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GAUSS-QUADRATURE METHOD FOR ONE-DIMENSIONAL
MEAN-FIELD SDEs*

PETER KLOEDENT AND TONY SHARDLOW?

Abstract. Mean-field SDEs, also known as McKean—Vlasov equations, are stochastic differential
equations where the drift and diffusion depend on the current distribution in addition to the current
position. We describe an efficient numerical method for approximating the distribution at time t of
the solution to the initial-value problem for one-dimensional mean-field SDEs. The idea is to time
march (e.g., using the Euler-Maruyama time-stepping method) an m-point Gauss-quadrature rule.
With suitable regularity conditions, convergence with first order is proved for Euler-Maruyama time
stepping. We also estimate the work needed to achieve a given accuracy in terms of the smoothness of
the underlying problem. Numerical experiments are given, which show the effectiveness of this method
as well as two second-order time-stepping methods. The methods are also effective for ordinary SDEs
in one dimension, as we demonstrate by comparison with the multilevel Monte Carlo method.

Key words. Gauss quadrature, McKean—Vlasov equations, mean-field SDEs, numerical approxi-
mation

AMS subject classifications. Primary, 65C30; Secondary, 656D30, 60H35

DOI. 10.1137/16M1095688

1. Introduction. McKean—Vlasov or mean-field SDEs are a class of stochastic
differential equations where the drift and diffusion depend on the current position along
the path and on the current distribution. They were derived to describe propagation
of chaos in a system of particles that interact only by their empirical mean in the limit
of large number of particles [20]. We study mean-field SDEs in one dimension and
are interested in the following initial-value problem: determine the real-valued process
XH(t), t > 0, such that

(1) X*(t)-X*(0) = / / a(XP(s),y) PL(dy) ds+ / / b(X*(s), ) PL(dy) AV (s),

where P* denotes the distribution of X#(s) and the initial distribution X*#(0) ~ p
for some prescribed probability measure p. Here, a: R? — R is the drift, b: R> - R
is the diffusion, W (¢) is a one-dimensional Brownian motion (independent of X*(0)),
and we interpret the stochastic integral as an Ito integral. We also write this as

dX"(t) = P (a(X"(t),-)) dt + P (b(X"(t), ) dW(t),  X*(0) ~ p,

where v(¢) = [ #(x) v(dx) for an integrable function ¢: R — R and a measure v on R.
Under the following condition, (1) has a unique strong solution with a smooth density
[2, Theorem 2.1]. (Though (1) is well-posed more generally [9, 25, 16], Assumption 1.1
is close to the ones in our error analysis.)
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AssuMPTION 1.1. Suppose that pth moments of the initial distribution i are finite
for all p > 1 and that the coefficients a and b are smooth with all derivatives uniformly
bounded.

Several numerical methods have been proposed for (1) and their convergence be-
havior analyzed. Early work includes [6, 5], which show convergence of a method based
on Monte Carlo evaluation of the averages and Euler—-Maruyama time stepping. The
same method was studied using Malliavin calculus in [2] and more refined convergence
results proved. More recently, [23] has developed the multilevel Monte Carlo method
in cases where the drift and diffusion depend on the distribution via the mean of a
function of X#(t). Cubature methods have also been developed in [21].

We are interested in numerical approximation of the distribution of X*(¢,) by a
probability measure @,,, where t,, = nAt for a time step At > 0. Consider a one-step
numerical method that pushes forward the measure @,, to @Q,+1. For an example, let

(2) (2, At,Q) ==z + At Q(a(x, ")) + VAL Q(b(x, ) €,

for £ ~ N(0,1) or a random variable with a nearby distribution, such as the two-point
random variable with P(§ = 1) = 1/2. For the Euler-Maruyama method, @Q;,+1 is the
distribution of X,,+1 = ¥ (X,,At, @), assuming £ is independent of X,, and Xy ~ p.
In the case that a,b are independent of their second argument,

X1 = X + Ata(X,) + VALD(X,) &,

where &, are iid copies of &, which is the standard Euler-Maruyama method. For
ordinary SDEs, it is well-known that first-order weak convergence results if a,b and
the test function ¢: R — R are sufficiently smooth [17]:

E[p(X"(1)] —E[¢(Xn)] = P{'(¢) —Qn(d) = O(At),  ty=1

This method is of limited practical value for approximating P}'(¢). The support
of QN is uncountable if Gaussian random variables £ are used or otherwise countable
but very large in number, and the expectation @y (¢) is usually approximated via a
Monte Carlo method that samples from Q. For the mean-field SDE, this is more
problematic, as all the particles must be tracked at the same time as @, (a(X,,-)) and
Qn(b(X,,-)) must be evaluated at each time step.

In this paper, we explore an alternative to Monte Carlo integration and employ
instead Gauss quadrature, which provides accurate quadrature rules that converge
rapidly in the number of quadrature points, under smoothness criterion on the integrand.
The idea then is to replace @, by an m,-point Gauss quadrature and thereby reduce
the number of points that we follow with the time stepping. That is, we propagate
weights w!, and quadrature points z¢, of an m,-point rule @Q,,, and approximate

Pl(¢) % Qn(9) =) wiyd(ay),  tv=1.
=1

We derive a choice of m,, in section 4 that gives first-order convergence for smooth
problems. The computation of the Gauss-quadrature rules is very efficient using
standard algorithms [12, 10, 4]. This leads to numerical methods for mean-field SDEs
that are very efficient and we find methods that require O([loge|*/¢) work to achieve
accuracy € for mean-field SDEs with smooth coefficients and initial distributions (see
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Theorem 5.3). This compares favorably with the O(1/€?) work required for multilevel
Monte Carlo methods, as we see in section 6.1.

Mean-field SDEs arise as reduced-order models for systems of interacting particles.
The drift and diffusion are defined in terms of the distribution of X (¢), so that moments
of X (t) can be included in their definition. In other words, the interaction with the
ensemble of particles is approximated by moments and mean-field SDEs, including
one-dimensional mean-field SDEs, are of interest in studying high-dimensional systems.
The techniques in this paper apply to mean-field SDEs in one spatial dimension, as
Gauss quadrature is most natural for integrals over the real line, where algorithms
are readily available to compute the quadrature rule. In principle, the methods and
theory extend to higher dimensions, though it would be difficult to compute a suitable
cubature rule. It would require a cubature rule that can be easily computed and
satisfies Gauss-quadrature—type error estimates (see Theorem 2.2). These are currently
unavailable (see [27] for a recent discussion of Gaussian cubature).

This paper is organized as follows: section 2 reviews key facts about Gauss
quadrature and develops preliminary lemmas. Section 3 describes the method for
Gauss quadrature with Euler—-Maruyama time stepping, which we call the GQ1 method.
The error analysis for stochastic ODEs is developed in section 4, where we show how
to choose the number m,, of Gauss points. In section 5, we extend the error analysis
to mean-field SDEs and modify the choice of m,, for this case. We also discuss a
straightforward generalization of the methodology to the initial-value problem for

) x#() - x#(0) = [ tA( / a(X"(s),y)P.f(dy)) ds
3 t
+f B( [ et P;‘(dy)> aw(s)

for smooth functions A, B: R — R, which allows a nonlinear dependence on the
time-t distribution. In section 6, we describe two extensions of GQ1: namely, GQle,
which uses GQ1 with extrapolation, and GQ2, which use Gauss quadrature with a
second-order time-stepping method. The remainder of the section gives a number
of numerical experiments, including a comparison with the multilevel Monte Carlo
method for ordinary SDEs.

1.1. Notation. For a measure g on R and an integrable function ¢: R — R,
denote p(¢) == [ ¢(x) u(dx). Let C*(R?) denote the space of k-times continuously
differentiable real-valued functions on R% and F*P := {¢ € C¥(R?): ¢l 5 < oo}
where

|6 ()]
ol p = max sup 20
: 0<|al<k zerd 14 |2
using the multi-index notation. Let CK(R?) := {¢ € C*(RY): |V < K, 0<
|a| < k}, where ||-||, denotes the supremum norm. Throughout the paper, we use ¢
as a generic constant that varies from place to place.

2. Gauss quadrature and error estimates. Before describing the algorithm,
we review Gauss quadrature and associated error estimates. Let P, denote the
polynomials up to degree n.

DEFINITION 2.1 (Gauss quadrature). We say weights w® > 0 and points z* € R
fori=1,...,m define an m-point Gauss-quadrature rule with respect to a measure [
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on R if
Ap@ndmv:Ewauw Vp € Pom_y.
=1

The m-point Gauss-quadrature rule for a discrete measure

N .
W= Zv’ Oy
i=1

with weights v > 0 and points 3°, can be found via the three-term recurrence
relation for the orthogonal polynomials corresponding to the inner product (f,g), =
Jg f(2) g(x) p(dx). First, form the matrix A with diagonal [1,3',...,y"] and first
row and column given by [1,v1,...,vVv"] (all other entries zero). By applying
orthogonal transformations, reduce A to a symmetric tridiagonal matrix with diagonal
[@% al, ... o] and off-diagonal [3°, 3, ..., 3]. The o' and 3¢ define the three-term
recurrence relation. Next, define the Jacobi matrix, which is the symmetric tridiagonal
matrix with diagonal [, a!,...] and off-diagonals [\/37,1/B1,...]. To find the m-
point Gauss-quadrature rule, the leading m x m submatrix of the Jacobi matrix should
be chosen. Its eigenvalues determine the quadrature points and the first component
of the normalized eigenvectors determines the weights, as given by the well-known
Golub—Welsch algorithm. See [4, 12, 10].

Thus, to compute the m-point Gauss-quadrature rule for an N-point discrete
measure, we reduce the original matrix (N +1) x (N + 1) matrix A to tridiagonal form
using a Lanczos procedure and solve a symmetric eigenvalue problem for an m x m
matrix. The complexity is O(N? 4+ m?3), which becomes burdensome when either m
or N is large. It is the rapid convergence properties of Gauss quadrature that enable
us to control the problem size.

Let us describe the errors for Gauss quadrature. For an integrable function
¢: R — R, denote the approximation error

B(0) = [ 6y n(de) = Y- ' o).

THEOREM 2.2. Let ¢ € C?™(R). The error for m-point Gauss quadrature is

_ 4me)

(Qm)' <pm7pm>lt ng € C2m(R)7

E(¢)

for some £ € R, where <pm>pm>,u = prm($)2 M(dx)¢ pm(x) = (‘f - xl) e (SIJ - xm)7
and ' are the Gauss-quadrature points.

Proof. See [24, Theorem 3.6.24] for the proof. 0

This theorem shows that Gauss quadrature converges rapidly as the number
of points m — oo for smooth integrands ¢. We require the following alternative
characterization of the error in terms of a minimax polynomial. A similar result is
available for continuous measures in [3, Theorem 5.4].

THEOREM 2.3. Consider a discrete probability measure y = vazl vt dyi and ap-
prozimation by the m-point Gauss-quadrature rule Y ;" w'6,i. The absolute error

|E(¢)| < Juin i:rfé_)fN|p(yi) - ()| + izril,?fm|p(xi) — o(zh)||.
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Proof. Let p € Poyp—1. As m-point Gauss quadrature is exact for p € Py, _1,

N m
E(¢)=E(¢—p)=> v (6—p)y')— > w' (- p)a),
i=1

i=1
so that
N m
|E(9)] < z;v max [6(y') = ply")| + Z;w max [é(2") = p(a')].
1= 1=
Since Zj\]:l vt = Z;nzl w® = 1, this completes the proof. 0

For the numerical solution of SDEs, we are interested in the discrete measure gen-
erated by applying Euler-Maruyama with a two-point approximation to the Gaussian
increment, which increases the number of points in the support by a factor of two on
each step. Using the resulting tree structure, the support can be grouped into points
that stem from a smaller set of points. We write down a special error estimate in this
setting.

COROLLARY 2.4. Let ju be a discrete measure with support {y*,...,yN™} and
consider approrimation by m-point Gauss quadrature. Suppose that there exists z*
such that

max d i< fori=1,....,m.
j=(i—1)N+1,.4.,iN| Y ’ S

Then,

Bl <s@R Gl s [6M@)] Vo€ 0 m),

where R = max{|z‘|,|[y/|:i=1,...,m, j=1,...,Nm}.
Proof. Consider interpolation of ¢ by p € Pa,,,—1 based on the 2m interpolation

points 2%, ..., 2™, ', ..., 2™, where ' denote the Gauss-quadrature points. The error
at ¢/ satisfies

p() — o) = [ —2") - —2™) () —ah) - () —a™)] o™ (€),

1
(2m)!
for some & € (—R, R) (by standard error analysis for Lagrange interpolation). In the
product, for each j, one term is bounded by §. Each |y’ — 2| < 2 R by definition of R.
Hence,

< i j 2m—1 (2m)
ma Ip(y?) — o(y7)| <6 (2R) @) xe(silg,R)W (z)].

The polynomial p is exact at 2° and Theorem 2.3 completes the proof. O

3. GQ1: Gauss quadrature with Euler—-Maruyama. We now explain our
method in detail: initialize Q¢ with a discrete approximation,

mo
%
QO = E Wo 5m87
=1

to the initial distribution p. In the case that u = 0, or X*(0) = x for some known
x € R, take the one-point quadrature rule with z{ = z, weight w} = 1, and mo = 1.
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Suppose that the weights w}, and points ;, of @, are known at step n. To
determine )y, 41, generate the Euler-Maruyama points Xfu defined by

(4) Xﬁj_l :Jc;—i—Qn(a(x;,-))At:I:Qn(b(x;,~))At1/2, 1=1,...,my,

and define the corresponding weights Wfil = w! /2. Together the points Xfliﬂ and
weights W,ﬁ_l define a 2m,,-point quadrature rule, which we denote Qf - If left
unchecked, this leads to a 2"-factor increase in the size of the quadrature rule, which
becomes costly.

At each step, we may continue with Q11 = Qirl (if the number of points is
acceptable or the final time is reached) or approximate and reduce the number of

points using Gauss quadrature. To approximate, we use the following algorithm.

Algorithm 1

1. Choose a support [—R, R]. _
2. For | X,41| > R, generate two points at £ R with weights ZinL+1ZR W) ...

3. For |X,,+1] < R, generate the m,,i-point Gauss-quadrature rule for the
measure Qf_H restricted to (—R, R) (i.e., for the measure Qg(-) = Qf+1(- N
(—R,R))).

4. Combine the points and weights, to define an (m,,4+1 + 2)-point quadrature
rule Q1.

The iteration is repeated until the final time is reached.

Following an error analysis in the next sections, we give formulas for the number of
points m,, and support radius R in terms of At and ¢,,. First, we establish conditions
for boundedness of moments for @,,.

LEMMA 3.1. Suppose that a,b € C%(R?) and that Qo(e* Jr32) < 0o for some a > 0.
Then, for some ¢, A > 0 independent of At,

Qu(*Y<e Vi, <1

Proof. Consider ¥ defined in (2) where ¢ is the two-point random variable given
by P(§ = £+1) =1/2. Let X,,41 = ¥(X, At,Q,,) for a fixed value X. Then

X2 < X242t Qu(a(X, ) X + At Qn(a(X, ) + At Q,(b(X, -))?
+2(X + At Qu(a(X), ) Qn(b(X,-))VALE
< X2+ AtQu(a(X, ) (X? +1) + A Qu(a(X, )* + At Qn(b(X, -))?
+2(X + At Qn(a(X, 1)) Qu(b(X, ) VALE.
Hence, as a,b are bounded by K,
X2, < X?P(1+AtK) + AtK + AP K? + At K?
+2(X + At Qn(a(X, ) Qu(b(X, ) VALE
<X2(1+ KAt +calAt+2(X +AtQn(a(X, 1)) Qn(b(X, ) VALE.
Note that (e +e7%)/2 < e for 2 € R and

E{eax;ﬁﬂ] < e X2 (1At K)+ea At ,40? (X+AtQn(a(X,)))* At Qa(b(X,))?
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Now (X + At Qn(a(X, )2 Qn(b(X,-))?| < 2K? X2 + 2 At? K*. Consequently,
(5) ]E|:€QX3"+1:| < eaX2 (1+cAt+cAta)+caAt+cAt3a2.

Algorithm 1 is used in the iteration, so that the support is reduced and Gauss
quadrature is applied. Note that

Q(eo‘xz) < / e p(dz), a>0,
R

where @ is a Gauss-quadrature rule for p (by applying Theorem 2.2 and noting that
even derivatives of e®® are nonnegative). Similarly, the support reduction moves
mass inwards and the resulting integral of e 2 is reduced. Consequently, if X ~ @,
in (5), we have

QnJrl(eaxz) S Qn(ea(l—i-cAt-‘rcAtoc)wz) ecaAt(1+At2 a).

We can iterate this to find a bound on @Q,,(e® “’2) in terms of Qo(e® Ez). The value of
« changes at each step of the iteration, and

Qn+1 (eao ;82) < Qn (6041 x2) eC o Al (1+A¢? Oéo)a

where oy = ag (1 + cAt) + c At ad.

Let api1 = an (1 + cAt) +cAta?. If ap
ap (1 +2cAt)" < age?ct». We see that if ag
t, < 1. It is now easy to show that

Qn(€®™) < Qo (e®m ) e2°,

for t, < 1 and any oy < e~2¢. In particular, Qn(e)‘“52) < Qo(e”‘w2)e2c for A <
e 2¢min{a, 1}. d

1, then ap41 < a, (1 +2cAt) <

<
< e 2¢ then o, < e2¢tnag < 1 for

We examine the error incurred reducing the support to [—R, R)].

LEMMA 3.2. Let u be a probability measure on R and suppose that (e 9”2) <K,
for some A > 0. For At > 0, define the measure pas by

nar(A) == (AN 1 ) + n((—00, —R)) 6_r(A) + u([R, 50)) 6r(A),

for R =+/(4/X) |log At| and Borel sets A C R. There exists ¢ > 0, independent of At,
such that

|1(0) = nar(®)] < cllofl, ;A" Vo€ F*P.

Proof. Tt suffices to consider the two measures p and pa; on the tail (—R, R), as
they are equal on (—R, R). First, note that

2 2 2
(L r.Rrye 9)] < e M2 (@), O(x) = e M1 p pye(a) [6()],
where 15 denotes the indicator function on the set S. As ¢ € FOP, |p(z)| < 9o (1+

12|”) and |e=**"/2 ¢(z)] is uniformly bounded by ¢ [¢[lo 5 for a constant c independent
of R and ¢, but dependent on 3 and \. Hence,

T e S ER R

For R = \/(4/)) [log At], we see that e=*F*/2 < A¢?. Hence, |(1(—R,Rr)c @) is bounded
by c|l¢llo 5 At?. The same applies to liae(1(—Rr,r)<®)| by a similar argument and the
proof is complete. 0
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Thus, the support reduction with R = \/(4/X) [log At| maintains accuracy if p(e*®”)
is finite and the test function grows polynomially. Next, we estimate the error for the
Gauss quadrature at step n.

LEMMA 3.3. Suppose that a,b € C%(R?). Let Qr(:) = f_H(- N(—R,R)) and let
Q be the myy1-point Gauss-quadrature rule approzimating Qr. If mpy1 > my,, for
all € C?™(R),

# sup |¢(2m“) () |

B 2m, —1 1/2
[Qr(9) ~ Q)] < K @Ry AL sy i

Proof. If both Xif_l belong to (—R, R), let 29 = 27 + Q,,(a(27,-)) At. Then
(6) XI5, = 27| < |Qu(b(a?, )| ALY < K A2

and [27| < R (every 27 lies half way between Xfil). If only one Xfil € (R, R), let
2/ be that point. The measure Qr has at most 2m,, points and we apply Corollary 2.4
with N =2 and § = K At'/2. In general, (g may have less than 2m,, points and we
should trivially extend Qg to apply Corollary 2.4 (i.e., extend Qg to a 2m,,i-point
rule by adding zero-weighted points in (—R, R) consistent with (6)). d

COROLLARY 3.4. Let a,b € C%(R). Let Q be the my,yx-point Gauss-quadrature
rule for Qgr(-) = TilJrk( N (=R, R)) (i.e., after not performing Algorithm 1 (k —1)-
times). Suppose that my, 1 > my,. For each k, there exists ¢ > 0 such that, for all
6 € CPmn(R),

1
Qn(9) = Q)| < c@RM AN Gy swp | [6CT @)

Proof. This is a simple extension of Lemma 3.3 using Corollary 2.4. |

4. Error analysis for ordinary SDEs. The proposed algorithm has much in
common with those introduced by [22]. In that paper, Ito-Taylor methods for a
general class of multidimensional SDEs are developed that use support-reduction
strategies to improve efficiency. They reduce the support of the measure by reducing
its diameter and eliminating points whilst maintaining moment conditions. Along with
a nonuniform time-stepping regime, the authors provide detailed error and complexity
analyses. The present situation is similar and effectively we are transplanting Algorithm
1 for their reduction strategies. Using appropriate Gauss-quadrature error estimates,
much of their analysis applies in the present case.

The estimate in Corollary 3.4 depends on the radius R of the support. We now
choose R = /(4/X) |log At|, for A given by Lemma 3.1. Fix k (the number of steps
between applying Algorithm 1) and 3 (to choose test functions ¢ € F05).

PROPOSITION 4.1. Let R = +/(4/)\) |log At| in Algorithm 1. Then, for all ¢ €
FO8 0 C2me(R),

2my —1

16 2 1
|Q41(6) = Quir(@)] < c A2 | L log At’ @)l
(2mny) + At
X xe(SEJI%),R)‘(b (2)] +¢ H¢Ho,ﬁ

Proof. The error due to the Gauss quadrature on (—R, R) is described by Corol-
lary 3.4. Applying Lemma 3.1 with Lemma 3.2, the error due to the support reduction
is bounded by c||¢|, 5 At?. Summing the two gives the desired upper bound. d
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Given At > 0 and a k € N, we choose the number of points m,, as the smallest
nonnegative integer such that

(7) logT'(2my, + 1) > My (my,, At,n + k) Vit < 1,
where I'(x) denotes the gamma function and
(8)

1 2m — 1
M,(m, At,n) = (p—l— 2) ‘logAt‘ + mn log

2

16
~ log At‘ + (m —2) |log(1 — t,)].
We now describe how fast m,, increases as At decreases. Assuming the Golub—Welsch
algorithm takes O(m?) operations, don m3 gives the amount of work needed to apply
Algorithm 1 at every time step and we describe its growth.

THEOREM 4.2. The number of Gauss-quadrature points m.,, is a nondecreasing
function of n. As the time step decreases, m,, is nondecreasing. The number of points
my, for Q, satisfies

3 e? |16 |log At

In particular, 3, _,mj, = O((|log At| / At)*/?).

Proof. The function M; is increasing in n (via t,, € (0,1)) for m > 2. Hence, m,,
is nondecreasing in n (m,, is discrete and may not change as t,, is varied by small
amounts). Also, for fixed t,, M is a decreasing function of A¢, and hence m,, is
nondecreasing as At decreases. From (8),

16 [log At

< —_— .
M (m, At,n) < NI—1)

}log At‘ + m log

oW

Stirling’s formula [1, eq. 6.1.37] tells us that

0
2 =T(z+1) = V2r 22 exp <—x + 12), for some 6 € (0,1),
x

and hence log|(2m)!| =logI'(2m + 1) > 5 log(4mm) 4+ 2m (log(2m) — 1). Then,

1
2

2

4
logT'(2m +1) > 2m + 2m (log(2m) — 2) = 2m + mlog s

If m > (3/4)[log At| and m > (e%/2)/16 |log At|/(A (1 —t,,)), then logI'(2m + 1) >
My (m, At,n). Hence, as 35 | k=%/2 is finite,

16 [log At 3/2
3 < - @2
Sl < ( los ALY

t,<1 O

We now give the main convergence theorem for ordinary SDEs. In this case, the
coefficients a(z,y) and b(x,y) are independent of the mean-field y. We choose the
single-point initial distribution p = &, and write X (¢) for X#(t) and PF for P>

ASSUMPTION 4.3. Suppose that K > 1 > X\ > 0 and assume that xg € [—K, K]
and a,b € C%(R) and b*(z) > X for all z € R.
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THEOREM 4.4. Let Assumption 4.3 hold. Consider the m,,-point Gauss-quadrature

rule Qn defined in Algorithm 1 with m,, given by (7) and R = +/(4/\)|log At|. The
total error satisfies

cllllyg (1+12[°) Atllog At] V¢ € F>7,

|PE(6) - Qu(@)] < { c ]
¢l (1+2l) At Vo€ FO,

for a constant ¢ independent of K.

Proof. Let gn(x) = PP, (¢) = E[¢p(X(1 —t,))|X(0) =z] for z € R. Notice
that gy = ¢ and go(x) = P{(¢). Let Ta(p)(z) = E[¢p(¥(x, At,-))] for ¥ defined in
(2). The total error

N
Pr(¢)—Qn(d) =) Er +> EY,

where E¢ = Q¥ (g,,) — Qn(gn) (the error due to Algorithm 1) and EX = Q,,—1(gn_1) —
QE(gn) = Qn-1(P%,(9n)) — Qn-1(Tai(gn)) (the bias error due to Euler-Maruyama
over time step At). We estimate the two sources of error, focusing on the case where
¢ e F2P,

Local truncation error: Under Assumption 4.3, [22, eq. (35) with v = 1] shows
that El satisfies

o A
Nollop (1+12) 120

clléllys 1+ |2[%) At n=N.

‘EZ;‘S n=1...,N—1,

Algorithm 1 error: We do not apply Algorithm 1 on the final step and so E§ = 0.
Forn=1,...,N — 1, Proposition 4.1 gives that

2my, -1
1 16 —z
|EY| = Q5 (9n) — Qulgn)] < Hg,(fm"*’“)Hoom At/? ~ IOgAt’
+CH¢H0”8 At?.
In [22, Lemma 8] it is provided that
1
||g”||k,ﬁ < H(b”z,ﬁm Vk > 4.
Consequently,
2my, _—1

1 1
At1/2
L)k (2my,_p)!

16 2
8] < el o= los o telo],, A%

Notice that

2m,, . —1

n—k
1 1 16 2 1
AtY?] =~ log At < = AP
(1 — tn) =1 (2mp_p)! N 8 ==t
if
2m,, _—1
16 2 1
L(2ma_y +1) > At™3/2 | log At )
( Mp—k + ) = \ og (1 — tn)m"*k72
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This holds as we have chosen m,,_j, satisfies log T'(2m,,— + 1) > My (my,—, At,n), for
M, defined in (8). Then, |[ES| < c(lolly5+1) A2 /(1 —t,).

Summing all the errors and using Zg;ll At/(1 —t,) < log(N) = |log At|, we
complete the proof. For ¢ € F3# the argument is similar except the (1 — t,,) factors
do not arise and so the |log At| term does not appear. O

5. Error analysis for mean-field SDEs. We now generalize our error analysis
to mean-field SDEs. We wish to show that @, approximates P}’ , starting from a good
approximation of the initial distribution, Q¢ ~ p. To express the closeness of Qg to p,
we use the Wasserstein distance. For any probability measures u, v on R, define the
Wasserstein distance

Wi (1,v) 1= sup{ |u(6) = v(6)[: [|9]],., < 1}-

ASSUMPTION 5.1. The initial measure Qg satisfies Qo(e® xz) < 0o for some a > 0
independent of At and approzimates p in the sense that Wa g(p, Qo) < c At.

Under this assumption, Lemma 3.1 applies and Q,, (e Ig), for t,, <1, is uniformly
bounded for some A > 0. We choose R = /(4 /) [log At| in Algorithm 1.

We introduce a nonautonomous SDE corresponding to the mean-field SDE with
Pl'(a(X,-)) and P/'(b(X,-)) treated as known functions of (X,t). Let X(¢;s,z) for
t > s denote the solution of

(9) dX = a(X,t)dt +b(X,t)dW (t), X(s;8,7) ==,

fora(X,t) == P!'(a(X,-)) and b(X, t) :== P/'(b(X,-)). Here we fix the initial distribution
as a delta measure at x and keep the same measure P} from (1) for the mean
fields. Note that [, E[¢(X (t;0,))] u(dx) = Pl'(¢), so that P/'(¢) = pu(Po(¢)) for
P, 1(¢)(z) == E[p(X (t; s,x))]. In this notation, we drop the p superscript, even though
the nonautonomous SDE depends on p via the drift and diffusion.

In the following assumption on the drift and diffusion, the mean-field diffusion b
is used to set a nondegeneracy condition.

~ ASSUMPTION 5.2. Suppose that a,b € C%(R?) and, for some K >1> X >0, that
b (t,x) > X\ forz € R and t € [0,1].

The main theorem for the numerical approximation of mean-field SDEs by GQ1
is the following. The method of selecting the number of Gauss points m,, is modified
to approximate the distribution uniformly on the time interval. In this case, m,, = m
should be chosen independent of n. We choose m as the smallest integer greater than
the initial number of points mg such that logT'(2m + 1) > M;(m, At,n + k) where
M; is given by

3 2m —1 16
(10) M;,nf(m7At7n) = (p—|— m — 2) ‘log At‘ + mn log 5y log At‘
or

1 2m — 1 16
(11) M;mo‘)th(m, At,n) = (p + 2) ‘1og At| + m2 log Y log At‘.

The choice of M; depends on the regularity of the underlying problem, as described in
Theorem 5.4. The time t¢,, appears on the right-hand side in neither case and m is
independent of n. In the following, the overall work for the time-stepping is dominated
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by >, 1 mj, (the work to compute the Gauss-quadrature rule at each step). The
work to compute the initial measure Qg is often negligible, for example, if the initial
distribution is Gaussian or in other cases where accurate quadrature rules are easily
computed.

THEOREM 5.3. Denote the initial number of points for the rule Qo by mgy. For

(10),
e? /8 |log At|
< — e
m_max{mo,1+ 5 A7

If the work to compute Qo is O(|log At|3/2/At5/2) and the initial number of points
mo = O(|log At|1/2/At1/2), then the overall total work is O(|log At|3/2/At5/2). For

(11),
e?  [8|log At|
14+ —/—— ).
Lt 2 A

If the work to compute Qg is O(\log At|3/At) and the initial number of points mg =
O(|log At|), then the overall total work is O(|log At|3/At).

Proof. From (10),

3
m < max{mo7 1+ Z’logAt

16 [log At

M (m, At,n) <m 1
1 (ma ,n)_mog AL

and
2

4
logT'(2m +1) > 2m +mlog 7741 .
e

If m > (e2/2)/16]log At|/(AAt), then we have logI'(2m + 1) > M (m, At,n).
Similarly, from (11),

16 |log At

Mlsmoc’th(m, At,n) < 3

DO W

|log At| + m log

If m > (3/4)[log At| and m > (€2/2)4/16|log At|/\, then we see logT'(2m + 1) >
M5mooth (1 At n). The estimate for the total work follows as S°°_ m?® = m3/At. O

n=1
In the following, we show upper bounds on the error for smooth and rough
problems, and smooth in this case indicates infinite differentiability, which is much
stronger than in Theorem 4.4. This is because infinite differentiability allows the

reduction of the number of Gauss points m to O(|log At|1/2> from ([log At|/At)'/2.

THEOREM 5.4. Let Assumptions 1.1, 5.1, and 5.2 hold and the number of Gauss
points m be given by (10). For some ¢ > 0

max|PL: (6) — Qu(0)| < c[[¢], , At[logae] Vo € P27,
If, in addition to Assumption 1.1, we have W g(p, Qo) < cAt, and in addition to

Assumption 5.2, we have a,b € C2(R?), and the number of Gauss points m is given
by (11), then

(12) max| P}, (¢) = Qn(0)| <c||¢]|, , At Vo FoP.

tN
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For suitably smooth initial measures p, the complexity bounds in Theorem 5.3
apply under these hypotheses by choosing Q¢ appropriately. For example, in the
nonsmooth case, if p is the uniform distribution on [a, b], the composite trapezoidal
rule, where quadrature weights and points are available explicitly, requires (9(1 / \/E)
points to achieve O(At) accuracy for twice-differentiable integrands and provides a
suitable Q. In the smooth case, for example, applying Gauss—Hermite quadrature
to an initial Gaussian measure requires m = O(|log At|) points to achieve O(At)
accuracy for smooth integrands (see [13, eq. (8.7.13)] for the relevant error estimate).
An m-point Gauss—Hermite rule can be used for @y and computed in O(m) complexity
[26], which means Theorem 5.3 implies O(|log At|3/At) total work for solving the
mean-field SDE to O(At) accuracy in the sense of (12).

Before the proof, we develop a sequence of lemmas. First, we show that the
FEuler-Maruyama step depends continuously on the initial measure p in terms of the
Wasserstein distance.

LEMMA 5.5. Suppose that a,b € Ck (R2?). There exists ¢ > 0 such that, for any
r eR,

cAt ngg,g (1+ |m|ﬁ) Wi.5(p, V) Vg € F3F9,
(13) 6(x)| < ,
cAtlglly 5 (1+ |2|7) (Wi p(p,v) +1) Vg e F?P,

where §(x) = E[g(U(x, At,p))] — Elg(¥(z, At,v))] and ¥ is defined by (2).
Proof. Let ,, = = + Ap(a(z, ) At + (A p(b(z,-))) € VAt and

¢(X 9) = g(xrn) = 9(@a).
Then 6 = E[¢(1;g)] and ¢(0;g) = 0 and

¢'(0i9) = g (@) [nlala, ) At + p(b(a, ) VALE]
— g (zr0) [Z/(CL(JJ, ) At + v(b(z,-)) @f} .
Note that E[¢'(0;9)] = ¢'(x)(1n — v)(a(x,-))At as E[¢] = 0. By Taylor’s theorem,

5= E[¢<o;g> Lo00)+ [ () m]

= @) a1 (- vfate, ) B[ [ 6 s
Now,
6" (X 9)]
< [o"Con) ([ato ase + (oo VBT = [wtatie, e + w0t ) VERE] )
19" (@r) — 9" (@r0)]| - |vlale, ) A+ v(b(e, ) VATE]
Hence, as a, b, ¢ are all bounded,
8] < e+ o]y Waa () (Ilgllg 5 At + 19l 5 A8+ [l 5 A).

This now implies the first equation in (13). The second is similar. d
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LEMMA 5.6. Let Assumptions 1.1 and 5.2 hold. If a,b € C¥(R?), then a and b
belong to C%-(R?).

Proof. Under Assumption 1.1, P/* has a smooth density and @, b inherit their

smoothness from a, b, and the density. The argument is given in more detail in [2, p.
431]. a0

LEMMA 5.7. Let Assumptions 1.1 and 5.2 hold and g, N = P, +n¢. Then, for
nonnegative integers r, k,

1
||g"1NHk,[3 = ||¢Hrﬁ (ty — t,,)(k—min{k,r})/2 Vg € FM7.

Proof. For the autonomous case, see [22, Lemma 8]. In this case, the drift and
diffusion are nonautonomous. The argument generalizes as [8, Chapter 9, Theorem 7]
applies also for time-dependent coefficients with the assumptions given. ]

The next lemma states a bound on the local truncation error.
LEMMA 5.8. Let Assumptions 1.1 and 5.2 hold. There exists ¢ > 0 such that
clllly g (1+ [27) A2 Vo € 4P,
‘Ptnflxtn ((b) (SL‘) -E [\I’(S{,‘, At’ Ptlifl)] | <
clllly 5 (1 + [x]) At Vo € 2.
Proof. When a, b are independent of the second argument, this is implied by [22,

Lemma 3 with v = 1]. In our case, the drift is a(X,t) and diffusion b(X,t), which are
smooth functions according to Lemma 5.6 and their lemma is easily extended. O

Proof of Theorem 5.4. Define the measure ey = Pf, —Qn and consider ¢ € F28,

Let gn,n == Py, 15 (¢), so that g, , = ¢. Decompose the error en(¢) for N > 1 as

N
(14) en(¢)=> Er+E+ES,

n=1

where EI1 represents the error from the Euler-Maruyama discretization of the nonau-
tonomous system, E2 represents the error from the mean-field, and ES represents
the error from Algorithm 1 applied to g, n. In detail, let

= Qn-1 (Pr,_y 1, (P, 15 (9))) = /RPtn,l,tN(gn,N)(ﬂ?) Qn—1(dz),
= / ]E[gn,N(\P(x’ At’ Ptlifl))] QTL—l(dx)’
R

= Q5 (P (9) = /RE[gn,N(‘I’(szt’Q”—l))] @n-1(dz),
IV = Qn(P, tn(0)),

where E[-] denotes the expectation over £ in the definition of ¥ (see (2)). Consider the
telescoping sum

N

en(9) = 3 (Quor (P (6)) = Qu(Pryan (9)) ).

n=1
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We have (14) for EI* =1 —1I, E2 =1l — lll, ES = Ill — IV. We estimate the three
sources of error in turn. We focus on the rough case (i.e., ¢ € F?#) and briefly note
the differences with the smooth case.

Local truncation error for nonautonomous SDE: From Lemma 5.8, with n < N,

=11 = |Quot (Pey it (90,3 (@) — E[gn n (¥(2, AL, P _))])|
< cl|gnn 5|1+ @uoa(fa])] A2

By Lemma 3.1, Qn(|z[) is uniformly bounded and, by Lemma 5.7, [|gn nll, 5 is
bounded by ¢||¢|, 5/(tn —tn). Similarly, for n = N, [I = I < c[|¢]l, 5(1 4+ Qn-1(|2[))
At. Hence, 27]:7:1“ — | < c||@lly 5 At [log At|. In the smooth case, the estimate is the
same, without the (ty — t,,) singularity and hence without the log term.

Mean-field error: From Lemma 5.5,

=] < |Qu—1(E[gn,n(¥(z, AL, P )] = E[gn,n(¥(z, AL, Qn1))])]
< (14 Quoallz]”)) At llgn.x 5 5 Wan (P, Quov).
By Lemma 3.1, Q,,(|z|”) is uniformly bounded and, by Lemma 5.7, lgn,n I35 18
bounded by c[|$|l, 5/(tn — tn)Y/? forn =1,..., N — 1. Hence,

1

[IH=1| < cAt H¢H2,g Wg,ﬁ(nglfl,Qn,l)m.

Forn=N,

=] < K (1+Qn-1(a”)) At ||¢]], , Wo,s(Ply, . Q1) + ||9]],, 5 K At.

N-1’

In the smooth case, ¢ € F># and a,b € C(R?), so that |gn, N I35 is uniformly
bounded and [Il — | < cAt||@], s Woo,8(Pf. |, Qn-1)-

Algorithm 1 error: We consider the case where Algorithm 1 is applied at every
stepn=1,..., N — 1. Then, for each n,

=1V = QE(gn,n) — Qu(gn.n)-

Here Q,, is the measure given by approximating Q;* by Algorithm 1 and the associated
error is described by Proposition 4.1. Thus, recalling that R = /(4/)) |log At|,

=] < @Ry a0 s [l el o
Applying Lemma 5.7,
o 1 1
[N —1V| < c(2R)?™L A'/? o] [9]l,.5 =it o], At
_ 1 1 1
< C(2R>2m ! (Qm)! Hd)HZﬁ Atm75/2 tny —tn +CH¢HO,[3At2'

This is bounded by c||¢||2’ﬁAt2/(tN —t,) if log'(2m + 1) > M (m, At,n + k) for
M3 defined by (10).
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In the smooth case, |1l — V| < CAtQH(ZS”OO,B if log['(2m—+1) > M{™oth(m At n+
k) for M§mooth defined by (11). Sum the three upper bounds to show that

N-1

At )
en(¢) < CHQSHQ’B At [log At| + C||¢H2”3 Z szﬁ(Ptln,l,Qn—l)
n=1 n

+CH¢H275 AtWa(Py,_,,Qn-1), ty < 1.
Take the supremum over ¢ € F27,

Was(Pf,,Qn)
N-1
< cAt |logAt| + Z

n=1

At

WWZB(PZL Qn—l)JFCAtWZ,B(PtAjV_NQN—l)

n—1"7

We assume that Ws (P}, Qo) < ¢At in Assumption 5.1. Gronwall’s inequality
completes the proof of the rough case. In the smooth case, similar arguments show
that

N
Woo,ﬁ(Ptlj\,aQN) < cAt + Z AtWoo,ﬁ(Pti,laQn—l)

n=1

and Gronwall’s inequality again gives the result. O

Consider (3), where a nonlinear dependence on the time-¢ distribution is allowed
via functions A, B: R — R. Our numerical method generalizes by replacing the
definition of ¥ in (2) with

(15) U(z, At, Q) ==z + At A(Q(a(z,-))) + VAL B(Q(b(x, ))) €.

Gauss quadrature can be used in the same way with the same choice of m,, and the
same estimates apply as long as A, B have regularity consistent with Lemmas 5.5
and 5.8. This leads to the following convergence and complexity result.

COROLLARY 5.9. Let Assumptions 1.1, 5.1, and 5.2 hold and A, B € C%(R?). Let
the number of Gauss points m be given by (10) and let P} be the solution of (3) with
initial distribution p. Then, for some ¢ > 0,

max|PY () = Qn(9)] < c|l@ll, , At[log At Vo e P27,
If Qo is cheap to compute (see Theorem 5.4) and mo = O((|log(At)|/At)!/?), the
total work is O(|10g At\3/2/At5/2). If, in addition to Assumption 1.1, we have

Woo (1, Qo) < cAt, and in addition to Assumption 5.2, we have a,b € C32(R?) and
A, B € C#(R), and the number of Gauss points m is given by (11), then

max| P}, (¢) — Qn(9)] <c|l¢]| . At Vo PP,

tn<

If Qo is cheap to compute and mo = O(|log At|), the total work is O(|log At|3/At).
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6. Numerical experiments. We now present a set of numerical experiments,
exhibiting the behavior of GQ1 as described in section 3. We also try two methods
that converge with second order.

GQ1le. The Richardson or Talay—Tubaro extrapolation involves taking two first-
order approximations P(At) and P(At/2) of a quantity P, and computing P =
2 P(At/2) — P(At). If P has a second-order Taylor expansion, P is a second-order
accurate approximation to P. In the case that P is generated by GQ1, this is very
simple to code and implement and is included in the experiments. Thus, we define
GQle to be the quadrature rule Q defined by 2Q4%2 — QAt, where Q2! is the
result of applying GQ1 with time step At. The method results in a quadrature with
some negative weights, which can lead to nonphysical results when used with highly
oscillatory ¢ and the method should be used with caution.

G Q2. Suppose that the mean-field SDE has the following structure:

(16) dXH(t) = a(X*(t), P (r)) dt + b(X*(t), P{'(r)) dW (1)

for given functions a,b: R x R? — R and r: R — R%. Mean-field SDEs of this type,
involving moments of the solution in the coefficient functions or vectors of monomials
r(z) = [z,22, ..., 2%, were introduced in [16] for example. By working out the second-
order Ito—Taylor expansion, the following generalization, which we name GQ2, of
the Euler-Maruyama-based method GQ1 can be derived: let AW = At¢ for £ given
by three-point distribution with P(¢ =0) = 2/3 and P(¢ = £v/3) = 1/6 (i.e., the
three-point Gauss—Hermite rule for N(0,1)). For a given measure @Q,,, define Q,, 1 as
the distribution of X,, 1 given by

1
Xpi1 =X +alAt+bAW + 5albb(AW2 — At)
1 1
+5 (alab+ Vb La+ 2811bb2) AW At
1 1 2 2
+ =(Va-La+ =0a1 b° | At
2 2
for

La = [a, Qn (alfr a-+ %8117’ b2) yoo e, Qn (&ira + %&ldr b2>} ,

where X ~ @, (independent of &) and all functions a, b are evaluated at (X, @, (r)).
Here, 0; and 0;; denotes the first- and second-derivatives with respect to the ith
argument, Va denotes the usual gradient in R4, and - the R4 inner product.

Though we do not include it, GQ2 submits to similar techniques of error analysis
to GQ1. We expect second-order convergence in the Wasserstein distance Wy g, so
that test functions require two extra derivatives compared to GQ1. The equation for
the number of Gauss points m,, needs to be adjusted by taking p = 2 in (7), (10), or
(11) as appropriate. The total work for a given accuracy ¢ is given by replacing At
replaced by /2 in Theorems 4.2 and 5.3 (and increasing the regularity by two for all
coefficients). For smooth mean-field equations, the work is (’)(\log5|35_1/2).

We expect second-order convergence for both of these methods and the initial
distribution Qo should be chosen with Wy (1, Qo) < cAt?.

The code for running these experiments is available for download [11].
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Fic. 1. Geometric Brownian motion: The green line shows GQ1; the blue-dashed line shows
GQle; the black-dash-dot line shows GQ2; the red-dotted line shows MLMC. The CPU time for
MLMC is scaled to match GQL at the first data point. Errors are computed relative to the exact
value. The yellows lines indicate reference slopes of —2, —1, and —1/2. (See online version for
color.)

6.1. Geometric Brownian motion. We consider the ordinary SDE for geo-
metric Brownian motion given by

dX(t) = a X(t)dt + o X()dW (),  X(0) =z,

for parameters «, ¢ and initial data x. For a = —1, ¢ = 0.5, and x = 1, the exact
value E[X(1)] = e~!. We use this as a test case to compare with the multilevel Monte
Carlo (MLMC) method, as in [19, Example 8.49]. The CPU time is compared against
error, averaging over ten runs of MLMC to reduce the variance. The CPU time for
the MLMC MATLAB implementation (provided in [19]) is scaled to match GQ1 at
the first data point. See Figure 1. The errors for the Gauss-quadrature methods
are decaying at a much faster rate as the CPU time is increased. Theoretically, for
a smooth problem like this, the work to achieve accuracy ¢ for GQ1 behaves like
e logel®, for GQle and GQ2 like e~ 1/2|loge|®, and for MLMC like e~2. This is
observed in the figure. Notice, however, that the linearly growing coefficients do not
satisfy our assumptions.

6.2. Generalized Ornstein—Uhlenbeck process. Consider the following gen-
eralization of the Ornstein—Uhlenbeck SDE to a linear mean-field SDE:

dX (t) = [aX(t) + BE[X(t)” dt +odW(t),  X(0)=uz,

for parameters «, 3,0 € R and initial data « € R. By using Ito’s formula, its first two
moments can easily be calculated as

2
(17)  E[X(@)] =zt E[X(#)*] =a?e? (@t 4 2% [e2t —1].
It is used as a test case in [23], with a = —1/2, 3 =4/5, 0> = 1/2, and x = 1. We
use these parameters and the results are shown in Figure 2. First-order convergence
is observed for the first and second moments for GQ1, and second-order convergence
is observed for both GQle and GQ2. The work is proportional to ¢! and e=1/2,
reflecting the estimates (up to log terms) for smooth problems in Theorem 5.3.
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Fic. 2. Generalized Ornstein—Uhlenbeck SDE: The green line shows GQ1; the blue-dashed line
GQle; the black-dash-dot line shows GQ2. The yellow lines show reference slopes of 1 and 2 (top)
and —1/2 and —1 (bottom) . The upper left- (resp., right-) hand plot shows the error in computing
the mean (resp., second moment). The error is computed using reference values provided by (17).
The bottom plots shows the CPU time in seconds. (See online version for color.)

6.3. Polynomial drift. The following mean-field Ito SDE
(18) dX(t) = [aX(t) +E[X ()] - X(¢) ]E[X(t)ﬂ dt + X dW(t),  X(0) =z,

for a parameter « € R, is considered in [7], where the first two moments of X (¢) are
shown to satisfy the system of ODEs

dE[X] _ (a+1)E[X] -E[X]E[X?],
(19) dt2
d]EC[lf I _ 2a+DE[X?] +2[E[X]]* -2 [E[x?]]’,

with initial conditions E[X] = x and E[X?] = z%. We use this as a test with a = 2 and
2 = 1 and results are shown in Figure 3. Again first-order (GQ1) and second-order
(GQle and GQ2) convergence is observed for the first and second moments and the
CPU times behave in line with Theorem 5.3.

6.4. Plane rotator. The following is a model for coupled oscillators [18] in the
presence of noise:

(20)  dX*(t) = [K/Rsin(y — XH(t)) P! (dy) — sin(X*(t)) | dt + /2 kT dW (1),

for coupling parameter K > 0, temperature kg7, and initial condition X*(0) ~
i = N(po,02). In this case, we have a Gaussian initial distribution p, which can
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be approximated by Gauss—Hermite quadrature. The associated points and weights
can be found tabulated or computed via the three-term recursion for the Hermite
polynomials. In the implementation, we take the latter strategy and start with Qg
equal to the 40-point Gauss—Hermite rule.

The variable X*(t) represents an angle. In place of the the diameter reduction
step in Algorithm 1, we shift each point modulo 27 into [0, 27). Also, we partition
[0,27) into ten subintervals and apply Gauss quadrature on subintervals of width
L =« /5. This significantly improves performance in experiments.

Following [23], we choose parameter values for K = 1, kg7 = 1/8, and initial
mean jg = 7/4 and variance o5 = 37/4. Results are shown in Figure 4, which show
errors for P!'(¢) for the test functions ¢(z) = sin(x) and ¢(x) = sin(x). Errors are
computed by taking a reference solution given by GQ2. First-order convergence is
observed for GQ1 and second-order convergence is observed for GQ2. The methods
work rapidly and the finest solution has 434 quadrature points. In Figure 5, we show
the pdf and cdf of the initial and final distributions.

6.5. Viscous Burgers equation. Consider the following mean-field SDE for a
parameter o > 0:

AXH(t) = /R (1— H(X*(t) — y)) P(dy) dt + o dW (1),

where H is the Heaviside step function with H(z) =0 for z < 0 and = 1 for = > 0,
and an initial distribution X*#(0) is prescribed. The drift term here can also be written
as a(X,t) = P(X*(t) < X). Let X*(t) have cdf u(t,z); then V(t,z) = 1 — u(t, z)
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dash-dot) methods for (20). The yellow lines in the upper plots show slopes of 1 and 2, similar to the
theoretical rate. The error is computed by taking a well-resolved GQ2 calculation for the reference
value. (See online version for color.)
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F1G. 5. Plane rotator: the pdf and cdf for initial distribution N(w/4,3w/4). The plots show initial
(black) and final (blue) distributions. The pdf is computed by differentiating a spline approzimation
to the cdf. (See online version for color.)

satisfies the viscous Burgers equation

oV 1 LoV oV
oV _ 10V OV R.
ot 2% a2 Vo T€

In general, the solution of the initial-value problem for viscous Burgers equation
can be written as the difference of two cdfs defined by initial-value problems for a
mean-field SDE [6].
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For X*(0) equal to delta measure at zero, the exact cdf is u(0,z) = H(z) and

erfc(—z/vV2021t)

B ) e/ VE D) + expl(t — 20)/20%)(2 — el (t — )/ V2o 1))

where erfc denotes the complementary error function [6]. We see in particular the
solution represents a soliton travelling to the right with speed 1/2.

For the GQ methods, this problem presents two challenges. First, the mean-field
term cannot be factored out as in (16) and P}/'(H(- — X*(t))) must be evaluated by
quadrature for each particle representing X*#(¢). This increases computation time as
m quadratures are needed at each step, instead of one. The lack of structure also
means GQ2 cannot be used.

Second, the Heaviside function has a jump discontinuity at x = 0 and this lack of
smoothness is evident in experiments. Introduce the regularized function

1 — H(z) = - erfe(x/l), r €R,

N |

for a length scale £ > 0. The equation

(22) dX"(t) = /}R;erfc(Xu(tg)_y> Pl'(dy) dt + o dW (t)

has smooth bounded coeflicients and the behavior of the GQ algorithms is shown in
Figure 7. The convergence behavior is broadly in line with the theory for ¢(z) = 2,
though GQle loses accuracy for small At when ¢ is reduced to £ = 0.001 from ¢ = 0.1
and the drift more closely resembles the Heaviside function. GQ1 and GQle accurately
compute the first moment, which gives the center of the soliton at x = 1/2, to high
accuracy (the error is 10712 even for At = 0.05 and ¢ = 0.001; not shown in the
figures). Figure 6 shows a comparison of the cdf of GQle using ¢ = 0.001 with the
exact cdf for At = 3 x 10~% with 74 quadrature points. The two agree with an L*(R)
error of approximately 1072,

7. Conclusion. We have derived a time-stepping method based on Gauss quadra-
ture for approximating the probability distribution of the solution of mean-field SDEs
at a fixed time. The work per time step is dominated by the eigenvalue problem for
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determining the Gauss quadrature. The total work required depends on the smoothness
of the underlying problem and in the best case is (’)(5‘1/1’ |log5|3) operations when
the underlying time-stepping method has pth order accuracy.

Though very effective for one-dimensional mean-field SDEs, their dependence
on Gauss quadrature means the presented methods are difficult to extend to higher
dimensions. The available methods for higher dimensions include [22, 23, 21] and are
not as efficient. One-dimensional mean-field SDEs remain an interesting case due
to their use in understanding high-dimensional interacting particle systems and the
proposed methods are far more efficient than currently available methods.

The drift a and diffusion b in this paper are assumed to be bounded with bounded
derivatives, which is unrealistic for many problems (including those in section 6
with polynomial a and b). Much work is currently being undertaken to extend the
numerical analysis of SDEs to non-Lipschitz problems (for example, [14, 15]). Some of
this will carry over to the Gauss-quadrature methods and mean-field SDEs, though
nice properties such as Lemma 3.1 (boundedness of exponential moments for Euler—
Maruyama) no longer hold in general. Some extensions are presented in [22], who also
consider bounded coefficients but allow more general regularity conditions on the test
functions than presented here. They also provide a nonuniform time-stepping scheme
that allows more efficient approximation of less smooth problems.
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