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Branching Brownian motion

Oefn ( BBM ) Branching Brownian motion has three ingredients :

(i ) The spatial motion During its lifetime ,
each particle moves in IR

according to a Brownian motion
.

Iii ) The branching rate
,

V Each particle has a lifetime with distribution

Exp ( V ) .

( iii ) The branching mechanism
, OI When it dies

,
a particle leaves behind

( at the location where it died ) a random number of offspring particles
with probability generating function OI . Conditional on their time

and place of birth
, offspring particles behave independently of

each other
.

lot at ion

. Nlt ) is the number of particles alive at time t
.

• X
, It ) , . . . , Xn C t ) are the locations of the particles alive at time t ( e.g .  in Ulam - Harris

° Poc is law of BBM starting with a single particle at oc . p :  = Po .

ordering)

• II
,

is corresponding expectation .
II Eo .



important properties
I

.
Markov property . BBM is a Markov process ( since Exp r . v. s are memory less and BMS are

Markov processes .

2. Branching property.
Conditional on ( X

, Ct ) , Xzct ) , . . .

,
X

n ( t ) ) ,
the descendants of each

particle alive at time t evolve according to  independent BB Ms
.

The rightmost particle
Let Ecu) =  u2

,
V -

- I C i.e
.

branch into two particles at rate I ) .

Let M ( t ) =  max

i c- El ,
. . , Net , }

Xi Ct ) .

Let m ( t ) = sup { x E IR : P ( Mlt ) s x ) E 423 ,
the median of Mlt )

.

Theorem ( Bramson
,

1978 ) m ( t ) = VI t - Enz log t t 04 ) as t - → a
.

See Roberts ( 2013 ) for a simpler proof .

Notation
° For se Co ,

t ] , Xi
, t Cs) = location of ancestor of Xi Ct ) at times

.

° For x ER
, Poo is probability measure under which ( Bt ) ↳ o

is a BM started at x
,

and

Ex is corresponding expectation .

Lemma ( Many - to - one lemma ) Suppose F : CEO ,
T ] → IR is measurable

.
Then

E
,

F ( ( Xi
, t C s ) ,

Os s s t )) ] = et Ex [ F ( ( B s ) o sss t ) ]
.



Lemma ( Many - to - one lemma ) Suppose F :C t ] → IR is measurable
.

Then

IE
,

F ( ( Xia C s ) ,
Oss st )) ] = et Ex [ F ( ( B s ) ossst ) ]

.

Proof : Conditional on the set of branching events
,

each path ( Xi
, , ( s )

,
Osset ) is a BM

.

So LHS = E
, [ Nlt ) ] IEx[ F (CBs)

osset ) ] .

Since each particle branches into two particles at rate 1
,

& E [ Nlt )] = II [ Nlt ) ] and so EL Nlt ) ] = et
. o

.

First moment calculation

Lemma ( Gaussian tail estimates ) If Zn N (O
,

I ) ,
then for x > O

,

PLZ > x ) s e-
' 12×2 and IP ( Z > x ) s

,

e-
' he ?

By the many
- to - one lemma

, for y > O with yes Vt
,

II [ # { is Nlt ) : Xiltl 's VIT -

y } ] = et Eo [ I
Be > rot .

y
]

= et PLZ > vzt - ) where Zr N ( 0,1 )

~ et e-
' kart - Test

= etzjp e
- E Rt - 2VIy to I

~ EAT as t → a
.



IE [ # { is Nlt ) : Xi Lt ) 's VI t -

y } ] n et Y
as t → a

.It

So II [ # { is Nlt ) : Xi Lt ) ? IT t -

y } ] = ④ I t ) as t → a iff y
-

. % logtt OLD .

( Roberts : # { is Nlt ) : Xi C t ) > VIT - jdzlogt , Xi
, t Cs) s 8 Ls) V-s.at } )

.

McKean representation
Back to general V

, OI .

Theorem ( McKean ( 1975 ) ,
Skorohod ( 1964 ) )

Suppose OI
'

(1) a -
. Suppose YE CZ ( IR) with Os y ( x ) s 1 Voce IR

.

For t > o
,

x ER
,

let

up ,
= E

, [ 1%9
'

y Hitt ) ) ] .

Then u solves the PDE

¥ =
'

gout V ( Ella) - u ) ,
u ( O

,
x ) = VIC x ) . (1)

Proof : Assume that ult ,
x ) is twice continuously differentiable in x at time t

.

( Once we have shown that u solves (1) under this assumption , regularity theory for the heat

semigroup implies that u is smooth . )

Let S = time of first branching event
.

Bs = location of original particle at times
.

K = # offspring particles at times
.



Proof ctd : ult , x ) = Ex [ 1¥41Xi I t ) ) ] .

Let S = time of first branching event
.

Bs = location of original particle at time S
.

K = # offspring particles at times
.

Then for 8>0
,

ult to
,

x ) = Ex [ jt% ( Xjltts )) I Sss ] IP ( Sss )

+ Ex [ t.nl?ttdhflXjCttSD/S > s ] PLS > s )

= Ex [ YI!
 "

tf ( Xjltts )) I Sss
,

Ksk ] P ( Sss
,

K -
- k )

+ Ex [ LIB
,

[ jhHXjCtD] I Pls > or ,
.

(2)

For the first term on the RHS , for Isis K
,

let

Ni  = set of particles at time tts which are descended from particle i at times
.

For s s 8 and i s k
,

Ex [ t.cn
,

YC Xj Ct toll I 15 , Bs ,
K ) = C s

, y ,
k ) ] = Ey [ ult , Bg , ,

) ] t 018 )

since particle i branches before time 8 w . p .

018 )
Hence by our assumption that ult ,

. ) is a
,

Ex [ t.cn
,

Y ( Xjltts )) I Sss
,

Ksk ] = ult ,
x ) t Old

.



Proof ctd : ult , x ) = Ex [ 1¥41Xilt ) ) ] .

Hence by our assumption that ult ,
. ) is a

,

Ex [ t.m.TL/jltt8DlSs8,K=k ] = ult , a) + Old
.

By the branching property ,

II
, [ !t%( Xjltts )) I Sss

,
Ksk ] = ( ult , x ) too Dk

.

Since S n Exp ( V )
,

⇐ Ex [ t.IT
 "

tf ( xjlttsbls.es ,
Ksk ] Plsss ,

K -
- k )

= Eo ( ult ,
octetKOCO ) ( vs +0187 ) PC Ksk )

= V8 OI ( ult , x )) t 0182 ) since OI
'

(1) a A
.

Since ED is the infinitesimal generator of BM
,

Ex [ tIBg[!!Y(XjHD] ] Pls > 8) = Ex [ ult , Bsl ] PLS > 8)

= ( ult , x ) to you ( t
, x ) to (d) ( I - V8 t 0182) ) .

Substituting into (2) ,

ult to
,

x ) = V8 OIL u ) t at 8£ Du - VS u to (8) .

Hence ult to
, x ) - ult , oc ) = you t V (OIL u ) - u ) to (1) as 8 → O

.
o

.

s



Aside - voting schemes hat  if we want to solve off = 's Out V (OIL u ) - u ) ,
u (O

,
x ) = y ( x ) ,

where § is not a pgf of a No - valued r
.  v

.
?

e. g. off = I Out  all - u ) C 2n - I ) . (3)

Take a BBM with OIL u ) = us
,

V -

- I ( branch into three particles at rate 1) .

Write ( * ( t )
,

t ? O ) for the historical process of the BBM

( traces out the trees which record the locations of all particles alive at times for all se [ o
,

t ] ) .

Majority voting :

° Each particle i c. { I
,

. . .

, Nlt ) } independently votes 1 w . p . Y ( Xi (t )) and otherwise votes O
.

• At each branch point in the tree traced out by the BBM ,
the vote of the parent is

the majority vote of the three offspring .

Let Ny ( K c t )) = vote of original ( root ) particle .

Then ult , oc ) :  = 1Pa ( My ( Nlt ) ) = I ) solves the PDE (3) .

( depends on genealogy , not just locations of particles ) .

Back to the rightmost particle OIL us = u2
,

V -
. I

.

p ( Mct ) > x ) = I - IP ( II
,

"
#

xie , ⇐
= 1)

= I - E
. a [ II

"

I
xie , so

]

= I - v ( t
,

- x ) ,
where v solves ¥ =

'

gov t v2 - v{
v Co , y ) = I

y so .



Back to the rightmost particle oICu)=u2 ,
V -

. I
.

PCM
ftp.xj-1-P.IIY#xict,sx=1)=1-lE.ocCI..TYIxict

, so
]

= I - v ( t
,

- x ) ,
where v solves ¥ =

'

govt v2 - v{
vco , g) = I

y.co .

Hence ult , so ) is I - v ( t
,

- x ) solves off =
'

gout  all - u )

So PC Mlt ) > a) = act ,⇒ .

{
nosy ) -

- by so

Fisher - KPP equation

Feynman - Kac formula
Proposition Suppose k :[ O

, a) x IR → IR is continuous and bounded
,

that  u :[ o
, a) x IR → IR is

continuous and bounded
,

and smooth on ( O
, a) X R

,
and that

O = tout KH , od u Vt > O
,

XE IR
.

Then for Ost 's t
,

KEIR
, Sot

'

klt-s.Bddsuy.fi
, Bg, ) ] .

ult ,
x ) = Ex [ e


