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Describing elements of a random graph Chernoff bounds too
Consider a graph G  on  n  vertices where
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Two generalization ② Let 3%7 independent X ; EX
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measurable wit ti ,

Hoeffdirg 's lemma
. Liev ; EU ; Ui - Li Eci

so can apply Hoeffding's lemma



Extension in Hamming distance Problem : Eld ( X. At ) unknown
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Examples
of analysis of algorithms

① Matchings in Gn
, %

C Erdos - Ringit

Graph on n vertices edges independently present up . I

Matching :
set of edges that do not share common vertices

Algorithm :

① Delete isolated vertices

② Select a uniformly random vertex of min - degree r

③ Include in matching one of its edges

④ Delete v and all other incident edges .

The :c
> o

Thealgorithm obtains

a maximummatching a. a
.

s
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② 3 - coloring regular Gn
.

d

uniformly chosen graph on those with n vertices and degCv ) =D all v
.

Proper coloring : assign colors to vertices so that no two

adjacent vertices have same color

Algorithm : Classify uncolored vertices according to # available color

Si C t ) = Jv : I possible colors forv1

while So HI -
- o

① Select minimum i with Si HI so

② select uniform vertex in Si HI

③ Color v randomly
,
update Silt ti )

.

Failure if So I t ) so

The : d a 4.003
.

The

algorithmobtains a proper 3 - cot
. a. a. s
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③ 3 - SAT formulae

( I
,

x X
,

x X
z ) n ( XI x I ,

X X
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↳ literal : t  or -

variable

O x I = I

O n I = 0

Assign valves to variables
,

to satisfy formula

Pure literal :
when formula only contains literals xi ( or only Ii )

Algorithm : while I
pure

literal available

① choose one at random

② assign
' positive

' value =
! ! x ;

 =  o ,

③ remove all clauses containing x i



③ 3- SAT formulae

Pure literal :
when formula only contains literals Xi ( or only Ii )

Algorithm : while I
pure

literal available

① choose one at random

② assign
' positive

' value =
! x ;=o ,

③ remove all clauses containing xi

3 literals per
clause In : F do > o

.

Construct a random

m clause 3- SAT where #literals = Xi )spoils ; )

n variables and density is d :

density me
n

dado formula  is satisf
. a. a. s

.

d > do formula  is not satisf
. a. a. s

.



An introductory example

There are n bins and men balls
,
sequentially place balls in depend . into

,

How many empty bins there are left ?
-

B
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 -

- j if  i . th ball goes to j - th bin

Now B satisfies the bounded differences condition
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If need to estimate ECB ]

Yi  = # empty bins when i balls have been located

I Titi - Yi I E I



If need to estimate ECB ]

Yi  = # empty bins when i balls have beer located

Local charges , given current information Fi  = generated by
" info "

at time i

Eftiti - Yi Ifi ]= -1119 bathto ) =

Idealized ODE :
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A toy deterministic question

How much car two collections

off
nations can differ if they

have similar derivatives and initial values ?

IX. or so small perturbations such that
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③ 3- SAT formulae
clause

- 3 literals per
clause

( I
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x X
,

x Xz ) n ( Xj - - I ,
x Xs ) m clause

↳ literal : t  or -

n variables

variable density my
Ox I = I

O n I = O

Assign valves to variables
,

to satisfy formula

Pure literal :
when formula only contains literals xi ( or only Ii )

Algorithm : while I
pure

literal available

① choose one at random

② assign
' positive

' value =
! x ;=o ,

③ remove all clauses containing xi



A first analysis of the d- process.
.

.

Consider a graph process on n vertices

Edges added
, sequentially at random from missing ones

that are
' valid

'

:

TB F m ( v ) EW so that vertex v cannot exceed degree

dt Cut Em Cut ft 's

←
degree of  v at time t

! Stop process when no edges can be added
.

F- min f too : no edge can be added to Gt }

If T=IEm Cv ) then I ET

he
.



To implement process , keep track of deficit of vertices :

Mtv ) - dt ( u ) f
> unsaturated

= saturated

The process saturates if final Go has ed on sat
.

vertices

Probability that Kattsaturates ?

Bedcase m G) =D :

At time I
, graph contains a clique of size ked 2,3 . . . .

d }

of unsaturated vertices .
.

.
.

.

Eblen : - -

¥4
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 -

Keep track of forbidden edges , .
.

.



Generalized d
-

process Gt :

Include a subgraph I of bounded degree such that

Step① Go starts with n isolated vertices

Step ④ edge chosen at random such that

is missing from Gt . i

don't violate degree restriction

does not belong to I

Let M -

-

mgx mas
.

If m Cut - dt Cut = M then u is full isolate

Recall T I Ema )

Theory : If by time T - I there are 0 ( I ) full isolates and

I -

- Itn ) →  a then F EG ) - • such that a. a. s .

there are no full isolates by T - Un )



For d - process : de Divide into stages
① GI

' '
with d-

' ' If and

mfs
=D

until I
,

= in ft t : min deg in Gt
' ' '

z I }

② Gt
' "

with E- ECG and m
,
Cut =D - d v )

until I = in f It : mind
eg in GI "

a I }

:
d - i)

( d ) Cd.  it "

( v )⑥Gt with I = ECG
,

I andMd Cut =D -did . ,

d-  I

until Td
= in f It :  mindeg in G Idk it

Obe : Concatenate the choices of edges in G
'

to get

the original d - process

We are using : Can go
from one stage to the other



Groin wall 's inequality discrete version

j . ,

The bound : Suppose for
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There are two relaxations for the assumptions
So  it suffices to consider b = o xj

s ( c tbn ) t I a Xi
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,
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.
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.

Finally ,
we use the fact at  all

.
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The Differential Equation theorem
-  - -

Suppose : Tci ) is F- measurable for  izo Thee : F ! y ( t ) with

and F bounded domain DEIR
'

{ L - Lipschitz cont
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The Differential Equation theorem Back to balls and bins example
-

- -

Suppose : ' ki ) is F-  measurable for  izo T
;

 = # empty bins  when i balls placed
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A second and third analysis of d - process
- -

-

The emergence
of a giant component

⇒ Suaptibility blows
up

¥,
I Cj 12 a- step charges depend on products

of Ilcj.at/Cj.bl=Ya.b
a. be (d) Z

JET
I vertices of deg b in Cj

The growth of the giant component

⇐ Control on moments of a Branching Process
.

.
.

¥,
I Cj Ik ← step charges depend on products

of E II
,

ICjsa! = T a Eld ]Z
j J
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