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Abstract

We revisit the previous work of Leland [13], Leland and Toft [12]
and Hilberink and Rogers [8] on optimal capital structure and show
that the issue of an optimal endogenous default level can be dealt with
analytically and numerically when the underlying source of randomness
is replaced by that of a general spectrally negative Lévy process. By
working with the latter class of processes we bring to light a new phe-
nomena, namely that, depending on the nature of the small jumps, the
optimal default level may be determined by a principle of continuous
fit as opposed to the usual smooth fit. Moreover, we are able to prove
the optimality of the default level according to the appropriate choice
of fit.
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1 Introduction

We consider the following model for a firm based on the earlier work of Leland
[13], Leland and Toft [12] and Hilberink and Rogers [8].

The firm is assumed to be partly financed by debt, whose maturity pro-
file is kept constant through time, by the simultaneous issue of new debt and
retirement of old debt. This debt is of equal seniority, and distributes a con-
tinuous stream of coupon payment to bondholders in a fixed amount. From
this the firm also receives tax benefits which are also issued as a continuous
stream, providing the value of its assets is above a certain threshold, at a fixed
rate. The bankruptcy level is determined endogenously by the shareholders to
maximize the firm’s equity value. Note that most of the authors mentioned
above consider the case where the coupon is paid at a constant rate to the
bondholder rather than proportional to the value of the underlying asset and
the tax rebates are accordingly received at a constant rate providing the value
of the underlying asset is above a certain threshold.

In this paper we shall assume that the value of underlying assets of the firm
are modeled using a general exponential spectrally negative Lévy process. This
was also the case in Hilberink and Rogers [8], however, it was necessary for
them after a certain point in their calculations to work with the special case
of a spectrally negative Lévy process taking the form of an independent sum
of a linear Brownian motion and a compound Poisson process with negative
jumps (cf. formula (3.21) on p245). As advocated by Leland and Toft [12] and
Hilberink and Rogers [8], the optimal bankruptcy level should be determined
by applying smooth-pasting condition. Although for the special subclass of
spectrally negative processes considered by Hilberink and Rogers [8], no rigor-
ous proof was given showing that smooth pasting leads to the optimal choice
of bankruptcy level; the authors relied instead on numerical observation. By
working with a completely general spectrally negative Lévy process here, we
not only show that an analytical treatment of the optimal bankruptcy level
is possible, but we are able to show that the smooth-pasting condition is not
always appropriate. We give an analytical proof that, depending on the path
regularity of the underlying Lévy process, a principle of either smooth pasting
or continuous pasting should be applied accordingly as the underlying Lévy
process has unbounded or bounded variation respectively.

Among the class of spectrally negative Lévy processes, we consider α-stable
process with index α ∈ (0, 1)∪(1, 2] for numerical examples. With the exception
of the case α = 2 which corresponds to linear Brownian motion, these are
pure jump processes. Further, they have paths of unbounded variation when
α ∈ (1, 2] and paths of bounded variation when α ∈ (0, 1). The numerical
results for these processes give a significant differences from the jump diffusion
processes considered by Hilberink and Rogers [8].

In other recent work, Chen and Kou [4] consider the same model as we do
here except that the underlying source of randomness is a Lévy process which
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is the independent sum of a linear Brownian motion and a compound Poisson
process with two-sided exponential jumps. They also succeed in proving that
the optimal bankruptcy level is obtained by a principle of smooth pasting for
the case considered there.

The paper is organized as follows. In Section 2 we present in more math-
ematical terms the basic models for the evolution of the value of the firm’s
assets and the capital structures of the firm following Hilberink and Rogers
[8]. Section 3 and 4 discuss some notions of fluctuation theory of (general)
Lévy processes, including a number of identities expressed in terms of scale
functions, from which we are able to give analytic expressions for the value
and debt of a firm. In Section 5 we discuss the computation of the optimal
endogenous default level. In Section 6 we verify the main results of Section 5
by means of numerical examples. Section 7 concludes this paper.

2 The capital structure of the firm

Let X = (Xt, t ≥ 0) be a real valued stochastic process defined on a stochastic
basis (Ω,F , F, P) where F = (Ft)t≥0 is generated by the process X and satisfies
the usual conditions of right continuity and completion. Assume further that
X is càdlàg, X0 = 0, and for 0 ≤ s < t the random variable Xt − Xs is
independent of the σ-field Fs and equal in distribution to Xt−s. The stochastic
process X is then called a Lévy process for short. The law of the Lévy process
started at x ∈ R will be denoted by Px. For convenience we write P = P0 and
we shall write Ex for the expectation operator associated with Px and in the
special case that x = 0 we write E. From the definition of a Lévy process, it
can be shown that

E
(
eiλXt

)
= etΨ(λ) for t ≥ 0, λ ∈ R, (2.1)

where the characteristic exponent Ψ(λ) of X is given by Lévy-Khintchine for-
mula

Ψ(λ) =
1

t
log E

(
eiλXt

)
= iµλ− 1

2
σ2λ2 +

∫
R

(
eiλy −1− iλy1{|y|<1}

)
Π(dy), (2.2)

where µ and σ ≥ 0 are real constants, and Π is a positive measure on R\{0}
such that it satisfies the integrability condition∫

R

(1 ∧ y2)Π(dy) < ∞. (2.3)

Lévy processes will form the basis of the model for the value of a firm as we
shall now describe. Note that with some exceptions, most of what we shall say
below is fundamentally the model described in Duffie and Lando [6], Hilberink
and Rogers [8], and Leland and Toft [12].
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To start with, let V (t) denote the value of the firm’s assets at time t whose
dynamics are given by

V (t) = V eXt . (2.4)

We assume a default-free asset exists that pays a continuous interest rate r > 0.
Further, it is assumed that under P, the discounted value e−(r−δ)V (t) of the
firm’s assets is P− martingale, that is to say that

E
(
e−(r−δ)tV (t)

)
= V, (2.5)

where δ > 0 is the total payout rate to the firm’s investors (including both
bond and equity holders).

The firm is assumed to be partly financed by debt, which is being constantly
retired and reissued in the following way. In time interval (t, t + dt), the firm
issues new debt with face value pdt, and maturity profile ϕ, where ϕ is non-
negative and

∫ ∞
0

ϕ(s)ds = 1. Thus in the time interval (t, t+ dt) it issues debt
with face value pϕ(s)dtds maturing in time interval (t+s, t+s+ds). Therefore,
at time 0 the face value of debt maturing in (s, s + ds) is given by(∫ 0

−∞
pϕ(s − u)du

)
ds = pF (s)ds, (2.6)

where F (s) ≡ ∫ ∞
s

ϕ(u)du is the tail of the maturity profile. Taking s = 0 in
(2.6), we see that the face value of debt maturing in (0, ds) is pds, the same as
face value of the newly-issued debt. Thus the face value of all debt is constant,
equal to

P = p

∫ ∞

0

F (s)ds. (2.7)

This is same the debt profile given in Hilberink and Rogers [8] as opposed
to the paper of Leland and Toft [12] who take the Dirac delta-function at T
which means that all new debt is always issued with a maturity of T . As in
both of the aforementioned papers however, we take ϕ(t) = me−mt for some
positive m. This has the direct implication that P = p/m.

All debt is of equal seniority and attracts coupons of an amount ρP at time
t until maturity, or default if that occurs sooner where, ρ > 0. The life time of
the process V (2.4) has no time limit unless V falls to a default-triggering value
VB. For the moment we shall assume that VB is constant. Default happens at
the first time that the value of the firm’s assets falls to some level VB or lower;

σ−
VB

= inf{t > 0 : V (t) < VB}. (2.8)

As we shall show later, the value of VB can be determined endogenously in
explicit terms for a general class of Lévy processes. On default, a fraction η of
the value of the firm’s asset is also assumed to be lost in reorganization.

Let us now consider a bond issued at time 0 with face value 1 and maturity
t, which continuously pays a constant coupon flow at a fixed rate ρ > 0. Let
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1
P

be the fraction of the asset value V (σ−
VB

) which debt of maturity t receives
in the event of bankruptcy. The value of the debt with maturity t is given by

d(V ; VB, t) = E

( ∫ t∧σ−
VB

0

ρe−rsds
)

+ E

(
e−rt : t < σ−

VB

)
+

1

P
(1 − η)E

(
e
−rσ−

VB V (σ−
VB

) : σ−
VB

< t
)
.

(2.9)

The first term on the right of (2.9) represents the expected discounted value
of all coupon payment till time t or the default time σ−

VB
, whichever is sooner.

The second term represents the expected discounted value of the principle re-
payment, if this occurs before bankruptcy, and the final term must be the net
present value of what is recovered upon bankruptcy, if this happens before ma-
turity time t. Indeed, V (σ−

VB
) is the value of the firm’s asset when bankruptcy

occurs and (1−η)V (σ−
VB

) is the value of the remains after bankruptcy costs are
deducted. Of this, the bondholder with face value 1 gets the fraction 1

P
, since

his debt represents this fraction of the total debt outstanding. Notice that if
the process X is continuous, then V (σ−

VB
) would simply be the bankruptcy

level VB, but since we allow X to have possibility of jumps, V (σ−
VB

) can be
below the bankruptcy level VB.

Let D(V ; VB) denote the total value of debt. The fraction of firm asset value
lost in bankruptcy is η. The remaining value (1 − η)V (σ−

VB
) is distributed to

debt holders so that the sum of all fractional claims 1
P

for debt of all maturities
outstanding equals (1− η). We can now determine the total value at time 0 of
all outstanding debt as follows

D(V ; VB) =

∫ ∞

0

pe−mtd(V ; VB, t)dt

= ρPE

(∫ σ−
VB

0

e−(r+m)tdt
)

+ pE

(∫ σ−
VB

0

e−(r+m)tdt
)

+(1 − η)E
(
e
−(r+m)σ−

VB V (σ−
VB

)
)

=
(ρ + m)P

r + m
E

(
1 − e

−(r+m)σ−
VB

)
+(1 − η)E

(
e
−(r+m)σ−

VB V (σ−
VB

)
)
. (2.10)

We shall assume that there is a corporate tax rate τ > 0 which depends on
the value of the underlying risky asset in the following way. As introduced by
Leland and Toft [12] (see also Hilberink and Rogers [8]), there exists a cutoff
level VT , whose effect that the tax rebates are 0 while V (t) < VT , and are
τρPdt when V (t) ≥ VT . Under this assumption, the value of the firm at time
zero becomes

v(V ; VB) = V −ηE

(
e
−rσ−

VB V (σ−
VB

)
)

+τρPE

(∫ σ−
VB

0

e−rt1{V (t)≥VT }dt
)
. (2.11)
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In terms of (2.11) and (2.10), the value of the firm’s equity is given by

E(V ; VB) = v(V ; VB) − D(V ; VB). (2.12)

The expression for the expectation in (2.10) and (2.11) cannot be written
in closed form in general problem, although in the Brownian motion case of
Leland and Toft [12] this is possible. These difficulties can be circumvented
by modeling the dynamics of the firm’s asset value by Lévy processes having
downward jumps.

3 Lévy processes with no positive jumps

Now, let us return to the dynamics (2.4) for the value of the firm’s assets. We
assume throughout the remaining of this paper that X is a real-valued Lévy
process having no positive jumps, that is its Lévy measure Π is concentrated
in (−∞, 0). This class of process has a great interest from theoretical point of
view, because they are processes for which fluctuation theory can be developed
to a fuller extent. As X will be chosen from this class in our financial model,
we shall devote a little time in this section and the next to an overview of a
number of relevant results from the aforementioned fluctuation theory. Unless
otherwise stated, all of what follows in this section can be extracted from the
books of Bertoin [1] or Kyprianou [10].

The degenerate case when X is either the negative of a subordinator or
a deterministic drift has no interest and will be excluded throughout. The
Laplace exponent κ of X is given by

E
(
eλXt

)
= etκ(λ) for λ, t ≥ 0. (3.1)

The function κ : [0,∞) → (−∞,∞) is defined by

κ(λ) = Ψ(−iλ) = µλ +
1

2
σ2λ2 +

∫
(−∞,0)

(
eλx − 1 − λx1{x>−1}

)
Π(dx). (3.2)

It is easily shown that κ is zero at the origin, tends to infinity at infinity and is
strictly convex. We denote by Φ : [0,∞) → [0,∞) the right continuous inverse
of κ(λ), so that

κ(Φ(λ)) = λ for all λ ≥ 0

or in other words Φ(α) = sup{p > 0 : κ(p) = α}. Note that due to the
convexity of κ, there exists at most two roots for a given α and precisely one
root when α > 0.

The class of spectrally negative Lévy processes is very rich. Amongst other
things it allows for processes which have paths of both unbounded and bounded
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variation. The latter case occurs if and only if σ = 0 and
∫

(−∞,0)
|x|Π(dx) < ∞.

In that case one may rearrange (3.2) into the form

κ(λ) = dλ −
∫

(−∞,0)

(1 − eλx)Π(dx) (3.3)

where necessarily d > 0. This reflects the fact that a spectrally negative Lévy
process of bounded variation must be written as the difference of a linear drift
and a pure jump subordinator. If further it is assumed that Π(−∞, 0) < ∞
then X is nothing more than the difference of a linear drift and a compound
Poisson subordinator.

Path variation for a spectrally negative Lévy process also dictates how the
process moves away from its initial position. It can be shown that a general
Lévy process has one of four types of behaviour in this respect which we shall
now describe. Let

σ+
0 = inf{t > 0 : Xt > 0} and σ−

0 = inf{t > 0 : Xt < 0}.

Then either

(i) P(σ+
0 = 0) = P(σ−

0 = 0) = 1,

(ii) P(σ+
0 = 0) = P(σ−

0 > 0) = 1,

(iii) P(σ+
0 > 0) = P(σ−

0 = 0) = 1 or

(iv) P(σ+
0 > 0) = P(σ−

0 > 0) = 1.

Note in particular that all probabilities are either zero or one (this follows by
Blumenthal’s zero-one law). Case (iv) is only fulfilled by compound Poisson
processes. It is well known that a spectrally negative Lévy process necessarily
obeys case (i) when it has paths of unbounded variation and case (iii) when
it has paths of bounded variation. To some extent, it is clear that when a
spectrally negative process has a Gaussian component (σ > 0) then (i) must
hold on account of the dominant behaviour of the latter. If however σ = 0 then
the above conclusions tell us that when

∫
(−1,0)

|x|Π(dx) = ∞, the movement

of X is volatile enough that the process visits both upper and lower half line
immediately. If on the other hand

∫
(−1,0)

|x|Π(dx) < ∞ then, taking (3.3) into

account, the accumulation of negative jumps in the first moments of time is
not sufficient to counterbalance the upward linear motion with rate d thus
bringing X immediately into the upper half line for a strictly positive period
of time.

When P(σ+
0 = 0) = 1(= 0) we say that that 0 is regular (irregular) for

(0,∞). When P(σ−
0 = 0) = 1(= 0) we say that that 0 is regular (irregular) for

(−∞, 0).
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4 Scale functions

As mentioned in the previous section, spectrally negative Lévy processes form
a general class of Lévy processes that enjoy a degree of analytic tractability.
The purpose of this section is to give some exposure to explicit expressions for
certain fluctuation identities which will be of use when considering the problem
of the optimal endogenous default level for the financial model described in
Section 2.

The starting point is the so called scale function which features invariably
in almost all known identities. (See [1] and [2] for the origin of this function).

Definition 4.1 (Scale function) For a given spectrally negative Lévy pro-
cess X with Laplace exponent κ there exists for every q ≥ 0 a function
W (q) : R → [0,∞) such that W (q)(x) = 0 for all x < 0 and otherwise is
differentiable on [0,∞) satisfying,∫ ∞

0

e−λxW (q)(x)dx =
1

κ(λ) − q
, for λ > Φ(q) (4.1)

where Φ(q) was defined in the previous section. We shall write for short W (0) =
W .

Smoothness properties of the scale functions W (q) are very closely related
to the roughness of the underlying paths of the associated Lévy process. The
following result, found in Lambert [11] and Chan and Kyprianou [3], gives
necessary and sufficient conditions for the scale function on (0,∞) to belong
to C1(0,∞).

Theorem 4.2 Suppose that X is a spectrally negative Lévy process. For each
q ≥ 0,

(i) if X is of unbounded variation, then W (q) is continuously differentiable on
(0,∞),

(ii) if X is of bounded variation, then W (q) is continuously differentiable on
(0,∞) if and only if Π has no atoms.

In addition the behaviour of the scale function at the origin can also be es-
tablished. In both Lemmas below, recall that d is the drift appearing in the
representation (3.3) of the Laplace exponent when X has bounded variation.

Lemma 4.3 At the point zero, the value of the scale function W (q)(x) is de-
termined for every q ≥ 0 by

W (q)(0+) =

{
1/d, when X has bounded variation

0, when X has unbounded variation
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Proof From (4.1) we have that q ≥ 0∫
[0,∞)

λe−λxW (q)(x)dx =
λ

κ(λ) − q
for λ > Φ(q). (4.2)

When X has unbounded variation, a straightforward argument using the ex-
pression (3.2) shows that limλ↑∞ κ(λ)/λ = ∞. (In particular one can show that
the integral in the expression for κ is of order λ2). Hence by the continuity
of W (q) it follows by taking limits as λ ↑ ∞ in (4.2) that W (q)(0+) = 0. On
the other hand, when X is of bounded variation, then another straightforward
argument shows that in fact limλ↑∞ κ(λ)/λ = d. �

Lemma 4.4 Following the foregoing theorem, we see for every q ≥ 0 that

dW (q)

dx
(0+) =


2/σ2, when X has UBV and σ �= 0

∞, when X has UBV with σ = 0

∞, when X has BV and Π(−∞, 0) = ∞
(Π(−∞, 0) + q)/d2, when X has BV and Π(−∞, 0) < ∞

where UBV is short for unbounded variation and BV is short for bounded
variation.

Proof Integrating (4.1) by parts and noting from Definition 4.1 and The-
orem 4.2 that a right derivative at zero always exists, we have for each q ≥ 0

dW (q)

dx
(0+) = lim

λ↑∞

∫ ∞

0

λe−λx dW (q)(x)

dx
dx = lim

λ↑∞
λ2

κ(λ) − q
.

In the spirit of the previous proof, it is easy to show when X has unbounded
variation that limλ↑∞ κ(λ)/λ2 = σ2/2 (see also Bertoin (1996)). This accounts
for the first two cases. When X has bounded variation, a little more care is
needed. Integrating again (4.1) by parts, taking care to note that W (q)(0+) =
d−1, we have,

dW (q)

dx
(0+)

= lim
λ↑∞

λ2

dλ − λ
∫ ∞
0

e−λxΠ(−∞,−x)dx − q
− λW (q)(0+)

= lim
λ↑∞

λ2(1 − W (q)(0+)d + W (q)(0+)
∫ ∞
0

e−λxΠ(−∞,−x)dx) + qλW (q)(0+)

dλ − ∫ ∞
0

λe−λxΠ(−∞,−x)dx + q

= lim
λ↑∞

1

d

∫ ∞
0

λe−λxΠ(−∞,−x)dx + q

d − ∫ ∞
0

e−λxΠ(−∞,−x)dx

=
Π(−∞, 0) + q

d2
.
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In particular, if Π(−∞, 0) = ∞ then the right hand side above is equal to
∞ and otherwise if Π(−∞, 0) < ∞ then dW (q)(0+)/dx is finite and equal to
(Π(−∞, 0) + q)/d2. �

It should be noted that the first of the last two lemmas is essentially not
new but implicitly embedded in the literature for spectrally negative Lévy
processes.

Due to the complexity of the Laplace exponent κ, the scale functions W (q)

are not available in explicit form in general. We give some examples in the
Appendix however which are of relevance to the numerical study at the end
of this paper. It turns out all the same that we have sufficient analytical in-
formation regarding these ‘special’ functions in order to achieve our main goal
of establishing an optimal choice of VB via the imposition of an appropriate
pasting condition.

4.1 Fluctuation identities for spectrally negative Lévy
processes

Recall our notation,
σ−

0 = inf{t > 0 : Xt < 0}, (4.3)

the first time that the Lévy process X goes below a level 0. Under the model
described in Section 2, it is possible to write the equity (2.12) in terms of this
stopping time. Via a number of fluctuation identities for spectrally negative
processes this then allows us to write the equity in terms of scale functions.
We devote this section to doing precisely this and we begin with quoting the
necessary fluctuation identities. These come in the form of two Lemmas. The
first is due to Bertoin (1997) and the second is due to Emery (1973).

Lemma 4.5 Denote by eq an independent exponential random variable with
mean q−1. We have for every x, y > 0 and q > 0 that

q−1
Px(Xeq ∈ dy, eq < σ−

0 ) =
(
e−Φ(q)yW (q)(x) − 1{x≥y}W (q)(x − y)

)
dy. (4.4)

Lemma 4.6 For all q, β, x ≥ 0, the joint Laplace transform of the stopping
time σ−

−x and its overshoot Xσ−
−x

under P is given by

Ex

(
e
−qσ−

0 +βX
σ−
0

)
= eβx − (κ(β) − q)

(β − Φ(q))
W (q)(x)

− (κ(β) − q)

∫ x

0

eβ(x−y)W (q)(y)dy.

(4.5)

Throughout the remaining of this paper, we define

γ(x; q, β) = E

(
1 − e

−qσ−x+βX
σ−
−x

)
g(x; q, b) = E

(∫ σ−
−x

0

e−qt1(Xt≥b−x)dt
)
.
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Writing x = log(V/VB) and reconsidering (2.10) the total value of the debt
can be re-expressed as follows

D(V ; VB) =
(ρ + m)P

m + r
Ex

(
1 − e−(m+r)σ−

0

)
+ (1 − η)VBEx

(
e
−(r+m)σ−

0 +X
σ−
0

)
=

(ρ + m)P

m + r
γ(x; m + r, 0) + (1 − η)V (1 − γ(x; m + r, 1)). (4.6)

The value of the firm can be re-expressed as

v(V ; VB) = VBex + τρPEx

(∫ σ−
0

0

e−rt1{Xt≥b}dt
)
− ηVBEx

(
e
−rσ−

0 +X
σ−
0

)
= V (1 − η) + τρPg(x; r, b) + ηV γ(x; r, 1), (4.7)

where b = log(VT

VB
).

Following the expression in (4.5) one can easily deduce an explicit expres-
sion for the function γ in terms of the scale function W (q).

Lemma 4.7 For x ∈ R, q ≥ 0 and β ≥ 0,

γ(x; q, β) =
(κ(β) − q)

(β − Φ(q))
e−βxW (q)(x) + (κ(β) − q)

∫ x

0

e−βyW (q)(y)dy.

Using the resolvent density (4.4) the expression for g, a function that ap-
pears in the expression for the value of the firm, can also be deduced explicitly
in terms of the scale function W (q). The expression for g will be of use in the
next section. The following Lemma gives the expression of g.

Lemma 4.8 For x ∈ R, q ≥ 0 and b ∈ R,

g(x; q, b) =
e−Φ(q)(b∨0)

Φ(q)
W (q)(x) −

∫ x−(b∨0)

0

W (q)(y)dy (4.8)

Proof Using (4.4) of Lemma 4.5, we see that

Ex

(∫ σ−
0

0

e−qt1{Xt≥b}dt
)

= q−1
Px

(
Xeq ≥ b, eq < σ−

0

)
=

∫ ∞

b∨0

(
e−Φ(q)yW (q)(x) − 1(x≥y)W

(q)(x − y)
)
dy

=

∫ ∞

b∨0

e−Φ(q)yW (q)(x)dy −
∫ ∞

b∨0

1(x≥y)W
(q)(x − y)dy

=
e−Φ(q)(b∨0)

Φ(q)
W (q)(x) −

∫ x−(b∨0)

0

W (q)(y)dy,

where the last equality was obtained after changing variable in the integral.
The required identity is proved. �
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To conclude this section, we may now write an explicit expression for the
firm’s equity values in terms of the scale function W (q)(x); namely

E(V ; VB) = V
(
ηγ(x; r, 1) + (1 − η)γ(x; m + r, 1)

)
−(m + ρ)P

m + r
γ(x; m + r, 0) + τρPg(x; r, b) (4.9)

where x = log(V/VB) and b = log(VT /VB).
We now move to determining an optimal bankruptcy level VB.

5 Determining the bankruptcy level VB

The expression for E in (4.9) gives the firm’s equity value as a function of the
firm’s initial asset value V and the chosen bankruptcy-triggering asset level
VB. In determining the bankruptcy level VB the idea is to fix V and maximize
E with respect to VB subject to the limited liability constraint that the equity
E(V ; VB) must always be worth uniformly non-negative for V ≥ VB, we refer to
Leland [13], Leland and Toft [12], Hilberink and Rogers [8], and the literature
therein for a more detailed discussion of the economics.

The main claim of this paper is that, observing this constraint, the
bankruptcy level VB is determined in the following way.

Theorem 5.1 If the spectrally negative Lévy process X has unbounded vari-
ation so that 0 is regular for the lower half-line (−∞, 0) then the bankruptcy-
triggering asset level VB satisfies the condition of smooth-pasting; that is to
say that VB is chosen to satisfy

∂E

∂V
(VB+; VB) = 0. (5.1)

However, if the spectrally negative Lévy process X has bounded variation, so
that 0 is irregular for the lower half-line (−∞, 0), then VB satisfies the condi-
tion of continuous-pasting condition; that is to say VB is chosen to satisfy

E(VB+; VB) = 0. (5.2)

In both cases, it follows that VB is the unique solution to the following equation

x =

(m+ρ)P
Φ(m+r)

− τρP
Φ(r)

((
x

VT

)
∧ 1

)Φ(r)

(
η

(
r−κ(1)

)(
Φ(r)−1

) + (1 − η)

(
m+r−κ(1)

)(
Φ(m+r)−1

)) . (5.3)
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Before moving to the proof of this theorem, note that

f(x) = x −
(m+ρ)P
Φ(m+r)

− τρP
Φ(r)

((
x

VT

)
∧ 1

)Φ(r)

(
η

(
r−κ(1)

)(
Φ(r)−1

) + (1 − η)

(
m+r−κ(1)

)(
Φ(m+r)−1

))
is continuous, strictly increasing in x, f(0+) < 0 and f(∞) = ∞ so that
there is a unique solution to the equation f(x) = 0 which we denote V �

B. The
equation (5.3) naturally agrees with the equation for determining the optimal
VB in Hilberink and Rogers [8] who considered the case of a linear Brownian
motion plus an independent spectrally negative compound Poisson process.

In fact Hilberink and Rogers [8] show that smooth pasting leads to the
equation (5.3) for VB using the Wiener-Hopf factorisation where, in principle,
they are working with a general spectrally negative Lévy process. However,
close inspection of their calculations shows that they are implicitly assuming
that X has a Gaussian component. Specifically this is because of the assumed
asymptotic behaviour of their functions ϕ(x, λ) and γ(x, θ, λ) as x ↓ 0 in the
text following (3.16) on p244. One sees that this assumed asymptotic behaviour
is equivalent to the assumption that the scale function W (λ) is zero with a
finite derivative at the origin which in turn implies the presence of a Gaussian
component.

We also note that in Chen and Kou [4], where the underlying Lévy process
takes the form of an independent sum of a linear Brownian motion and a
compound Poisson process with two-sided exponential jumps, it was proved
that the optimal bankruptcy level follows as a consequence of the smooth-
pasting condition. Their result is consistent with the above theorem in the
sense that, for the Lévy process considered there, 0 is regular for (−∞, 0) on
account of the presence of the Gaussian term.

We now move to the proof of Theorem 5.1. Without further elaboration, we
shall make use of a number of facts and notions from the theory of spectrally
negative Lévy processes which are well documented in the literature. We refer
to Chapter 8 of Kyprianou [10] for a recent review in which all of the used
concepts are addressed.

Proof of Theorem 5.1 We split the proof into two: the cases that X has
paths of unbounded and bounded variation.

Firstly we assume that X has paths of unbounded variation. Since the
scale function W (q)(x) is continuous and equal to zero at x = 0, it is easy to
check that the continuous-pasting condition (5.2) is always satisfied for any
bankruptcy level VB > 0. We look instead at choosing V �

B by the criterion
(5.1).
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Assume temporarily that σ > 0. By differentiating the firm’s equity value
E with respect to V , we see after a rather long calculation that

∂E

∂V
(VB+; VB) =

2

σ2VB

(
η

(r − κ(1))

(Φ(r) − 1)
+ (1 − η)

(m + r − κ(1))

(Φ(m + r) − 1)

)
f(VB).

From the remarks following the statement of Theorem 5.1 we can now see that

∂E

∂V
(VB+; VB) > (<) 0 for VB > (<) V �

B and
∂E

∂V
(V �

B+, V �
B) = 0.

In the case that σ = 0 one may similarly check with the help of the second
case in the conclusion of Lemma 4.4 that if VB is chosen strictly greater than
V �

B then in fact ∂E
∂V

(VB+; VB) = ∞ and similarly if VB is chosen strictly less
than V �

B then ∂E
∂V

(VB+; VB) = −∞. When VB = V �
B it conveniently turns out

that ∂E
∂V

(VB+; VB) = 0.
Taking account of the limited liability constraint that the equity curve

must be uniformly non-negative for all V ≥ VB, the calculations lead to the
conclusion that the bankruptcy level VB must be at least as big as V �

B, i.e.,
VB ≥ V �

B. We should now like to prove that V �
B is the optimal bankruptcy level.

We do this by showing that for each fixed V > V �
B, the function VB 
→ E(V ; VB)

is monotone decreasing in VB. To this end, we note that it can be shown after
some algebra that for each fixed V > V �

B and VB ∈ [V �
B, V ],

∂E

∂VB
(V ; VB)

= −η

(
r − κ(1)

)(
Φ(r) − 1

){
Θ(r)(x) − Θ(r+m)(x)

}
−τρPe−Φ(r)(b∨0)

Φ(r)VB

{
Θ(r)(x) − Θ(r+m)(x)

}
−Θ(r+m)(x)

VB

{
η

(
r − κ(1)

)(
Φ(r) − 1

) + (1 − η)

(
m + r − κ(1)

)(
Φ(m + r) − 1

)}
f(VB) (5.4)

where Θ(q)(x) := W (q)′(x)−Φ(q)W (q)(x) and x = log(V/VB). Note in perform-
ing this derivative it is worth reminding oneself that

∂γ

∂VB
(x; q, β) = − 1

VB

∂γ

∂x
(x; q, β)

= − 1

VB

(q − κ(β))

(Φ(q) − β)
e−βxΘ(q)(x),

and that

∂g

∂VB
(x; q, b) = − 1

VB

∂g

∂x
(x; q, b) − 1

VB

∂g

∂b
(x; q, b)

= −e−Φ(q)(b∨0)

VBΦ(q)
Θ(q)(x),
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where special care should be taken in the derivatives of g accordingly with the
sign of the value b.

Our objective now is to show that each of the three terms on the right
hand side of (5.4) is non-positive.

By a stroke of good fortune, it turns out that the the q-resolvent measure
of the descending ladder height process of X, Ĥ = {Ĥt : t ≥ 0}, of X can be
identified as follows

E

(∫ ∞

0

e−qt1{Ĥt∈A}dt

)
= c

∫
A

Θ(q)(y)dy

where q ≥ 0 and c > 0 is a meaningless constant (determined by the nor-
malisation of local time at the minimum to generate the descending ladder
height process Ĥ) and A is a Borel set in [0,∞). See for example Pistorius
[14]. It is immediately obvious from this relation, in particular on account of
the arbitrary choice of A, that Θ(q)(x) is non-negative and for each fixed x ≥ 0
it is also monotone decreasing in q.

The latter fact implies that the first two terms on the right hand side
of (5.4) are non-positive. The monotonicity of f also implies that the third
expression is non-positive. In conclusion we see that for each fixed V ≥ V �

B,

∂E

∂VB
(V ; VB) < 0

when VB ∈ [V �
B, V ] thus justifying the claim that V �

B is optimal.

Now consider the case that X has paths of bounded variation. In that case
the arguments above do not apply due to the fact that, for any given choice of
VB, 0 = E(VB−; VB) is not necessarily equal to E(VB+, VB). To see this, one
can show with the help of Lemma 4.3 that

E(VB+; VB) =
f(VB)

d

(
η

(r − κ(1))

(Φ(r) − 1)
+ (1 − η)

(m + r − κ(1))

(Φ(m + r) − 1)

)
.

The monotonicity of f in VB now implies that

E(VB+, VB) > ( < ) 0 for VB > ( < ) V �
B and E(V �

B+, V �
B) = 0. (5.5)

The constraint of non-negativity of the equity curve thus implies that we must
choose VB ≥ V �

B. Exactly the same analysis of the partial derivative ∂E
∂VB

(V ; VB)
as for the unbounded variation case shows that in fact V �

B must be optimal as
E(V ; VB) is decreasing in VB for each fixed V . �
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6 Numerical examples

We verify our result in the previous section by means of numerical examples.
Our main objective is to show that the bankruptcy level V �

B is the one that
maximizes the equity value E(V ; VB). For our numerical example, we pay our
attention into two cases. Firstly, we assume that the underlying dynamics of
X is generated by α-stable processes with Laplace exponent

κ(θ) = Kθ − θα, and κ(θ) = Kθα,

respectively. For the first (second) Laplace exponent, we choose α = 0.5
(α = 1.75). Secondly, we consider jump diffusion processes where the jump
component of X is contributed by a compound Poisson process having inde-
pendent downward jumps with exponential exp(c) distribution occurring at
Poissonian times with rate a, i.e. X has Laplace exponent

κ(θ) = dθ +
1

2
σ2θ2 − aθ

c + θ
. (6.1)

This special case of spectrally negative Lévy process was considered in [8]. For
all computations, we fix some values of parameters: we set r = 7.5%, δ = 7%,
η = 50% and τ = 35%, σ = 0.2, a = 0.5, c = 9, which are the values used in
[13], [12] and [8]. We shall also assume as in [12] and [8] that VT = ρP/δ. The
drift in the Laplace exponent κ is chosen to be (r − δ) so that it matches the
martingale condition:

E

(
e−(r−δ)tV (t)

)
= V.

Since our modeling for capital structures of a firm depends on the
bankruptcy level VB, therefore in order to get one point on the curves (for
the firm’s (equity) values and debt values) we need to do the following. Once
a firm has been set up, the face value of the debt P and the coupon rate ρ
were calculated for a fixed m > 0 in such a way that the equation (5.3) for the
bankruptcy level VB holds,

D(V, VB) = P and L =
P

v(V, VB)
,

for some positive constants leverage L running from 5% to 95% in steps of 5%.
The firm’s value v(V ; VB) and the total debt outstanding value D(V ; VB) at
time zero are defined in (2.11) and (2.10), respectively. The numerical results
for the equity curves E(V ; VB) are reported in Figures 5 and 6.

We present the numerical outcomes in Figures 5 for the case where the
underlying dynamics X of the firm asset has path of unbounded variation.
The first picture is for the case where X is a jump diffusion process and the
other is for α-stable process with α = 1.75. The latter process is a process of
pure jumps with no Gaussian component. We see that all the curves of the
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equity value E(V ; VB) are equal to zero values for all V ≤ VB. The curves with
negative (positive) gradients at V = VB correspond to bankruptcy levels VB <
(>)V �

B. The only curve which has zero gradient (smooth pasting) at V = VB

corresponds to the one with the bankruptcy level VB = V �
B. In addition, while

X has no Gaussian component we observe also that there are infinite gradient
at V = VB for VB �= V �

B for the equity curves.
For the case where X has paths of bounded variation, the numerical out-

comes are presented in Figure 6. We see that all the curves of the equity value
E(V ; VB) has zero values for all V < VB. From the picture we observe that at
the bankruptcy level VB < (>)V �

B the equity curves E(V ; VB) exhibit negative
(positive) jumps. The only curve which has no jumps (continuous pasting) at
V = VB corresponds to the one with the bankruptcy level VB = V �

B.
It is seen from the two figures that the equity curve associated with VB =

V �
B seems to dominate the other curves, even without the constraint of positive

equity. This is to say that the bankruptcy level V �
B is indeed the optimal level

of bankruptcy at which the firm’s equity value is maximized. This conclusion
over the optimality of the bankruptcy level V �

B is illustrated in Figures 7 and
8 from which we see that V �

B is the only bankruptcy value at which for a fixed
initial value V of the firm’s asset, the firm’s equity value E(V ; VB) is optimal.
These numerical findings confirm our theoretical results given in Section 5.

7 Conclusion and Remarks

We have built on the work of Leland [13], Leland and Toft [12] and Hilberink
and Rogers [8] showing that one may push the model considered by these
authors fully into the case that the underlying source of randomness is a spec-
trally negative Lévy process. We have done this by giving an analytical treat-
ment using scale functions. This has lead to the discovery that the optimal
default level is not always achieved by a smooth-pasting condition, but in-
stead continuous pasting is sufficient according to the path regularity of the
underlying Lévy process. Moreover, our justification for the pasting principles
goes further than numerical observation and we give a formal proof of this
fact.

Appendix

Numerical inversion of the Laplace transform (4.1) can always be used to
compute the scale function numerically. We refer to Choudhury et al [5] for
a general discussion on numerical inversion of Laplace transform and Surya
[15] for a specific description of the case at hand. For some spectrally negative
Lévy processes, the scale functions W (q) are available explicitly. We consider
four such examples below.
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Example 7.1 Standard Brownian motion. Taking κ(λ) = λ2/2 it is a straight-
forward exercise to show that the scale function is given by

W (q)(x) =

√
2

q
sinh(x

√
2q).

Example 7.2 Spectrally negative α-stable process. In this case X has (up to
a multiplicative constant which we take as equal to unity) Laplace exponent
κ(λ) = λα with α ∈ (1, 2). Due to [2], it is known that the scale function W (q)

satisfies ∫
[0,∞)

e−λxW (q)(x)dx =
1

λα − q
, for λ > q1/α,

following which one can deduce that

W (q)(x) = αxα−1E ′
α(qxα), for x ≥ 0,

where Eα(.) is the Mittag-Leffler function of parameter α defined as

Eα(y) =

∞∑
n=0

yn

Γ (1 + αn)
, y ∈ R.

Example 7.3 Spectrally negative Lévy process of bounded variation drifting
to infinity. Suppose that Xt = dt−St where {St : t ≥ 0} is a subordinator with
Lévy measure Π having no atoms and E(X1) > 0 so that P(limt↑∞ Xt = ∞) =
1. It can be shown that the scale function W (x) satisfies∫

[0,∞)

e−λxW (x)dx =
1

d − ∫
(0,∞)

e−λxΠ(x,∞)dx
,

from which we can deduce that

W (x) =
1

d

∑
n≥0

ν�n(x),

where ν�n denotes the n−th convolution power of ν(x) = d−1Π(x,∞) with
ν�0(x) being understood as δ0(x).

Example 7.4 Compound Poisson process with exponential jumps with param-
eter µ > 0 and rate β. From the previous example one may deduce further that
when dµ − β > 0 the scale function is given by

W (x) =
1

d

(
1 +

β

dµ − β

(
1 − e−(µ−d−1β)x

))
.
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The scale function W (q) can be determined by the formula

W (q)(x) = eΦ(q)xWΦ(q)(x)

where WΦ(q)(x) plays the role of W (x) when X is taken under the measure
P

Φ(q) defined by
dP

Φ(q)

dP

∣∣∣∣
Ft

= eΦ(q)Xt−qt.

(Note that under the latter change of measure, it is known that (X, PΦ(q)) is
still a spectrally negative Lévy process).

Various numerical plots of the scale function W (q) and its derivative d
dx

W (q)

can be found in Figures 1- 4 for each of the above examples when q > 0. Note
that in each case the asymptotic behaviour is that of an exponential function.
This is not surprising since for λ > 0 and V (q)(x) = e−Φ(q)xW (q)(x),∫ ∞

0

e−λxV (q)(dx) =
λ

κ(λ + Φ(q)) − q

and hence take limits as λ ↓ 0 on the right hand side to obtain 1/κ′(Φ(q)), it
follows from an application of the standard Tauberian theorem that

W (q)(x) ∼ eΦ(q)x

κ′(Φ(q))
as x → ∞.
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(b) X is α-stable process with α = 1.75

Figure 1: The shapes of W (q)(x), q = 0.075, for unbounded variation X.
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(b) X is compound Poisson process with
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Figure 2: The shapes of W (q)(x), q = 0.075, for bounded variation X.
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Figure 3: The shapes of d
dx

W (q)(x), q = 0.075, for unbounded variation X.
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(a) X is a jump diffusion process with drift
d = r − δ − σ2/2 + a/(1 + c). The optimal
bankruptcy level is V �

B = 15.9964.
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(b) X is α-stable process with Laplace ex-
ponent κ(λ) = Kλα, α = 1.75, and K =
r−δ. The optimal bankruptcy level is V �
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Figure 5: Various shapes of equity curves V 
→ E(V ; VB) for different values of
bankruptcy level VB for unbounded variation X. The curve with zero gradient
(smooth pasting) at V = VB (horizontal axis) corresponds to VB = V �

B; those
with negative (positive) gradient correspond to VB < (>) V �

B.
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(a) X is α-stable process with Laplace ex-
ponent κ(λ) = Kλ − λα, α = 0.5, and
K = 1 + r − δ. The optimal bankruptcy
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(b) X is compound Poisson process with
drift d = r − δ + a/(1 + c). The optimal
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Figure 6: Various shapes of equity curves V 
→ E(V ; VB) for different values
of bankruptcy level VB for bounded variation X. The curve with zero value
(continuous pasting) at V = VB (horizontal axis) corresponds to VB = V �

B;
those with negative (positive) jumps correspond to VB < (>) V �

B.
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(a) X is a jump diffusion process with drift
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Figure 7: The shape of the equity curves VB 
→ E(V ; VB) for a fixed initial
value V of the firm’s asset for X having path of unbounded variation.
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drift d = r − δ + a/(1 + c). The optimal
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Figure 8: The shape of the equity curves VB 
→ E(V ; VB) for a fixed initial
value V of the firm’s asset for X having path of bounded variation.


