢-logtT, B+_l°3+ < §(logt)+2).



Proo{-‘ ctd:

e _‘
wit, §O)+1) 2 otolost o losas o
 Pripn (B> ge-s) Vseloyt-byt], Bitogt € §(logt)+2).

For Y€ 0,21,
Peysr (B §(6-9) Vse[0,4-logt] ‘ BJ,_h%,r = (Uogh+y)

= PV () + BB (0w e S ((ogey) 45 Vse[o,+-hgt])

4-logt
t-loat -loat-s
- EP(% ,35(5) Z —‘%6“::%‘? - 3{:—51034- VSGEO,é-loséjl)
=1- 5P by Lemma 3 N

> ¢! Lor & suff !«rse. 3
-9
Ty
So 0 -b:(os-l'
Wl (007 E T Py (B, € [§logh+ s flogh+2])

% & 47 g oxp (- gy (FC-Pgt)?)  since fla- (= F g
7 4° for t suff lars@..



EEFM (Lower bound 1) K< gL. .(?or + S\A-(:Fic,ien‘Ha Iarﬁe,,
u(®,x)=ce Vx <74 - K, ‘°3+'

Proof ctd:  (8)= E5+1LJ’E‘°3+’ u,((—,,g(é.)ﬂ)? £ foc + suff l«rae.

8-3 Lemmo. 2 (?Al?or\e'\'f'EM 3(‘0&)‘(’1\.),
w(t+ C(Slogt+1)+s, C@+D7c V520, The result follocos. m.

Lemme. 5 (Entropic repulsion) For 2e R, $€(0,2) and A>0, for £>0, Irg< oo s.t.
Vr>r£ Q’\d '6>3r,
P& (5)> 2+ min (AS®, A(¢-9F°) Vselré-T) _ 1
P& (91> 2~ min (ASS, A(t-5)) Vse[r-)

As? Alt- s)s

d
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Proposition 6 (Upper bound 2) T Ky<00 S.£. for £>0, for + suff icienﬂs lowae,
ut,x)€ & Vex{Tt-o0m logt ~ Ky log log .

Proof: Take + large and € [VT€ -3 logt, VZ4 + logt].
For je[0,-1]nZ, let

E-&: %3 Se [.&aé'ﬂ]: BS< ﬁ_(:—sm_ "\il\.(slh" (_e_s)l[q_)}
£ (1- ult-s,Be))ds
ond Dy = Eocmz&e's" (-l B8, (ool

Then by FK formula,
L-(loat)3

wb@) € 22 ° D+ By 4 L}‘i(‘°%+)ﬂ £t ef 0, (8Y)]

#7 Ldogt = Logt®l

L£- (logt)®] ‘p s ' " ) 51
% < D; + ¢ Be > £5 ¢ - min (8™ ¢-5)") Vse [(loat)?, £ - (loat
(%) &= LUoat)3] $ (. ST 4 ~E : 3 8€sg).,

For ue [0, 10 loat],
° Pr (85> %s 2 - min (5", (6-$)*) Vse [(loqh®, +-(og] | B;= -y)

<

-~ IS




Proof ctd:

For 66 [0,1010 +]

AL ?m win (6", 6-51%) Vse [{JoqfF, +-(oq"] | B = -y)

(
< L"él for + suff l«rﬁe,, 63 Lemmas 3 and 5 and since whp

(B((ogé)‘-” - x| 5(“’3"’)5 and | B 4_,(,03(')5| g (Ios-f,)s




