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(KILLED) LEVY PROCESS

> (&,t>0)is a (killed) Lévy process if it has stationary and independents with
RCLL paths (and is sent to a cemetery state after and independent and
exponentially distributed time).
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: :

(KILLED) LEVY PROCESS

> (&,t>0)is a (killed) Lévy process if it has stationary and independents with
RCLL paths (and is sent to a cemetery state after and independent and
exponentially distributed time).

» Process is entirely characterised by its one-dimensional transitions, which are
coded by the Lévy—Khinchine formula [Exercise! Show that the exponent must
factorise]:

]E[eis-gt] — ef\Il(G)t’ 0c ]Rd,

where,
1 )
W) =q-+ia-0+ 0 A0+ /d(l — €O (0 - x)1 1) )T(X),
R
where a € R, Ais ad x d Gaussian covariance matrix and II is a measure
satisfying [5q(1 A |x|?)II(dx) < co. Think of IT as the intensity of jumps in the

sense of
P(X has jump at time ¢ of size dx) = II(dx)dt + o(dt).
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(KILLED) LEVY PROCESS

> (&,t>0)is a (killed) Lévy process if it has stationary and independents with
RCLL paths (and is sent to a cemetery state after and independent and
exponentially distributed time).

» Process is entirely characterised by its one-dimensional transitions, which are
coded by the Lévy-Khinchine formula [Exercise! Show that the exponent must
factorise]:

]E[eig-gt] — ef‘ll(O)t’ 0c ]Rd,

where,
1 )
W) =q-+ia-0+ 0 A0+ /d(l — €O (0 - x)1 1) )T(X),
R

where a € R, Ais ad x d Gaussian covariance matrix and II is a measure
satisfying [5q(1 A |x|?)II(dx) < co. Think of IT as the intensity of jumps in the
sense of
P(X has jump at time ¢ of size dx) = II(dx)dt + o(dt).
> In one dimension the path of a Lévy process can be monotone, in which case it is
called a subordinator and we work with the Laplace exponent

Ele~ ] = e~ 2N, t>0

where
D(N\) =g+ A+ / (1—eM)T(dx), A>0.
0
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LEVY PROCESS: ONE DIMENSION

Two examples in one dimension:

» Stable subordinator (&, t > 0) is a subordinator which satisfies the additional
scaling property: For ¢ > 0

under P, the law of (¢{.—«,, f > 0) is equal to P,
where a € (0,1). We have

1
dA) =A% A>0, and H(dx):ra x> 0.

A= a) ia o™
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LEVY PROCESS: ONE DIMENSION

Two examples in one dimension:

» Stable subordinator (&, t > 0) is a subordinator which satisfies the additional
scaling property: For ¢ > 0

under P, the law of (¢{.—«,, f > 0) is equal to P,

where a € (0,1). We have

dA) =A% A>0, and H(dx):ra ! x> 0.

% dx
(1 —a)xita
» Hypgergeometric Lévy process: For 5 < 1,7 € (0,1), 3> 0,4 € (0,1)

T(1—B+~—i0) T(B+4+i6)
L1-8-10)  I(B+i0)

The Lévy measure has a density with respect to Lebesgue measure which is given

() = 6 R,

by
L'(n) — (1B e )
—— e 2Ft (T4 ,mn—A;e7%), if x>0,
I'(n—9T(=) ( )
w(x) =
T'(n) (B4 . x ;
—— e 2F1 (L +4,m5m —v;e%), if x <0,
I'(n—1T(=9)

wheren:=1—B8+~+B+4. 5/125
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LEVY PROCESS: ONE DIMENSION

» If £ has a characteristic exponent W then necessarily
V(0) = rk(—if)k(i0), 0eR.

where x and # are Bernstein functions, e.g.

(_q+5,\+/ (1—eM)r(dy), A>0.
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LEVY PROCESS: ONE DIMENSION

» If £ has a characteristic exponent W then necessarily
V(0) = rk(—if)k(i0), 0eR.

where x and # are Bernstein functions, e.g.
k(A) =g+ 0\ +/ (1—e ™T(dx), A>0.
(0,00)

> The factorisation has a physical interpretation:
> range of the r-subordinator agrees with the range of sup, ., &, t > 0
> range k-subordinator agrees with the range of — inf;<; &, > 0.
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» If £ has a characteristic exponent W then necessarily
V(0) = rk(—if)k(i0), 0eR.

where x and # are Bernstein functions, e.g.
K(A) =q+ 0\ +/ (1—e ™T(dx), A>0.
(0,00)

> The factorisation has a physical interpretation:
> range of the r-subordinator agrees with the range of sup, ., &, t > 0
> range k-subordinator agrees with the range of — inf;<; &, > 0.

» Noteif § > 0, thenP(§_; =x) > 0, where i =inf{t > 0: & =x}, x> 0.
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LEVY PROCESS: ONE DIMENSION

v

If £ has a characteristic exponent ¥ then necessarily
V(0) = rk(—if)k(i0), 0eR.

where x and # are Bernstein functions, e.g.

k(A) =g+ 0\ +/ (1—e"™MT(dx), A>0.
(0,00)

v

The factorisation has a physical interpretation:
> range of the r-subordinator agrees with the range of sup, ., &, t > 0
> range k-subordinator agrees with the range of — inf;<; &, > 0.

Note if § > 0, then P(§_; = x) > 0, where i =inf{t > 0: & =x}, x> 0.

v

\4

We have already seen the hypergeometric example

I'(1-B+~—if) T(B+4 +1i6)

r(1—p—i6) * T'(3 +i6) €k

w(9) =

6/ 125



§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
:

HITTING POINTS

> We say that & can hit a point x € R if

P(& = x for at least one t > 0) > 0.
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HITTING POINTS

> We say that & can hit a point x € R if
P(& = x for at least one t > 0) > 0.

» Creeping is one way to hit a point, but not the only way

Theorem (Kesten (1969)/Bretagnolle (1971))

Suppose that £ is not a compound Poisson process. Then & can hit points if and only if

/RRe (%\Il(z)) dz < oo.

If the Kesten-Bretagnolle integral test is satisfied, then

P(ri < o0) = %,

N

where 7{} = inf{t > 0 : & = x}, providing we can compute the inversion

e—ZX
u(x) = / —dz
ctir W(—iz)
7/ 125
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SELF-SIMILAR MARKOV PROCESSES (SSMP)

Definition
A regular strong Markov process (Z; : t > 0) on RY, with probabilities Py, x € RY, isa
rssMp if there exists an index a € (0, 00) such that for all ¢ > 0 and x € RY,

(¢Zy—a :t > 0) under Py is equal in law to (Z; : > 0) under Pc,.
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SOME OF YOUR BEST FRIENDS ARE SSMP

» Write NV;(0, %) for the Normal distribution with mean 0 € RY and correlation
(matrix) 3. The moment generating function of X; ~ N;(0, Xt) satisfies, for
0 e RY,
E[e®%] = Ql0TE6/2 _ ((c72)(c0) 2 () /2 _ E[eo-cxc_zt].
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SOME OF YOUR BEST FRIENDS ARE SSMP

» Write NV;(0, %) for the Normal distribution with mean 0 € RY and correlation
(matrix) 3. The moment generating function of X; ~ N (0, 3t) satisfies, for
0 e RY,
E[ee.x,] _ etGTEG/Z _ e(cfzr)(ca)Tz(ce)/z _ E[ee-cxc_zt].

» Thinking about the stationary and independent increments of Brownian motion,
this can be used to show that R?-Brownian motion: is a ssMp with a = 2.
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R-Brownian motion:

» Write X, := inf,<; Xs. Then (X}, X,), t > 0 is a Markov process.
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R-Brownian motion:
» Write X, := inf,<; Xs. Then (X}, X,), t > 0 is a Markov process.
» Forc>0and a = 2,

(Cchat) _ (Cinfsic—atxs) _ (infugt CXc—O‘u) >0
CXc—at CXC_O‘f CXC_O‘f 7 -

and the latter is equal in law to (X, X), because of the scaling property of X.
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R-Brownian motion:

» Write X, := inf,<; Xs. Then (X}, X,), t > 0 is a Markov process.
» Forc>0and a = 2,

(C&,at) _ (cinfsSC_Qth) _ (inqut CXC_au)7

t>0,
CXc—at CXC_O‘f CXL‘_O‘f

and the latter is equal in law to (X, X), because of the scaling property of X.

> [Exercise!] = Markov process Z; := X; — (—x A X,), t > 01is also a ssMp on [0, c0)
issued from x > 0 with index 2.
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R-Brownian motion:
» Write X, := inf,<; Xs. Then (X}, X,), t > 0 is a Markov process.
» Forc>0and a = 2,

(C&,at) _ <cinfs§c_ath) _ (inqut CXC_au)7

t>0,
CXc—at CXC_O‘f CXL‘_O‘f

and the latter is equal in law to (X, X), because of the scaling property of X.

> [Exercise!] = Markov process Z; := X; — (—x A X,), t > 01is also a ssMp on [0, c0)
issued from x > 0 with index 2.

» [Exercise!] = Z; := Xf1(§¢>0)' t > 01is also a ssMp, again on [0, 00).
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R*-Brownian motion:

» Consider Z; := |X;|, t > 0. Because of rotational invariance, it is a Markov process.
[Exercise!]

» Again the self-similarity (index 2) of Brownian motion, transfers to the case of |X].
Note again, this is a ssMp on [0, co). [Exercise!]
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R*-Brownian motion:
» Consider Z; := |X;|, t > 0. Because of rotational invariance, it is a Markov process.
[Exercise!]
» Again the self-similarity (index 2) of Brownian motion, transfers to the case of |X].
Note again, this is a ssMp on [0, co). [Exercise!]

» Note that |X¢|, t > 0is a Bessel-d process. It turns out that all Bessel processes, and
all squared Bessel processes are self-similar on [0, 00). Once can check this by e.g.
considering scaling properties of their transition semi-groups.
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R¥-Brownian motion:

» Note whend = 3, |X;|,t > 01is also equal in law to a Brownian motion conditioned
to stay positive: i.e if we define, for a 1-d Brownian motion (B; : t > 0),

. B
PL(4) = lim Pe(AlB., > 0) = B [ 21500100

where A € o{B; : u < t}, then

(|X¢|, t > 0) with | Xp| = x is equal in law to (B,Pl).
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SOME OF YOUR BEST FRIENDS ARE SSMP

Suppose that (X; : t > 0) is an R¥-Brownian motion:

» Note whend = 3, |X;|,t > 01is also equal in law to a Brownian motion conditioned
to stay positive: i.e if we define, for a 1-d Brownian motion (B; : t > 0),

. B
PL(4) = lim Pe(AlB., > 0) = B [ 21500100

where A € o{B; : u < t}, then

(|X¢|, t > 0) with | Xp| = x is equal in law to (B,Pl).
» [Exercise!] Prove that
By
;1(§t>0), t>0,

is a martingale.
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» All of the previous examples have in common that their paths are continuous. Is
this a necessary condition?
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» All of the previous examples have in common that their paths are continuous. Is
this a necessary condition?

» We want to find more exotic examples as most of the previous examples have
been extensively studied through existing theories (of Brownian motion and
continuous semi-martingales).
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SOME OF THE BEST FRIENDS OF YOUR BEST FRIENDS ARE SSMP

» All of the previous examples have in common that their paths are continuous. Is
this a necessary condition?

» We want to find more exotic examples as most of the previous examples have
been extensively studied through existing theories (of Brownian motion and
continuous semi-martingales).

» All of the previous examples are functional transforms of Brownian motion and
have made use of the scaling and Markov properties and (in some cases) isotropic
distributional invariance.
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SOME OF THE BEST FRIENDS OF YOUR BEST FRIENDS ARE SSMP

» All of the previous examples have in common that their paths are continuous. Is
this a necessary condition?

» We want to find more exotic examples as most of the previous examples have
been extensively studied through existing theories (of Brownian motion and
continuous semi-martingales).

» All of the previous examples are functional transforms of Brownian motion and
have made use of the scaling and Markov properties and (in some cases) isotropic
distributional invariance.

» If we replace Brownain motion by an a-stable process, a Lévy process that has
scale invariance, then all of the functional transforms still produce new examples
of self-similar Markov processes.
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Definition
A Lévy process X is called (strictly) a-stable if it is also a self-similar Markov process.

15/ 125



§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
:

a-STABLE PROCESS

Definition
A Lévy process X is called (strictly) a-stable if it is also a self-similar Markov process.

» Necessarily o € (0,2]. [« =2 — BM, exclude this.]
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a-STABLE PROCESS

Definition
A Lévy process X is called (strictly) a-stable if it is also a self-similar Markov process.

» Necessarily o € (0,2]. [« =2 — BM, exclude this.]
» The characteristic exponent ¥ (0) := —t~! log E(el?X) satisfies
\11(9) = |9|a(eﬂia(%_p)1(9>0) + e_ﬂ-ia(%_p)l(9<0>), 6 € R.

where p = Po(X; > 0) will frequently appearas will p =1 — p
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a-STABLE PROCESS

Definition
A Lévy process X is called (strictly) a-stable if it is also a self-similar Markov process.

» Necessarily o € (0,2]. [« =2 — BM, exclude this.]
» The characteristic exponent ¥ (0) := —t~! log E(el?X) satisfies

\11(9) = ‘9|a(eﬂ-ia(%_p)1(9>0) + e_ﬂ-ia(%_p)l(9<0)), 6 € R.

where p = Po(X; > 0) will frequently appearas will p =1 — p

» Assume jumps in both directions (0 < ap, ap < 1), so that the Lévy density takes
the form
rl+a) 1

. e (sin(map)1iesoy + sin(rap)li<oy)
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a-STABLE PROCESS

W(9) = [6]* (™G P pug) + e TGP, ),  HER.

» Note that, forc > 0, c=*¥(ch) = ¥(0),
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a-STABLE PROCESS

‘I’(@) _ |0‘a(e7ria(%—9)1(9>0) _,’_e—‘rriot(%—l’)l(o<0))7 0 € R.

» Note that, forc > 0, c=*¥(ch) = ¥(0),
» which is equivalent to saying that cX,—a; =4 X;,

» which by stationary and independent increments is equivalent to saying
(Xo—ap t > 0) =4 (X¢,t > 0) when X = 0,
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a-STABLE PROCESS

v(0) = |9\a(ema(%_p)1(e>0) +e_“ia(%_p)1(9<0)), 0 €R.

» Note that, forc > 0, c=*¥(ch) = ¥(0),

» which is equivalent to saying that cX -, =X,

» which by stationary and independent increments is equivalent to saying
(Xo—ap t > 0) =4 (X¢,t > 0) when X = 0,

> or equivalently is equivalent to saying (cXéf)at,t >0) =1 (X't > 0), where we
have indicated the point of issue as an additional index.
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YOUR NEW FRIENDS

Suppose X = (X; : t > 0) is within the assumed class of a-stable processes in
one-dimension and let X, = inf;<; X;.

Your new friends are:

» 7/ =X

» Z=X—(—xNX),x>0.
> Z:XI(X>0)

» Z = |X| providing p = 1/2

v

[Exercise!] Verify these cases!
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YOUR NEW FRIENDS

Suppose X = (X; : t > 0) is within the assumed class of a-stable processes in
one-dimension and let X, = inf;<; X;.

Your new friends are:

» 7/ =X

» Z=X—(—xNX),x>0.
> Z:XI(X>0)

» Z = |X| providing p = 1/2

v

[Exercise!] Verify these cases!

v

What about Z ="X conditioned to stay positive"?
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CONDITIONED «-STABLE PROCESSES

> Recall that each Lévy processes, £ = {{; : t > 0}, enjoys the Wiener-Hopf
factorisation i.e. up to a multiplicative constant, ¥¢ (0) := t~! log E[e!?*] respects
the factorisation
Ve (0) = k(—i0)k(i0), 0 €R,

where k and & are Bernstein functions. That is e.g. « takes the form
KA) =g+ar+ / (1 — e )u(dx), A>0
(0,00)

where v is a measure satisfying |, (0,00) (I Ax)v(dy) < co.
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CONDITIONED «-STABLE PROCESSES

> Recall that each Lévy processes, £ = {{; : t > 0}, enjoys the Wiener-Hopf
factorisation i.e. up to a multiplicative constant, ¥¢ (0) := t~! log E[e!?*] respects
the factorisation
Ve (0) = k(—i0)k(i0), 0 €R,

where k and & are Bernstein functions. That is e.g. « takes the form
K(A) =g+ar+ / (1—e™Mup(dx), A>0
s00)

where v is a measure satisfying |, (0,00) (I Ax)v(dy) < co.

» The probabilistic significance of these subordinators, is that their range
corresponds precisely to the range of the running maximum of £ and of —¢
respectively.
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CONDITIONED «-STABLE PROCESSES

> Recall that each Lévy processes, £ = {{; : t > 0}, enjoys the Wiener-Hopf
factorisation i.e. up to a multiplicative constant, ¥¢ (0) := t~! log E[e!?*] respects
the factorisation
Ve (0) = k(—i0)k(i0), 0 €R,

where k and & are Bernstein functions. That is e.g. « takes the form
KA) =g+ar+ / (1 — e )u(dx), A>0
s00)

where v is a measure satisfying |, (0,00) (I Ax)v(dy) < co.

» The probabilistic significance of these subordinators, is that their range
corresponds precisely to the range of the running maximum of £ and of —¢
respectively.

> In the case of a-stable processes, up to a multiplicative constant,

k(A) =AY and &A(A\) = A", A >0.

18/ 125



§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
:

CONDITIONED «-STABLE PROCESSES

» Associated to the descending ladder subordinator # is its potential measure U,

which satisfies 1

e MU(dy) = —, A>0.
/[o,oo> R(A)
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CONDITIONED «-STABLE PROCESSES

» Associated to the descending ladder subordinator £ is its potential measure U,

which satisfies 1

e MU(dx) = ——, > 0.
/[o,oo> (d) R(A) -

» It can be shown that for a Lévy process which satisfies limsup, , _ & = oo, for
A€ol u<t),

U(X)

ToA) — 1 _
Pr(4) = lim Pr(AlX,, > 0) = Ex a(x)l(Xt>0)1(A>]
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§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

CONDITIONED «-STABLE PROCESSES

» Associated to the descending ladder subordinator £ is its potential measure U,

which satisfies .
—Axy"
e~ MU(dx) = —, A>0.
/[o,oo> AN

» It can be shown that for a Lévy process which satisfies limsup, , _ & = oo, for
A€ol u<t),

U(X)

ToA) — 1 _
Pr(4) = lim Pr(AlX,, > 0) = Ex a(x)l(Xt>0)1(A>]

» In the a-stable case U(x) o x*?
[Note in the excluded case that « = 2 and p = 1/2, i.e. Brownian motion,
U(x) = x.]
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:

CONDITIONED «-STABLE PROCESSES

» Forc,x > 0,t > 0 and appropriately bounded, measurable and non-negative f, we
can write,

Elf({cX,—ag 5 < 1})]

(x) ap
X® o
_ @ (X
- |;f({CXC_a5 - S t})c-xaﬁl(xc(x)atzo):|

=E |f({x{ s <ty

(X()yah ;
(cx)op (XM 20)

= ELIF({Xs :s < 1})].
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:

CONDITIONED «-STABLE PROCESSES

» Forc,x > 0,t > 0 and appropriately bounded, measurable and non-negative f, we
can write,

Elf({cX,—ag 5 < 1})]

(x) ap
X® o
_ @ (X o
- |;f({CXC_O‘5 - S t})cxaﬁl(xc(x)atzo):|

=E |f({x{ s <ty

(X()yah ;
(cx)op (XM 20)

= ELIF({Xs :s < 1})].

» This also makes the process (X, IP’I), x > 0, a self-similar Markov process on
[0, 00).
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:

CONDITIONED «-STABLE PROCESSES

» Forc,x > 0,t > 0 and appropriately bounded, measurable and non-negative f, we
can write,

EIV({CXE*QS :8 S t})]

xap (x(i) =)

(x) ap
=E |:f({cXc(x)as s< t})M }

() yap
o (cx) | (Xt ) L

=ELI({Xs :s < 1})].
» This also makes the process (X, IP’I), x > 0, a self-similar Markov process on
[0, 00).

> Unlike the case of Brownian motion, the conditioned stable process does not have
the law of the radial part of a 3-dimensional stable process (the analogue to the
Brownian case).
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NOTATION

> Use & := {& : t > 0} to denote a Lévy process which is killed and sent to the
cemetery state —oo at an independent and exponentially distributed random
time, e;, with rate in g € [0, o). The characteristic exponent of £ is thus written

—log E(e'?“1) = () = g + Lévy—Khintchine
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NOTATION

> Use & := {& : t > 0} to denote a Lévy process which is killed and sent to the
cemetery state —oo at an independent and exponentially distributed random
time, e;, with rate in g € [0, o). The characteristic exponent of £ is thus written
—log E(e'?“1) = () = g + Lévy—Khintchine
> Define the associated integrated exponential Lévy process

t
It:/ e*sds,  t>0. 1)
0

and its limit, Ioo := limyog It
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:

NOTATION

> Use & := {& : t > 0} to denote a Lévy process which is killed and sent to the
cemetery state —oo at an independent and exponentially distributed random
time, e;, with rate in g € [0, o). The characteristic exponent of £ is thus written
—log E(e'?“1) = () = g + Lévy—Khintchine

> Define the associated integrated exponential Lévy process

t
It:/ e*sds,  t>0. 1)
0

and its limit, Ioo := limyog It

» Also interested in the inverse process of I:
p(t) =inf{s > 0: I > t}, t>0. 2)

As usual, we work with the convention inf ) = oco.
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:

LAMPERTI TRANSFORM FOR POSITIVE ssMp

Theorem (Part (i))

Fixao > 0.1IfZ (M, x>0,isa positive self-similar Markov process with index of self-similarity
o, then up to absorption at the origin, it can be represented as follows. For x > 0,

ZEX)I(t<C(X)) - xexp{fga(x*at)}v t>0,

where (&) = inf{t > 0 : Zt(x) = 0} and either

(1) ¢®) = oo almost surely for all x > 0, in which case € is a Lévy process
satisfying limsup,, & = oo,

2) ¢® < coand Zgl) = Oalmost surely for all x > 0, in which case { is a
Lévy process satisfying limyyoo & = —00, or

(vy_ > Oalmost surely for all x > 0, in which case § is a

Lévy process killed at an independent and exponentially distributed random
time.

(3) ¢® < ooand zé’”

In all cases, we may identify C(x) = x%oso.
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:

LAMPERTI TRANSFORM FOR POSITIVE ssMp

Theorem (Part (ii))
Conversely, suppose that £ is a given (killed) Lévy process. For each x > 0, define

Zt(x) = XEXP{E(P(xfat) }1(t<xo‘loo)7 t>0.

Then Z*) defines a positive self-similar Markov process, up to its absorption time
C(") = X% o, with index a.
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.

LAMPERTI TRANSFORM FOR POSITIVE ssMp

(Z,Px)x>0 pssMp (& Py)yer killed Lévy
“
Zi = exp(&s(r))s & = log(Zr(s)),
S arandom time-change T a random time-change
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:

LAMPERTI TRANSFORM FOR POSITIVE ssMp

(Z,Px)x>0 pssMp (& Py)yer killed Lévy
“
Zr = exp(&s(r))s & = log(Zr(s)),
S arandom time-change T a random time-change

£ — —o0
¢ is killed

Z hits zero continuously

Z never hits zero
Z hits zero by a jump

{ & — oo or ¢ oscillates
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:

STABLE PROCESS KILLED ON ENTRY TO (—00,0)

> The stable process cannot ‘creep” downwards across the threshold 0 and so must
do so with a jump.
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STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

> The stable process cannot ‘creep” downwards across the threshold 0 and so must
do so with a jump.

» This puts Zj := X¢1(x,0), t > 0, in the class of pssMp for which the underlying
Lévy process experiences exponential killing.
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STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

> The stable process cannot ‘creep” downwards across the threshold 0 and so must
do so with a jump.

> This puts Zi' := X;1(x,0), t > 0, in the class of pssMp for which the underlying
Lévy process experiences exponential killing.

» Write £* = {& : t > 0} for the underlying Lévy process and denote its killing rate
by q*.
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

v

The stable process cannot ‘creep” downwards across the threshold 0 and so must
do so with a jump.

v

This puts Z; := Xi1(x,>0), t > 0, in the class of pssMp for which the underlying
Lévy process experiences exponential killing.

v

Write £* = {& : t > 0} for the underlying Lévy process and denote its killing rate
by q*.
> Let’s try and decode the characteristics of £*.
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:

STABLE PROCESS KILLED ON ENTRY TO (—00,0)
» We know that the a-stable process experiences downward jumps at rate

Ir'l+a)

sin(rap) x < 0.

1
7|x|1+°‘ dx,
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)
» We know that the a-stable process experiences downward jumps at rate

Ir'l+a)

sin(rap) x < 0.

1
7|x|1 o dx,
» Given that we know the value of Z; , on {X, > 0}, the stable process will pass

over the origin at rate

>~ 1
7y |x[tFe

Ir'l+a)

sin(mwap) < dx> = F(la-; 2) sin(rap)(Z*), .
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)
» We know that the a-stable process experiences downward jumps at rate

Ir'l+a)

sin(rap) x < 0.

7|x|l+a dx,

» Given that we know the value of Z; , on {X, > 0}, the stable process will pass
over the origin at rate

>~ 1
7y |x[tFe

Ir'l+a)

sin(mwap) < dx) = F(lojﬂ__ 2) sin(rap)(Z*), .

> On the other hand, the Lamperti transform says that on {t < (}, as a pssMp, Z is
sent to the origin at rate

*d x —af * *\—Q
g et = e Mew =gm(z) .
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)
» We know that the a-stable process experiences downward jumps at rate

Ir'l+a)

sin(rap) x < 0.

7|x|l+a dx,

» Given that we know the value of Z; , on {X, > 0}, the stable process will pass
over the origin at rate

>~ 1
7y |x[tFe

Ir'l+a)

sin(mwap) < dx) = F(lojﬂ__ 2) sin(rap)(Z*), .

> On the other hand, the Lamperti transform says that on {t < (}, as a pssMp, Z is
sent to the origin at rate

*d x —af * *\—Q
g et = e Mew =gm(z) .

» Comparing gives us

I'(a)

q* = D(a)sin(rap)/m = T(@p)L(1—ap)
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

» Referring again to the Lamperti transform, we know that, under I; (so that
Pi(§y =0)=1),
& .

* — —
ZC— _X"o__ =e 1,

where e, is an exponentially distributed random variable with rate g*.
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:

STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

» Referring again to the Lamperti transform, we know that, under I; (so that
Pi(g =0)=1),
& .

7 =X _ =e 1",
¢— o —

where e, is an exponentially distributed random variable with rate g*.

» This motivates the computation
. LI q*
Ei(Z;_ )] =Eqle " ]= ——+~——, 0ER,
‘ (U*(2) — %) + 4

where W* is the characteristic exponent of £*.
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STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

Setting
sinapr D(a+1)

™ T(ap)l(ap)’

Remembering the “overshoot-undershoot” distributional law at first passage (well
known in the literature - see e.g. Chapter 8 of my book) and deduce that, for all
ve[0,1],

K=

Py (XTO_ _ € dv)

=Po(1—-X_+_ €do)
1

%[ 1=y oyt )
=K 1 dudy | d
(A /(; (y<1Av) (‘U T u)1+0t udy v
K

1 ~
= ( /0 1y<oyo “(1 = y)*P (v — y)”"”ldy) do,

(e}

where P is the law of —X issued from 0.
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STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

We are led to the conclusion that

q* K /1 a‘fl/ i0—ap—1 ( y>ap71
= — 1—y)? 1 e 1—= dod
‘1/*(9) a Jo ( y) 0 v<)? [ oy
K ! 51 i0—ap . L(ap—i0)T(ap)
= 1 — )P 1,10 apq
@ /0 1= y 4 I« —1i6)

T(ap —i0)T(ap)T'(1 — ap 4 i0)T (ap)T(a + 1)
al'(ap)T(ap)T(1 — ap)T(ap)T(1 +i0)T (o — i)’

where in the first equality Fubini’s Theorem has been used, in the second equality a
straightforward substitution w = y/v has been used for the inner integral on the
preceding line together with the classical beta integral and, finally, in the third equality,
the Beta integral has been used for a second time. Inserting the respective values for
the constants g* and K, we come to rest at the following result:
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STABLE PROCESS KILLED ON ENTRY TO (—o0,0)

Theorem

For the pssMp constructed by killing a stable process on first entry to (—oo, 0), the underlying
killed Lévy process, £*, that appears through the Lamperti transform has characteristic
exponent given by

v () = M(a—iz) I(1+iz)

= , z € R.
T(ap—iz) T(1 — ap +iz)
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.

STABLE PROCESSES CONDITIONED TO STAY POSITIVE
» Use the Lamperti representation of the a-stable process X to write, for
AGO'(XquSt),
ap

X -
PL(A) = Ex [xi,sl(X»oﬂ(A)] = E [ 1 ce )1

where 7 = (x~“t) is a stopping time in the natural filtration of £*.
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STABLE PROCESSES CONDITIONED TO STAY POSITIVE

» Use the Lamperti representation of the a-stable process X to write, for
AGO’(Xu :uét),

ap

X -
PL(A) = Ex |:x;,31(Xf>0)1(A):| = E [ 1 ce )1

where 7 = (x~“t) is a stopping time in the natural filtration of £*.

» Noting that U*(—iap) = 0, the change of measure constitutes an Esscher
transform at the level of £*.
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:

STABLE PROCESSES CONDITIONED TO STAY POSITIVE

» Use the Lamperti representation of the a-stable process X to write, for
AcoXu:u<t),

X3P s
T — t _ apé’
Py (A) = Ex [xa,s 1(X,>0)1(A>] =E [ 11, g )10
where 7 = (x~“t) is a stopping time in the natural filtration of £*.

» Noting that U*(—iap) = 0, the change of measure constitutes an Esscher
transform at the level of £*.

Theorem
The underlying Lévy process, &7, that appears through the Lamperti transform applied to

(X,P1), x > 0,has characteristic exponent given by

T(ap—iz) I(1 4 ap + iz)
T'(—iz) r'(1+iz)

Ul(z) = z€R.

» Inparticular UT(z) = U*(z — iap), z € R so that UT(0) = 0 (i.e. no killing!)
» One can also check by hand that U1/ (0+) = E[&I] > 0 so that lim;_, o §tT = oo.
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DID YOU SPOT THE OTHER ROOT?

> In essence, the case of the stable process conditioned to stay positive boils down to
an Esscher transform in the underlying (Lamperti-transformed) Lévy process.

» It was important that we identified a root of ¥*(z) = 0 in order to avoid involving
a ‘time component’ of the Esscher transform.
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DID YOU SPOT THE OTHER ROOT?

> In essence, the case of the stable process conditioned to stay positive boils down to
an Esscher transform in the underlying (Lamperti-transformed) Lévy process.

» It was important that we identified a root of ¥*(z) = 0 in order to avoid involving
a ‘time component’ of the Esscher transform.

» However, there is another root of the equation
MNa—iz) T'(1+iz)

V@ =t Ta—ept )

namely z = —i(1 — ap).
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: :

DID YOU SPOT THE OTHER ROOT?

> In essence, the case of the stable process conditioned to stay positive boils down to
an Esscher transform in the underlying (Lamperti-transformed) Lévy process.
» It was important that we identified a root of ¥*(z) = 0 in order to avoid involving
a ‘time component’ of the Esscher transform.
» However, there is another root of the equation
MNa—iz) T(1+iz)

V@ = Nap— ) T —aprim) ©

namely z = —i(1 — ap).
» And this means that
e(l—ap)e" t>0,

is a unit-mean Martingale, which can also be used to construct an Esscher
transform:

(14 ap—iz) D(iz + ap)

UH(z) = U (z —i(1 — ap)) = T¥(z) = T )
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:

DID YOU SPOT THE OTHER ROOT?

> In essence, the case of the stable process conditioned to stay positive boils down to
an Esscher transform in the underlying (Lamperti-transformed) Lévy process.

» It was important that we identified a root of ¥*(z) = 0 in order to avoid involving
a ‘time component’ of the Esscher transform.

» However, there is another root of the equation
MNa—iz) T'(1+iz)

V@ =t Ta—ept )

namely z = —i(1 — ap).
» And this means that
e(lfotﬁ)é*7 t>0,

is a unit-mean Martingale, which can also be used to construct an Esscher
transform:

(14 ap —iz) T(iz 4 ap)

R = 0 (e i1 - ) = W) = S

» The choice of notation is pre-emptive since we can also check that ¥+ (0) = 0 and
W (0) < 0so that if £+ is a Lévy process with characteristic exponent W+, then
lim[_>oo §tl' = —0Q.
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:

REVERSE ENGINEERING

» What now happens if we define for A € (X, : u < 't),

X(lfa[;)

PHA) = E [P e 1)) = B ,jl-a,s)1<xf>o>1<A>] ,

where 7 = p(x~%t) is a stopping time in the natural filtration of £*.
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:

REVERSE ENGINEERING

» What now happens if we define for A € (X, : u < 't),

Xt(lfaﬁ)

BYHA) = E [P 1, o )1 (a) | = B x(l—aﬁ)l(Xt>0)1(A):| ;

where 7 = p(x~%t) is a stopping time in the natural filtration of £*.

> In the same way we checked that (X, IP’;), x > 0, is a pssMp, we can also check
that (X, IP’,%), x > 01is a pssMp.
[Exercise!] Do it!
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:

REVERSE ENGINEERING

» What now happens if we define for A € (X, : u < 't),

Xt(lfofﬁ)

| _ 1—ap)ér _
PHA) = E [P e 1)) = B ,c<1-a,s>1<xt>o>1<A>]»

where 7 = p(x~%t) is a stopping time in the natural filtration of £*.

> In the same way we checked that (X, IP’I), x > 0, is a pssMp, we can also check
that (X, IP’,%), x > 01is a pssMp.
[Exercise!] Do it!

» In an appropriate sense, it turns out that (X, IP’)%), x > 0is the law of a stable
process conditioned to continuously approach the origin from above.
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¢*, &1 AND ¢

» The three examples of pssMp offer quite striking underlying Lévy processes
» Is this exceptional?
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:

CENSORED STABLE PROCESSES

» Start with X, the stable process.

> Let Ay = fot l(Xf>0) dt.

> Let v be the right-inverse of A, and put 7= Xw(t).

> Finally, make zero an absorbing state: Z; = Ztl(t<T0) where
To = inf{t >0: X = 0}

Note Ty < oo a.s. if and only if o € (1,2) and otherwise Ty = oo a.s.
» This is the censored stable process.
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CENSORED STABLE PROCESSES

Theorem -
Suppose that the underlying Lévy process for the censored stable process is denoted by & . Then

€ is equal in law to £* @ €€, with
> &% equal in law to & with the killing removed,
> €€ a compound Poisson process with jump rate g* = T'(a)sin(rap) /7.
Moreover, the characteristic exponent of E is given by
- _ T(ap—iz) T(1 — ap +iz)

Y@= Ty Ta—arn °F

38/ 125



§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
: :

THE RADIAL PART OF A STABLE PROCESS

> Suppose that X is a symmetric stable process, i.e p = 1/2.
> We know that |X] is a pssMp.

Theorem
Suppose that the underlying Lévy process for |X| is written &, then it characteristic exponent is
given by

JPG(-iz+a)) T(3(z+1)

M(lm) Il@Eil-a) 0

W(z) =2

[Exercise!] This is quite hard to prove for o € (1,2), but could can be proved in a
straightforward way for o € (0, 1]. Try it!

[Hint!] Think about what happens after X first crosses the origin and apply the Markov
property as well as symmetry. You will need to use the law of the overshoot of X below
the origin given a few slides back.
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:

HYPERGEOMETRIC LEVY PROCESSES (REMINDER)

Definition (and Theorem)
For (8,7, 8,9) in
{ <2, 73€(0)f2-1,and1-F+F+7A520 }
there exists a (killed) Lévy process, henceforth refered to as a hypergeometric Lévy
process, having the characteristic function

_TA-B+y—iz) T(B+%+1i2)

V(z) = N F(B-HZ) z€eR.

The Lévy measure of Y has a density with respect to Lebesgue measure is given by

I'(n) — (=B et
=y e — 2F 1+%77777—’Y,e ’ 1fx>07
I'(n—9T(—) 1 )
w(x) =
L'(n) (BA)x : x i
e 2F1 (1 +5,m5m —v;e%), if x <0,
I(n—I(=3)
@) k

wheren:=1—- 8+~ + B+ q, for |z| < 1,,F1(a,b;c;z) := Zkgo O 2
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STARTING FROM ZERO

» We have carefully avoided the issue of talking about pssMp issued from the
origin.
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:

STARTING FROM ZERO

» We have carefully avoided the issue of talking about pssMp issued from the
origin.

> This should ring alarm bells when we look at the Lamperti transform

Zt(X)l(t<§(X)) = xexp{&p(x—&t)} = exp{gw(x—at) + log x}, t>0,

> On the one hand log x | —oo, which is the point of issue of &, but
S

o(x—F) = inf{s > 0 : / e (Eutiog ) gy, 5 1},
0

meaning that we are sampling the Lévy process over a longer and longer time
horizon.
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» We have carefully avoided the issue of talking about pssMp issued from the
origin.
> This should ring alarm bells when we look at the Lamperti transform

ZfX)l(t<§(X)) = xexp{&p(x—&t)} = exp{gp(x—o‘t) + log x}, t>0,
> On the one hand log x | —oo, which is the point of issue of &, but
S
o(x—F) = inf{s > 0 : / e (Eutiog ) gy, 5 1},
0
meaning that we are sampling the Lévy process over a longer and longer time

horizon.

» We know that 0 is an absorbing point, but it might also be an entrance point (can
it be both?).
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» We have carefully avoided the issue of talking about pssMp issued from the
origin.

> This should ring alarm bells when we look at the Lamperti transform

ZSX)l(t<§(X)) = xexp{&p(x—&t)} = exp{gp(x—o‘t) + log x}, t>0,

> On the one hand log x | —oo, which is the point of issue of &, but
S

o(x~ ) =inf{s > 0 / e(&utlog) qy > 1},
0

meaning that we are sampling the Lévy process over a longer and longer time
horizon.

» We know that 0 is an absorbing point, but it might also be an entrance point (can
it be both?).

> We know that some of our new friends have no problem using the origin as an
entrance point, e.g. |X|, where X is an a-stable process (or Brownian motion).
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:

STARTING FROM ZERO

» We have carefully avoided the issue of talking about pssMp issued from the
origin.

> This should ring alarm bells when we look at the Lamperti transform

Zr(x)l(t<g<x>) =xexp{{,x—ant = exp{{,—ap +1ogx}, t>0,

> On the one hand log x | —oo, which is the point of issue of &, but
S

o(x~ ) =inf{s > 0 / e(&utlog ) qy > 1},
0

meaning that we are sampling the Lévy process over a longer and longer time
horizon.

» We know that 0 is an absorbing point, but it might also be an entrance point (can
it be both?).

> We know that some of our new friends have no problem using the origin as an
entrance point, e.g. |X|, where X is an a-stable process (or Brownian motion).

» We know that some of our new friends have no problem using the origin as an
entrance point, but also a point of recurrence, e.g. X — X, where X is an a-stable
process (or Brownian motion).
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STARTING FROM ZERO

» We want to find a way to give a meaning to “Py := lim, o P,”.
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:

STARTING FROM ZERO

» We want to find a way to give a meaning to “Py := lim, o P,”.

» Could look at behaviour of the transition semigroup of Z as its initial value tends
to zero. That is to say, to consider whether the weak limit below is well defined:

Po(Z € dy) = limPx(Zs € dy), £y >0.
X.
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STARTING FROM ZERO

» We want to find a way to give a meaning to “Py := lim, o P,”.

» Could look at behaviour of the transition semigroup of Z as its initial value tends
to zero. That is to say, to consider whether the weak limit below is well defined:

Po(Z: € dy) := 1iJIBPx(Zt € dy), t,y > 0.
X.

> In that case, for any sequence of times 0 < t; <t <--- <t;, < coand
Y1, ,yn € (0,00), n € N, the Markov property gives us

]P)O(Ztl S dyh T 7Ztn S dy")
= UmPx(Zy, € dyq,- -, Zs, € dyn)
xJ0

= lxifgpx(ztl € dy1)Py, (Zi,—1, € dya, -+, Zt,—1, € dyn)
=Po(Zt, € dy1)Py, (Zty—1; € dy2, -+, Zt,—1, € dyn).

When the limit exists, it implies the existence of Py as limit of Py as x | 0, in the
sense of convergence of finite-dimensional distributions.
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STARTING FROM ZERO

» We would like a stronger sense of convergence e.g. we would like

Eolf (Zs :s < )] = him Eo[f(Zs 5 < 1)

for an appropriate measurable function on cadlag paths of length ¢.
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STARTING FROM ZERO

» We would like a stronger sense of convergence e.g. we would like
Eolf(Zs : s <t)] := lim Ex[f(Zs : s < 1)]
x—0
for an appropriate measurable function on cadlag paths of length ¢.

> The right setting to discuss distributional convergence is with respect to so-called
Skorokhod topology.
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:

STARTING FROM ZERO

» We would like a stronger sense of convergence e.g. we would like

Eolf (Zs :s < )] = him Eo[f(Zs 5 < 1)

for an appropriate measurable function on cadlag paths of length t.

> The right setting to discuss distributional convergence is with respect to so-called
Skorokhod topology.

» ROUGHLY: There is a metric on cadlag path space which does a better job of
measuring how “close" two paths are than e.g. the uniform functional metric.

» This metric induces a topology (the Skorokhod topology). From this topology, we
build a measurable space around the space of cadlag paths.

» Think of Py, x > 0 as a family of measures on this space and we want weak
convergence “Py := lim,_,o Px” on this space.
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:

STARTING FROM ZERO

Assume that Z is a pssMp with { = oo a.s. Moreover, suppose that the Lévy process &,
associated with Z through the Lamperti transform, is not a compound Poisson process.

Theorem
Under the assumption that E(&1) > 0, for any positive measurable function f and t > 0,

1 1 £\
Bl = SEen (zoof ((zw) >>

where I, = [ exp{—a&;}ds.

Theorem
The limit Py := lim,_, Py exists in the sense of convergence with respect to the Skorokhod
topology if and only 1fIE(H1+) < oo (H is the ascending ladder process of £).
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.

SKETCH PROOF OF THE SECOND THEOREM

> The basic idea is to give a pathwise construction of a candidate for “(Z, Py)" then
check that there is weak convergence to it.
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SKETCH PROOF OF THE SECOND THEOREM

> The basic idea is to give a pathwise construction of a candidate for “(Z, Py)" then
check that there is weak convergence to it.

> Suppose we can identify £° which is a version of the underlying Lévy process & of
(Z,Px), x > 0 but now indexed by R rather than indexed by [0, co), then we can
identify the pathwise candidate for “(Z,Py)" by

Zt(O) = eXp{f;o (t)}7 t>0,

where ,
Iy = / €& ds and ¢° () = inf{s > 0:I° > t}.
— 00
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SKETCH PROOF OF THE SECOND THEOREM

> The basic idea is to give a pathwise construction of a candidate for “(Z, Py)" then
check that there is weak convergence to it.

> Suppose we can identify £° which is a version of the underlying Lévy process & of
(Z,Px), x > 0 but now indexed by R rather than indexed by [0, co), then we can
identify the pathwise candidate for “(Z,Py)" by

Zt(O) = eXp{f;o (t)}7 t 2 07
where

t o
Iy = / eSS dsand O (f) = inf{s > 0: I > t}.
—oo

> If the above makes sense, then £° must “enter” from the space-time point
(—o00, —00).
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:

SKETCH PROOF OF THE SECOND THEOREM

> The basic idea is to give a pathwise construction of a candidate for “(Z, Py)" then
check that there is weak convergence to it.

> Suppose we can identify £° which is a version of the underlying Lévy process & of
(Z,Px), x > 0 but now indexed by R rather than indexed by [0, co), then we can
identify the pathwise candidate for “(Z,Py)" by

Zt(o) =exp{2o(n} t>0,

where ,
Iy = / €& ds and ¢° () = inf{s > 0:I° > t}.
— 00

> If the above makes sense, then £° must “enter” from the space-time point
(—o00, —00).

» Itis the existence of an £° and “convergence" to it of £ + log x on [—s, t] as
x — 0,5 — oo which produces the necessary and sufficient condition that
E[H] < oo.
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CONSTRUCTION OF &£°

» If £° enters from (—o0, 00), then it must make first passage over any level x in a
“stationary" way.
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CONSTRUCTION OF &°

» If £° enters from (—o0, 00), then it must make first passage over any level x in a
“stationary" way.

> Specifically, we would need that (°, —a,a —£°, )isindependentofa € R,

where o, = inf{t > —co : £ > a}. This motivates the following construction:
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:

CONSTRUCTION OF &°

» If £° enters from (—o0, 00), then it must make first passage over any level x in a
“stationary" way.
» Specifically, we would need that (£°, —a,a —£°, ) isindependentofa € R,
Ta Ta —

where o, = inf{t > —co : £ > a}. This motivates the following construction:

> Take the stationary overshoot/undershoot law of £ (which requires the necessary
and sulfficient condition E [Hl+ ] < o0)

x(dy, dz) = (Ue@Me(z + dy)dz +7d0(dy)do(dz) ), v,z 2 0.

b
E[H{]
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CONSTRUCTION OF &£°

» If £° enters from (—o0, 00), then it must make first passage over any level x in a
“stationary" way.
» Specifically, we would need that (£°, —a,a —£°, ) isindependentofa € R,
Ta Ta —

where o, = inf{t > —co : £ > a}. This motivates the following construction:

> Take the stationary overshoot/undershoot law of £ (which requires the necessary
and sulfficient condition E [Hl+ ] < o0)

X(dy,d2) = —— (Ue (e (z + dy)dz + ydo(dn)do(dz)) . v,z 0.

b
E[H{]
» Build the two-dimensional random variable (A, AT) has distribution x. Then

. & under Pa ift > 0,
& = —grﬂ_ under PTAT ift <0,

where (&, Px), x > 0is an independent copy of the underlying Lévy process for Z

and ¢T = {5; .t >0} under P is an independent copy of the process £
conditioned to stay positive.
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:

CONSTRUCTION OF &£°

» If £° enters from (—o0, 00), then it must make first passage over any level x in a
“stationary" way.
» Specifically, we would need that (£°, —a,a —£°, ) isindependentofa € R,
Ta Ta —

where o, = inf{t > —co : £ > a}. This motivates the following construction:

> Take the stationary overshoot/undershoot law of £ (which requires the necessary
and sulfficient condition E [Hl+ ] < o0)

x(dy, dz) = (ﬁg (2)Te (z + dy)dz + wéo(dy)éo(dz)) . yz>0.

b
E[H{]
» Build the two-dimensional random variable (A, AT) has distribution x. Then

. & under Pa ift > 0,
& = _SITH* under PTAT ift <0,

where (&, Px), x > 0is an independent copy of the underlying Lévy process for Z
and ¢T = {E: .t >0} under P is an independent copy of the process £
conditioned to stay positive.

» Hidden catch: Before constructing the entrance of Z from 0, we need to construct

the entrance of £T from 0.
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RECURRENT EXTENSION

» The previous construction has insisted that Z is a pssMp with { = oo a.s. But what
about the case that ¢ < oo a.s.
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:

RECURRENT EXTENSION

» The previous construction has insisted that Z is a pssMp with { = oo a.s. But what
about the case that ¢ < oo a.s.

» We can say something about the case that ¢ < oo a.s. and X = 0.

» A cadlag strong Markov process, 2 = {Z’t: t > 0} with probabilities {13;, x>0},
is a recurrent extension of Z if, for each x > 0, the origin is not an absorbing state
P-almost surely and {?tA? :t > 0} under Py has the same law as (Z, Py), where

C=inf{t > 0: Z=0}.
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:

RECURRENT EXTENSION

» The previous construction has insisted that Z is a pssMp with { = oo a.s. But what
about the case that ¢ < oo a.s.

» We can say something about the case that ¢ < oo a.s. and X = 0.

» A cadlag strong Markov process, 2 = {2,: t > 0} with probabilities {13;, x>0},
is a recurrent extension of Z if, for each x > 0, the origin is not an absorbing state

P-almost surely and {?tA? :t > 0} under Py has the same law as (Z, Py), where

C=inf{t > 0: Z=0}.

Theorem
If { < ocoas. and X = 0, then there exists a unique recurrent extension of Z which leaves 0
continuously if and only if there exists a 3 € (0, &) such

E(e®é1) =1.

Here, as usual, o is the index of self-similarity.
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» So far we only spoke about [0, o).
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» So far we only spoke about [0, o).
» What can we say about R-valued self-similar Markov processes.
» This requires us to first investigate Markov Additive (Lévy) Processes
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:

MARKOV ADDITIVE PROCESSES (MAPS)

» Eis a finite state space
> (J(t))>0 is a continuous-time, irreducible Markov chain on E

» process (§,]) inR x E is called a Markov additive process (MAP) with probabilities
P,;, x € R,i € E if, foranyi € E,s,t > 0: Given {]J(t) = i},

(€(t+5) — £, J(t +5)) £ (£(5),](5)) with law Py ;.
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:

PATHWISE DESCRIPTION OF A MAP

The pair (&,]) is a Markov additive process if and only if, for each 7,j € E,

> there exist a sequence of iid Lévy processes (£I'),>0

» and a sequence of iid random variables (U:’j)nzo, independent of the chain J,

» such that if To = 0 and (T}),>1 are the jump times of J,
the process £ has the representation

£(t) = 1050y (§(Tu=) + Ujir, _y y1.)) + &) (E = T,

fort € [Ty, Tyt1), n > 0.

> [Exercise!] Show that the property above implies the definition on the previous
slide.
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:

CHARACTERISTICS OF A MAP

> Denote the transition rate matrix of the chain [ by Q = (g;/); jeE-

» For each i € E, the Laplace exponent of the Lévy process &; will be written 1);
(when it exists).

» For each pair of i,j € E with i # j, define the Laplace transform G;;(z) = E(e*i) of
the jump distribution Uj; (when it exists).

» Otherwise define U; ; = 0, for each i € E.
> Write G(z) for the N x N matrix whose (i, j)th element is G;;(z).
> Let
¥ (z) = diag(¢1(2), ..., ¥n(2)) + Qo G(z),
(when it exists), where o indicates elementwise multiplication.

» The matrix exponent of the MAP (¢, ]) is given by
Eo (@)t =) = (), ijeE,

(when it exists).
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LAMPERTI-KIU TRANSFORM

» Take J to be irreducible on E = {1, —1}.
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:

LAMPERTI-KIU TRANSFORM

» Take J to be irreducible on E = {1, —1}.

» Let .
Zy = [x]eS I (r(x|7 ) 0<t < T,
where .
7(t) = inf {s ~0: / exp(ag(u))du > t}
0
and

Ty = |x|*°‘/ e qy.
0

> Then Z; is a real-valued self-similar Markov process in the sense that the law of
(¢Zy—a : t > 0) under Py is Pey.
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LAMPERTI-KIU TRANSFORM

» Take J to be irreducible on E = {1, —1}.

» Let .
Zy = [x]eS I (r(x|7 ) 0<t < T,
where .
7(t) = inf {s ~0: / exp(ag(u))du > t}
0
and

o0
To = |x|~¢ / e qy.
0
> Then Z; is a real-valued self-similar Markov process in the sense that the law of
(¢Zy—a : t > 0) under Py is Pey.
» The converse (within a special class of rssMps) is also true.
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:

LAMPERTI-KIU TRANSFORM

» Take J to be irreducible on E = {1, —1}.

> Let .
Zp = x|t (|67 ))  0<t< Ty,
where .
7(t) = inf {s >0: / exp(ag(u))du > t}
0
and

o0
To = |x|~¢ / e qy.
0
> Then Z; is a real-valued self-similar Markov process in the sense that the law of
(¢Zy—a : t > 0) under Py is Pey.
» The converse (within a special class of rssMps) is also true.

» [Exercise!] Explain what happens if e.g. | is an absorbing Markov Chain on
{1, —1} with {1} as an absorbing state?

54/ 125



§l. 2. §3. §4. §5. 56. §7. §8. §9. §10. §11. §12. §13. References

ENTRANCE AT ZERO

» Given the Lamperti-Kiu representation
7y = LT T 0 Hog Xl p (x| =) 0 <t < Ty,

it is clear that we can think of a similar construction from zero to the case of
pssMp.
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> We need to construct a stationary version of the pair (£, J) which is indexed by R
and pinned at space-time point (—o0, 00).
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:

ENTRANCE AT ZERO

» Given the Lamperti-Kiu representation

Z; = ST M (7 (x| 7)) 0< < Ty,

it is clear that we can think of a similar construction from zero to the case of
pssMp.

> We need to construct a stationary version of the pair (£, J) which is indexed by R
and pinned at space-time point (—o0, 00).

> Just like the theory of Lévy processes, by observing the range of the process (&, )

t > 0, only at the points of its new suprema, we see a process (H;", J;"), t > 0,
which is also a MAP, where H is has increasing paths.

Theorem
Suppose that | is irreducible.
Then the limit Py := lim |y _,o Px exists in the sense of convergence with respect to the

Skorokhod topology if and only if Eq (H1+) +E_; (Hf’) < oo, and otherwise limit does not
exist.
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» An a-stable process up to absorption in the origin is a rssMp.
> When « € (0, 1], the process never hits the origin a.s.
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:

AN «-STABLE PROCESS IS A RSSMP

» An a-stable process up to absorption in the origin is a rssMp.

\4

When a € (0,1], the process never hits the origin a.s.

v

When a € (1,2), the process is absorbs at the origin a.s.
» The matrix exponent of the underlying MAP is given by:

INa—2)I'(1+z) _Tla—2)I'(1 +2)
D(ap—2)0(1— ap +2) C(ep)T(1 — ap)
 a—2)'Q+2) T'(a—2)I'(1+2)
I'(ap)T'(1 — ap) T(ap—2)I'(1 —ap+2)

for Re(z) € (-1, ).
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:

ESSCHER TRANSFORM FOR MAPS

> If W(z) is well defined then it has a real simple eigenvalue x(z), which is larger
than the real part of all its other eigenvalues.

» Furthermore, the corresponding right-eigenvector v(z) = (v1(z), - - - ,vn(z)) has
strictly positive entries and may be normalised such that 7 - v(z) = 1.

Theorem
Let G = o{(&(s),J(s)) :s < t}, t >0, and

M = e —x (e A () £>0,

vi(y) -

for some y € R such that x(~y) is defined. Then, My, t > 0, is a unit-mean martingale.
Moreover, under the change of measure

dPg,i 6= M; dPOJ-|gt , t>0,
the process (§,]) remains in the class of MAPs with new exponent given by

W, (2) = Ao(7) ' (2 +7)Ag(v) — x(L

Here, 1is the identity matrix and A, (vy) = diag(v(y)).
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ESSCHER AND DRIET

» Suppose that x is defined in some open interval D of R, then, it is smooth and
convex on D.
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ESSCHER AND DRIET

» Suppose that x is defined in some open interval D of R, then, it is smooth and
convex on D.

» Since ¥(0) = —Q, if, moreover, ] is irreducible, we always have x(0) = 0 and
v(0) =(1,---,1).So 0 € D and x'(0) is well defined and finite.
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ESSCHER AND DRIET

» Suppose that x is defined in some open interval D of R, then, it is smooth and
convex on D.

» Since ¥(0) = —Q, if, moreover, ] is irreducible, we always have x(0) = 0 and
v(0) =(1,---,1).So 0 € D and x'(0) is well defined and finite.

» With all of the above
lim = ='(0) as.
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:

ESSCHER AND DRIET

» Suppose that x is defined in some open interval D of R, then, it is smooth and
convex on D.

» Since ¥(0) = —Q, if, moreover, ] is irreducible, we always have x(0) = 0 and
v(0) =(1,---,1).So 0 € D and x'(0) is well defined and finite.

» With all of the above
lim = ='(0) as.
» [Exercise!] Show that in the above circumstances, if x’(0) < 0, then the associated

ssMp hits the origin in an almost surely finite time, independently of its point of
issue x € R.
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ESSCHER AND THE STABLE-MATP

» For the MAP that underlies the stable process D = (—1, c), it can be checked that
det¥ (o — 1) = 0i.e. x(a — 1) = 0, which makes

To(z)= AT WEzZ+a-1)A

T'1-2z)'(a+2) A —2)I'(a+2)
| P —ap—2)l(ap+2) Flap)l'(1 = ap)
| ra-zre+:) I(1 - 2)T(a +2)
T(ap)(1 — ap) (1 —ap—2)(ap+2)

where A = diag(sin(map), sin(rap)).
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» For the MAP that underlies the stable process D = (—1, c), it can be checked that
det¥ (o — 1) = 0i.e. x(a — 1) = 0, which makes

To(z)= AT WEzZ+a-1)A

T'1-2z)'(a+2) A —2)I'(a+2)
| P —ap—2)l(ap+2) Flap)l'(1 = ap)
| ra-zre+:) I(1 - 2)T(a +2)
T(ap)(1 — ap) (1 —ap—2)(ap+2)

where A = diag(sin(map), sin(rap)).

» When a € (0,1), x’(0) > 0 (because the stable process never touches the origin
a.s.) and ¥°(z)-MAP drifts to —oo
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ESSCHER AND THE STABLE-MATP

» For the MAP that underlies the stable process D = (—1, c), it can be checked that
det¥ (v — 1) = 0i.e. x(aw — 1) = 0, which makes

To(z)= AT WEzZ+a-1)A

T'1-2z)'(a+2) A —2)I'(a+2)
B I'l—ap—z)T(ap+2z) T(ap)l(1 — ap)
| ra-zre+:) I(1 - 2)T(a +2)
T(ap)D(1 — ap) T(1—ap—2)D(ep+2)

where A = diag(sin(map), sin(rap)).

» When a € (0,1), x’(0) > 0 (because the stable process never touches the origin
a.s.) and ¥°(z)-MAP drifts to —oo

» When a € (1,2), x'(0) < 0 (because the stable process touches the origin a.s.) and
W (z)-MAP drifts to +oo.
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:

RIESZ-BOGDAN-ZAK TRANSFORM

Theorem (Riesz-Bogdan—Zak transform)
Suppose that X is an a-stable process as outlined in the introduction. Define

S
n(t) = inf{s >0 : / |Xu|2%du > t},  t>0.
0

Then, for all x € R\{0}, (—=1/X,,1))t>0 under Py is equal in law to (X, Pil/x)' where

a—1

dPe
Licrton)

dPy

X
X

_ (sin(wap) + sin(rap) — (sin(rap) — sin(ﬂa[)))sgn(Xt))
F sin(mwap) + sin(wap) — (sin(wap) — sin(wap))sgn(x)

and Fi := o(Xs : s < t), t > 0. Moreover, the process (X, Pg), x € R\{0} is a self-similar
Markov process with underlying MAP via the Lamperti-Kiu transform given by ¥°(z).
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:

WHAT IS THE W°-MAP?

Thinking of the affect on the long term behaviour of the underlying MAP of the
Esscher transform

» When a € (0,1), (X,P?), x # 0 has the law of the the stable process conditioned
to absorb continuously at the origin in the sense,

]P; (A) = JE)I})Py(A7t < TO ‘ T(—a,a) < 00)7

forA e F =o0(Xs,s <t),
T(—aa) = inf{t > 0: |X;| < a}and Ty = inf{t > 0: X; = 0}.

» When a € (1,2), (X,P?), x # 0 has the law of the stable process conditioned to
avoid the origin in the sense

Pg(A) = lim Py(A|Ty >t +5),

forA € Fi = 0(Xs,s <t)and Tp = inf{t > 0: X; = 0}.
[Exercise!] Explain this change in behaviour heuristically.
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§7. Isotropic stable processes in dimension d > 2 seen as Lévy processes
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:

[SOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

Ford > 2,let X := (X; : t > 0) be a d-dimensional isotropic stable process.

» X has stationary and independent increments (it is a Lévy process)
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» Characteristic exponent ¥ () = — log Eq(e!? *1) satisfies
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Ford > 2,let X := (X; : t > 0) be a d-dimensional isotropic stable process.
» X has stationary and independent increments (it is a Lévy process)
» Characteristic exponent ¥ () = — log Eq(e!? *1) satisfies
w(9) = 0], 6 eR.

» Necessarily, a € (0,2], we exclude 2 as it pertains to the setting of a Brownian
motion.
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ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

Ford > 2,let X := (X; : t > 0) be a d-dimensional isotropic stable process.
» X has stationary and independent increments (it is a Lévy process)
» Characteristic exponent ¥ () = — log Eq(e!? *1) satisfies
w(9) = |0]“, 6 eR.

» Necessarily, a € (0,2], we exclude 2 as it pertains to the setting of a Brownian
motion.

» Associated Lévy measure satisfies, for B € B(R?),

29T((d + @) /2) 1
20 (—a/2)] s et Y

11(B) =
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:

ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

Ford > 2,let X := (X; : t > 0) be a d-dimensional isotropic stable process.

» X has stationary and independent increments (it is a Lévy process)
» Characteristic exponent ¥ () = — log Eq(e!? *1) satisfies
w(9) = |0]“, 6 eR.
» Necessarily, a € (0,2], we exclude 2 as it pertains to the setting of a Brownian
motion.
» Associated Lévy measure satisfies, for B € B(R?),
2°T((d + @) /2) 1 d
=20 (=a/2)] Jo WY
_297I0((d 4 ) /2)T(d/2)
| T(—ar/2)]

11(B) =

#lo1(de) [ 15(0)——d
(@) [ 15(r0) g

Sq—1

where o1 (d6) is the surface measure on S;_; normalised to have unit mass.
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ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

Ford > 2,let X := (X; : t > 0) be a d-dimensional isotropic stable process.

» X has stationary and independent increments (it is a Lévy process)

» Characteristic exponent ¥ () = — log Eq(e!? *1) satisfies
W) =10°, HeR

» Necessarily, a € (0,2], we exclude 2 as it pertains to the setting of a Brownian

motion.
» Associated Lévy measure satisfies, for B € B(R?),
2oT 2 1

2|0 (—a/2)| Jp ly
_ 270 ((d + ) /2)1(d/2)
| T(—ar/2)]

#lo1(de) [ 15(0)——d
(@) [ 15(r0) g

Sq—1

where o1 (d6) is the surface measure on S;_; normalised to have unit mass.

\{

X is Markovian with probabilities denoted by Py, x € R4
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[SOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

» Stable processes are also self-similar. For ¢ > 0 and x € R \ {0},

under Py, the law of (cX,—a;,t > 0) is equal to Pey.
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ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

» Stable processes are also self-similar. For ¢ > 0 and x € R \ {0},

under Py, the law of (cX,—a;,t > 0) is equal to Pey.

» Isotropy means, for all orthogonal transformations (e.g. rotations) U : R? i R?
and x € RY,
under Py, the law of (UX;,t > 0) is equal to Py,
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ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

» Stable processes are also self-similar. For ¢ > 0 and x € R \ {0},

under Py, the law of (cX,—a;,t > 0) is equal to Pey.

» Isotropy means, for all orthogonal transformations (e.g. rotations) U : R? i R?
and x € RY,
under Py, the law of (UX;,t > 0) is equal to Py,

» If (S, > 0) is a stable subordinator with index «/2 (a Lévy process with Laplace
exponent —t ! log E[e~*%] = A*) and (B, t > 0) for a standard (isotropic)
d-dimensional Brownian motion, then it is known that X; := \@Bsf, t>0,isa
stable process with index cv.

E[e'?X] = [e_ezsf] = e~ 1017, 0 cR.
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ISOTROPIC a-STABLE PROCESS IN DIMENSION d > 2

» Stable processes are also self-similar. For ¢ > 0 and x € R \ {0},

under Py, the law of (cX,—a;,t > 0) is equal to Pey.

» Isotropy means, for all orthogonal transformations (e.g. rotations) U : R? i R?
and x € RY,
under Py, the law of (UX;,t > 0) is equal to Py,

» If (S, > 0) is a stable subordinator with index «/2 (a Lévy process with Laplace
exponent —t ! log E[e~*%] = A*) and (B, t > 0) for a standard (isotropic)
d-dimensional Brownian motion, then it is known that X; := \ﬁBsy t>0,isa
stable process with index cv.

E[e'?X] = [e_ezsf] = e~ 1017, 0 cR.

[Exercise!] Show, more generally, that if (A, > 0) is a subordinator and (Y¢,t > 0) isa
Lévy process (in R?), then (Yy,,t > 0) is a Lévy process in RY.
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SAMPLE PATH, o = 1.9
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SAMPLE PATH, o = 1.7
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SOME CLASSICAL PROPERTIES: TRANSIENCE

We are interested in the potential measure

U(x,dy) = /0 Py(X; € dy)dt = (/0 pi(y — x)dt) dy, x,y € R.

Note: stationary and independent increments means that it suffices to consider
u(o, dy).
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:

SOME CLASSICAL PROPERTIES: TRANSIENCE

We are interested in the potential measure

U(x,dy) = /0 Py(X; € dy)dt = (/0 pi(y — x)dt) dy, x,y € R.

Note: stationary and independent increments means that it suffices to consider
u(o, dy).

Theorem
The potential of X is absolutely continuous with respect to Lebesgue measure, in which case, its
density in collaboration with spatial homogeneity satisfies U(x, dy) = u(y — x)dy, x,y € RY,
where
u(z) = zfaﬂ-*dﬂMhm*d’ z € RY.
[(e/2)
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:

SOME CLASSICAL PROPERTIES: TRANSIENCE

We are interested in the potential measure

U(x,dy) = /0 Py(X; € dy)dt = (/0 pi(y — x)dt) dy, x,y € R.

Note: stationary and independent increments means that it suffices to consider
u(o, dy).

Theorem
The potential of X is absolutely continuous with respect to Lebesgue measure, in which case, its
density in collaboration with spatial homogeneity satisfies U(x, dy) = u(y — x)dy, x,y € RY,
where I g

ll(Z) _ 27(171_711/2 (( — O‘)/ )

a—d d
R,
T A %€

In this respect X is transient. It can be shown moreover that
lim |Xt| = o0
t— o0

almost surely
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: :

PROOF OF THEOREM

Now note that, for bounded and measurable f : RY s RY,

E [ /0 - f(Xt)dt] —E [ /0 - f(\/iBgt)dt}
— /O “ s /0 = dEP(S: € ds) /R P(Bs € dx)f(v2x)

1 e 2
-—— /4 dse— W7 /4sg—1+(a—d)/2
F(OA/Z)ﬂ'd/zzd /l;{ y/O se S f(y)

1 oo
_ d (afd)/ dute—tty—1HEd—a/2)
st [, e [ e )

= gl [ vl orw),

71/ 125



§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

SOME CLASSICAL PROPERTIES: POLARITY

» Kesten-Bretagnolle integral test, in dimension d > 2,

/}RRe (%‘P(z)) dz = /Rl+|z|a /Trd 1dr o1 (dO) =

> Po(rW} < 00) =0, forx,y € RY.

> i.e. the stable process cannot hit individual points almost surely.
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§8. Isotropic stable processes in dimension d > 2 seen as a self-similar Markov
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:

THE RADIAL PART OF A STABLE PROCESS

Lemma
The process (|X¢|, t > 0) is strong Markov and self-similar.
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Lemma
The process (|X¢|, t > 0) is strong Markov and self-similar.

» Temporarily write (Xt(x) ,t > 0) in place of (X, Pyx)
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THE RADIAL PART OF A STABLE PROCESS

Lemma
The process (|X¢|, t > 0) is strong Markov and self-similar.

» Temporarily write (Xt(x) ,t > 0) in place of (X, Pyx)
» Markov property of X tells us that, fors,t > 0,
~(x®

Xt(j-)s = Xs(Xt )7

where X() is an independent copy of X¥).
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» Temporarily write (Xt(x) ,t > 0) in place of (X, Pyx)
» Markov property of X tells us that, fors,t > 0,

~(x®
Xt(j-)s :Xs(Xt )7

where X() is an independent copy of X¥).
» Isotropy implies that

) 15w _d |x(@
Xl = 1X7 e = X7 (13 0,010 0)
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:

THE RADIAL PART OF A STABLE PROCESS

Lemma
The process (|X¢|, t > 0) is strong Markov and self-similar.

» Temporarily write (Xt(x) ,t > 0) in place of (X, Py)
» Markov property of X tells us that, fors,t > 0,
~(x®

Xr(-xk)s = Xs(Xt )»

where X() is an independent copy of X¥).
» Isotropy implies that

@ xW _d %@
Xl = 1X7 e = X7 (13 0,010 0)

» Hence Markov property holds, strong Markov property (and Feller property) can
be developed from this argument

» Self-similarity of | X| follows directly from the self-similarity of X.
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LAMPERTI-TRANSFORM OF |X]|

Theorem (Caballero-Pardo-Perez (2011))
For the pssMp constructed using the radial part of an isotropic d-dimensional stable process,
the underlying Lévy process, & that appears through the Lamperti has characteristic exponent
given by

I(A(—iz+a) T(3(z+4d)

1 1 , z€eR.
P(—3iz) TI'(3(Gz+d—a))

U (z) = 2¢

» The fact that lim;_, o |X;| = oo implies that lim;_, o & = 0o
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Theorem (Caballero-Pardo-Perez (2011))
For the pssMp constructed using the radial part of an isotropic d-dimensional stable process,
the underlying Lévy process, & that appears through the Lamperti has characteristic exponent
given by

I(3(—iz+a)) T(5(z+d)

1 1 , z€eR.
P(—3iz) TI'(3(Gz+d—a))

U (z) = 2¢

» The fact that lim;_, o |X;| = oo implies that lim;_, o & = 0o

» If we write ¢(\) = —W(—i)\) = log E[e*X1] for the Laplace exponent of &, then it
is well defined for A € (—d, o) withrootsat A = 0and A = o — d.

» Note that
exp((a - d)ft)7 t 2 07

is a martingale

75/ 125



§l. 2. §3. §4. §5. §6. §7. S8. §9. §10. §11. §12. §13. References
: :

LAMPERTI-TRANSFORM OF |X]|

Theorem (Caballero-Pardo-Perez (2011))

For the pssMp constructed using the radial part of an isotropic d-dimensional stable process,

the underlying Lévy process, & that appears through the Lamperti has characteristic exponent

given by

I(3(—iz+a)) T(5(z+d)
I(-liz) TQG@z+d-a)’

U(z) = 2* z€R.

» The fact that lim;_, o |X;| = oo implies that lim;_, o & = 0o

» If we write ¢(\) = —W(—i)\) = log E[e*X1] for the Laplace exponent of &, then it
is well defined for A € (—d, o) withrootsat A = 0and A = o — d.

» Note that
exp((a—d)&), >0,

is a martingale

> Recalling that |X;| = exp(&y,) and that ¢ is an almost surely finite stopping time
(because lim;_, o, & = o0o) we can deduce that

‘tha—d7 t Z 07

is a martingale (effectively invoking an Esscher transform to ).
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> We can define the change of measure

dPe| (X
dPx |z |xfed”’

t>0,x#0
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> We can define the change of measure

dpe
dP,

B |Xt|a—d
- |x|o¢7d )

F>0,x#0

Fi

» Suppose that f is a bounded measurable function then, for all ¢ > 0,

. [eX—a o
EZ[f(cX Wf(cxc_aw s<t)

T %

s <t)] =Ex

|Xt|o¢—d
|Cx|d—a

CX

f(XS75 < t):| = ]Ecox (X577S < t)]
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» Suppose that f is a bounded measurable function then, for all ¢ > 0,
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» Markovian, isotropy and self-similarity properties pass through to (X, P?), x # 0.
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v

We can define the change of measure

dpe
dP,

_ |Xt|a—d
- |x|a7d )

F>0,x#0

Fi

v

Suppose that f is a bounded measurable function then, for all ¢ > 0,

. [eX—a o
EZ[f(cX Wf(cxc—ay s<t)

T %¥s

s <t)] =Ex

|Xt|o¢—d
|Cx|d—a

CX

f(X57s S t):| = E?x (X5775 S t)]

» Markovian, isotropy and self-similarity properties pass through to (X, Pg), x # 0.

v

Similarly (|X|,P?), x # 0 is a positive self-similar Markov process.
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» It turns out that (X, P¢), x # 0, corresponds to the stable process conditioned to be
continuously absorbed at the origin.
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» It turns out that (X, P¢), x # 0, corresponds to the stable process conditioned to be
continuously absorbed at the origin.

> More precisely, for A € o(Xs,s < t), if we set {0} to be ‘cemetery’ state and
k =inf{t > 0 : X; = 0}, then
P2(A,t < k) = lifgIP’x(A, t < k|7® < 00),
a.

where 7,7 = inf{t > 0: |X;| < a}.
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» It turns out that (X, P¢), x # 0, corresponds to the stable process conditioned to be
continuously absorbed at the origin.

> More precisely, for A € o(Xs,s < t), if we set {0} to be ‘cemetery’ state and
k =inf{t > 0 : X; = 0}, then

P2(A,t < k) = liﬁr)lIPx(A, t < k|7® < 00),
a.

where 7,7 = inf{t > 0: |X;| < a}.

» In light of the associated Esscher transform on &, we note that the Lamperti
transform of (|X[,PY), x # 0, corresponds to the Lévy process with characteristic
exponent

L(3(—iz+d)) T(3(z+ )

M(—i(z+a—d) T(3iz)

UO(z) = 2% ,  z€R.
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» It turns out that (X, P¢), x # 0, corresponds to the stable process conditioned to be
continuously absorbed at the origin.

> More precisely, for A € o(Xs,s < t), if we set {0} to be ‘cemetery’ state and
k =inf{t > 0 : X; = 0}, then

P2(A,t < k) = liﬂr)lIPx(A, t < k|7® < 00),
a.

where 7,7 = inf{t > 0: |X;| < a}.

» In light of the associated Esscher transform on &, we note that the Lamperti
transform of (|X[,PY), x # 0, corresponds to the Lévy process with characteristic
exponent

L(3(—iz+d)) T(3(z+ )

M(—i(z+a—d) T(3iz)

UO(z) = 2% ,  zER

» Given the pathwise interpretation of (X, PPy ), x # 0, it follows immediately that
limy—, oo & = —o0, Py almost surely, for any x # 0.
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RY-SELF-SIMILAR MARKOV PROCESSES

Definition

A Ré-valued regular Feller process Z = (Z;,t > 0) is called a R?-valued self-similar

Markov process if there exists a constant o > 0 such that, for any x > 0 and ¢ > 0,
the law of (cZ.—a;,t > 0) under Py is Py,

where Py is the law of Z when issued from x.
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78/ 125



§l. 2. §3. §4. §5. §6. §7. S8. §9. §10. §11. §12. §13. References

RY-SELF-SIMILAR MARKOV PROCESSES

Definition

A Ré-valued regular Feller process Z = (Z;,t > 0) is called a R?-valued self-similar

Markov process if there exists a constant o > 0 such that, for any x > 0 and ¢ > 0,
the law of (cZ.—a;,t > 0) under Py is Py,

where Py is the law of Z when issued from x.

» Same definition as before except process now lives on R¥.

> Is there an analogue of the Lamperti representation?
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LAMPERTI-KIU TRANSFORM

In order to introduce the analogue of the Lamperti transform in d-dimensions, we need
to remind ourselves of what we mean by a Markov additive process in this context.

Definition
An R X E valued regular Feller process (¢, ©) = ((&, ©¢) : t > 0) with probabilities
P, 9, x € R, 0 € E, and cemetery state (—oo, 1) is called a Markov additive process (MAP)
if © is a regular Feller process on E with cemetery state { such that, for every bounded
measurable function f : (RU {—o0}) x (EU{t}) = R, f,s > 0and (x,0) € R X E, on
{t < g}r

Ex,9 [f(&H’S =&, @t+s)|¢7((£u7 614)7 u< t)] = EO,@t [f(&? 95)]’

where ¢ = inf{t > 0: ©; = 1}.
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P, 9, x € R, 0 € E, and cemetery state (—oo, 1) is called a Markov additive process (MAP)
if © is a regular Feller process on E with cemetery state { such that, for every bounded
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where ¢ = inf{t > 0: ©; = 1}.

» Roughly speaking, one thinks of a MAP as a ‘Markov modulated’ Lévy process
» It has ‘conditional stationary and independent increments’
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LAMPERTI-KIU TRANSFORM

In order to introduce the analogue of the Lamperti transform in d-dimensions, we need
to remind ourselves of what we mean by a Markov additive process in this context.

Definition
An R X E valued regular Feller process (§, ©) = ((&, ©¢) : t > 0) with probabilities
P, 9, x € R, 0 € E, and cemetery state (—oo, 1) is called a Markov additive process (MAP)
if © is a regular Feller process on E with cemetery state { such that, for every bounded
measurable function f : (RU {—o0}) x (EU{t}) = R, f,s > 0and (x,0) € R X E, on
{t < g}r

EX,l‘) [f(gH»S — &, @f+5)|0((£u7 @u), u< t)] = EO,@t [f(fs, 95)]7

where ¢ = inf{t > 0: ©; = {}.

» Roughly speaking, one thinks of a MAP as a ‘Markov modulated’ Lévy process
» It has ‘conditional stationary and independent increments’

» Think of the E-valued Markov process © as modulating the characteristics of £
(which would otherwise be a Lévy processes).
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LAMPERTI-KIU TRANSFORM

Theorem
Fix oo > 0. The process Z is a ssMp with index o if and only if there exists a (killed) MAP,
(£,0) on R x Sy_1 such that

Zy = eg‘p(t) @Lp(t) s t<I,

where .
@(t):inf{s>0:/ eéu c1u>t}7 t <I,
0

and I, = [ e~Sds is the lifetime of Z until absorption at the origin. Here, we interpret
exp{—oo} X 1 := 0and inf) := coc.

> In the representation (??), the time to absorption in the origin,
¢=inf{t >0:7 =0},

satisfies ¢ = I;.
» Note x € R? if and only if
x = (|x], Arg(x)),

where Arg(x) = x/|x| € S;_1. The Lamperti-Kiu decomposition therefore gives
us a d-dimensional skew product decomposition of self-similar Markov processes. 50/ 125
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LAMPERTI-STABLE MATP

» The stable process X is an R%-valued self-similar Markov process and therefore fits
the description above
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» The stable process X is an R%-valued self-similar Markov process and therefore fits
the description above

» How do we characterise its underlying MAP (¢, ©)?

» We already know that |X] is a positive similar Markov process and hence ¢ is a
Lévy process, albeit corollated to ©

81/ 125



§l. 2. §3. §4. §5. §6. §7. S8. §9. §10. §11. §12. §13. References
:

LAMPERTI-STABLE MATP

» The stable process X is an R%-valued self-similar Markov process and therefore fits
the description above

» How do we characterise its underlying MAP (¢, ©)?

» We already know that |X] is a positive similar Markov process and hence ¢ is a
Lévy process, albeit corollated to ©

> What properties does © and what properties to the pair (£, ©) have?

81/ 125



§l. 2. §3. §4. §5. §6. §7. S8. §9. §10. §11. §12. §13. References
:

MAP ISOTROPY

Theorem
Suppose (€, ©) is the MAP underlying the stable process. Then ((¢,U~1©), Py o) is equal in

law to ((€,©), P, ;—14), for every orthogonal d-dimensional matrix U and x € RY, 0 € Sy_1.
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Theorem
Suppose (€, ©) is the MAP underlying the stable process. Then ((¢,U~1©), Py o) is equal in

law to ((€,©), P, ;—14), for every orthogonal d-dimensional matrix U and x € RY, 0 € Sy_1.

Proof.
First note that ¢(t) = fot | Xy |~ *du. It follows that

(&, 1) = (log [Xal, Arg(Xaw)), =0,

where the random times A(t) = inf {s > 0 : [ |Xu|~“du > t} are stopping times in
the natural filtration of X.
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MAP ISOTROPY

Theorem
Suppose (€, ©) is the MAP underlying the stable process. Then ((¢,U~1©), Py o) is equal in
law to ((€,©), P, ;—14), for every orthogonal d-dimensional matrix U and x € RY, 0 € Sy_1.

Proof.
First note that ¢(t) = fot | Xy |~ *du. It follows that

(&, 01) = (log [Xa |, Arg(Xaw))),  t2>0,

where the random times A(t) = inf {s > 0 : [ |Xu|~“du > t} are stopping times in
the natural filtration of X.

Now suppose that U is any orthogonal d-dimensional matrix and let X’ = U~!X. Since
X is isotropic and since | X’| = |X|, and Arg(X’) = U~ Arg(X), we see that, for x € R
and 0 € Sy_1

((&,U"©), Piog 141,0) = ((log [Xa(|, U~ Arg(Xa(.))), Px)

d
= ((lOg ‘XA()|7 Arg(XA(-)))JPU*lx)
= ((&, @)71’103 |x|,u—1a)

as required. O
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» We will work with the increments A& = & — & € R, t >0,
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MAP CORROLATION

» We will work with the increments A& = & — &— € R, t >0,

Theorem (Bo Li, Victor Rivero, Bertoin-Werner (1996))

Suppose that f is a bounded measurable function on [0,00) X R x R X Sy_1 X Sj_1 such that
f(,+,0,-,-) =0, then, forall 0 € Sy_1,

0 (Zf(sv &, NG, 05—, es))

s>0

/ //gd 1/Sd ]/V” (ds, dx, dﬂ)al(dd))dy' y;(a)waﬁf(s X, 1,19, ),

where
Vo (ds,dx,dd) =Py g(& € dx, ©s € dv)ds, xeR,YES;_1,5s>0,

is the space-time potential of (£, ©) under Py g, o1(¢) is the surface measure on Sy_q
normalised to have unit mass and

c(a) = 2271~ ((d + ) /2)T(d/2) /[T (—a/2)]
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:

MAP OF (X, P°)
» Recall that (|X;|*~%,t > 0), is a martingale.
» Informally, we should expect £l = 0, where h(x) = |x|*~% and L is the
infinitesimal generator of the stable process, which has action

Lf(x) = a- Vf(x) + /Rd[f(x ) —f(0) =1y <y - VIOII(dy),  [x[ >0,

for appropriately smooth functions.
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infinitesimal generator of the stable process, which has action

Lf(x) = a- Vf(x) + /Rd[f(x ) —f(0) =1y <y - VIOII(dy),  [x[ >0,

for appropriately smooth functions.
» Associated to (X, Py), x # 0 is the generator

o ESFOOL ) Bl (0] — [l o)
10 t t10 |x|—dt

Lof (x)

)
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for appropriately smooth functions.
» Associated to (X, Py), x # 0 is the generator

BRI - () _ e BaIXe] Y (X)) — [x[*~ df(X)

tJ,O t £10 |x|—dt

Lo (x) =
» That is to say

LF(x) = =< L(hf) (x),

h()
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MAP OF (X, P°)
Recall that (|X;|*~4,t > 0), is a martingale.

» Informally, we should expect Ll = 0, where h(x) = |x|*~% and L is the
infinitesimal generator of the stable process, which has action

Lf(x) = a- Vf(x) + /Rd[f(x ) —f(0) =1y <y - VIOII(dy),  [x[ >0,

for appropriately smooth functions.
» Associated to (X, Py), x # 0 is the generator

£OF(x) = lim ERF(X0] —f() _ o ExllXe] Y (X)) — [x[*~ df(X)

£10 t £10 |x|—dt

v

» That is to say
Lof(x) = h() L(hf)(x),

» Straightforward algebra using Lh = 0 gives us

L7 =2 F@) + [ [ ) = £ = Lycny - V) ("(+)”H<dy> x| > 0
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MAP OF (X, P°)
Recall that (|X¢|*~9,t > 0), is a martingale.

» Informally, we should expect Ll = 0, where h(x) = |x|*~% and L is the
infinitesimal generator of the stable process, which has action

Lf(x) = a- Vf(x) + /Rd[f(x ) —f(0) =1y <y - VIOII(dy),  [x[ >0,

for appropriately smooth functions.
» Associated to (X, Py), x # 0 is the generator

BRI - () _ e BaIXe] Y (X)) — [x[*~ df(X)

tJ,O t £10 |x|—dt

v

Lo (x) =
» That is to say
Lof(x) = h() L(hf)(x),

» Straightforward algebra using Lh = 0 gives us
L) = - VF) + [ [Fr+) £ =129 - TF)

» Equivalently, the rate at which (X, P?), x # 0 jumps given by
dr |x 4 re|—

2¢710((d + o) /2)T'(d/2)
[0 (—a/2)] - do1(e) 000) 13(r¢)ra+1

for |x| > 0and B € B(R). 84/125

h(x +y)
h(x)

TI(dy), x| >0

HO(X,B) = )

|x‘o¢7d
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MAP OF (X, P°)

Theorem

Suppose that f is a bounded measurable function on [0,00) X R x R X Sg_1 X Sg_1 such that
f(,+,0,-,-) =0, then, forall 0 € Sy_1,

Eo (Zf(sv &— A&, Os—, @s)>

s>0

_/ //Sd 1/Sd 1/v9 (s, e, dv)on (do)dy S y;(a);|a+df(s ———

where
Vo (ds, dx,dd) = Pg »(& € dx, ©s € dd)ds, xeR, 9 € Sy_1,5 >0,

is the space-time potential of (£, ©) under P§ ,.

Comparing the right-hand side above with that of the previous Theorem, it now
becomes immediately clear that the the jump structure of (¢, ©) under P? o, x € R,

0 € Sy_1, is precisely that of (—¢,©) under Py g, x € R, 0 € Sy_;.
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:

MAP OF (X,P.)

Theorem
Suppose that f is a bounded measurable function on [0,00) X R x R X Sg_1 X Sg_1 such that
f(-,-,0,+,-) =0, then, forall 6 € Sy_,

0 (Zf(s,ss_,Azs,@s_,@s)>

s>0

/ / / / / Vo(ds, dx, dﬂ)al(d¢)dy| y;(a)19|a+d F5,59,9,6),

Vg (ds,dx,dd) = Py g(& € dx, ©s € d)ds, xeR, 9 eS;_1,8>0,

where

is the space-time potential of (£, ©) under P§ ,.

Comparing the right-hand side above with that of the previous Theorem, it now
becomes immediately clear that the the jump structure of (¢, ©) under P? o, x € R,

0 € Sy_1, is precisely that of (—¢,©) under Py g, x € R, 0 € Sy_;.
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:

RIESZ-BOGDAN-ZAK TRANSFORM
» Define the transformation K : R? s R9, by

X
Kx = Pl e RN\{0}.
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RIESZ-BOGDAN-ZAK TRANSFORM
» Define the transformation K : R? s R9, by
X d
Ky = — x € R"\{0}.

2’

» This transformation inverts space through the unit sphere {x € R : |x| = 1}.
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:

RIESZ-BOGDAN-ZAK TRANSFORM

» Define the transformation K : R? s R9, by

_ X d
Ki= 5, x€R\{}

» This transformation inverts space through the unit sphere {x € R : |x| = 1}.
» Write x € R in skew product form x = (|x|, Arg(x)), and note that
Ke = (ja] ", Arg(x)),  x € RN\{0},

showing that the K-transform ‘radially inverts’ elements of R4 through S;_1.
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» Define the transformation K : R? s R9, by

_ X d
Ki= 5, x€R\{}

» This transformation inverts space through the unit sphere {x € R : |x| = 1}.
» Write x € R in skew product form x = (|x|, Arg(x)), and note that
Ke = (ja] ", Arg(x)),  x € RN\{0},

showing that the K-transform ‘radially inverts’ elements of R4 through S;_1.
> In particular K(Kx) = x
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:

RIESZ-BOGDAN-ZAK TRANSFORM

» Define the transformation K : R? s R9, by

_ X d
Ki= 5, x€R\{}

» This transformation inverts space through the unit sphere {x € R : |x| = 1}.
» Write x € R in skew product form x = (|x|, Arg(x)), and note that
Ke = (ja] ", Arg(x)),  x € RN\{0},

showing that the K-transform ‘radially inverts’ elements of R4 through S;_1.
> In particular K(Kx) = x

Theorem (d-dimensional Riesz-Bogdan-Zak Transform, d > 2)
Suppose that X is a d-dimensional isotropic stable process with d > 2. Define

S
n(t) = inf{s > 0 - / X 2du > 1}, t>0. 3)
0

Then, for all x € R\{0}, (KXo (1)t > 0) under Py is equal in law to (X, PR.).
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:

PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM
We give a proof, different to the original proof of Bogdan and Zak (2010).

» Recall that X; = 0! @«)(0/ where

@(t)
/ e dy = t, £>0.
0
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We give a proof, different to the original proof of Bogdan and Zak (2010).

» Recall that X; = 0! ew(t)' where

@(t)
/ e dy = t, £>0.
0

» Note also that, as an inverse,

n(t) )
/ Xu|20du—t >0,
0
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:

PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM
We give a proof, different to the original proof of Bogdan and Zak (2010).

» Recall that X; = 0! @S(,(t), where

P(t)
/ e dy = t, £>0.
0

» Note also that, as an inverse,

n(t) )
/ Xu|20du—t >0,
0

» Differentiating,

dﬁfit) =e 0 and d%i” = o) p(t) < (0,

and chain rule now tells us that
d(pon)(®) _ de(s)

= dn(t) = eo‘gtpw}(f).
dt ds

dt

s=n(t)
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PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM
We give a proof, different to the original proof of Bogdan and Zak (2010).

» Recall that X; = 0! @S(,(t), where
@(t)
/ e dy = t, £>0.
0

» Note also that, as an inverse,

n(t) )
/ Xu|20du—t >0,
0

» Differentiating,

dﬁfit) =e 0 and d%i” = o) p(t) < (0,

and chain rule now tells us that
d(pon)(®) _ de(s)

= dn(t) = eo‘gtpovz(t).
dt ds

dt

s=n(t)
» Said another way,

pon(t)
/ e udy = ¢, t>0,
0

or
s
pon(t) = inf{s >0: / e~ “udy > f} 89/ 125
0
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:

PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM

» Next note that

KX,y = e Seen @ £>0,

pon(t)
and we have just shown that

S
pon(t) =inf{s >0: / e~ %udy > t}.
0

90/ 125



§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
:

PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM

» Next note that

KX,y = e Seen @ £>0,

pon(t)>
and we have just shown that

S
pon(t) =inf{s >0: / e~ %udy > t}.
0

> It follows that (KX, > 0) is a self-similar Markov process with underlying
MAP (-¢,0)
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PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM

» Next note that

KX,y = e Seen @ £>0,

pon(t)>
and we have just shown that

S
pon(t) =inf{s >0: / e~ %udy > t}.
0

> It follows that (KX, > 0) is a self-similar Markov process with underlying
MAP (-¢,0)

» We have also seen that (X, P?), x # 0, is also a self-similar Markov process with
underlying MAP given by (—¢, ©).
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PROOF OF RIESZ-BOGDAN-ZAK TRANSFORM

» Next note that

KX,y = e Seen @ £>0,

pon(t)>
and we have just shown that

S
pon(t) =inf{s >0: / e Cudy > t}.
0

> It follows that (KX, > 0) is a self-similar Markov process with underlying
MAP (-¢,0)

» We have also seen that (X, P?), x # 0, is also a self-similar Markov process with
underlying MAP given by (—¢, ©).

» The statement of the theorem follows.
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:

PORT’S SPHERE HITTING PROBABILITY

> Recall that a stable process cannot hit points
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PORT’S SPHERE HITTING PROBABILITY

» Recall that a stable process cannot hit points

> We are ultimately interested in the distribution of the position of X on first hitting
of the sphere S;_; = {x € RA . |x| = 1}.
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PORT’S SPHERE HITTING PROBABILITY

» Recall that a stable process cannot hit points
» We are ultimately interested in the distribution of the position of X on first hitting
of the sphere Sy_1 = {x € R? : |x| = 1}.
» Define
7 = inf{t > 0: |X| = 1}.
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:

PORT’S SPHERE HITTING PROBABILITY

v

Recall that a stable process cannot hit points

» We are ultimately interested in the distribution of the position of X on first hitting
of the sphere Sy_1 = {x € R? : |x| = 1}.

> Define

7 = inf{t > 0: |X| = 1}.

» We start with an easier result
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§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

PORT’S SPHERE HITTING PROBABILITY

» Recall that a stable process cannot hit points
» We are ultimately interested in the distribution of the position of X on first hitting
of the sphere Sy_1 = {x € R? : |x| = 1}.
> Define
7 = inf{t > 0: |X| = 1}.

» We start with an easier result

Theorem (Port (1969))
Ifa € (1,2), then
Po(r® < o0)
(7 r(3) 2Fi((d - 0)/2,1— a/2,d/2 xR) 1> Ix]
()= | peR@— )21 - a2,421/k) 1<

Otherwise, if a € (0,1], then Py(t© = o0) = 1 forall x € R%,
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§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

PROOF OF PORT’S HITTING PROBABILITY

> If (£, ©) is the underlying MAP then
PX(TG < o0) = I’log \x\(T{O} < 00) = PO(T{log(l/M)} < 00),

where 717} = inf{t > 0: & =z}, z € R. (Note, the time change in the
Lamperti-Kiu representation does not level out.)
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§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

PROOF OF PORT’S HITTING PROBABILITY

» If (¢, ©) is the underlying MAP then
Po (19 < 00) = Piog x| (1 < 00) = Py(r {1081/ FD} < o),

where 717} = inf{t > 0: & =z}, z € R. (Note, the time change in the
Lamperti-Kiu representation does not level out.)

» Using Sterling’s formula, we have, |I'(x + iy)| = v2me~ 2 V! |y|x_% (14 0(1)), for
x,y € R, as y — oo, uniformly in any finite interval —oco <a <x < b < oco.
Hence,

1 T(=}iz) T(3Gz+d—aq))

1
2
V(z)  T((-iz+a)) T(i(iz+d))

uniformly on R as |z| — oo.

~ 27
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PROOF OF PORT’S HITTING PROBABILITY

> If (£, ©) is the underlying MAP then
Po (19 < 00) = Piog x| (1 < 00) = Py(r {1081/ FD} < o),

where 717} = inf{t > 0: & =z}, z € R. (Note, the time change in the
Lamperti—Kiu representation does not level out.)

» Using Sterling’s formula, we have, [I'(x + iy)| = v2me™ zll |y|x_% (1+o0(1)), for
x,y € R, as y — oo, uniformly in any finite interval —oco <a <x < b < oco.
Hence,

1 T(=}iz) T(3Gz+d—aq))

1
2
V(z)  T((-iz+a)) T(i(iz+d))

uniformly on R as |z| — oo.

~ 27

» From Kesten-Brestagnolle integral test we conclude that (1 + W(z)) ! is
integrable and each sphere S;_; can be reached with positive probability from
any x with |x| # 1if and only if & € (1,2).
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:

PROOF OF PORT’S HITTING PROBABILITY
» Note that
(3(—iz+a)) T(3(iz+4)
I(—%iz) T((iz+d-a))
so that W(—iz), is well defined for Re(z) € (—d, o) with roots at 0 and @ — d.
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: :

PROOF OF PORT’S HITTING PROBABILITY
» Note that
(3(—iz+a)) T(3(iz+4)
I(—%iz) T((iz+d-a))
so that W (—iz), is well defined for Re(z) € (—d, ) with roots at 0 and o — d.
» We can use the identity

_ ug(log(1/]x[))

Py (79 < 00) 12 (0)

providing

1 e d R
g (x) = — z, x €R,
<=5 /CHR W (—iz)

forc € (v —d,0).
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:

PROOF OF PORT’S HITTING PROBABILITY
» Note that
(3(—iz+a)) T(3(iz+4)
I(—%iz) T((iz+d-a))
so that W (—iz), is well defined for Re(z) € (—d, ) with roots at 0 and o — d.
» We can use the identity

Py(7® < 00) = %,

providing

1 e
d. R
ue(x) = 25 /HR TS R
forc € (v —d,0).
» Build the contour integral around simple poles at {—2n — (d — «) : n > 0}.

R

1 c+iR ez TR
— / —dz
27 c—iR \If(—lz)

1 e—Zx
= —dz
271 JoqRei®:0€ (nr /2,37 /2) ¥ (—iz)

X

+ Z Res(\y( 1),z:—2n—(d—a)).

1<n<|R|
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:

PROOF OF PORT’S HITTING PROBABILITY

> Now fix x < 0 and recall estimate |1/W(—iz)| 5 |z|~“. The assumption x < 0 and
the fact that the arc length of {c + Rel? : § € (7/2,37/2)} is nR, gives us

—XZ
/ ¢ —dz| < CR=(e=D 0
c+Rei®:0¢ (/2,37 /2) Y(—iz)

as R — oo for some constant C > 0.
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PROOF OF PORT’S HITTING PROBABILITY

> Now fix x < 0 and recall estimate |1/W(—iz)| 5 |z|~“. The assumption x < 0 and
the fact that the arc length of {c + Rel? : § € (7/2,37/2)} is nR, gives us

< CR(=1) 50

e—xz
/ —dz
c+Rei®:0¢ (/2,37 /2) Y(—iz)

as R — oo for some constant C > 0.
» Moreover,
X

ue(x) = ZRes (%Ziz);z: —2n — (d—a))

n>1

> " T'(n+(d—w)/2) e
Z(_l) +1 .

0 (—n+a/2)T(n+d/2) n!

= =) 75((52_);"(21//22)) 2F1((d — @) /2,1 — a/2,d/2;¥),

Which also gives a value for u¢ (0).
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PROOF OF PORT’S HITTING PROBABILITY

> Now fix x < 0 and recall estimate |1/W(—iz)| 5 |z|~“. The assumption x < 0 and
the fact that the arc length of {c + Rel? : § € (7/2,37/2)} is nR, gives us

—XZ
/ ¢ _dz| <CR-(@-D 0
c+Rei®:0¢ (/2,37 /2) Y(—iz)

as R — oo for some constant C > 0.
» Moreover,

ue(x) = ZRes (%;z: —2n — (d—a))

n>1

> " T'(n+(d—w)/2) e
Z(_l) +1 .

0 (—n+a/2)T(n+d/2) n!
= ex(dfa) %zpl((d — Oé)/z7 1— 05/27 d/27 eZX),

Which also gives a value for u¢(0).
» Hence, for 1 < ||,
log(1
2.0 < oo _ NelloB(1/1x))
ug(0)

r(efd—1)r(g
MIX\“*%H(M o)/ — ay2,d)2: x| ).
: (i) F(a B 1) 95/ 125
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:

PROOF OF PORT’S HITTING PROBABILITY

» To deal with the case |x| < 1, we can appeal to the Riesz-Bogdan—Zak transform
to help us.
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PROOF OF PORT’S HITTING PROBABILITY

» To deal with the case |x| < 1, we can appeal to the Riesz-Bogdan—Zak transform
to help us.

> To this end we note that, for [x| < 1, |[Kx| > 1

X 01

1
Pu(79 < 00) = PR (¥ < 00) = By |x|a_dl<fo<oo)] = WH”X(T@ < )

96/ 125



§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

PROOF OF PORT’S HITTING PROBABILITY

» To deal with the case |x| < 1, we can appeal to the Riesz-Bogdan—Zak transform
to help us.

> To this end we note that, for [x| < 1, |[Kx| > 1

X 0l

1
Pu(79 < 00) = PR (¥ < 00) = By |x|a_dl<fe<oo)} = WH”X(T@ < )

» Hence plugging in the expression for |x| < 1,

2
r (g) I(a—1)

thus completing the proof.

IPx(T®<oo):F(aTH_1)F ?)

2F1((d = @)/2,1 — a/2,d/2; %),

» To deal with the case x = 0, take limits in the established identity as |x| — 0.
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:

RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY

Theorem
Suppose o € (1,2). Forall x € RY,

r (L” - 1) r(2) -
Pe(7® < o0) = 1"(2‘;)1“(0[—1)2 /Sd_1 |z — x|* oy (d2),

where o1 (dz) is the uniform measure on Sy_q, normalised to have unit mass. In particular, for
Y €S,

r (g) T(a—1)

s = i CEHT
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:

PROOF OF RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY
» We know that |X; — z|*~9,t > 0is a martingale.
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PROOF OF RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY

» We know that |X; — z|*~9,t > 0is a martingale.
» Hence we know that

M ;:/ 2= X0 Moy (dz),  t3>0,
Sg—1

is a martingale.
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:

PROOF OF RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY

» We know that |X; — z|*~9,t > 0is a martingale.
» Hence we know that

M, ;:/ 2= X0ty (dz), >0,
Sa—1

is a martingale.
> Recall that lim¢_, o0 | X¢| = 0 and « < d and hence

— i _ a—d 4
Mo = fim M, = [ Xl @6 ey £ Ol
where, despite the randomness in X_¢, by rotational symmetry,

C=[ -1 (da),

Sq—1

and 1 = (1,0,---,0) € R?is the ‘North Pole’ on Sy_1.
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PROOF OF RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY

» We know that |X; — z|*~9,t > 0is a martingale.
» Hence we know that

M ;:/ 2= X0 Moy (dz),  t3>0,
Sg—1

is a martingale.
> Recall that lim¢_, o0 | X¢| = 0 and « < d and hence

— i - —d 4
Moo = t1_1>1'130 M; = \/§d71 ‘Z — X_r@ |a o1 (dZ)l(,r@<oo) = Cl(‘r®<oo)'
where, despite the randomness in X, by rotational symmetry,
C= |z — 1]°"9oy(dz),
Si—1
and 1 = (1,0,---,0) € R?is the ‘North Pole’ on Sy_1.

» Since M is a Ul martingale, taking expectations of Moo

/S 12 — x|y (dz) = Ex[Mo] = Ex[Muo] = CP(r® < o0)
d—1
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PROOF OF RIESZ REPRESENTATION OF PORT’S HITTING PROBABILITY
» We know that |X; — z|*~9,t > 0is a martingale.
» Hence we know that

M ;:/ 2= X0 Moy (dz),  t3>0,
Sg—1

is a martingale.
> Recall that lim¢_, o0 | X¢| = 0 and « < d and hence

T _ —d 4
Moo = t1_1>1'130 M; = \/Sd?l ‘Z — X_r@ |a o1 (dZ)l(,r@<oo) = Cl(‘r®<oo)'
where, despite the randomness in X_¢, by rotational symmetry,
C= [ |z—11oi(d2),
Sq—1
and 1 = (1,0,---,0) € R?is the ‘North Pole’ on Sy_1.

» Since M is a Ul martingale, taking expectations of Moo

/S 12 — x|y (dz) = Ex[Mo] = Ex[Muo] = CP(r® < o0)
d—1

» Taking limits as |x| — 0,
C=1/P(r® <oo)=r(g) I'(a—1)/T (#_1)1“(%). 98/ 125
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§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References
:

SPHERE INVERSIONS
» Fixa pointb € R and a value r > 0.
» The spatial transformation x* : R\ {b} + R4\ {b}
copp " b
Xt =0+ m(x —b),

is called an inversion through the sphere Sy_,(b,r) := {x € R : [x — b] = r}.

€1

Figure: Inversion relative to the sphere S;_1 (b, r).
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:

INVERSION THROUGH S;_1(b,7): KEY PROPERTIES

Inversion through S;_4 (b, )

cmpg b
bt
The following can be deduced by straightforward algebra

» Self inverse

—pyp 70
T e

» Symmetr
g Y r2:|x*—b\|x—b|

» Difference

Plx —y
=y =
|x — blly — b|
» Differential
. r2d
dx* = mdx
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:

INVERSION THROUGH S;_1(b,7): KEY PROPERTIES

> The sphere S;_1(c, R) maps to itself under inversion through S;_1 (b, r) provided
the former is orthogonal to the latter, which is equivalent to 12 + R? = |c — b|?.

A
)

> In particular, the area contained in the blue segment is mapped to the area in the
red segment and vice versa.
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:

SPHERE INVERSION WITH REFLECTION

A variant of the sphere inversion transform takes the form

)
O
X _b—m(x—b)7

and has properties

» Self inverse
x=b— m(xo—b),
» Symmetry
P = [x° = bljx — b,
» Difference
o o _ r2|x_y‘ )
|x = blly — bl

» Differential o

CIJC<> = mdx
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:

SPHERE INVERSION WITH REFLECTION

» Fixb € R and r > 0. The sphere S;_1(c, R) maps to itself through S;_1 (b, 7)
providing |c — b|? + 12 = R2.

» However, this time, the exterior of the sphere S;_1(c, R) maps to the interior of the
sphere S;_1(c, R) and vice versa. For example, the region in the exterior of
S4—1(c, R) contained by blue boundary maps to the portion of the interior of

S4-1(c, R) contained by the red boundary.
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PORT’S SPHERE HITTING DISTRIBUTION

A richer version of the previous theorem:

Theorem (Port (1969))
Define the function

Ox,y) =

P(3 )T (5) e — 1o
T

_ ylatd—
(g) [(a—1) [x—yle+d=2
for |x| #1, ly| = 1. Then, if o € (1,2),
Px(X,0 € dy) = h® (x,y)o1(dy)1(jxj21) + 6x(dy)1(jx=1), lyl =1,

where o1 (dy) is the surface measure on Sy_1, normalised to have unit total mass.

Otherwise, if o € (0,1], Px(7© = o0) = 1, forall |x| # 1.
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:

PROOF OF PORT’S SPHERE HITTING DISTRIBUTION

> Write u (dz) = Py(X. o € dz) on Sy_; where x € R\S;_;.
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:

PROOF OF PORT’S SPHERE HITTING DISTRIBUTION

> Write u (dz) = Py(X. o € dz) on Sy_; where x € R\S;_;.

> Recall the expression for the resolvent of the stable process in Theorem 17 which
states that, due to transience,

e o]
/ Py (X; € dy)dt = C(a)|x — y|*~“dy, x,y € RY,
0

where C() is an unimportant constant in the following discussion.
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:

PROOF OF PORT’S SPHERE HITTING DISTRIBUTION

> Write u (dz) = Py(X. o € dz) on Sy_; where x € R\S;_;.

> Recall the expression for the resolvent of the stable process in Theorem 17 which
states that, due to transience,

e o]
/ Py (X; € dy)dt = C(a)|x — y|*~“dy, x,yeR,
0

where C() is an unimportant constant in the following discussion.

» The measure x is the solution to the ‘functional fixed point equation’
oyt = [ -y, yesi
d—1

Note that y € Sy_1, so the occupation of y from x, will at least see the the process
pass through the sphere S;_; somewhere first (if not ).

» With a little work, we can show it is the unique solution in the class of probability
measures.
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:

PROOF OF PORT’S SPHERE HITTING DISTRIBUTION
Recall, for y* € Sy_1, from the Riesz representation of the sphere hitting probability,

r (g) I(a—1)

we are going to manipulate this identity using sphere inversion to solve the fixed point
equation first assuming that |x| > 1

:/ |z*—y*|°‘7da1(dz*).
Sa—1
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PROOF OF PORT’S SPHERE HITTING DISTRIBUTION
Recall, for y* € Sy_1, from the Riesz representation of the sphere hitting probability,

r (g) I(a—1)

we are going to manipulate this identity using sphere inversion to solve the fixed point
equation first assuming that |x| > 1

:/ |z*—y*|°‘7da1(dz*).
Sa—1

» Apply the sphere inversion with respect to the sphere S;_1 (x, (]x|> — 1)1/2)
remembering that this transformation maps S;_ to itself and using

1
1 g1 (dZ)

1 *
a—1 Ul(dz ) = ‘Z — x|d

|2 — ]

2_1 _
(e ~1) = " —xlle x| and |z —y| = P DEY
Ry
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PROOF OF PORT’S SPHERE HITTING DISTRIBUTION
Recall, for y* € Sy_1, from the Riesz representation of the sphere hitting probability,

r (g) I(a—1)

we are going to manipulate this identity using sphere inversion to solve the fixed point
equation first assuming that |x| > 1

:/ |z*—y*|°‘7d01(dz*).
Sa—1

» Apply the sphere inversion with respect to the sphere S;_1 (x, (]x|> — 1)1/2)
remembering that this transformation maps S;_ to itself and using

1 1

) = 71(d2)

|z — x|d-1

2
— 1)z —
(e 1) = " ~xllz—x| and |~y = L DEZA

2= xlly = x|

r — / ‘Z* _ xldfl‘z* _y*lafd o1(dz")
r (L” - 1) r(g)  Jsa |z* — x|4-1

G I
Ty S J et

» TFor the case |x| < 1, use Riesz-Bogdan-Zak theorem again! 108/1125
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BLUMENTHAL-GETOOR-RAY EXIT/ENTRANCE DISTRIBUTION

Theorem
Define the function

11— |x?
11— [yl2|*/?

|a/2

g(x.y) = n~ @2 1(d)2) sin(ra/2) =y~

forx,y € R\S;_1. Let
T =inf{t > 0: |X;| < 1}and 77 := inf{t > 0 : |X;| > 1}.
(i) Suppose that |x| < 1, then
Pr(Xre €dy) =g(xy)dy, |yl > 1.
(i) Suppose that |x| > 1, then

Py(X, e €dy, 79 < 00) = g(x,y)dy, ly] <1.
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PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)

» Appealing again to the potential density and the strong Markov property, it
suffices to find a solution to

vyt = /| I TCO N VES
zlz

with a straightforward argument providing uniqueness.
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:

PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)

» Appealing again to the potential density and the strong Markov property, it
suffices to find a solution to

M—yP“=iKD1h—m“”u@@’ yl > 1,
zlz

with a straightforward argument providing uniqueness.

» The proof is complete as soon as we can verify that

. LR
=yl = [yt 2l
Y R T T

for [y] > 1 > |x|, where

Coq =1~ /D T(d/2) sin(ra/2).
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:

PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)

» Transform z > z° (sphere inversion with reflection) through the sphere
Sy—1(x, (1 — |x|*)1/2), noting in particular that

|z — x?

|Z — }/l 2 o2
|22 =y’ = (1= |xf)———"— and |2/ -1= (1=1=°F)
|z — x[ly — ] 1—|x2
and
dz°® = (1 — x|z — x|7dz, zeR%
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PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)

» Transform z > z° (sphere inversion with reflection) through the sphere
Sy—1(x, (1 — |x|*)1/2), noting in particular that

|z — x?

|Z — y| 2 o2
|22 =y’ = (1= |xf)———"— and |2/ -1= (1=1=°F)
|z — x[ly — x| 1—|x2
and
dz°® = (1 — x|z — x|7dz, zeR%

» For x| <1<y,

/ ‘Z_y|a—d|1_ |x|2|a/2 |X—Z|_ddZ: |y_x‘a—d/ |Z<>_y<>|a—d dz°.
231 [1—|z2]e/2 loj<t |1 — 20 [2]/2
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:

PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)

» Transform z > z° (sphere inversion with reflection) through the sphere
Sa_1(x, (1 — |x[*)'/?), noting in particular that

|z — x?

|Z — y‘ 2 o2
|22 =y’ = (1= |xf)———"— and |2/ -1= (1=1=°F)
|z — x[ly — x| 1—|x2
and
dz°® = (1 — x|z — x|7dz, zeR%

» For x| <1<y,

/ ‘Z_y|a—d|1_ |x|2|a/2 IX—Z|_ddZ: |y_x‘a—d/ |Z<>_y<>|a—d dz°.
2]>1 |1 _ ‘le‘a/z |20]<1 |1 _ ‘Z<>|2|a/2

» Now perform similar transformation z® — w (inversion with reflection), albeit
through the sphere Sy_1 (y°, (1 — [y°[*)'/?).

 ja—d 2 =yl o a—d/ L AT
ly—x| /|z<>\§1 ‘1_|Zo|2|a/2dz = ly—x| wi>1 11— [w][e72 [w—y®| ™ dw.
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PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)
Thus far:

- pen . LRl
L e P R RS A
21>1 11— |z]2|*/2 wi>1 |1 — [w]?|*/

» Taking the integral in red and decomposition into generalised spherical polar
coordinates

w—y°|~dw =
Y

2/2 /°° r=1dr
)1

! / o|—d
11— [w]2]e/? z— or(dz
/Ivlzl 1 — [w]?[/2 r(d/2 1= )s, o |z —y°| " or(dz)
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PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (I)
Thus far:

R . LRl
L e P R RS A
lz|>1 [T — |z[?|«/2 [o)>1 |1 — [w]?]*/

» Taking the integral in red and decomposition into generalised spherical polar
coordinates

2/2 /°° r=1dr / o1—d
z—y°| %o, (dz
rds2) )i |1=n2er Sd_l(o,r)l ¥el r(dz)

» Poisson’s formula (the probability that a Brownian motion hits a sphere of radius
r > 0) states that

w—y°|~dw =
Y

/ 1
[o>1 |1 — [w]?]e/2

T'd72 2 _ 1,012
/ wm(dﬂ =1, |l<i<r
si_10) 12— y°

gives us

1 od n?/? /00 2r
_ dw = d
/le w2 YT =ty ) o nerE —ep
T 1

- sin(am/2) (1 - |yo )/

» Plugging everything back in gives the result for |x| < 1. s
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:

PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (II)

The interesting part of the proof is the derivation of the the identity in (ii) (i.e. |x| > 1)
from the identity in (i) (i.e. [x| < 1).
» Start by noting from the Riesz-Bogdan-Zak transform that, for |x| > 1,

PX(XT@ € D) = PI%X(KXTG € D)?

where Kx = x/|x[?, [Kx — Kz| = |x — z|/|x||z| and KD = {Kx : x € D}.
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PROOF OF B-G—R ENTRANCE /EXIT DISTRIBUTION (II)

The interesting part of the proof is the derivation of the the identity in (ii) (i.e. |x| > 1)
from the identity in (i) (i.e. [x| < 1).
» Start by noting from the Riesz-Bogdan-Zak transform that, for |x| > 1,

PX(XT@ € D) = PI%X(KXTG € D)7
where Kx = x/|x[?, [Kx — Kz| = |x — z|/|x||z| and KD = {Kx : x € D}.
» Noting that d(Kz) = |z|~24dz, we have
Px(X;e € D)

ly|*— ¢
XD |Kx|a d

L W 1— Kx2 a/2 _
=Ca,d/ |21~ [Kx? H%\KX—ﬂ “dy

.
ot | e e — i)

(Kx, y)dy

- le |*/2

—d
T

= Ca,d
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EXCURSIONS FROM THE RADIAL MINIMUM
Recall that we can represent an isotropic Lévy process through the Lamperti transform

Xp = egw(t) Gap(t) t>0,

S
o(t) = inf{s >0: / e dy > t}
0

and (&, ©) with probabilities Py g, x # 0, 0 € S;_1, is a MAP. Recall also that, although
corollated to ©, £ alone is a Lévy process.

> Letl = (¢,t > 0), the local time at 0 of the reflected Lévy process & — £ ” t>0,
where ét = infi<; &, t > 0.

where
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:

EXCURSIONS FROM THE RADIAL MINIMUM
Recall that we can represent an isotropic Lévy process through the Lamperti transform

Xp = egw(t) Gap(t) t>0,

S
w(t) = inf{s >0: / e du > t}
0
and (&, ©) with probabilities Py g, x # 0, 0 € S;_1, is a MAP. Recall also that, although

corollated to ©, £ alone is a Lévy process.
> Letl = (¢,t > 0), the local time at 0 of the reflected Lévy process & — £ ” t>0,
where ét = infi<; &, t > 0.
» The process ¢ serves as an adequate choice for the local time of the Markov
process (§ — &, ©) on the set {0} x Sy_;.

where
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EXCURSIONS FROM THE RADIAL MINIMUM
Recall that we can represent an isotropic Lévy process through the Lamperti transform

Xp = egw(t) Gap(t) t>0,

S
w(t) = inf{s >0: / e du > t}
0
and (&, ©) with probabilities Py g, x # 0, 0 € S;_1, is a MAP. Recall also that, although

corollated to ©, £ alone is a Lévy process.
> Letl = (¢,t > 0), the local time at 0 of the reflected Lévy process & — £ ” t>0,
where ét = infi<; &, t > 0.
» The process ¢ serves as an adequate choice for the local time of the Markov
process (£ — &, ©) on the set {0} x Sy_;.
> Define

where

gf=sup{s<t:§s:és}anddt:inf{s>t:§s:§s}‘
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:

EXCURSIONS FROM THE RADIAL MINIMUM
Recall that we can represent an isotropic Lévy process through the Lamperti transform

Xpi=eS00, 20,

S
w(t) = inf{s >0: / e du > t}
0
and (&, ©) with probabilities Py g, x # 0, 0 € S;_1, is a MAP. Recall also that, although

corollated to ©, £ alone is a Lévy process.
> Letl = (¢,t > 0), the local time at 0 of the reflected Lévy process & — £ ” t>0,
where ét = infi<; &, t > 0.
» The process ¢ serves as an adequate choice for the local time of the Markov
process (£ — &, ©) on the set {0} x Sy_;.
> Define

where

gf=sup{s<t:gs:és}anddt:inf{s>t:§s:§s}‘

» Forall t > 0 such that d; > g; the process
(eg,‘ (S)v @; (S)) = (&-ngS - gg“ egt+5)7 s < qu =dt — 9,

codes the excursions of (£ — &, ©) from the set (0, S;_1) or equivalently,
excursions of (X;/inf;<; [Xs|,t > 0), from S;_1, or equivalently an excursion of X
from its running radial infimum.
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EXCURSIONS FROM THE RADIAL MINIMUM
Recall that we can represent an isotropic Lévy process through the Lamperti transform

Xpi=eS00, 20,

S
w(t) = inf{s >0: / e du > t}
0
and (&, ©) with probabilities Py g, x # 0, 0 € S;_1, is a MAP. Recall also that, although

corollated to ©, £ alone is a Lévy process.
> Letl = (¢,t > 0), the local time at 0 of the reflected Lévy process & — £ ” t>0,
where ét = infi<; &, t > 0.
» The process ¢ serves as an adequate choice for the local time of the Markov
process (£ — &, ©) on the set {0} x Sy_;.
> Define

where

gf=sup{s<t:gs:és}anddt:inf{s>t:§s:§s}‘

» Forall t > 0 such that d; > g; the process
(eg,‘ (S)v @; (S)) = (&-ngS - gg“ egt+5)7 s < qu =dt — 9,

codes the excursions of (£ — &, ©) from the set (0,S;_1) or equivalently,
excursions of (X;/ infs<; |Xs|, t > 0), from S;_1, or equivalently an excursion of X
from its running radial infimum.

» Moreover, we see that, for all t > 0 such that d; > g,

Xy, 45 = eSorecor (5)6; (s) = |Xq, e (S)@; (s), s < oy 116/ 125
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EXCURSIONS FROM THE RADIAL MINIMUM

» The classical theory of exit systems in Maisonneuve (1975) now implies that there
exists a family of excursion measures, Ny, @ € S;_1, such that:

> the map 0 + Ny is a kernel from Sy_; to R x S;_1, such that Ny (1 — e~ ¢) < oo
and Ny is carried by the set {(¢(0), ©¢(0) = (0,0)} and {¢ > 0};

» we have the exit formula
E o |:Z F((&,0s) 1s < g)H((€g79;)):|
geG

. [ /0 T F((6.04) 1 s < DNe, (H(e, 0))dts |,

for x # 0, where F and H are continuous on the space of cadlag paths on
R XSy 1)and G = {gs:s >0}

» under any measure Ny the process (¢, ©¢) is Markovian with the same transition
semigroup as (&, ©) stopped at its first hitting time of (—o0, 0] x Sj_1.
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EXCURSIONS FROM THE RADIAL MINIMUM

» The classical theory of exit systems in Maisonneuve (1975) now implies that there
exists a family of excursion measures, Ny, @ € S;_1, such that:

> the map 0 + Ny is a kernel from Sy_; to R x S;_1, such that Ny (1 — e~ ¢) < oo
and Ny is carried by the set {(¢(0), ©¢(0) = (0,0)} and {¢ > 0};
» we have the exit formula

E o |:Z F((&,65) :s < g)H((€g79;)):|

geG
_ [/m F((6,05) : s < )N, (H(e, 0))dts | ,
0

for x # 0, where F and H are continuous on the space of cadlag paths on
R XSy 1)and G = {gs:s >0}

» under any measure Ny the process (¢, ©¢) is Markovian with the same transition
semigroup as (&, ©) stopped at its first hitting time of (—o0, 0] x Sj_1.

» The couple (¢,N.) is called an exit system. The pair £ and the kernels Ny,
0 € Sy_1, are not unique, but once £ is chosen the measures Ny are determined but
for a £-neglectable set.
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RADIAL LADDER MAP
» For bounded measurable f on R and G(c0) := sup{s > 0 : |X;| = inf, <, |Xu|},

]EX[f(XG(oo))] = Elog |x|,arg(x) Zf(e&@t)l(gt = OO):|

| t€G

~ Buog o || (€000 (¢ = o)t

[ oo _
= Elog |x],arg(x) /0 f(eiH’ QF)N@; (C = Oo)dt:|

where (H;,0;7) = (—§,-1,0,-1), t < los.
t t
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RADIAL LADDER MAP
» For bounded measurable f on R and G(c0) := sup{s > 0 : |X;| = inf, <, |Xu|},

]EX[f(XG(oo))] = Elog |x|,arg(x) Zf(e&@t)l(gt = OO):|

| t€G

~ Buog o || (€000 (¢ = o)t

[ oo _
= Elog |x],arg(x) /0 f(eiH’ GF)N@; (C = Oo)dt:|

where (H; ,0; ) = (¢
» Define the potential

et—l,(")et—l),t< goo

oo _
uy (dZ) = /O Plog |x|,arg(x) (eiH[ et_ €dz, t < Zoo)dtv Izl < |x|
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RADIAL LADDER MAP
» For bounded measurable f on R and G(c0) := sup{s > 0 : |X;| = inf, <, |Xu|},

EX[f(XG(oo))] = Elog |x|,arg(x) Zf(e&@t)l(g = OO):|

| t€G

~ Buog o || (€000 (¢ = o)t

[ rloo _
= Elog |x],arg(x) /0 f(eth ®t_ )N@r (C = oo)dt:|

where (H;,0;7) = (—§,-1,0,-1), t < los.
t t
» Define the potential
o H
u, (dZ) = /O Plog |x],arg(x) (ei ! et €dz, t< Zoo)dtv Izl < |x‘
» As X is transient, (H~, © ) experiences killing at © ~-dependent rate

Np(¢ = 00), 0 € Sy_1. Isotropy implies Ny (¢ = co) independent of 6. Scaling of
local time ¢ chosen so that Ng (¢ = c0) = 1.

118/ 125



§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References

RADIAL LADDER MAP
» For bounded measurable f on R and G(c0) := sup{s > 0 : |X;| = inf, <, |Xu|},

EX[f(XG(oo))] = Elog |x|,arg(x) Zf(eftgt)l(g = OO):|

| t€G

~ Buog o || £(€5€0) Mo, (¢ = oc)att]

[ [l _
= Elog |x],arg(x) /0 f(eth et_ )N@r (C = Oo)dt:|

where (H; ,0; ) = (¢
» Define the potential

et_l,get_l),t< goo-

oo _
u, (dz) = /O Plog |x],arg(x) (eth et_ €dz, t< Zoo)dtv Izl < |x‘

» As X is transient, (H~, © ) experiences killing at © ~-dependent rate
Np(¢ = 00), 0 € Sy_1. Isotropy implies Ny (¢ = co) independent of 6. Scaling of
local time ¢ chosen so that Ng (¢ = c0) = 1.

> In conclusion, we reach the identity

Exlf (Xs(oe))] = [

2| <l|x

‘f (2)U (dz)
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POINT OF CLOSEST REACH

Theorem (Point of Closest Reach to the origin)
The law of the point of closest reach to the origin is given by

—d/2 I (d/2)? (I — Iy~
L (d-a)/)T (a/2) |x—y|'ly|

Py(Xg(ooy €dy) =7 dy, 0< |yl < x|

119/ 125



§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
:

POINT OF CLOSEST REACH: SKETCH PROOF

» First define, for x # 0, |x| > r, § > 0 and continuous, positive and bounded f on
RY,

AN () = B [flarg(Xa ), X | € 7= 5,71

120/ 125



§l. 2. §3. §4. §5. §6. §7. §8. §9. §10. §11. §12. §13. References

POINT OF CLOSEST REACH: SKETCH PROOF

» First define, for x # 0, |x| > r, § > 0 and continuous, positive and bounded f on
RY,

M) = 5B Farg(Xe. )Xo | € [ = 6.7

> Then, with the help of Blumenthal-Getoor-Ray first entry distribution,

A2 (x)
1

=3 Py(X_o € dy; 7,7 < 00)Ey [f(arg(Xe., )); [Xcao | € (r — 6, [yl]]

lyl€lr—a,1 ’

lewa [ ]yt ) e < - )
5 Jtetr—sm |72 =1yl Y v B Coe )7 e W
1 ly — x|~ -

=-C rz—xz"‘/z/ di/ U, (dz)f(arg(z)),
5 Cotlr — T slet—s 12— WP Jy—s<pzi<iy v (A2 (arg(s)
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POINT OF CLOSEST REACH: SKETCH PROOF

» First define, for x # 0, |x| > r, § > 0 and continuous, positive and bounded f on
RY,

M) = 5B Farg(Xe. )Xo | € [ = 6.7

> Then, with the help of Blumenthal-Getoor-Ray first entry distribution,

AYf(x)
1

=5 Py(X o €dy; & < 00)Ey [f(arg(Xeo ) 1Xeao | € (r— 6, |y]]

lyl€lr—3a,r] "

lewa [ ]yt ) e < - )
5 yler—sn 17— yP Y y Va8 Ree0 )i 160 Y
1 ly — x|~ _

= S Cal?® —PI" [ v | Uy (d2)f (arg(2)),
5" yle—sn P2 =1yR1/2 Ji—s<zi<py Y

Lemma

Suppose that f is a bounded continuous function on R, Then

Ji—s<pz1< 1y Uy (d2)f(2)

lim  sup —
Jr—s<iz1<py Uy (d2)

=0y (r—6,1

—f(y)’ =0.

120/ 125




§l. 2. §3. §4. §5. §6. §7. §8. 9. §10. §11. §12. §13. References
: :

POINT OF CLOSEST REACH: SKETCH PROOF

» Hence
AS sg0 1 2 21a/2 ly — x|~ _
ARf(x) ~ a,dlr = |x[7] / dy 2t Flarg(y)) U, (dz)
Wlet—o  rF = ly|2e/? 8 r—s<lz<lyl ¥

and for |y| € (r —4,7],

/ Uy (d2) = Py(r ; = o0) = P(6_ > log((r — 6)/1))
r—6<|z|<|y|
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POINT OF CLOSEST REACH: SKETCH PROOF

» Hence

AS sg0 1 2 21a/2 ly — x|~ _
ARf(x) ~ a,dlf =[x / dy———>—f(arg(y)) U, (dz)
ylet—sn  Ir* = ly2|/? 8 r—s<lz<lyl ¥

and for |y| € (r —4,7],

/ Uy (d2) = Py (2 ; = o0) = P(£_ > log((r — 6)/1))
r—6<|z|<|y|

» The right hand side above can be determined explicitly thanks to the known
Wiener-Hopf factorisation of £
> Note also
510 1/ 4, PE >log((r—196)/y)
M) ¥ CoalP—laPlor25 [ tap—
r—

7= e

[ antdoloo—xi-tio
PSa—1
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POINT OF CLOSEST REACH: SKETCH PROOF

» Hence

AS sg0 1 2 21a/2 ly — x|~ _
ARf(x) ~ a,dlf =[x / dy———>—f(arg(y)) U, (dz)
ylet—sn  Ir* = ly2|/? 8 r—s<lz<lyl ¥

and for |y| € (r —4,7],

/ Uy (d2) = Py (2 ; = o0) = P(£_ > log((r — 6)/1))
r—6<|z|<|y|

» The right hand side above can be determined explicitly thanks to the known
Wiener-Hopf factorisation of £
> Note also
510 1/ 4, PE >log((r—196)/y)
M) ¥ CoalP—laPlor25 [ tap—
r—

7= e

[ antdoloo—xi-tio
PSa—1

Lemma
Let Dy 4 = T'(d/2)/T((d — a)/2)T(ct/2). Then

I Da,d
im  sup —| =

550 (P> = (r=8)1) " 2roP(¢_ > log((r — 8)/y)) —
=0 lylefr—a,]
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MORE EXCURSION THEORY-BASED RESULTS
Theorem (Triple law at first entrance/exit of a ball)
Fix r > 0 and define, for x,z,y,v € R\ {0},

—aa2 (A + @)/2) T(d/2)* ||z = [xP|*2|ly? - |z2*/>
ID(—a/2)] T(e/2)? [2]*|z = xl]z — y|¥fo — y|oFd”

xx(z,y,0) =7

(i) Write
(1) = sup{s < 72 : |Xs| = n;f X[}
u<s

for the instant of closest reach of the origin before first entry into rSy_y. For |x| > |z| > 1,
ly| > |z] and |v| < r,

P"(XG(T@) €dz, X o €dy, X ¢ €dy; 78 < 00) = xx(z,¥,v) dzdy do.
(ii) Define G(t) = sup{s < t: |Xs| = sup, ., [Xul}, t > 0, and write

G(r2) = sup{s < O |Xs| = sup | Xul}.
u<s

for the instant of furtherest reach from the origin immediately before first exit from rSy_.
For |x| < |z| <1, |y| < |z| and [v] > T,

PX(Xg(T?) € dz, ere— € dy, Xne € dv) = xx(z,y,v) dzdy do. 122/ 125
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MORE EXCURSION THEORY-BASED RESULTS

Theorem
Write My = sup, ., | Xi|, t > 0. For all bounded measurable f : By — R and x € R\{0}

. _pT@ @) [ 11— [P /2
Jim Elf(Xy /M) = /2 /S @) [t e

where o1 (dy) is the surface measure on Sy_1, normalised to have unit mass.
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