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There is a trivial, but fatal, mistake in this note. I leave the 
note unchanged because it is a nice exercise to try and find the 
mistake. I still believe that PCP can be used to prove the 
undecidability of NEL. In the meantime, Lutz Straßburger proved the 
result, with other methods, in [LS]. 
 
It's not known whether MELL is decidable. I conjecture here that 
system NEL [GS], i.e., MELL plus non-commutativity, is undecidable. 
I propose an encoding of Post's Correspondence Problem (PCP) into 
NEL that has the merit of making non–commutativity (in NEL) 
correspond to sequential composition (in PCP), which is intuitive. 
 
The following theorem is well-known: 
 
1  Definition   An instance of Post's Correspondence Problem (PCP) 
consists of two lists v

1
, ..., v

h
 and w

1
, ..., w

h
 of strings of 

positive atoms. This instance of PCP has a solution if there is any 
sequence of integers i

1
, ..., i

m
, with m > 0, such that 

 
      v

i1
;v

i2
;...;v

im
 = w

i1
;w

i2
;...;w

im
 . 

 
2  Example   Let v

1
 = a, v

2
 = abaaa, v

3
 = ab and w

1
 = aaa, w

2
 = ab, 

w
3
 = b. In this case 

 
      v

2
;v

1
;v

1
;v

3
 = w

2
;w

1
;w

1
;w

3
 = abaaaaaab , 

 
so this PCP has a solution. 
 
3  Theorem   PCP is undecidable. 
 
Now let's encode a generic PCP into NEL. I will use lower case 
letters to denote atoms in the same alphabet of the PCP strings; 
upper case letters other than R and S are still atoms, different 
from the previous ones, and they serve bookkeeping purposes. 
 
We build a set of rules, i.e., a set of structures of NEL, that will 
be prefixed by ? and that will always be available while going up in 
the search for a proof. There are three phases in the proof, the 
first generates strings, the second generates two equal matching 
strings, the third one recognizes their equality. 
 
 
Phase 1: Generation of words 
 
The strings v

i
 and w

i
 share a common alphabet. Let us build two 

disjoint alphabets, one for v's and the other for w's, to be used in 
the encoding, so as to know whether a certain atom is used for a v 
or for a w. For every couple (v

i
,w

i
) create a structure S

i
 and a 
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structure S'
i
: Let V

i
 be the seq concatenation of the atoms in v

i
, 

and let W
i
 be the seq concatenation of the atoms in w

i
, using atoms 

from the respective alphabets; let M and M' be special atoms; then 
 
      S

i
  = ( ¬M  , < M ; [ V

i
 , W

i
 ] > ) , 

      S'
i
 = ( ¬M' , < M ; [ V

i
 , W

i
 ] > ) . 

4  Example   Let v
1
 = a, v

2
 = abaaa, v

3
 = ab and w

1
 = aaa, w

2
 = ab, 

w
3
 = b. In this case 

 
      S

1
  = ( ¬M  , < M ; [         <a> , <a';a';a'> ] > ) , 

      S'
1
 = ( ¬M' , < M ; [         <a> , <a';a';a'> ] > ) , 

      S
2
  = ( ¬M  , < M ; [ <a;b;a;a;a> , <a';b'>    ] > ) , 

      S'
2
 = ( ¬M' , < M ; [ <a;b;a;a;a> , <a';b'>    ] > ) , 

      S
3
  = ( ¬M  , < M ; [       <a;b> , <b'>       ] > ) , 

      S'
3
 = ( ¬M' , < M ; [       <a;b> , <b'>       ] > ) . 

 
 
Phase 2: Generation of matching strings 
 
Let N be one more special atom. For every atom z in the alphabet of 
the PCP create a structure T

z
 = ( -N , < N ; [ -z , -z' ] > ). 

 
5  Example   For our case above: 
 
      T

a
 = ( ¬N , < N ; [ ¬a , ¬a' ] > ) , 

      T
b
 = ( ¬N , < N ; [ ¬b , ¬b' ] > ) . 

 
 
Phase 3: Matching 
 
The strings generated in Phase 1 and Phase 2 are matched one against 
the other. 
 
 
Encoding 
 
Given a PCP P, the encoding is then the structure 
 
      P

enc
 = [..., ?S

i
 ,..., ?S'

i
 ,..., ?T

z
 ,..., M' , N , ¬M , ¬N ] . 

 
6  Conjecture   Given a PCP P, then P has a solution iff P

enc
 is 

provable in NEL. 
 
The difficulty of course is in seeing whether, given a proof, the 
corresponding problem has a solution. In other words, we have to 
check whether anything perverse might happen in a proof. Proving 
this conjecture should anyway be rather easy. 
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