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1. Introduction

We solve the optimal dividend problem under fixed transaction
costs in the so-called dual model, in which the surplus of a company
is driven by a Lévy process with positive jumps (spectrally positive
Lévy process). This is an appropriate model for a company driven
by inventions or discoveries. The case without transaction costs has
recently been well-studied; see Avanzi et al. (2007), Bayraktar and
Egami (2008), Avanzi and Gerber (2008), and Avanzi et al. (2011).
In particular, in Bayraktar et al. (2013), we show the optimality of
a barrier strategy (reflected Lévy process) for a general spectrally
positive Lévy process of bounded or unbounded variation.

A strategy is assumed to be in the form of impulse control;
whenever dividends are accrued, a constant transaction cost 8 > 0
is incurred. As opposed to the barrier strategy that is typically
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optimal for the no-transaction cost case, we shall pursue the
optimality of the so-called (cq, c;)-policy that brings the surplus
process down to ¢; whenever it reaches or exceeds c, for some
0 < ¢; < ¢ < 00.While, as in Loeffen (2009), Thonhauser
and Albrecher (2011), an optimal strategy may not lie in the set
of (cq, ¢)-policies for the spectrally negative Lévy case, we shall
show that it is indeed so in the dual model for any choice of
underlying spectrally positive Lévy process. As a related work, we
refer the reader to a compound Poisson dual model by Yao et al.
(2011) where transaction costs are incurred for capital injections.
In inventory control, the optimality of similar policies, called (s, S)-
policies, is shown to be optimal in Benkherouf and Bensoussan
(2009), Bensoussan et al. (2005) for a mixture of a Brownian motion
and a compound Poisson process and in Yamazaki (2013) for a
general spectrally negative Lévy process.

Following Bayraktar et al. (2013), we take advantage of the
fluctuation theory for the spectrally positive Lévy process (see e.g.
Bertoin (1996), Doney (2007) and Kyprianou (2006)). The expected
net present value (NPV) of dividends (minus transaction costs)
under a (cq, ¢2)-policy until ruin is first written in terms of the
scale function. We then show the existence of the maximizers
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0 < ¢f < ¢ < oo that satisfy the continuous fit (resp. smooth
fit) at c; when the surplus process is of bounded (resp. unbounded)
variation and that the derivative at cj is one when c¢; > 0 and is
less than or equal to one when cj = 0. These properties are used
to verify the optimality of the (c}, ¢)-policy.

In order to evaluate the analytical results and to examine the
connection with the no-transaction cost case developed by Bayrak-
tar et al. (2013), we conduct a series of numerical experiments
using Lévy processes with positive i.i.d. phase-type jumps with
or without a Brownian motion (Asmussen et al., 2004). We shall
confirm the existence of the maximizers 0 < c¢j < c¢; < ooand ex-
amine the shape of the value function at c{ and c;. We further com-
pute for a sequence of unit transaction costs and confirm that, as
B 1 0, the value function as well as ¢ and c; converges to the ones
obtained for the no-transaction cost case in Bayraktar et al. (2013).

The rest of the paper is organized as follows. Section 2 gives a
mathematical model of the problem. In Section 3, we compute the
expected NPV of dividends under the (c;, ¢;)-policy via the scale
function. Section 4 shows the existence of 0 < ¢f < ¢ < o0
that maximize the expected NPV over c¢; and c;. Section 5 verifies
the optimality of the (c}, ¢})-policy. We conclude the paper with
numerical results in Section 6.

2. Mathematical formulation

We will denote the surplus of a company by a spectrally positive
Lévy process X = {X;; t > 0} whose Laplace exponent is given by

1
Y(s) = logE[e™™ ] =cs+ 50252

+ f (€% — 14 s2lgeeyv(dz), 520  (21)
(0,00)

where v is a Lévy measure with the support (0, co) that satisfies
the integrability condition f(o sy (1A z%)v(dz) < oo. It has paths
of bounded variation if and only if o = 0 and f(o nZ v(dz) < oo.
In this case, we write (2.1) as

(e — Dv(dz), s>0

() =0s+ /
(0,00)

with?d :=c+ f(w) z v(dz); the resulting drift of the process is —0.
We exclude the trivial case in which X is a subordinator (i.e., X has
monotone paths a.s.). This assumption implies that o > 0 when X
is of bounded variation.

Let P, be the conditional probability under which X, = x (also
let P = Pgy),and let F := {F; : t > 0} be the filtration generated
by X. Using this, the drift of X is given by

ni=EX] = —y¢'(0+). (2.2)

In order to make sure the problem is non-trivial and well-defined,
we assume throughout the paper that this is finite.

Assumption 2.1. We assume that u € (—00, 00).

A (dividend) strategy = = {LT;t > 0} is given by a non-
decreasing, right-continuous and F-adapted pure jump process
starting at zero in the form LT = ) ,_._, ALT with AL, = L, —
L_,t > 0. Corresponding to every strategy w, we associate a
controlled surplus process U” = {U] : t > 0}, which is defined by
Ul =X, — L7

¢ 20,

where Uj_ = x is the initial surplus and Lj_ = 0. The time of ruin
is defined to be

o” =inf{t >0:U] <0}.

A lump-sum payment cannot be more than the available funds and
hence it is required that

ALY <UL + AX;, t<o"as. (2.3)

Let IT be the set of all admissible strategies satisfying (2.3). The
problem is to compute, for ¢ > 0, the expected NPV of dividends
until ruin

0.7'[
vr (x) :=EX[ / e*qfd(Lz’— Zﬂl{ALg>0})], x>0,
0 0<s<t

where 8 > 0is the unit transaction cost, and to obtain an admissi-
ble strategy that maximizes it, if such a strategy exists. Hence the
(optimal) value function is written as

v(x) := sup v;(x), x>0. (2.4)

well

3. The (c;, c2)-policy

We aim to prove thata (cj, ¢;)-policy is optimal for some ¢ >
¢ > 0.Forc, > ¢ > 0,a (cy, ¢)-policy, 7e, , = {L;"?; t > 0},
brings the level of the controlled surplus process U1"22 ;= X —[1:©
down to c; whenever it reaches or exceeds c,. Let us define the
corresponding expected NPV of dividends as

Ocq,0p
Vey.c0 x) = Ey |:/0 e—qfd(Lfl‘CZ _ Z :Bl{ALgl‘CZ>O}>:| s

0<s<t

x>0, (3.1)

where o¢, ., := inf{t > 0: U"? < 0} is the corresponding ruin
time. In this section, we shall express these in terms of the scale
function.

3.1. Scale functions

Fix ¢ > 0. For any spectrally positive Lévy process, there exists
a function called the g-scale function

w@ : R — [0, 00),

which is zero on (—o0, 0), continuous and strictly increasing on
[0, 00), and is characterized by the Laplace transform:

o0
/ e W@ (x)dx = s> @(q),
0

1
Y(s)—q
where

@(q) :==sup{rA > 0: ¥ (1) =q}.

Here, the Laplace exponent ¥ in (2.1) is known to be zero at the
origin and convex on [0, c0); therefore @ (q) is well-defined and is
strictly positive as ¢ > 0. We also define, for x € R,

X

W00 = / W (y)dy,
0

Z9x) =1+ qW" " (),

7Z9%) = / Z9(2)dz =x+q / / W@ (w)dwdz.
0 0 0

Notice that because W@ is uniformly zero on the negative half-
line, we have

ZO9x)=1 and Z%w) =x, x<O. (3.2)
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Let us define the first down- and up-crossing times, respectively,
by
t=inf{t >0:X; <a} and
T ' (3.3)
7, =inf{t >0:X; > b}, abeR.
Then we have forany b > 0

5 e*qfr;l _ W(q)(b—x)
" [w>w )] = "W

E, |:e_qu+ 1{ . }] =Z@Ob—x)—Z9 W)
‘Eb <‘EO

)

W@ (b —x)
W@ (b)
Notice for the case of spectrally negative Lévy process starting at x,
analogous results hold by replacing b — x with x.
Fix a > 0 and define v,(-) as the Laplace exponent of X under

P with the change of measure

dpt

dp

t>0;

= exp(aX; — ¥ (a)t), (3.5)

F

see p. 213 of Kyprianou (2006). It is given for all s > —a by
1
Ya(s) = (a02 +c —/ u(e ™ — 1)v(du)>s
0
1
+ -2+ / @ — 1+ sulpy<yy)e ™ v(du).
2 (0.00)

If Wa(q) and Zéq) are the scale functions associated with X under
P? (or equivalently with ,(-)), then, by Lemma 8.4 of Kyprianou
(2006),

WIV@ () = e *W?(x), xeR, (3.6)

which is well-defined even for ¢ < ¥ (a) by Lemmas 8.3 and 8.5 of
Kyprianou (2006).

Remark 3.1. (1) Regarding the asymptotic behavior near zero, we
have that

o 0, if X is of unbounded variation,
D) =11
W) 3 if X is of bounded variation, (3.7)
and
W@ (0+) == limW9 (x)
x0
pl ifo >0,
= o0, ife =0andv(0, 00) =00, (3.8)
v(0, oo o .
%, if X is compound Poisson.

(2) If X is of unbounded variation, it is known that W@ is
C1(0, 00); see, e.g., Chan et al. (2011). Hence,

(@) Z@ is C'(0, oco) and C°(R) for the bounded variation case,

while itis C2(0, co) and C!(R) for the unbounded variation

case, and

(b) Z(q) is C2(0, 0o) and C'(R) for the bounded variation case,

while itis C3(0, co) and C?(R) for the unbounded variation

case.
(3) Asin (8.18) and Lemma 8.2 of Kyprianou (2006),
W'y w@(x

, >x>0,
W@(@y) — W@D(x) y

where W@’ is understood as the right-derivative if it is not
differentiable. In all cases, W@ (x—) > W@ (x+) forallx > 0.

3.2. The expected NPV of dividends for the (cy, c3)-policy

Now we obtain (3.1) using the scale function. By the strong
Markov property, it must satisfy, for every 0 < x < ¢, and
0<c <y,

ot
Vep,e (X)) = Ey [e qte, 1{@«6}()(%; —C — ﬂ)]

—qtt -
B[ g ] T (3.9)
where v, ¢, == V¢, ¢, (€1). Solving for x = ¢, we have
E [e_‘”f;l X — —ﬂ)]
_ . ‘ {Tc2<7:0 } Tcy
UC1,C2 - —qr+ ’
1— EC] [e 2 1{'[:2—<'[0_}:|
0<c <c. (310)

gt _u
The Laplace transform E,[e o X 1{Tc+<r(;}], g,v > 0, was

computed in Corollary 3 of Ivanovs and Palmowski (2012). The

following result is the derivative of this transform at v = 0.

Lemma 3.1. For 0 < x < c,
Ex I:e_qr;r]{r;r<rglxrc+] = —R@ (c—x+ <C - %) z@ (c—%)
W@ —x
— c— ® 7@ (c) — R@ (©) ( ),
q w@ (C)

where

n

RO@y) =7 (y) — o VER

By this lemma, (3.4) and (3.10), we can write

Uy c ZM, 0<c <o, (3.11)
Y2 g, @)
where
fler,c2) = —RP(c; — c1) + (Cz - %) ZD(c; — 1)
“\ @ @ W@ (c, — c1)
—_ [(Cz — q ) Z q (Cz) — R q (Cz)} W(q)(cz)
w@ _
—(@@+B) [z“”(cz —e) - z<q>(c2)w((§f(cz)“)}
=R —c1) + <C2 - —B- %) ZP(c; — 1)
- [(cz —c—p- %) 29(c) - R“”(a)]
W(q>(C2 —C1)
and
@ (o _
g c) = 1-29(c; — ) 4 20 W2 =W (33

w@ (c2)
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4. Candidate strategies

Using the results in the previous section, we now have an
analytical expression for (3.1) or equivalently (3.9). For0 < x < ¢,
and 0 < ¢; < ¢y, this expression reduces to

Ve, (®) = =RV (c; — %) + (Cz - Z) AUCES)

u W@(c, —x)
B [(CZ - E) 20 - R(Q)(CZ)] WO ()

W(Q)(Cz —X)
= o (@) )y 7@
+ (Veye, — €1 — B) [Z (=% —-2%() W@ (G,) :|
=R — %) + 7 (1, 2)Z9(c2 — X)
W@ (c, —x)
—G(c1,00))——————, 4.1
€10 s (4.1)
where
- u
v(€1,0) =Vytaa—a—B——,
q (4.2)
G(c1, @) = y(c1, )ZV(c2) — RO (o).
For x > ¢,, we have
Vo) =x—c1 — B+ V¢ 0, - (4.3)

In view of (4.3), a necessary condition for a (cy, ¢;)-policy to
be optimal is that ¢; and ¢, maximize v, ., — ¢;. In this section,
we first obtain the first-order conditions by computing its partial
derivatives with respect to ¢; and ¢, and then show the existence
of finite-valued maximizers. In the rest of the paper, the derivative
is understood as the right-derivative when the scale function W@
fails to be differentiable on (0, c0).

4.1. First-order conditions

Lemma 4.1. Forevery 0 < c; < ¢y,

G(c1, ) 9 WP, —¢y)
g(c1,0) 3, WO (cy)

(Vey,c, —€C1) = Voo, =
8(:2 1,2 8(:2 1,62

Proof. Differentiating (3.12), we obtain

d
ﬁf(ﬁ, Q) = 29 —c1) +Z29(c; — 1)
2

+ (Cz - —B- %) qW@(c; —c1)

- [(cz —a—p- %)qw@(cz)

W@ (c, —¢1)
W(q) (CZ)

- [(Cz —a—p- %) 29 (cy) —RY (q)]
i W(q)(Cz —C1)

% W\ =)
dca W@(cp)
=— |:<cz —aq—-B8- Z)Z(q)(cz) - R(q)(fz)]

0 W(q)(CZ — C])
X — = 7
dca W@(cp)

+29(cy) — 2@ (Cz)]

On the other hand, differentiating (3.13) yields

9 W@, —cy)
—g(c1, ) = —qWP(c; — 1) + gW P () ————
3C2g( 1, C2) q (c;—c1)+q (c2) W@ (o)

3 WP, — )
dc, W@(c)
0 W(q) (C2 — C])

= 7@ (c,)—
(@) e, W@(c)

+29(c)

Using the last two equations along with (3.11), we have

d _ d
qu(cl» C) — Veq,cp Tczg(ﬁ, C2)

- [(Cz —ca—fB- %) Z9(c) — R(‘D(cz)]

d W(q)(Cz — Cl)
LA 2 S V4
dc; W@(c)

d WD, —cy)
A
dc;, W@(c)

9 WD, —c
— —G(C‘l, Cz)iy
dc, W@(c)

a _
g(clv CZ)TQUC1 2 =

- ‘DC] ,CZZ(q) (CZ)

Lemma4.2. For 0 < ¢; < ¢y,

0 _ 0 [f(c1,¢) —cig(cr, ¢2)
7(‘”(‘1,(‘2 —C)=—
acy acy g(cr, )
W@ (¢, — ¢
=— [—H(q, &) + G(er, Cz)(()Z]):|7
g(c1, ) W@ (cy)
where

H(ci, ) =¢q [J/(Cu WP (c, — ) — W(q)(r:z - C1)] .

Proof. By (3.12) and (3.13),
f(c1, ) —cigler, ¢2)

= —RP(c; —c1) + <62 —a—p- %) 29 — 1)

2 W@ (c, — ¢y)
— [(cz - —-B- E) Z9(cp) — R(q)(Cz)] WG

W@ (c, —c1)
W(q) (CZ)

=RV, —c) — a1 + (Cz -B- %) Z9(c; — 1)

M W(q)(Cz —C1)
B [(CZ _p- E) 7@ () — R(q)(Cz)] WO

—ci+aZc — 1) —aZ(c)

and hence its derivative equals
]
—If(c1, &) —c1g(cr, )]
8c1
(@) K
=qW " (c; —c1) — (Cz -B- E) gW@(c, — ¢y)

" w@' (c; — 1)
(e p- )20 o] W —e)
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W@ (¢

W@ (cp) and

Because dg(cq, ¢2)/dc; = qWP(c; — 1) —Z9@(cy)
by (3.11),

0 (f(c1,c) —cig(cr, ¢2)
g(Ch CZ)i
ac g(c1, ¢2)

0 _ d
= —[f(c1, ©2) — c1g(c1, )] — (V¢y,e, — C1) ——8(C1, C2)
¢y 0Cq

—(q) 122
=qW ', —c1) — (Cz —B - 5) QW@ (c, — 1)

W@ (c; — ¢1)
#|(om-5) 2w PGS

W' (c; — ¢1)
— (v _ (@ _ _ 7@ e U
(Vey.c, — €1) |:qW (€2 —c1) —Z%(cr) W@ (c)
W@ (c; — ¢7)

= —H(c1, &) + G(cy, C2)w~

Remark 4.1. The first-order conditions obtained above are for
(4.3). However, these are in fact the same for (4.1) forany 0 < x <
¢,. Differentiating the first equality of (4.1),

a _
7(vC],C2 —C— ﬂ)

8C1
W@ (c, —x)
W@ (cy) ’

87(:11)6],132 (X) =

x [Z(q) (¢ —x) — 7@ (c2)

(4.4)

whose sign is the same as that of 9 (v, ¢, — ¢1)/dc; thanks to (3.4)
which guarantees that the expression inside the square brackets is
positive. Moreover, by differentiating (4.1) and by Lemma 4.1, for
0<c <cy,

0<c <0y,

9 WD(c, —x)

—, X —G(cq, C
8(:2 C],Cz( ) ( 1 2) ac W(q)(cz)
W@, —x)T 8
+ 1290 —%) —Z29() ————— | —7
|: ( 2 ) ( 2) W(q)(Cz) aCz c1,02
@ (¢ —.
Z@(cy — x) — 7@ (Cz)w
= —G(Cl, Cz) 1 + w9
g(clv CZ)

d WD, —x)
27 Y
dca W@(cy)

whose sign is the same as that of 9v,, ,/dc, due to item (3) of
Remark 3.1.

)

4.2. Existence and some properties of maximizers

Now we are ready to show that the maximizers of v, ., — ¢
exist. We will also describe equations that can be used to identify
these points.

Lemma 4.3. We have supg ., <, (Vc; .c,
— ) for sufficiently large C < oo.

- C]) = Supogcl <C2§C(‘DC],CZ
Proof. By Lemma 3.1 and (3.4), forany c; > ¢; > 0,
E [e—q’cﬁl P (X — ﬂ)]

1 {'L'C2 <79} 1ey

= R —c) + <Cz —B - %) AUCE)

W@ (c, — 1)
[( e *> Zhe R(q)(”)] WO

and hence
9 —qreh
3o [ g O = )]

= - [(cz - - ﬁ) 29(c) =R (cz)]
q acy

WD (c; —c1) WP (c) (45)
W@ —c)) WO() |’ '

a w@ (¢ —cp)
W(LI)(CZ)

= —AIWP(c; — ¢1) (

@ @
c—ﬂ—&) zZ80 _ RO o - 0 ]t follows

where A(c) = W@ MOIBE
from Exercise 8.5 of Kyprianou (2006) and Proposition 2 of Avram
et al. (2007) that Z@(c)/W@(c) — q/®(q) € (0,00) and
R@ () /WD (c) — q/®(q)*> € (0,00) asc 1 oo, respectively.
As aresult, A(c) 1 oo and hence there exists B < oo such that

A(c) >0, c>B. (4.6)
@ (¢ — (@’

Now because MV/V(Z) ((;227;1)) - VV'(/;)((;Z)) > 0 by Remark 3.1(3), we have

0E, [e [ 21{t+<r0 }(X ﬂ)] /dc; < Oforanyc, > ¢; > B.

Hence for any fixed c; Z B,

sup E, |e [ 21(t forg - (Xt —,3)]
0>
gt _
= Jim B [ 1 Xy = 8]
= (c1 — B) — Alc)W?(0).

Now by the definition of v, ¢, as in (3.10), for any fixed ¢; > B,

sup (l_)c],cz - 1)
00>

et B [ s (g — B

= sup
cicp>Cq 1— Ecl I:e*q [} 1{r+<r_]:|
—c1+ sup Eg e [ 21{T f g }(X ﬁ)]
€:0>C1
< sup
@22=a 1- E, |e [ 2 1{15 <ty }]
B —B — Alc)W ) (0)

sup - )
2e=a 1 —E, [e T2 ][r;r<rg}:|
2

which is negative by (4.6). On the other hand, because ¢c; = 0 and
¢, > O attain v, ¢, — ¢; = 0, we have

—-q) = sup (Vey,ey — €1 (47)

(c1,02):2>¢1=0,c1<B

sup  (Veyq,
(€1,02):02>¢1=0

Now fix c; < Band c; > B+ § forany § > 0. Then

gt
_ —C +E51 [6 e 1{r+<r(;}(xrc+2 - ﬂ)]
VUeicp —C1 =
1— EC [ 2 1{‘ECZ<T0 }]
—B—
> P =M > —o0.
_ qT,
1= B [e B+5] (Thys5<70 }]
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By Lemma 4.1 and Remark 3.1(3),
0 G(cr, ) 0 WD, —¢y)

Ve =

e g(c1, ) 9, W@(cp)
(@)
= — ([f)cl,q +o—-ag—-B8- Z] 7‘/2\/(,;)((6;2))
R (c;) \ WP(c; — c1)
- W<q)(C2)) g(c1, ¢2)
W, —c)  W(e)
* (W(q)(Cz —o w<q>(c2)>
- <|:M+cz s ﬁ:| Z9(cy) _ R@(cy) )
qglW@() Wa(r)
WD —c) (W (o —cr)  WP(c)
TN (ww(cz —o) w<q>(cz>>'

. n 7@ ()
Using Remark 3.1(3) and the fact that (M + ¢, — 8 — ) WD)

@ . , -
= fq)((cczz)) 1% 0, it follows that there exists a sufficiently large

constant C such that

a0 _
sup  —7,, < 0.
c1<B,c;>C 0C2

Combining the last inequality with (4.7) completes the proof. O

Lemma 4.4. Fix any ¢; > 0, lim, ¢, G(cy, ¢2) < 0.

Proof. We have

—o00, if X is of unbounded variation,
(@)
e () -1 _ w (61) ()
v(c1, ) —> {ZP(c1) [ 7W(q)(0)ﬂ+R ()],

if X is of bounded variation.
When X is of unbounded variation lime, ;¢, G(cy, ¢z) = —oo while
when X is of bounded variation, by (4.2), limg, ¢, G(¢c1, ;) =

W(q)(fl)
~Woo B<0. O

This lemma, together with Lemma 4.1 and Remark 3.1(3),
implies that, for any fixed ¢; > 0, 0v,, ,/9c, is negative near
c1; consequently there exists v¢, ¢, = limg, ¢, U¢;,c, (Which can
be shown to be —oo when X is of unbounded variation). Because
U¢,,c, — €1 is continuous and we have a compact domain {(¢q, ¢3) :
0 <c <,0 <y < C}forlarge C by Lemma 4.3, we have a
maximum. Furthermore, Lemmas 4.1 and 4.4 show that if c; and ¢,
maximize v, ., — €1, it must hold that ¢, is away from c;.

Lemma 4.5. Suppose ¢; and ¢, maximize v, ¢, —¢1. Then G(cq, ¢3) =
0 and H(cy,¢c;) > 0. In particular, if ¢; > 0, we must have
H(cy, ) =0.

Proof. By Lemmas 4.3 and 4.4, ¢, € (c1, 00). Hence, by Lemma 4.1,
we must have G(cq, ¢;) = 0. On the other hand, by Lemma 4.2,

Zw _C)__H(Cl,Cz)
ac, 2 g(c,0)
If H(cy, ) < O, the derivative is positive and it violates the

assumed optimality. In particular, if ¢; € (0, cy), then the
derivative must vanish and hence H(cy,¢c;) = 0. O

Combining the above arguments, we arrive at the following
proposition.

Proposition 4.1. There exist (cy, ¢;) that maximize v, ., — ¢ and
satisfy the following two properties.

(1) 0 < ¢ < coand G(cy, c3) =0;
(2) either 0 < ¢ < ¢ with H(cy,¢2) = 0, 0r ¢y = 0 with
H(0,c2) = 0.

Remark 4.2. Suppose c¢; and ¢, are such that H(cy, ¢c;) > 0 and
G(cy,c3) = 0. Then, y(ci,c3) > 0. To see why this is so, by
Lemma 4.4, G(c1, c;) = 0 implies that ¢; < ¢, and, together with

H(c1,¢;) = 0, we have y(ci,¢;) = W (c; — ¢)/W@(c; — ¢1)
> 0.
5. Verification of optimality

By Proposition 4.1, there exist 0 < ¢f < ¢; < oo such that
G(cy, c;) = 0 and either

Case 1 cf > Owith H(c],c}) =0, or
Case 2 c; = 0withH(0,c3) > 0.

We will show that such a (cj, c;)-policy describes an optimal
policy (and as a result the conditions written in terms of H and
G are both necessary and sufficient for (cj, c;) to be optimal).
Propositions 5.1 and 5.2 will play a key role.

By substituting G(c{, c;) = 0in (4.1),

—RO(c; —x) + y(ct, cHZD(c; —x),
0<x<cj,

U c*(x) -
12 % _ *
x—c1—,3—|—vci<,céf, X>c.

In fact, by (3.2) and by the definition of y (¢}, ¢}) asin (4.2), we can
write for any x > 0,
ver s (%) = —RY(5 = %) + ¥ (¢}, )ZV (5 — %). (5.1)

Itis clear that it is continuous at c;. Regarding its differentiability,
we have

Ver s %) =205 = %) = (e, )qW @ (¢} — ), (5.2)

whose limit equals

Ve (G =) = 1= y(c}, )aWw @ (0), (5.3)

Because vé* +(c;+) = 1, the differentiability at c; is satisfied if
T2

1
and only if X is of unbounded variation by (3.7) and Remark 4.2.
We summarize these observations in the lemma below.

Lemma 5.1 (Smoothness at c;). The function Ve ¢ () is continuous

(resp. differentiable) at c; when X is of bounded (resp. unbounded)
variation.

Remark 5.1. Differentiating (5.2) further,

U (0 = —qW (5 =0 + (], AWV (s — 0, (54)
fora.e.x € (0, c;) and its limit as x 1 ¢ equals

Vs (G 2) = —qW P (0) + ¥ (¢}, )aW @ (04). (5.5)

These results on the second derivative are used in deriving
Propositions 5.1 and 5.2 below.

By Remark 3.1(2) and Lemma 5.1, the function Vet e is C°(0, 00)

and C'((0, 00) \ {c3}) (resp. C'(0, oo) and C%((0, 00) \ {c;})) when
X is of bounded (resp. unbounded) variation.

Let £ be the infinitesimal generator associated with the process
X applied to a sufficiently smooth function f

1
LX) = —cf'(0) + Edzf”(x)

+ /( [0t 2) =00 —S @2 0zecn ] ).
0,00

Here GCUC;,C; (-) makes sense anywhere on (0, o0) \ {c;}.
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Proposition 5.1. (1) (£ — q)ch’C; (x) =0for 0 <x <cj,
(2) (£ - q)UcT,c;(x) <O0forx > C;

Proof. (1) By Proposition 2 of Avram et al. (2007) and as in the
proof of Theorem 8.10 of Kyprianou (2006), the processes

—q(t/\ro’Arct)

229X, .~ ,+) and

tAT, AT
0 ey
— T
—q(tATO /\zc*) («
)
e 2 R (XMTO—Ar:;), t >0,

are martingales. Thanks to the smoothness of Z@ and R@ on
(0, ¢}) (see Remark 3.1(2)), we obtain (£ — Q)RP(y) = (£ —
)Z@(y) = 0forany 0 < y < cj. This step is similar to the proof
of Theorem 2.1 in Bayraktar et al. (2013). This implies claim (1) in
view of (5.1).

(2) Suppose X is of bounded variation. By (5.3) and Remarks 3.1(1)
and 4.2,

vé?c; G-)<1= vé?fz* (c5+).

Because o = 0,9 > 0 and Vet e (+) is continuous at ¢, (1) implies
(L—9q) Vet e (c;+) < 0.Because, on (c;, 00), LUcx cx is a constant
and quct,c; is increasing in view of (5.1), claim (2) follows for the
bounded variation case.

Suppose X is of unbounded variation. By (5.5) and Re-
marks 3.1(1) and 4.2,

Vi e (6 ) = 7 (€7, )W P (04) > 0 = v} (3 +).

Because Vet e is differentiable at c;, we must have (£ — Q)Ucf,cg
(c;+) < 0. Again, because (£ — q) Uck e is decreasing on (c;, 00),
(2) is proved for the unbounded variation case as well. O

Proposition 5.2. For any x > y > 0, it holds that Ves e x) —

V() Zx—y—B.

In order to show this proposition, we take advantage of the slope

of Uck ey at ci.By (5.2),

Ve o (€]) = ZD(c — ) — y(cl, cHgWwP(c; — ¢
=1—H(, ).

When ¢ = 0, the derivative is understood as the right-derivative.
Hence we arrive at the following.

Lemma 5.2 (Slope at c}). For both Cases 1 and 2, v/, .(cj+) < 1.
172
In particular, for Case 1, vé* o () =1
172

Lemma 5.3. Forany x € (0, 00) \ {c;}, Uéf,c; (x) < 1ifand only if
x € (cf, c3).

Proof. Because véT’fﬁ‘ (x) = 1on (c5, 00), we shall focus on x €
(0, ¢3). Rewriting (5.4),

vé}'c; x) =—-qgW9; —x)J(x), 0<x<c], (5.6)

W@ (5
Wc?—:)' By Remarks 3.1(3) and 4.2,
J() is decreasing on (0, ¢3), and hence there exists a unique level
¢ € [0, c;] such that (5.6) is negative if and only if x < . In other

words, there are three possibilities

where J(x) == 1— y(c], c3)

(i) vex ox is strictly concave on (0, c),

.e Cl ’C2 . . - 2 . -

(ii) Vet ¢ 1S strictly concave on (0, ¢) and strictly convex on (c, ¢3),
(iii) Vet cf is strictly convex on (0, c3).

Case 1: Suppose ¢ > 0with H(c], ¢;) = 0.By Lemma 5.2, (5.3)
and Remark 4.2,

véchéﬂ G—)<1= véchg (). (5.7)
Therefore we can safely rule out (iii) and we must have either (i) or
(i) with cf < ¢ < c3. For (i) (thus v/, . is decreasing on (0, c3)),
1°72
givenx € (0,¢)), v «(x) < 1ifandonlyifx € (cf, c;). Now
1°72
suppose (ii) with ¢f < ¢ < cj. Then by the concavity on (0, ¢)
and 1 = v/, .(c}), we have v/x . > 1on (0,cy) and v/, . < 1
1°72 172 172

on (cj, ¢). For x € (c, c3), by the convexity on (c, ¢;) and (5.7),
12 v (=) Z U 2 ()

Case 2: Suppose c; = 0 with H(0, ¢;) > 0.In view of (5.2) and
the definition of H(O, c5), we must have that v() +(0+) < 1.This

T2

together with vég (c;—) < 1shows that v(’lq (x) < 1on(0,c))
for any of (i)-(iii). O
By Lemma 5.3,
Inflve; s () = vep. g O0) = (x =y = B)]
= Ver 5 (3) — Ver 5 () — (¢; —¢f — B) =0,

and as a result the claim in Proposition 5.2 follows immediately.
Next, we will verify the optimality of the (c7, ¢})-policy.

Theorem 5.1. We have Vek e (X) = sup,cpy v (x) foreveryx > 0
and the (cj, ¢)-policy is optimal.

Proof. Here we only provide a sketch of a proof since it is similar
to that of Lemma 6 of Loeffen (2009). To verify the optimality of
(cj, ¢3) we only need to show that Vet e xX) > vy (x),x > 0, for
all # € I1. But this result follows from applying the It6 formula
to UCT,C;‘(U[”) for an arbitrary # € [I, using Propositions 5.1
and 5.2 and then passing to the limit using Fatou’s lemma. Here
one should be careful in applying the It6 formula since the value
function U ¢y May not be smooth enough at c; to apply the usual
version. When X of unbounded variation, we use Theorem 3.2 of
Peskir (2007), which shows that the smooth fit principle (which
we proved in Lemma 5.1) is enough to kill the local time terms
that might accumulate around c3’; see also Theorem IV.71 of Protter
(2005), or Exercise 3.6.24 of Karatzas and Shreve (1991). On the
other hand, when X is of bounded variation recall from Lemma 5.1
that the value function is only continuous. However, in this case
we do not need the smoothness of the value function at ¢, simply
because the first derivative term is integrated against the Lebesgue
measure which is a diffuse measure. We could also directly use the
first part of Theorem 6.2 of @ksendal and Sulem (2007). O

We conclude this section by showing the uniqueness of (¢}, ¢3);
recall that the existence was proved in Proposition 4.1.
Proposition 5.3. The maximizer (cj, ¢}) is unique.

Proof. Suppose (c7, ;) and (¢}, ¢;) both maximize v, ., — 1. We
shall show that they must be equal.

By Lemma 4.5, both (c], ¢3) and (}, &) satisfy Case 1 or Case 2
and by Theorem 5.1 we have

Uex ey (X) = ver e5 (X) = sup vz () x > 0. (5.8)

mwell
We first show that ¢; = ¢3. Indeed, by Lemma 5.3, v/, .(x) < 1
1°72
on (cf, c;) and i .. (x) < 1on (¢, ¢;) while v/, .(x) = 1on
1°72 1°72
(5, 00) and v, .. (x) = 1o0n (5, o). Hence if ¢ # &5, it would
1°72

contradict with (5.8) for the points between c; and ¢;.
In order to show ¢} = ¢}, we appeal to the identity vc, ¢, (c;) —
Vey.c, (€1) = ¢ — ¢y — B, which holds forany 0 < ¢; < ¢, for which
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Fig. 1. For the case o = 1: (left) v, , — ¢; with respect to ¢; and ¢, (right) the value function Ve cx as function of x.

Ve, ¢, IS continuous at c,. This together with (5.8) and ¢ = ¢
shows ves cx (G Ve (€]) = Cr — ¢ If CF # cf, by the mean
value theorem, there exists a point between these at which vé* .

1°72
is one; however, this contradicts Lemma 5.3. This completes the
proof. O

6. Numerical examples

In this section, we confirm the results numerically using the
spectrally positive Lévy process with i.i.d. phase-type distributed
jumps (Asmussen et al., 2004) of the form

N¢
xt—xoz—ar+oBt+ZZn, 0<t< oo,

n=1

for some » € Rand o > 0.Here B = {B;;t > 0} is a standard
Brownian motion, N = {N;; t > 0} is a Poisson process with arrival
rate A,and Z = {Z,;n =1, 2, ...} is an i.i.d. sequence of phase-
type-distributed random variables with representation (m, e, T);
see Asmussen et al. (2004). The processes N, B and Z are assumed
to be mutually independent. Its Laplace exponent (2.1) is then

YO = a5+ 207+ (alsl ~T) 't~ 1),

which is analytic for every s € C except at the eigenvalues of T.
Suppose {—&; ¢; i € 44} is the set of the roots of the equality ¥ (s) =
g with negative real parts, and if these are assumed distinct, then
the scale function can be written

@ e £ qx
WP = —— — Ggqe 7", x>0, (6.1)
V(@) Zf .
where
o Stéig _
YO ey, V(G

see Egami and Yamazaki (2012). Here {&; 4; i € dq} and {Cig;i €
44} are possibly complex-valued.

In our example, we shall choose a phase-type distribution
which does not have a completely monotone density. Recall that,
in the spectrally negative counterpart (Loeffen, 2009), the (cy, ¢3)-
policy may fail to be optimal if the Lévy density is not completely
monotone. On the other hand, in the dual model, there is no
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Fig. 2. For the case with o = 0: (left) v, ., — ¢y with respect to ¢; and ¢,, (right) the value function Uckcx asa function of x.

restriction on the Lévy measure. We assume m = 6 and

r—5.6546 0.0000 0.0000 0.0000 0.0000 0.0000
0.6066 —5.6847 0.0000 0.0166 0.0089 5.0526
T — 0.2156 4.3616 —5.6485 0.9162 0.1424 0.0126
5.6247 0.0000 0.0000 —5.6786 0.0000 0.0000 |’
0.0107 0.0000 0.0000 5.7247 -—5.7420 0.0000
L 0.0136 0.0000 0.0000 0.0024 5.7022 —5.7183
r0.0000
0.0007
0.9961
o= s
0.0000
0.0001
0.0031
which give an approximation of the Weibull distribution with

density function f(x) = ay*x* lexp{—(yx)*} fora = 2
and y = 1, obtained using the EM-algorithm; see Egami and
Yamazaki (2012) regarding the approximation performance of the
corresponding scale function. Throughout this section, we let ¢ =
0.05 and let other parameters vary so as to see their impacts on the
optimal strategy and the value function.

In our first experiment, we letd = 2,0 = 0or o = 1 with

Case1l: p=4and A =3
Case2: f=4and A =1

and obtain the optimal strategies/value functions and confirm the
analytical results obtained in the previous sections. We choose
these parameters so that cj > 0 for Case 1and ¢} = 0 for Case 2.

Figs. 1and 2 show the results foroc = 1and o = 0, respectively.
In both figures, we plot in the left column v, ., — ¢; with respect
to ¢; and c; and in the right column the value function vfi‘«fé‘(')
as a function of the initial value x. Recall that the values (c7, c)
are those that maximize v, ., — ¢1. As can be suggested from the
contour map of v, ¢, — ¢1, there exists a unique global maximum
and hence Newton’s method is a reasonable choice of computing
the maximizer (c}, c;). For the plots of the value functions, the
circles indicate the points (c7, Vek e (c})) and (c3, Uck,c3 (c3)) and
the dotted lines the 45° lines passing through these points.

In view of these figures, the continuity/smoothness at cj is
readily confirmed; it appears to be differentiable for the caseo = 1
(in other words, the value function is tangent to the 45° line) while
it is continuous for the case o = 0. The non-differentiability for
o = 0 is apparent in view of Case 2 in Fig. 2. At c], the value
function is indeed tangent to the 45° line if c; > 0, while for the
case cj = 0, we see that the slope is less than one. These results are
consistent with Proposition 4.1. It is also confirmed that the slope
of Vet e is smaller than 1 only at those points inside [c], ¢ ], which
verifies Lemma 5.3 and Proposition 5.2.

In our second experiment, we take 8 | 0 and see if the value
function converges to the one under no-transaction costs as in
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Bayraktar et al. (2013):

5@, % .
Das (x) = {—R (a —x), %f/,l, >0,
X, ifu <0,

for any x > 0, with the optimal barrier level

)\ —1
. <Z(q)) (M) >0 ifu>0,
a = q

0 ifu <0.

We let A = 3 and consider the case & > 0 (by choosing o = 2) and
also the case i < 0 (by choosing o = 3).

Fig. 3 plots for each case the value function vci«,f;() for 8 =
10,5, 1, 0.5, 0.1 (dotted) together with the no-transaction case
g+ (+) (solid) as in (6.2). The circles on the plots indicate the points
(ct, Vet cx (), (c5, Uek e (c3)) and also (a*, Dg=(a*)). It is easy to
see that the value function is monotone in 8 (uniformly in x),
and converges to the no-transaction cost case as 8§ | 0. The
convergences of both ¢ and ¢J to a* are also observed. In fact, one
can prove the convergence of value functions using the stability of
viscosity solutions.

Proposition 6.1. Let v? denote the value function corresponding to
the dividend payment problem when the fixed transaction cost is

B (defined as above), and v the value function when there are no-
transaction costs. Then vf converges to O uniformly as 8 | 0.

Proof. From the definition of the problem, v/ < © and v# is de-
creasing in 8 and hence it has a point-wise limit, which we will
call v. The proof is completed if we can show that v is a viscosity
super-solution of the variational inequality that corresponds to the
problem without transaction costs. But this is an immediate con-
sequence of the stability result of the viscosity solutions (see e.g.
Theorem 6.8 of Touzi (2013) and Theorem 1 of Barles and Imbert
(2008)), since we can obtain the variational inequality in the no-
transaction case by taking a limit in the case with transaction costs.

To get to uniform convergence from point-wise convergence we
just proved, we appeal to Dini’s theorem to first show it on com-
pacts. This indeed holds because we already know that (v#) and
are continuous functions and v# 4 9 as 8 | 0. Now, because the
slopes of (v#) and ¥ are all one above c; and a*, respectively, and
because ¢ can be shown to be bounded for any small 8 (thanks
to the convergence c; to a* as 8 | 0 or modifying the proof of
Lemma 4.3), the uniform convergence holds. O

We also observe in the figures that for & < 0, ¢ = 0. This can
be shown analytically for any 8 > 0.

Corollary 6.1. If i < 0, we must have cj = 0.
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Proof. By the nature of the problem the value function Ves e is

dominated by that of the no-transaction cost case. By (6.2), we
must have Vet ¢t (x) < x for any x > 0. Moreover, because

Vet et 0 =0, v;* »+(0+) < 1 and hence, in view of the proof of
1°72
Lemma 5.3, we must have c;‘ =0. O
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