The, Figsher-KPP eq{uocl*iow and reloted +oPi cS

References: Bramson. Covwe,r%e,me, of solutions of the Kolmoﬁorov e,a\/uaﬁon,
to trovelling woves.
Ethecidae. A introduction to Sw RIProCesses.
Durett.  Stochagtic calculus: o Pro«':l’ical introduction.

Branchi ng Brownian motion

Defr. (BBM) Brmdxims Brownian motion has three in,%redien‘fs:

(i) The sPo\ﬁd motion During s lifetime, each pacticle moves in R
aceording to o Brownian motion.

(1) The bram.d\in.s cate,V Eoch Pod'ic,le. has o |i{:¢+im.e with digtcibution
Exp (V).

(i) The_bronching mechoniom, ® When it dies, o particle leoves behind
(o +he bocation where it died) o rondom number of offspring Pcm‘icles
with probadility 3¢M,fod’in.3 Lunction ®. Conditional on their time
and ploce of birth, offspring posticles behave 'mdo‘)mdenﬂao{f
eoch other.

Notodion
* N(£) is the number of pacticles alive ot fime 1.
. X\(e),...,XN&)(é) are the locations of +he Pom}icle,s alive ot +ime + (e.9.in Ulmd—-ﬂnrris
* P is low of BBM stacting with o singfe particle ot oo P:= 1R, ordering)
“E, s corres‘:on.dins e,xpe_c+a+iou. E:= E-o'



ILnPor'l'ouxl: ‘)E)Pg:f‘l’i%s
I. Markeov me’eﬂ"&' B8M is & Markov process (since Exp rN.S are w\orale,ss and BMs are
Moskov processes.
2. Bronching propecty. Conditional on (Xi@),Xp(£);..., Xy ($)), the descendants of each
porticle alive at time 1 evolve oxc,c.orolins +o inde,fe,n.de,xl— BBMs.

The, ritslr\+m.os+ ?txr-l'icle.
Lot P(w= o>, V=1 (i.e. branch info +wo Po\r'('ic,(bs ot rate 1)
Let M(£)= mox X, ().
i.e‘{,l,--,N(Q"s

Let m(£)= Sup %me R: P(M(é)sac)é‘lz,% , the medion of M.

Theorem (Bramson, [478) mt)=JZ4 - %@ (oa‘l' + @O0) as +>oo.
See. Roberts (2013) for o simpler proof.

Notation
“ For s€[0,£], Xiu(s)= locofion of ancestor of X;(t) ot time s,
‘For xeR, Py is Prolmbilﬁg mesgure under which (By)y, . is & BM sharted ot o, and
Eq is coresponding expectation.

(Mmaf‘\'o-—om lemma) Swppose F:Clo,t] >R is measurable. Then
NGE)
Ex[,;i-ﬁ F((Xie(s),055¢t)] = ¢ ExY_F((Bs)ossséﬂ-



(Mony-to-one lewna) Swppose F: C[0,¢] > R is measurable. Then

E.[ ey F((Xiels),055¢)] =€ Eo [ F((Bs)oeses)].

Proof: Conditional on the set of bromcl\in.% events, each path (X, 4(8),0¢54€) isa BM.
So LHS= E_[NETEL[F((89o.5.e)]

Since each particle branches into two pacticles at rate 4,
LENG]= E[N®]  ond 5o E[NG]=e" .

Ficst moment calculation

(Gowssian il estimates) If Z&N(O,1), then for x>0,
P(Z>x) < > ad P(Z>x) < = kel

83 the mony-to-one lemma, Lor 4720 with !a«f-?,
E[#{isN®): X #)2IZ¢-yi] = e E°[1352m-&-5]
= et P(23 J{.E'-:pé) where Z~N(0,1)
ook 1 ~hER-EY
gt -p(a-2Eyreld)
T ©
~ ELF;‘E‘ eﬁl"" as +—> o0,



E[#{i<N®): X 5TTt-41] ~ 757 Y os 4w,
So E[#%i.éN(;(:)iX;,(_(:)Erf-é'b%]"@(i) 05 Y200 iff = loat + O().
(Roberts: # {ie N(£): X (£) > I??Jco%floy, Xie(e) € §() Vstl).

McKeon ro.Pre.se.r\'{'wl'io'\.

Back to general V, d.

Theorem (McKean (19F5), Skorohod (1964))

-SuPPose, o' (D)< . Su‘:POSe. ’V{”G CH(R) with Os'\\f(&)é 1 YxeR.

For 1,0, xeR, let N
(e = B [T (%],

%% = zhus V(RW-w), u(0®=vE). (1)

Then w solves +he PDE

Proof: Assame thod w(£,2) is twice continuous! di\Cferen-l'io\He, n ot +ime +.
(Once we have Shown that w solves (1) under +his o\ssmpﬁon,re%ulm-!-s theory for the heot
sw\isrou? 'm\?!ies that wis smooth.)

Let 8 = time of first bmr\ckiuﬁ event,
ES-.- location of ori%in.o.( Par-l'icle. ot +ime S.
K=# o.(:{:spr'«na ‘:o\r-('ides ot time S.



N
Proof ctd: wit,x)= Eﬁt[-gl 'Ly'()(i(-(—,))]_
Let § = time of .Firs{— brmchiuﬁ event.

B, = location of orignal Parhcle. ot +ime S,

K = # offspring pocticles ot time S.
Then for $>0, NES)
wesS,3) = E o LTI Y (X;(4)) | S 5] P(S6)
. Exiﬁé)ﬂl(()(}({é))l 551 P(S>S)
= :i:oqf_m ﬁ’ﬁﬁ)\v(xjgﬁ))\sss, K=k] P(S<S,K=k)
+Eg[Eg L 17 Y (X1 P(S>5).

For the first fermon Hhe RHS, for 1¢iK, let

Ny = set of pacticles at +ime +4% which are descended from particle i ot time S.
For 5¢8 ond igk,

Ex[&l’\\’(x&&“m (5,85, K)= (5,9,k)] = E, [u(t,85.9]+ OCS)

Since Po.r-l-iole, i branches before time, $ w.p.
(%)

(%)

Hence 5-3 our assumption thot w(t,) is ct,
E.[ EN_'qP(X-&(hS)) | S<%, K=k = ult,) + O($).



N
Proof ctd: wlesy=tE, [ TT 4 (&teN].
Hence, bls our O\SQAMF{'iOA. Hot ul¢,”) is C»g',
E.L EN-V(X&&*S» | $<%, K=k = wlt,2) + O(8).

Bks +he bro.nckiua Proper{"a,

Nt+d)

ELLTT ar(x(ee9) |S<5, k=k]= (wttss) + o(s)*
Since S~Ex?(v),

) +9
2 L [T w(xemlses, kok] P(S<5,k=h)
= &=
= :Z:O (w(k,00+ R O()) (V6 + OSY) P(K=k)
= V§ &(uu(_(:,m))-‘— O(%Y) Since 15'(1)«)0.
Since 5 A is the infinitesimal oenecator of BM,
N(t)
E.xUEBS[T_r Y (%« P(S~9) = ELLut,89]P(S>9)
*—I
= (w4, % tAu(¢, $))(1-V$ ).
Subs+i+u+ir~3 into (2), (1245 et +o ) HOL)
w(£+%,x) = VS W)+ u + ST Aw -Viu+o(8$).

Hence  w(€+8,%0)~uw(t,x) = -,'I—_-Aw-{- V(@(u)—u.)-l— o(1) as 0. nO.
$




Aside —‘Jo‘l'iru:) whemes  What if we wont 4o solve, %f =tAu+V (@q— w), w(0,%)= ’\)(('ac) ,
ohere P is not o paf of o N,-valued ry?
ey '%2. = -‘ibu.+ u(\—u)(?,u—l). (3)

Toke o. BRM with @[uﬁ u@, V=4 (branch into Hhree Po.rhcles of rate 1).
Write (X(€),£20) for the historical process of +he BBM
(froces out He +rees which record Hie locations of all Par-l'ic(es alive ot time g forall se@,ﬂ)_
Maiority voting:
‘%Emdn prticle ie§l,-,NEY iv\o\epe,ndenﬂa votes 1 w.p- '\\I‘O('L({:)) and otherwise votes O.
« At each branch Pin‘l’ in the tree traced out 63 +he BBM, Hhe vote of the Pmrerd' 1S
He M&PCH"& vote of +he Hicee oﬂ-‘sfarin.%.

Let M (X(£)) = vote of original (root) pocticle.
Then  w(t,00):= [P""(V’W' (A(£))=1) solves +he PDE (3).
(deperds on %e,mlom ,not just locations of porticles).

Back 4o the riahtmost pacticle @(&):U\?’, N=1.

P(ME» =) = 1- P(R'4y 4 = 1)
N(t)
=1- E—m[ﬂ :ﬂ-x-,(e)so]
=4 -v(t,-x), where v solves {%{: SOV Vv

V(o,b)"' inso



Back 4o the riohtmost pacticle @(m. =¥, V=1,

CUESERC WA
N(E)
=1- E—'x[ﬂ :ﬂ-x;&)so]
=4 -v(t,-x), where v solves {%{: SV 4Ty

9“ V(o,b.):ﬂ-aso.
Hence w(€,29)= |-v(#,-x) sSolves %5‘&@" '?_';A‘I w9 erokep equation
I it B

So P(ME)3x) = wlt,x).

Feyaman-Koc formula
@Posﬂ'io-\. Suppose k:[0,00)x R—> R is continuous and bounded, that u:[0,00)xR >R is
continuous and bounded ) and Smocth on (0,%)x R, and thad
’%%: LAnt ki, Ve>0,xeR.
Then for O%t'sd, xcR, *'u- 8)ds
D.(,-E,a:): Ea[e,go (- S, 5

“'L'(""e, Be)].



