
NUMERICAL METHODS FOR STOCHASTIC

PARABOLIC PDEs

Tony Shardlow

�y

August 26, 1998

Abstract

We develop a convergence theory for �nite di�erence approximations of re-

action di�usion equations forced by an additive space{time white noise. Special

care is taken to develop the estimates in terms of non-smooth initial data and over

a long time interval, motivated by an abstract approximation theory of ergodic

properties developed by Shardlow & Stuart.

1 INTRODUCTION

This paper considers a nonlinear reaction di�usion equation driven by an additive space{

time noise on the domain (0; 1) with Dirichlet conditions. The reaction term is assumed

to be globally Lipschitz from L

2

(0; 1) to itself. We examine a �nite di�erence approx-

imation, applying the � method in time, the standard three point discrete Laplacian

in space, and a spectral approximation to the noise. We develop a strong convergence

theory, to gain estimates of the following form: let u(t) for 0 � t � T denote the solution

to the stochastic PDE, and u

n

denote the solution to the numerical method at step n

with time step �t and grid spacing �x. The numerical solution u

n

is a function on the

continuous space, de�ned by lifting the discrete numerical solution up to a function on

L

2

(0; 1). For each � > 0, we �nd that

(Eku(n�t)� u

n

k

2

)

1=2

= O(�x

1=2��

) :

�
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(k�k is the L

2

(0; 1) norm.) This estimate is obtained by taking limits with �t=�x

2

�xed

subject to the stability condition �t=�x

2

(1� �) < 1=4. (Recall that without the noise,

these methods would converge like O(�x

2

) and with respect to a stability condition

�t=�x

2

(1� 2�) < 1=2.)

Further details of the above estimate are given in the Theorem 3.7. In particular,

we account for initial data in L

2

(0; 1) by introducing a time t = 0 singularity into the

estimate, and describe the exponential growth of the estimate in large time. These

features are familiar from deterministic theories. They were speci�cally included here,

to allow the present convergence theory to �t into the framework of Shardlow{Stuart [8].

In [8], two abstract properties of a stochastic process and its approximation are shown to

imply a weak convergence of the approximation to the invariant measure of the process.

The �rst assumption is that of �nite time convergence, in the sense developed in this

paper; the second is geometric ergodicity|see [7, 2] for a discussion of this topic for

stochastic PDEs.

The paper is arranged as follows: Theorem 2.9 examines the linear deterministic

problem: this situation is well understood, but the proof is given to bring out an estimate

for initial data in L

2

(0; 1) (normally initial data is taken with four derivatives, to gain

a �x

2

convergence uniformly up to the origin of a �nite time interval). Theorem 2.10

examines the strong numerical approximation of a linear stochastic PDE. Theorem 3.7

extends this result to account for Lipschitz nonlinearities.

Previous works on strong convergence of �nite di�erence schemes for stochastic PDEs

include Gy�ongy [5] and Davie & Gaines [3]. Both papers discuss �nite di�erences for

parabolic stochastic PDEs on a bounded domain in one dimension. Gy�ongy proves

detailed estimates related to L

p

convergence, and gains convergence (without rates) for

non-Lipschitz nonlinearities. Davie & Gaines prove similar result, but also prove the

rates attained are the best available.

1.1 Notation

Denote by k � k the L

2

(0; 1) norm; and by k � k

HS

the Hilbert{Schmidt norm of an

operator from L

2

(0; 1) to L

2

(0; 1). Recall that

p

2 sin(k�x) for k = 1; 2; : : : is a complete

orthonormal system for L

2

(0; 1). Thus, for 	 : L

2

(0; 1)! L

2

(0; 1),

k	k

2

HS

= 2

1

X

k=1

k	sin(k��)k

2

; (1.1)
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or, if 	 is written as integral with respect to a kernel K(x; �),

(	f)(x) =

Z

1

0

K(x; �)f(�) d�; 0 < x < 1;

then

k	k

2

HS

=

Z

1

0

Z

1

0

jK(x; �)j

2

dx d�:

We recall a few generalities concerning Wiener processes in in�nite dimensions. Let

B(t) be a Wiener process with covariance Q. This process may be considered in terms of

its Fourier series. Suppose that Q has eigenvalues �

k

> 0 and corresponding eigenfunc-

tions sin(k��). Let �

k

for k = 1; 2; : : : be a sequence of independent Brownian motions.

Then,

B(t) =

1

X

i=1

p

2

p

�

k

sin(k��)�

k

(t); (1.2)

is a Wiener process with covariance Q.

Space{time white noise is simply the Wiener process with Q = I. The space{time

white noise process does not exist in L

2

(0; 1), but stochastic integrals can be de�ned

with respect to B, when the integrand smoothes the noise process su�ciently. We derive

the numerical method estimates for the case Q = I, for simplicity of notation. The case

of a general bounded linear operator Q on L

2

(0; 1) can be approximated in an analogous

way.

The Ito isometry for a Wiener process of covariance Q states that, for an integrand

	: [0; T ] ! L(L

2

(0; 1); L

2

(0; 1)) (i.e., a function on [0; T ] taking values in the linear

operators from L

2

(0; 1) to L

2

(0; 1))

Ek

Z

T

0

	(s) dB(s)k

2

=

Z

T

0

k	(s)Qk

2

HS

ds: (1.3)

In particular, the stochastic integral

R

T

0

	(s) dB(s) makes sense only when k	(s)Qk

HS

is square integrable. This result will be applied frequently to the integrand e

�A(t�s)

.

2 LINEAR PROBLEM

Consider the equation, for initial data U 2 L

2

(0; 1),

du+ Au dt = dB(t); u(0) = U (2.1)

in the case that A = �@

2

=@x

2

with domain H

2

(0; 1) \ H

1

0

(0; 1) and B(t) is a Wiener

process. For simplicity, we work with a space{time white noise so that the covariance

Q = I.
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Consider a time step �t and a grid size �x = 1=J , some J 2 N. We construct a

numerical approximation to (2.1) as follows: The Wiener process is approximated by

truncating its Fourier expansion to J � 1 terms. Let P denote the operator taking f to

its �rst J � 1 Fourier modes,

Pf := 2

J�1

X

j=1

hf; sin(�j�)i sin(j��):

Then, we approximate the Wiener process over the time step (n�t; (n+ 1)�t) by

dB

�t

(n) :=

Z

(n+1)�t

n�t

P dB(s): (2.2)

This gives an L

2

(0; 1) function; the numerical method evaluates this function at the grid

point i�x for i = 1; : : : ; J � 1. In practise, this may be done e�ciently using the Fast

Fourier Transform (FFT). The initial condition is also approximated by using u

0

:= PU .

The numerical method is

u

n+1

�u

n

+

�t

�x

2

A((1� �)u

n

+ �u

n+1

) =

2

6

6

6

4

dB

�t

(n)(�x)

.

.

.

dB

�t

(n)((J � 1)�x)

3

7

7

7

5

;

u

0

=[u

0

(�x); : : : ; u

0

((J � 1)�x)]

T

; A :=

2

6

6

6

6

6

4

2 �1

�1 2 �1

�1 2 �1

�1 2

3

7

7

7

7

7

5

(2.3)

The quantity dB

�t

is well de�ned in L

2

(0; 1), as follows.

Lemma 2.1

EkdB

�t

(n)k

2

�

�t

�x

:

Proof By the Ito isometry (1.3), by (1.1), and as �x = 1=J ,

Ek dB

�t

(n)k

2

=

Z

(n+1)�t

n�t

kPk

2

HS

ds � �t(J � 1) �

�t

�x

:

�

We'd like to consider (2.3) on the continuous space L

2

(0; 1). Let u

n

= [u

1

n

; : : : ; u

J�1

n

]

T

.

To do this, we replace u

n

by u

n

2 L

2

(0; 1) such that

u

n

(i�x) = u

i

n

; i = 1; : : : ; J � 1: (2.4)
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Every vector in (2.3) must be replaced a continuous function that equals the vector at

the grid points i�x for i = 1; : : : ; J � 1. Replace the vector

[ dB

�x

(n)(�x); : : : ]

T

by the L

2

(0; 1) function dB

�x

(n). The matrix operator A must be replaced by a

continuous operator

~

A on L

2

(0; 1) such that, if (2.4) holds, then

(

~

Au

n

)(i�x) = (Au

n

)

i

; i = 1; : : : ; J � 1: (2.5)

(the superscript i denotes the ith component of the vector.) Denote by e

k

the grid

function with components e

j

k

= sin(kj��x). The vectors e

1

; : : : ; e

J�1

are an orthogonal

basis for R

J�1

. Clearly, e

j+J

= e

j

.

In Fourier space, the matrix A is represented by

Ae

k

= 4 sin

2

(k��x=2)e

k

:

De�ne the operator

~

A as

~

A sin(k��) = �

k

sin(k��); k = 1; : : : ;

where �

k

are to be determined. Consider m = k + nJ , where k = 1; : : : ; J � 1 and

n = 0; 1 : : : . Now to satisfy (2.5), we require, for l = 1; : : : ; J � 1,

(

~

A sin(m��))(l�x) = (Ae

m

)

l

= (Ae

k

)

l

= 4 sin

2

(k��x=2) sin(kl��x):

Hence, for k = 1; : : : ; J � 1 and n = 0; : : : ,

�

m

= �

k+nJ

= 4 sin

2

(k��x=2): (2.6)

This speci�es the operator

~

A.

The continuous version of the method (2.3) is

u

n+1

� u

n

+

�t

�x

2

~

A

�

(1� �)u

n

+ �u

n+1

�

= dB

�t

(n);

u

0

=PU:

(2.7)

Rearrange this equation, to get

�

I +

�t

�x

2

�

~

A

�

u

n+1

=

�

I �

�t

�x

2

(1� �)

~

A

�

u

n

+ dB

�t

(n):

Hence,

u

n+1

= (I � C�t)u

n

+Q

�x

dB

�t

(n); (2.8)
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where

C =

1

�t

�

I �

�

I +

�t

�x

2

�

~

A

�

�1

�

I �

�t

�x

2

(1� �)

~

A

��

(2.9)

Q

�x

=

�

I +

�t

�x

2

�

~

A

�

�1

: (2.10)

From (2.6) and (2.9), the eigenvalue of C corresponding to the eigenfunction sin(k��) is

�

k

:=

1

�t

�

1�

(1� �(1� �)�

k

)

1 + ���

k

�

=

1

�t

��

k

1 + ���

k

; � :=

�t

�x

2

: (2.11)

Clearly, �

1

� �

2

� : : : �

J�1

. The corresponding eigenvalue of Q

�x

is

1

1 + ���

k

; k = 1; : : : :

Note that kQ

�x

k � 1.

We prove a sequence of lemmas concerning the properties of Q

�x

, the eigenvalues

�

k

, the smoothing properties of e

�At

, and the properties of C.

Lemma 2.2 (i) For each  > 5=4, there exists a constant c



such that

kA

�

(I �Q

�x

P)k

2

HS

� c



�x

4

:

(ii) For each � > 0, there exists a constant C

�

with

ke

�At

(I �Q

�x

)k �

C

�

t

1+�

�x

2

:

Proof For (i), consider j = 1; : : : ; J � 1 and set  = (5 + �)=4,

kA

�

(I �Q

�x

P)

p

2 sin(j��x)k

2

�

1

(j

2

�

2

)

2

�

1�

1

1 + 4�� sin

2

(j��x=2)

�

2

�

1

(j

2

�

2

)

2

16�

2

�

2

sin

4

(j��x=2)

�16�

2

�

2

1

(j

2

�

2

)

2

�

j��x

2

�

4

��

2

�

2

�

4(1�)

j

4(1�)

�x

4

=�

2

�

2

�

4(1�)

�x

4

j

1+�

:

For j = J; : : : ,

kA

�

(I �Q

�x

P)

p

2 sin(j��x)k

2

�

1

(j

2

�

2

)

2

=

1

�

4

j

4

1

j

1+�

�

�x

4

�

4

1

j

1+�

:

6



Consequently, for all � > 0, there exists a C

�

with

kA

�

(I �Q

�x

)k

2

HS

��

2

�

2

�

4(1�)

�x

4

J�1

X

j=1

1

j

1+�

+

�x

4

�

4

1

X

j=J

1

j

1+�

� C

�

�x

4

:

For (ii), consider j = 1; : : : ; J � 1 and n = 1; : : : and let k = j + nJ . Consider  > 1.

Then, as above, for a constant C,

ke

�At

(I �Q

�x

)

p

2 sin(k��)k �e

�k

2

�

2

t

�

1�

1

1 + 4�� sin

2

(j��x=2)

�

�e

�k

2

�

2

t

4�� sin

2

(j��x=2)

�Ce

�j

2

�

2

t

j

2

�x

2

�

C

(j

2

t)



j

2

�x

2

�

C

t



�x

2

:

�

Lemma 2.3 For 0 � � � 1 and �t=�x

2

�xed, there exists  such that

�

2

� 

2

�x

2

j

2

�

�

j

j

2

� �

2

; j = 1; : : : ; J � 1:

Thus �

2

� 

2

�x

2

� �

1

� �

j

.

Proof Let

X :=

sin

2

(j��x=2)

(�x=2)

2

;

By Taylor expanding, we can show that

j

2

�

2

�

1

12

j

4

�

4

�x

2

� X � j

2

�

2

:

Now, from (2.11),

�

j

=

X

1 + ��tX

= X �

�X

2

�t

1 + �X�t

:

Hence,

�

j

� j

2

�

2

�

�X

2

�t

1 + �X�t

� j

2

�

2

:

Now, because �X

2

�t=(1 + �X�t) � �j

4

�

4

�t,

�

j

�j

2

�

2

�

1

12

j

4

�

4

�x

2

� �j

4

�

4

�t

=j

2

�

2

� j

4

�

4

�x

2

(

1

12

+ �

�t

�x

2

)

=j

2

�

2

� j

4

�x

2



2

;

for 

2

:= �

4

(1=12 + ��t=�x

2

). �
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Proposition 2.4 Consider t > 0; for a constant C



> 0 depending on ,

kA

�

(I � e

�At

)k � C



t



; 0 �  � 1;

kA



e

�At

k � C



t

�

;  > 0:

Proof This is a standard result on powers of sectorial operators [6]. �

Lemma 2.5 For constants C;  > 0,

(i) k(e

�At

� e

�Ct

)Pk � Ct

�

�x

2

.

(ii) kC

�2

(e

�C�t

� (I � C�t))Pk � C�t

2

:

(iii) kC



e

�Ct

Pk � C t

�

.

Proof The eigenvalues of A are j

2

�

2

and those of C are �

j

. (i) For j = 1; : : : ; J � 1

and a constant C, (using je

�x

� e

�y

j � e

�(x^y)

jx� yj for x; y � 0)

je

��

2

j

2

t

� e

��

j

t

j � e

�(�

j

^�

2

j

2

)t

j�

2

j

2

� �

j

j

(j

2

�

2

)

1+

t (j

2

�

2

)

1+

(using (j

2

�

2

� �

j

)=j

2

�

2

� C�x

2

j

2

for j = 1; : : : ; J � 1 by Lemma 2.3)

� Ce

�(�

j

^�

2

j

2

)t

�x

2

j

2

(j

2

�

2

)



t (j

2

�

2

)

1+

(as j

2

�x

2

� 1 and j = 1; : : : ; J � 1)

� Ce

�(�

j

^�

2

j

2

)t

�x

2

�

2

t (j

2

�

2

)

1+

(as �

j

^ �

2

j

2

= �

2

j

2

by Lemma 2.3)

� C

�x

2

�

2

t (j

2

�

2

)

1+

e

�j

2

�

2

t

:

Hence,

k(e

�At

� e

�Ct

)

p

2 sin(k��)k � C

�x

2

�

2

tkA

(1+)

e

�At

p

2 sin(k��)k:

Finally apply Proposition 2.4, to gain (i).

(ii) For j = 1; : : : ; J � 1 and a constants C,

je

��

j

�t

� (1� �

j

�t)j � C�

2

j

�t

2

:

8



Since C has eigenvalues �

j

, the result follows. (iii) For j = 1; : : : ,

kC



e

�Ct

p

2 sin(j��)k = �



j

e

��

j

t

=

1

t



(t�

j

)



e

��

j

t

:

There exists C with x



e

�x

� C for x � 0. Hence,

kC



e

�Ct

p

2 sin(j��)k � Ct

�

:

�

Lemma 2.6 Let Z

1

; Z

2

be bounded linear operators L

2

(0; 1)! L

2

(0; 1).

EhZ

1

dB

�t

(i); Z

2

dB

�t

(j)i = 0; i 6= j:

Proof This is simply because dB

�t

(i) and dB

�t

(j) are independent L

2

(0; 1) random

variables for i 6= j. �

The stability properties of the method are established in the following Lemma.

Lemma 2.7 Let � = �t=�x

2

. Subject to �(1� �) < 1=4, the following hold

(i) 0 � �

k

�t � 1.

(ii) k(I � C�t)e

C�t

k � 1.

(iii) there exists �;�x

�

> 0 such that the following holds uniformly for �x < �x

�

,

k(I � C�t)

n

k � e

��n�t

:

(iv) for 0 <  < 1=2, there exists a constant C



> 0, such that, for n � 1,

EkA



n�1

X

i=0

(I � C�t)

n�i�1

Q

�x

dB

�t

(i)k

2

� C



G(�x; )

where G(�x; ) is de�ned by

G(�x; ) :=

8

>

>

>

>

<

>

>

>

>

:

1;  < 1=4;

� log�x;  = 1=4;

�x

1�4

;  > 1=4:

9



Proof For (i),

(1� �

j

�t) =

1� 4(1� �)� sin

2

(j��x=2)

1 + 4�� sin

2

(j��x=2)

=1�

4� sin

2

(j��x=2)

1 + 4�� sin

2

(j��x=2)

Hence, 0 � 1� �

j

�t � 1 when

4� sin

2

(j��x=2)

1 + 4�� sin

2

(j��x=2)

< 1;

which holds for �(1� �) < 1=4.

(ii) follows because �

j

are the eigenvalues of C and by using the inequality j1� xj �

e

�x

for 0 < x < 1.

(iii) The eigenvalues �

k

may be bounded below by � > 0 uniformly for �x � �x

�

,

some �x

�

> 0 (Lemma 2.3). Thus,

kI � C�tk � e

���t

;

by using again j1� xj � e

�x

for 0 � x � 1.

(iv) By using kQ

�x

k � 1 and (2.2) and Lemma 2.6

E









n�1

X

i=0

A



(I � C�t)

n�1�i

Q

�x

dB

�t

(i)









2

=

n�1

X

i=0

J�1

X

k=1

(k

2

�

2

)

2

(1� �

k

�t)

2(n�i�1)

�t

�

n�1

X

i=0

J�1

X

k=1

(k

2

�

2

)

2

e

�2�

k

�t(n�i�1)

�t

�

J�1

X

k=1

(k

2

�

2

)

2

1� e

�2�

k

n�t

1� e

�2�

k

�t

�t

�

J�1

X

k=1

C

(k

2

�

2

)

2

2�

k

:

This is �nite for  < 1=4 by Lemma 2.3. For 1=4 <  < 1=2, the term grows like

J�1

X

k=1

k

4

�

k

�C

J�1

X

k=1

k

4�2

�CJ

4�1

�C�x

1�4

:
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For  = 1=4, the term grows like

J�1

X

k=1

k

4

�

k

� C

J�1

X

k=1

1

k

� C log J � �C log�x:

The three cases are accounted for by the de�nition of G(�; �). �

Lemma 2.8 For linear operators 	

1

;	

2

from L

2

(0; 1) to itself,

k	

1

	

2

k

HS

� k	

1

k � k	

2

k

HS

;

where k	

1

k denotes the L

2

operator norm.

Proof Elementary. �

Theorem 2.9 Suppose that initial data U 2 L

2

(0; 1) and that (�x;�t)! 0 under the

stability condition

�t

�x

2

(1� �) �

1

4

: (2.12)

Consider (2.3) applied to (2.1), with the noise term B = 0. For each 0 < s < 1, there

exists a constant C with

ku(n�t)� u

n

k � C�x

2s

1

(n�t)

s

kUk:

Proof Expand u(t) as

u(t; x) :=

p

2

1

X

j=1

a

j

(t) sin(j�x):

Introduce v(t; x),

v(t; x) :=

p

2

J�1

X

j=1

b

j

(t) sin(j�x);

where b

j

solves the equation

db

j

(t) = ��

j

b

j

(t) dt; b

j

(0) = a

j

(0):

We estimate ku(n�t)� u

n

k

2

, by applying the triangle inequality as follows

ku(n�t)� u

n

k

2

�3ku(n�t)� Pu(n�t)k

2

+ 3kPu(n�t)� v(n�t)k

2

+ 3kv(n�t)� u

n

k

2

:

The estimates below use a generic constant C, which is independent of �x, �t. The

constant C will absorb other constants, including � and � without comment.
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Term 1.

u(n�t; x)� Pu(n�t; x) =

p

2

1

X

k=J

a

k

(n�t) sin(k�x);

where a

k

(t) = e

�k

2

�

2

t

a

k

(0). Therefore,

ku(n�t; �)� Pu(n�t; �)k

2

�

1

X

k=J

a

2

k

(0)e

�2�

2

k

2

n�t

�e

�2J

2

�

2

n�t

1

X

k=J

e

2(J

2

�k

2

)�

2

n�t

a

2

k

(0)

(because x

2s

e

�x

may be bounded uniformly in x � 0 for s > 0)

�C

1

�

4s

J

4s

(n�t)

2s

kUk

2

� C

�x

4s

�

4s

1

(n�t)

2s

kUk

2

:

Term 2.

Pu(n�t; x)� v(n�t; x) =

p

2

J�1

X

k=1

�

a

k

(n�t)� b

k

(n�t)

�

sin(k�x);

where

a

k

(n�t) = e

�k

2

�

2

n�t

a

k

(0); b

k

(n�t) = e

��

k

n�t

a

k

(0):

Now, je

�x

� e

�y

j � e

�(x^y)

jx� yj for x; y > 0 and �

k

� k

2

�

2

by Lemma 2.3, so that

J�1

X

k=1

(a

k

(n�t)� b

k

(n�t))

2

�

J�1

X

k=1

e

�2�

k

n�t

jk

2

�

2

� �

k

j

2

(n�t)

2

a

2

k

(0)

=

J�1

X

k=1

(�

k

n�t)

2+2s

e

�2�

k

n�t

jk

2

�

2

� �

k

j

2

(n�t)

2

(�

k

n�t)

2+2s

a

2

k

(0)

�

J�1

X

k=1

C

jk

2

�

2

� �

k

j

2

�

2

k

1

(n�t)

2s

�

2s

k

a

2

k

(0)

�

J�1

X

k=1

C�x

4

�

2

k

1

(n�t)

2s

�

2s

k

a

2

k

(0)

�

J�1

X

k=1

C�x

4

�

2(1�s)

k

1

(n�t)

2s

a

2

k

(0)

�C�x

4s

1

(n�t)

2s

kUk

2

:
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Term 3.

v(n�t; x)� u

n

(x) =

p

2

J�1

X

k=1

�

b

k

(n�t)� A

k

(n�t)

�

sin(k�x)

where

b

k

(n�t) = e

��

k

n�t

a

k

(0)

and A

k

(n�t) = A

n;k

where (from (2.8))

A

n;k

= (1� �

k

�t)

n

a

k

(0):

Here we exploit the fact that, for the linear problem, the numerical solution has only

J�1 terms in its Fourier expansion; this happens because we have taken initial condition

u

0

= PU . When n � 1,

jb

k

(n�t)� A

k

(n�t)j

2

=

�

e

��

k

n�t

� (1� �

k

�t)

n

�

2

a

2

k

(0)

(because a

n

� b

n

= (a� b)

P

n�1

j=0

a

n�j�1

b

j

)

�

�

e

��

k

�t

� (1� �

k

�t)

�

2

�

n�1

X

j=0

e

��

k

(n�t�(j+1)�t)

(1� �

k

�t)

j

�

2

a

2

k

(0)

(because j1 � xj � e

�x

for 0 � x � 1 and because the stability condition ensures

0 � �

k

�t � 1)

�

�

e

��

k

�t

� (1� �

k

�t)

�

2

�

n�1

X

j=0

e

��

k

(n�1)�t)

�

2

a

2

k

(0):

Now,

jb

k

(n�t)� A

k

(n�t)j

2

�C �

4

k

�t

4

�

n�1

X

j=0

e

��

k

(n�t��t)

�

2

a

2

k

(0)

�C �t

4

�

2�2s

k

�

n�1

X

j=0

�

1+s

k

(n�t��t)

1+s

(n�t��t)

1+s

e

��

k

(n�1)�t

�

2

a

2

k

(0)

(by bounding x

1+s

e

�x

uniformly in x > 0)

�C �t

2

�

2�2s

k

�

n�1

X

j=0

1

(n�t��t)

1+s

�t

�

2

a

2

k

(0)

�C �t

2

�

2�2s

k

�

1

(n�t)

s

�

2

a

2

k

(0):
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Thus,

J�1

X

k=1

jb

k

(n�t)� A

k

(n�t)j

2

�C

J�1

X

k=1

�t

2

�

2�2s

k

1

(n�t)

2s

a

2

k

(0)

(because by Lemma 2.3 and for s < 1, �

2�2s

k

� �

2(2�s)

�x

4s�4

for k = 1; : : : ; J � 1)

�C�x

4s�4

�t

2

1

(n�t)

2s

kUk

2

And by taking �t=�x

2

= � �xed and s � 1, for a constant C we have that

kv(n�t; x)� u

n

(x)k

2

� C�x

4s

�

2

(n�t)

2s

kUk

2

:

�

Theorem 2.10 For initial data U in L

2

(0; 1), the numerical method (2.3) converges

strongly to a weak solution of the stochastic PDE (2.1), subject to the stability condi-

tion (2.12). Indeed, for all � > 0, there exists C

�

such that, for all n�t > 0,

�

Eku(n�t)� u

n

k

2

�

1=2

� C

�

�

1 + kUk

��

1 +

1

(n�t)

1��

�

�x

(1��)=2

:

Proof Consider the variation of constants formula for the stochastic PDE (2.1) and

its numerical approximation (2.3):

u(n�t) = exp(�An�t)U +

Z

n�t

0

exp(�A(n�t � s)) dB(s);

and

u

n

= (I � C�t)

n

PU +

n�1

X

i=0

(I � C�t)

n�i�1

Q

�x

dB

�t

(i):

In the light of Theorem 2.9, we may take U = 0; hence we examine

u(n�t)� u

n

=

Z

n�t

(n�1)�t

e

�A(n�t�s)

dB(s)

+

n�2

X

i=0

Z

(i+1)�t

i�t

�

e

�A(n�t�s)

� e

�A(n�i�1)�t

�

dB(s)

+

n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

�

I �Q

�x

P

�

dB(s)

+

n�2

X

i=0

�

e

�A(n�i�1)�t

� e

�C(n�i�1)�t

�

Q

�x

dB

�t

(i)

+

n�2

X

i=0

�

e

�C(n�i�1)�t

� (I � C�t)

n�i�1

�

Q

�x

dB

�t

(i)

�Q

�x

dB

�t

(n� 1):
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The �nal part of the convolutions are treated separately, because there is no smoothing

in the numerical term; thus we only have the smallness associated with the time step.

The terms i = 0; : : : ; n � 2 make use of the smoothing of e

�At

, to regularise the white

noise.

The �rst integral. By the Ito isometry (1.3),

Ek

Z

n�t

(n�1)�t

e

�A(n�t�s)

dB(s)k

2

=

Z

n�t

(n�1)�t

ke

�A(n�t�s)

k

2

HS

ds

=

Z

n�t

(n�1)�t

1

X

k=1

e

�2k

2

�

2

(n�t�s)

ds

=

1

X

k=1

1

2k

2

�

2

(1� e

�2k

2

�

2

�t

)

(as for a constant C, (1� e

�2��

2

) � C� for 0 � � � 1)

�

b1=�t

1=2

c

X

k=1

Ck

2

�t

2k

2

�

2

+

1

X

k=1+b1=�t

1=2

c

1

2k

2

�

2

�C�t

1=2

+

�t

1=2

2�

2

:

The second integral. By the Ito isometry (1.3),

E









n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(n�t�s)

� e

�A(n�i�1)�t

) dB(s)









2

=E









n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

(e

�A((i+1)�t�s)

� I) dB(s)









2

=

n�2

X

i=0

Z

(i+1)�t

i�t

ke

�A(n�i�1)�t

(e

�A((i+1)�t�s)

� I)k

2

HS

ds:

Take 0 <  < 1; then

E









n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(n�t�s)

� e

�A(n�i�1)�t

) dB(s)









2

(by using Lemma 2.8)

�

n�2

X

i=0

Z

(i+1)�t

i�t

kA

�

k

2

HS

� kA

2

e

�A(n�i�1)�t

k

2

� kA

�

(e

�A((i+1)�t�s)

� I)k

2

ds
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(using Proposition 2.4)

�C

�

1

X

k=1

(k

2

�

2

)

�2

�

n�2

X

i=0

�t

((n� i� 1)�t)

4

�t

2

:

Consequently, by taking  = (�+ 1)=4, there exists C

�

for each 0 < � < 1 with

E









n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(t�s)

� e

�A(n�i�1)�t

) dB

s









2

�C

�

�t

��

�t

(�+1)=2

�C

�

�t

(1��)=2

:

The third integral. By the Ito isometry (1.3) and Lemma 2.8 ,

E









n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

(I �Q

�x

P) dB(s)









2

�

n�2

X

i=0

Z

(i+1)�t

i�t

kA



e

�A(n�i�1)�t

k

2

�

�

kA

�

(I �Q

�x

P)k

2

HS

�

ds

(take  > 5=4 and apply Proposition 2.4)

�

�

kA

�

(I �Q

�x

P)k

2

HS

�

n�2

X

i=0

Z

(i+1)�t

i�t

1

((n� i� 1)�t)

2

ds

�

�

kA

�

(I �Q

�x

P)k

2

HS

�

Z

n�t

�t

1

s

2

ds

�

�

kA

�

(I �Q

�x

P)k

2

HS

�

�t

1�2

2 � 1

:

Then, with Lemma 2.2 and  = (5 + �)=4 and �t = ��x

2

, the third integral satis�es

E









n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

(I �Q

�x

P) dB(s)









2

�C

�

�x

4

�x

(���3)

� C

�

�x

1��

:

The fourth integral. Because P dB

�t

(i) = dB

�t

(i) by (2.2) and Lemma 2.6 and

kQ

�x

k � 1,

E









n�2

X

i=0

(e

�A(n�i�1)�t

� e

�C(n�i�1)�t

)PQ

�x

dB

�t

(i)









2

� E

n�2

X

i=0









(e

�A(n�i�1)�t

� e

�C(n�i�1)�t

)P









2









dB

�t

(i)









2
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(by Lemma 2.5 and Lemma 2.1)

�2

n�2

X

i=0

C ((n� i� 1)�t)

�2

�x

4

�t

�x

�C�x

4�1

�t

1�2

2 � 1

� C�x:

by taking  > 1=2 and using �t = ��x

2

.

The �fth integral. By Lemma 2.6 and the identity

a

n

� b

n

= (a� b)

n�1

X

j=0

a

n�j�1

b

j

;

we may estimate the �fth integral as follows:

E









n�2

X

i=0

(e

�C(n�i�1)�t

� (I � C�t)

n�i�1

)PQ

�x

dB

�t

(i)









2

�k(e

�C�t

� (I � C�t))C

�2��

k

2

�

n�3

X

i=0









n�i�2

X

j=1

C

2+�

e

�C(n�i�j�1)�t

(I � C�t)

j

P









2

� kQ

�x

k �Ek dB

�t

(i)k

2

+Ek(e

�C�t

� (I � C�t))PQ

�x

dB

�t

(i)k

2

:

By the stability condition and kQ

�x

k � 1, the second term here is bounded by a constant

times Ek dB

�t

(i)k

2

, which, by Lemma 2.1, is bounded by C�t=�x. The �rst is bounded

by applying the triangle inequality, Lemma 2.7 (ii), and Lemma 2.1 again. Hence, we

get,

E









n�2

X

i=0

(e

�C(n�i�1)�t

� (I � C�t)

n�i�1

)PQ

�x

dB

�t

(i)









2

�k(e

�C�t

� (I � C�t))C

�2��

k

2

�

n�3

X

i=0

�

n�i�2

X

j=1

kC

2+�

e

�C(n�i�1)�t

Pk

�

2

�t

�x

+

C�t

�x
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(by Lemma 2.5)

�C�t

4

�

n�3

X

i=0

(n� i� 1)

[(n� i� 1)�t]

2+�

�

2

�t

�x

+

C�t

�x

�

C�t

�x

�

n�3

X

i=0

(n� i� 1)�t

2

[(n� i� 1)�t]

2+�

�

2

+

C�t

�x

�

C�t

�x

�

n�3

X

i=0

�t

[(n� i� 1)�t]

1+�

�

2

+

C�t

�x

�

C�t

�x

+

C�t

�x

�t

��

�

:

Final term. The square of the expectation of the �nal term is bounded by C�t=�x �

C�

2

�x by using Lemma 2.1.

The small time singularity of the error estimate results from non zero initial data in

L

2

(0; 1). The dependence on the L

2

(0; 1) norm of the initial data is accounted for by

Theorem 2.9. �

3 NONLINEAR PROBLEM

The ideas already presented suggest an approach to the nonlinear equation

du(t) =

�

� Au(t) + f(u(t))

�

dt+ dB(t);

u(0) =U:

(3.1)

To make sense of this equation, we must work with mild solutions:

De�nition 3.1 A predictable L

2

(0; 1)-valued process u(�) on [0; T ] is a mild solution

of (3.1) if

(i)

P

�

Z

T

0

ku(s)k

2

ds <1

�

= 1:

(ii) for 0 < t < T ,

u(t) = e

�At

U +

Z

t

0

e

�A(t�s)

f(u(s)) ds+

Z

t

0

e

�A(t�s)

dB(s): (3.2)
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Theorem 3.2 Consider f : L

2

(0; 1)! L

2

(0; 1) subject to, for a constant C,

kf(x)� f(y)k � Ckx� yk; x; y 2 L

2

(0; 1);

kf(x)k

2

� C(1 + kxk

2

); x 2 L

2

(0; 1):

If the consider initial data U belongs to L

2

(0; 1), then there exists a unique mild solution

with a continuous modi�cation in C([0; T ];L

2

(0; 1))).

The solution satis�es, for a constant C,

sup

0�t�T

Eku(t)k

2

� C(1 +EkUk

2

):

Proof This is proved in Da Prato{Zabczyk [1]. �

Corresponding to (2.3) and in particular to the formulation of the numerical method (2.7)

in the continuous space L

2

(0; 1), we have the following discretization of the nonlinear

equation (3.1):

u

n+1

� (I � C�t)u

n

=Q

�x

dB

�t

(n) +Q

�x

f

�

(n)�t

u

0

= PU;

(3.3)

where f

�

(n) is the L

2

(0; 1) function de�ned by

f

�

(n) := (1� �)f(u

n

) + �f(u

n+1

):

Hypothesis 3.3 The function f is Lipschitz as follows: there exist constants K

1

; K

2

such that

k(f(x)� f(y))k �K

1

kA



(x� y)k; x; y 2 L

2

(0; 1);

kf(x)k �K

2

+K

1

kxk; x 2 L

2

(0; 1);

kA

1=4

f(x)k �K

2

+K

1

kA

1=4

xk; x 2 L

2

(0; 1):

This hypothesis is satis�ed for functions f de�ned by f(u)(x) := p(x), where the function

p : [0; 1]! R has two uniformly bounded derivatives.

We require two lemmas: one gives boundedness of the numerical solutions in terms

of the initial data; the second describes the divergence of trajectories of the stochastic

PDE over an interval of length �t.
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Lemma 3.4 Let Hypothesis 3.3 hold. For 0 �  < 1=2, there exists C



; � > 0 such

that the following bounds hold: the solution of the numerical method (3.3) satis�es, for

n�t � 0,

�

EkA



u

n

k

2

�

1=2

� C



e

�n�t

G(�x; )

�

1 +

1

(n�t)



�

(1 + kUk): (3.4)

(G(�x; ) is de�ned in Lemma 2.7.) The stochastic PDE (2.1) satis�es, for t � 0 and

0 �  < 1=4,

�

EkA



u(t)k

2

�

1=2

� C



e

�t

�

1 +

1

t



�

(1 + kUk): (3.5)

Remark The estimate on the numerical method reects the fact that the stochastic

integral

R

t

0

e

�A(t�s)

dW (s) takes values in H



(0; 1), only when  < 1=2. The H



(0; 1)

norm, for  � 1=2, of a solution of the numerical method grows as �x! 0.

Proof The Variation of Constants formula for the numerical method (3.3) states that

u

n

=(I � C�t)

n

PU

+

n�1

X

i=0

(I � C�t)

n�i�1

Q

�x

f

�

(i)�t

+

n�1

X

i=0

(I � C�t)

n�i�1

Q

�x

dB

�t

(i):

Consequently, the triangle inequality gives

(EkA



u

n

k

2

)

1=2

�kA



(I � C�t)

n

Pk � kUk

+

n�1

X

i=0

k(I � C�t)

n�i�1

k � kQ

�x

k � (EkA



f

�

(i)k

2

)

1=2

�t

+

�

E









A



n�1

X

i=0

(I � C�t)

n�i�1

Q

�x

dB

�t

(i)









2

�

1=2

:

Now, the �rst term: for j = 1; : : : ; J � 1,

kA



(I � C�t)

n

p

2 sin(j��)k =(k

2

�

2

)



(1� �

k

�t)

n

�(k

2

�

2

)



e

��

k

n�t

�C�



k

e

��

k

n�t

�

C



(n�t)



:
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The second term: by the Lipschitz property of Hypothesis 3.3, Lemma 2.7 and kQ

�x

k �

1,

k(I � C�t)

n�i�1

kkQ

�x

k(EkA



f

�

(i)k

2

)

1=2

�e

��(n�i�1)�t

(K

1

�(EkA



u

i

k

2

)

1=2

+K

1

(1� �)(EkA



u

i+1

k

2

)

1=2

+K

2

):

The third term is bounded by (Lemma 2.7) C



G(�x; ), for a constant C



.

Hence, putting the three bounds together, we have

(EkA



u

n

k

2

)

1=2

�C



G(�x; )

�

1 +

1

(n�t)



��

1 + kUk

�

+

n�1

X

i=0

e

���t(n�i�1)

�

K

2

+K

1

�(EkA



u

i

k

2

)

1=2

+K

1

(1� �)(EkA



u

i+1

k

2

)

1=2

�

�t:

The generalised discrete Gronwall's inequality [4] gives the desired result.

The same steps lead to a bound for solutions of the stochastic PDE. The variation

of constants formula for the stochastic PDE employs convolutions with respect to e

�At

instead of (I � C�t)

n

; but this term may be estimated just as easily by using Propo-

sition 2.4. The stochastic convolution term (corresponding to the third term here) is

bounded uniformly by the Ito isometry in H



(0; 1) norm for  < 1=4. It is not possible

to gain an estimate for EkA



u(s)k

2

for  � 1=4. �

Lemma 3.5 Denote the solution to (3.1) with initial condition u(0) = x by u(t; x). For

0 <  � 1=4, there exists C; � > 0 with

�

Eku(t; x)� xk

2

�

1=2

� Ct



(1 + (EkA



xk

2

)

1=2

)e

�t

:

Proof By Lemma 3.4 and Proposition 2.4,

�

Eku(t; x)� xk

2

�

1=2

�k(e

�At

� I)xk+

Z

t

0

�

Eke

�A(t�s)

f(u(s))k

2

�

1=2

ds+

�

Z

t

0

ke

�A(t�s)

k

2

HS

ds

�

1=2

�C



t



kA



xk+ tC(1 + kxk)e

�t

+

�

Z

t

0

ke

�A(t�s)

k

2

HS

ds

�

1=2

:
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But, of course,

Z

t

0

ke

�A(t�s)

k

2

HS

ds =

1

X

k=1

Z

t

0

e

�2�

2

k

2

(t�s)

ds

=

1

X

k=1

1

2�

2

k

2

(1� e

�2�

2

k

2

t

)

�

b1=t

1=2

c

X

k=1

(1� e

�2�

2

k

2

t

)

2�

2

k

2

+

1

X

k=b1=t

1=2

c+1

(1� e

�2�

2

k

2

t

)

2�

2

k

2

�C

t

t

1=2

+ C

1

1=t

1=2

:

Together, we have

�

Eku(t; x)� xk

2

�

1=2

�C t



kA



xk+ C t (1 + kxk)e

Ct

+ Ct

1=4

:

�

Lemma 3.6 Let Hypothesis 3.3 hold. For 0 <  < 1=4, there exists C such that

�

E









n�1

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

(f(u(s))� (1� �)f(u(i�t))� �f(u((i+ 1)�t))) ds









2

�

1=2

�C�t



e

�n�t

(1 + kUk):

Proof Consider only the case � = 0.

�

E









n�1

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

(f(u(s))� f(u(i�t))) ds









2

�

1=2

�

n�1

X

i=1

Z

(i+1)�t

i�t

ke

�A(n�i�1)�t

k �K

1

(Eku(s)� u(i�t)k

2

)

1=2

ds+ C�t(1 + kUk)

(by Lemma 3.5 and 3.4)

�

n�1

X

i=1

Z

(i+1)�t

i�t

C(s� i�t)



(1 +

1

(i�t)



)e

�i�t

(1 + kUk) ds+ C�t(1 + kUk)

�

n�1

X

i=1

C�t



�

1 +

1

(i�t)



�

e

�i�t

�t(1 + kUk) + C�t(1 + kUk)

�C�t



Z

n�t

�t

�

1 +

1

s



�

e

�s

ds(1 + kUk) + C�t(1 + kUk)

�C�t



e

�n�t

(1 + kUk);

increasing � if necessary �
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Theorem 3.7 For f satisfying Hypothesis 3.3, initial data U in L

2

(0; 1), and (�t;�x)!

0 subject to the stability condition (2.12), the following convergence holds: for 0 < � < 1,

there exist constants C

�

; � > 0 so that, for n�t > 0,

�

Eku(i�t)� u

i

k

2

�

1=2

� C

�

�x

(1�2�)=2

e

�i�t

(1 + kUk)(1 + (i�t)

(��1)=4

):

Proof Write an expression for the error using the Variation of Constants formula:

Denote the errors resulting from the linear terms and the noise term by �; we know

from the previous theorem how to bound Ek�k

2

.

u(n�t)� u

n

=�

+

Z

n�t

(n�1)�t

e

�A(n�t�s)

f(u(s)) ds

+

n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(n�t�s)

� e

�A(n�i�1)�t

)f(u(s)) ds

+

n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

�

f(u(s))�Q

�x

f

�

(i)

�

ds

+

n�2

X

i=0

(e

�A(n�i�1)�t

� e

�C(n�i�1)�t

P)Q

�x

f

�

(i)�t

+

n�2

X

i=0

(e

�C(n�i�1)�t

P � (I � C�t)

n�i�1

)Q

�x

f

�

(i)�t

�Q

�x

f

�

(n� 1)�t:

The �rst two terms correspond to a term in the proof of Theorem 2.10, and may be

bounded in an analogous way. For example,

�

E









n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(n�t�s)

� e

�A(n�i�1)�t

)f(u(s)) ds









2

�

1=2

�

n�1

X

i=0

Z

(i+1)�t

i�t

ke

�A(n�t�s)

� e

�A(n�i�1)�t

k(Ekf(u(s))k

2

)

1=2

ds:

Lemma 3.4 provides a bound on Eku(t)k

2

and hence, by the Lipschitz Hypothesis 3.3,

a bound on Ekf(u(t))k

2

. Therefore, following the steps in Theorem 2.10, this term may

be bounded by the same power of �x as in the previous argument multiplied by the

bound on Ekf(u(t))k

2

. The conclusion is that

�

E









n�2

X

i=0

Z

(i+1)�t

i�t

(e

�A(n�t�s)

� e

�A(n�i�1)�t

)f(u(s)) ds









2

�

1=2

��x

1=2

e

�n�t

(1 +EkUk):

23



The third term. The third term needs estimating in terms of Eku(i�t) � u

i

k

2

, for

Gronwall's sake. Consider i�t � s � (i+1)�t. We split the third term into three parts

according to

e

�A(n�i�1)�t

(f(u(s))�Q

�x

f

�

(i))

�e

�A(n�i�1)�t

�

f(u(s))� (1� �)f(u(i�t))� �f(u((i+ 1)�t))

�

+ e

�A(n�i�1)�t

(I �Q

�x

) �

�

(1� �)f(u(i�t)) + �f(u((1 + i)�t))

�

+Q

�x

� e

�A(n�i�1)�t

�

(1� �)f(u(i�t)) + �f(u((i+ 1)�t))� f

�

(i)

�

:

Consider the �rst term: for i�t � s � (i + 1)�t and  = 1=4,

�

E









n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

�

f(u(s))

� (1� �)f(u(i�t))� �f(u((i+ 1)�t))

�

ds









2

�

1=2

(by Lemma 3.6 and Lemma 3.4)

�C�t



e

�n�t

(1 + kUk):

Consider the second term:

n�2

X

i=0

Z

(i+1)�t

i�t

(Eke

�A(n�i�1)�t

(I �Q

�x

)

((1� �)f(u(i�t)) + �f(u((i+ 1)�t)))k

2

)

1=2

ds

�

n�2

X

i=0

ke

�A(n�i�1)�t

(I �Q

�x

)k �

�

Ek(1� �)f((u(i�t))) + �f(u((i+ 1)�t))k

2

�

1=2

�t

(by Lemma 2.2)

�

n�2

X

i=0

C

�

�x

2

[(n� i� 1)�t]

1+�

e

�n�t

(1 + kUk)�t

�C

�

e

�n�t

(1 + kUk)�x

2

�t

��

:

Consider the third term:

n�2

X

i=0

Z

(i+1)�t

i�t

�

EkQ

�x

e

�A(n�i�1)�t

�

(1� �)f(u(i�t))

+ �f(u((i+ 1)�t))� f

�

(i)

�

k

2

�

1=2

ds
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(because kQ

�x

k � 1 and because of the Lipschitz Hypothesis 3.3)

�

n�2

X

i=0

Ce

��

2

(n�i�1)�t

�

(1� �)(K

1

Eku(i�t)� u

i

k

2

)

1=2

+K

1

�(Eku((i+ 1)�t)� u

i+1

k

2

)

1=2

�

�t:

Hence, these three terms sum to give

�

E









n�2

X

i=0

Z

(i+1)�t

i�t

e

�A(n�i�1)�t

�

f(u(s))�Q

�x

f

�

(i)

�

ds









2

�

1=2

�C

�

e

�n�t

(1 + kUk)�x

1�2�

+K

1

n�1

X

i=0

�

�(Eku(i�t)� u

i

k

2

)

1=2

+ (1� �)(Eku((i+ 1)�t)� u

i+1

k

2

)

1=2

�

e

��

2

(n�i�1)�t

�t:

Fourth term. By Lemma 3.4 and the Lipschitz Hypothesis 3.3,

�

Ek

n�2

X

i=0

(e

�A(n�i�1)�t

� e

�C(n�i�1)�t

P)Q

�x

f

�

(i)�tk

2

�

1=2

�

n�1

X

i=0

k(e

�A(n�i�1)�t

� e

�C(n�i�1)�t

)Pk � kQ

�x

k C e

�n�t

(1 + kUk)�t

+

n�1

X

i=0

ke

�A(n�i�1)�t

(I � P)k � kQ

�x

k C e

�n�t

(1 + kUk)�t:

By following the steps used for the fourth integral in Theorem 2.10, the �rst part of this

term may be bounded by C�x

1=2

e

�n�t

(1 + kUk). The second is bounded as follows:

n�1

X

i=0

ke

�A(n�i�1)�t

(I � P)k�t �

n�2

X

i=0

e

�J

2

(n�i�1)�t

�t � C

1

J

2

� C�x

2

;

and hence

n�1

X

i=0

ke

�A(n�i�1)�t

(I � P)k � kQ

�x

kCe

�n�t

(1 + kUk)�t

�Ce

�n�t

�x

2

(1 + kUk):

Fifth term.

Ek

n�2

X

i=0

�

(I � C�t)

n�i�1

� e

�C(n�i�1)�t

P

�

Q

�x

f

�

(i)�tk

2

�2E









n�2

X

i=0

�

(I � C�t)

n�i�1

� e

�C(n�i�1)�t

�

PQ

�x

f

�

(i)�t









2

+ 2E









n�2

X

i=0

(I � C�t)

n�i�1

(I � P)Q

�x

f

�

(i)�t









2
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By exploiting the boundedness of f

�

(i) in terms of the initial data given by Lemma 3.4,

the �rst term can be estimated using the techniques applied to integral �ve in Theo-

rem 2.10. The bound is Ce

2�n�t

�x(1 + kUk)

2

.

For the second term, argue as follows:

�

Ek

n�2

X

i=0

(I � C�t)

n�i�1

(I � P)Q

�x

f

�

(i)�tk

2

�

1=2

�

n�2

X

i=0

k(I � C�t)k

n�i�1

kQ

�x

k(Ek(I � P)f

�

(i)k

2

)

1=2

�t

(because of Lemma 2.7)

�

n�2

X

i=0

e

���t(n�i�1)

(Ek(I � P)f

�

(i)k

2

)

1=2

�t:

But, for  = 1=4,

Ek(I � P)f

�

(i)k

2

�kA

�

(I � P)k

2

EkA



f

�

(i)k

2

�

C

J

4

�

K

1

�(EkA



u

i

k

2

)

1=2

+K

2

(1� �)(EkA



u

i+1

k

2

)

1=2

+K

2

�

(by Lemma 3.4)

�C



�x

4

�

1 +

1

((i+ 1)�t)



�

G(�x; )e

2�n�t

(1 + kUk)

2

:

Hence,

�

Ek

n�2

X

i=0

(I � C�t)

n�i�1

(I � P)Q

�x

f

�

(i)�tk

2

�

1=2

�C



�x

2

G(�x; )(1 + kUk)e

�n�t

n�2

X

i=0

e

��(n�i�1)�t

�

1 +

1

((i+ 1)�t)



�

�t:

The sum may be bounded uniformly in n. Thus, for  = (2� �)=4,

�

Ek

n�2

X

i=0

(I � C�t)

n�i�1

(I � P)Q

�x

f

�

(i)�tk

2

�

1=2

� C�x

1=2��

e

�n�t

(1 + kUk):
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Summing up. Thus, for each � > 0, we have shown that there exists C

�

with

�

Eku(n�t)� u

n

k

2

�

1=2

�C�x

1=2��

�

1 + kUk

�

e

�n�t

�

1 +

1

(n�t)

(1�2�)=4

�

+

n�1

X

i=0

�

�(Eku(i�t)� u

i

k

2

)

1=2

+ (1� �)(Eku((i+ 1)�t)� u

i+1

k

2

)

1=2

�

e

��(n�i�1)�t

�t:

The generalized Gronwall Lemma [4] applies to give the following estimate (the constant

� may be larger)

(Eku(i�t)� u

i

k

2

)

1=2

� C(1 + kUk)e

�i�t

�x

(1��)=2

(1 + (i�t)

(2��1)=4

):

�

4 NUMERICAL EXPERIMENTS

Plots are shown in Figures 1{2 of the convergence of method (2.3) approximating (3.1)

with f =

1

2

(u� u

3

) and f = 0. The parameters used in the experiment are � = 1 (the

backward Euler method) and � = �t=�x

2

�xed equal to 1. Solutions u

1

; : : : ;u

n

are

computed for grid sizes �x

1

; : : : ;�x

n

, where �x

i

= 1:0=(2

i

� 1). The approximations

dB

�t

(n) are computed using the FFT (the choice of �x was made, to make this conve-

nient). The true solution is take to be u

n

and the error e

i

:= (Eku

n

� u

i

k

2

)

1=2

, where

the mean is simply the average over the number of trials taken. Two experiments are

plotted, both indicate sublinear convergence but stronger than the rate of �x

1=2

.
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