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Abstract.

Weak convergence with respect to a space of twice continuously differentiable test
functions is established for a discretisation of a heat equation with homogeneous Dirich-
let boundary conditions in one dimension, forced by a space-time Brownian motion.
The discretisation is based on finite differences in space and time, incorporating a
spectral approximation in space to the Brownian motion.
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1 Introduction.

Consider the following stochastic heat equation on [0,1] with homogeneous
Dirichlet boundary conditions:

(1.1) du+ Au dt = dW (), u(0) =T,

where the initial data U € Ly(0,1), A := —A, the Laplacian scaled to be pos-
itive definite with domain H?(0,1) N H(0,1), and W (t) is a Wiener process
with covariance (). For simplicity, we suppose that @ has eigenvalues a; > 0
corresponding to the eigenfunctions e; := v/2sin(j7-) of A; in other words,

W(t) =" al?e;8;(),
j=1

where (3;(t) are independent and identically distributed Brownian motions. Equa-
tion (1.1) admits a unique mild solution for initial condition U € Ly(0, 1), namely

t
u(t;U) = e~ MU —|—/ e A=) aw (s),
0

where e~ is the semigroup with infinitesimal generator —A. This theory is

developed further in [2].
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We now define a simple discretisation of (1.1) based on the 6 method in time
and the standard three point approximation to the Laplacian. Consider a time
step At and a grid size Az = 1/J, some J € N. We construct a numerical
approximation as follows. The Wiener process is approximated by truncating
its Fourier expansion to J — 1 terms. Let P;_; denote the operator taking f to
its first J — 1 modes,

J—1

Py1f =2 ) (fsin(rj:))sin(jm).

)

<

({-,+) denotes the L3(0,1) inner product.) Define the approximation to the
Wiener process by

(n+1)At

dBAt(n) = /At ij]_dW(S).

This gives an Ly(0,1) function. The numerical method evaluates this function
at the grid points jAz for j = 1,...,J — 1. The initial condition chosen is
ug = Py_1U. Then, for 0 < 0 < 1, we iterate

N dBAt(T'l)(Ax)
(1.2) Up4+1 — Uy + mAA((l - o)un + 0“"-0-1) = .
dBai(n)((J — 1)Az)

where
2 -1
-1 2 -1
An =
-1 2 -1
-1 2
Let
J—1
(13) ﬁ(nAt; U) = ﬂje]‘7

1

.
I

where @; are chosen so that u(nAt; U)(jAz) equals the jth component of u,, for
j=1,....,J—1.

The above numerical method has been studied in [12] for the problem of space-
time white noise (case @ = I) in terms of strong convergence. Let E denote the
average with respect to the law of W (¢). The conclusion is that for T,e > 0,
there exists K. such that

1

E |u(nAt; U) — a(nAt; U)|[2)Y? < K. Az0972(1 R T
(B [u(nds U) = (A D)) < KA R0+ 0N (1+ oo )
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0 < nAt < T, as At, Az — 0 with v := At/Az? constrained by v(1 — ) < 1/4
(the norm || - || is the standard Ls(0,1) norm) (the stability condition can be
relaxed to v(1 — 260) < 1/2 by using Lemma 2.4 of the present paper). Studies
of similar methods for more general equations are available in [6, 7, 3, 4, 11] for
space-time white noise and for more general noise terms in [8]. The studies indi-
cate that standard approximations to (1.1) of the type described above converge
in root mean square with rate Ax1+(r_e)/27 where —2 < r < 0 is determined by
the following trace condition on the correlation operator

(1.4) D a;i" < 0.
j=1

Results of this type have been extended to some nonlinear stochastic PDEs such
as the Navier—Stokes equations. See for example, [8, 5].

In this paper, weak convergence is studied for the linear stochastic heat equa-
tion (1.1). For the most part, studies of weak convergence of numerical methods
for (1.1) have been lacking in the literature, even though it is average proper-
ties that are often most interesting. Though we only tackle a linear equation,
the technique of proof, the Kolmogorov equation, is used to understand weak
convergence for numerical methods of SDEs in generality [13, 10, 9]. To the au-
thor’s knowledge, this is the first paper to apply the Kolmogorov equation to the
analysis of numerical methods for parabolic stochastic PDEs. It is certainly be-
lievable that the analysis can be extended to nonlinear PDEs to some extent, see
for example an application to a nonlinear delay equation in [1]. The conclusion
of our analysis is that subject to the trace condition (1.4) and for smooth initial
data the numerical method (1.2) converges with rate Az*T""¢, each € > 0, with
respect to the space of twice boundedly continuously differentiable test func-
tions. That is, order Az'"¢ for space time white noise (where (1.4) holds with
r < —1). As in the finite dimensional situation, we observe that the rate of weak
convergence is twice that of strong convergence.

THEOREM 1.1. Let u(t;U) (respectively, a(t;U)) denote a solution of (1.1)
(resp., the trigonometric interpolant of the numerical solution (1.2) defined in
(1.3)) corresponding to initial data U € L2(0,1). Suppose that Z;’il a;j" <
00, for some —2 < r < 0. Fore, T > 0 and a twice continuously boundedly
differentiable function ¢ : L2(0,1) — R, there exists a constant K > 0 such that

E ¢(u(nAt;U)) — Ep(a(nAt; U))| < KAz (1 + [[U]|?), T =nAt

as At, Az — 0 with v = At/Az? fived and (1 —20)v < 1/2.

The proof of this result is given in §3. We do not study the dependence of
K on T in this theorem; further information can be gleaned from the proof of
Lemma 3.4.
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2 Background.

We will work on the space Lo (0, 1) with norm || f|| := fo V2dx)Y/?. Let HP
denote the Sobolev space of Ls(0,1) functions with norm

> 1/2
s = (D257 (s e5)? les1?)

j=1
We denote the projection operator from Ls(0,1) to the first J eigenfunctions
by Py; that is, Pyu = Z;-]ﬂ(u,ej)ej. Fractional powers are denoted A7 so
that A%u = 3272, (jm)%7 (u, e;)e;. Throughout the paper, we will make use of
a generic constant K, which will be independent of the initial data U and the
smoothing parameter k.

Before proving the main result, we develop an abstract framework for our

problem and give some basic results useful in the proof. The next Lemma is well
known and describes a smoothing property of the heat semigroup:

LEMMA 2.1. For vy > 0, there exists a constant C, > 0 with
JATe e | < Oyt gl 1> 0,
The following describes conditions on @ for the boundedness of the solution
of (1.1) in HP.
LEMMA 2.2. Consider initial data U € Lo(0,1). Suppose that the eigenvalues

aj of Q obey 3272, jTa; < oo, for somer > —2. For 0 <p < (2+7)/2 and
T >0, there emsts K > 0 with

(® )" < K[l +1), o<isT

ProOF. The solution

t
u(t; U) = e~ MU + / e A=) g (s)

0
so that
1/2 K x ot PP 1/2
(Bt U) ) swnmu(z [ e )
j=1
> 5 —2] w2t 1/2
P .
< K0+ (ZJ o)
K S 2p—2 2522t 1/2
< wrllVl +K(Zﬂ PRt a»)
j=1
K o . 1/2
< WHUH—I—K(Z] aj)

j=1
if2p—2—7r<0. O
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The Laplacian operator A is unbounded. We will frequently approximate A
by a bounded approximation Ay, defined as follows: Let Ay := PrA; that is,
Ay, is the operator where e; has eigenvalue j2m2 for j =1,...,k and eigenvalue
0 for j = k+1,.... By use of this approximation, we find strong solutions of
an SDE that converge to the mild solutions of (1.1) and that yield to the Itd
formula (see [2]).

LEMMA 2.3. For initial data U € Ly(0,1), consider the mild solution u(t; U)
of

du=Audt+ dW(t), u(0)=U,

and the strong solution u*(t;U) of
(2.1) du® = AguF dt + Py dW (t), u*(0) = PyU.
Then, forp > 2,

sup E|u(t;U) —u*#U)||P —0, ask — oco.
0<t<T

PRrooOF. This is elementary. O

We wish to express the numerical method first as a difference equation on
L4(0,1) and then write down an interpolant of the numerical solution that solves
a stochastic evolution equation on Ly(0,1). Consider the following difference
equation on Lo (0,1)

At -
T —QA[(1 — O, + HﬁnH] — dBas(n), o =Py_1U.
Ax
Here A is defined by ~
Aej:)\jej, j:071,...

where \j = \jns = 4sin®(jmAx/2) for n € Z. The solutions 1, of this iteration
evaluated at jAx for j =1,...,J — 1 agree with the solution of the numerical
method (1.2) (see [12] for further details). This equation can be rearranged to
achieve

fln+1 = (I — CAt)fln + QAdeAt(n)

where
1 At -1 At ~ At 11
c=(1- |1+ e 0] [1- Tall- 0A]),  Qau= I+ o 04] .
The eigenvalue of C corresponding to the eigenfunction e; is
1 1-— l/(l - 9))\J 1 l/)\j 2
= 1 -~ @ 4 = —— = A A .
Hi= At ( 1+ 00X, ) ATy, UTAYAT
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Clearly p; are increasing for j = 1,...,J — 1. The corresponding eigenvalue of

QAI is
1

1+9l/)\j,

The continuous interpolant, which we denote by u, is the solution of

i=1,....

(2.2) du(t,U) = —Cu(t,U) dt + dW (t), a(0;U) =Py U,

where ¢ = max{nAt: nAt < ¢t,n =0,1,...} and W(t) is a Wiener process on
L5(0,1) with covariance, @, defined by
(2.3)

~ - - a]
Qe; = aje;, ;=

AT Pori=LeJ-1 &=0forj=1..

Clearly, &; < «;. Note that u(nAt;U) agrees with @, and hence with the
trigonometric interpolant defined in (1.3).

We describe some important properties of this approximation in the next two
Lemmas. The first Lemma deals with the approximations we have made from
the Laplacian A and the covariance operator Q:

LEMMA 2.4. Consider 0 <0 <1 andv = At/Ax2 fized.
1. Forj=1,...,J—1and~y >0,
IA™7(Q — Q)ejl| < (20vm> =)0 52077 Aa? e

and for j=4J, ...,
- 9 2 =2y
1A™(@Q — Q)ejll < —7 a5~ llesl-

2. There exists o > 0 such that
2 —o?A?j? < pyfit < j=1,...,J—1
Thus, j272 — puj < o2 Az?j2.

3. If v(1 — 0) < 1/4, then for all At > 0 we have 0 < (1 — p;At) < e HiAt,
If v(1 —26) < 1/2, there exists ¢ > 0 such that |1 — pjAt] < e ° PAt for
ji=1,...,J -1 as At — 0 with v fized.

PROOF.

1. Notice that

l_m: (1_ 1+;u,\j><1+ 1+2u,\j> §2<1_%0u/\j>'
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Now for j =1,...,J — 1, from (2.3)

~ 205 1 205 Bl
147@Q = Qeill < (1 - o) = e T 0
_ 2va; 4sin®(jrAz/2)
Jom 14 6v)
205v
*j2’yﬂ-2’y

Jm2r 14 0v;

4(jmAx/2)? = 2ajuj2(1_“’)7r2(1_“’)Ax2.

A similar argument applies for j = J,J +1,....
2. This is Lemma 2.3 of [12].
3. The first part is contained in [12]. For the second part,

. — it ;2 -2
|1 _ ,UJAﬂ — eln|17p,JAt| _ e(ln\l wiAt|/j7At)g At.

Now for v(1 —26) < 1/2, |1 — p;At| is uniformly bounded less than one
and j2At for j =1,...,J —1is unif0r2mly bounded above. Hence, there
exist ¢ > 0 such that |1 — pu;At| <e At j=1,...,J—1.
d
The next Lemma gives boundedness of the interpolated numerical solution
in HP:
LEMMA 2.5. Let v := At/Az? and suppose that v(1 —20) < 1/2. Forp > 0,
the numerical interpolant 4(t;U) obeys for t > 0

i 1/2 1 o
Blla(t )l | < K55 IUI+ KL+ A7),

~ ~(7 1/2 1 min{0,r/2—
B|lla(t U) - a(t: U3 | < KAt U] + K Ag! (072700,

for a constant K independent of U, uniformly as At, Az — 0 with v fized.
PROOF. Start with

(2.4) (Bt U)IF:)"? < (Bla(tU) - alb; U)l3e)"? + (B llald U)13) ">,

We estimate the i(t;U) — @(f; U) term at the end of the proof. There are two

terms to estimate in @(¢; U): the part resulting from the initial data: for t > At,
we have by Lemma 2.4

J—1 J—1
H(I _ CAt)t/AtUH%{p — Z]Qp(l _ /LjAt)Qt/Atsz < Zj2p€726j2tUj2.
j=1 j=1

Now, using 1/t < 2/t for t > At and Lemma 2.1, we have for p > 0

; 1 1
I(I = CA) /24U 3 < KTE—pHUH2 < KUl
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For 0 < t < At, using @(f;U) = U and At/Az? fixed, the following holds

J—1
U5 =D 507 < K J|U|]° < KA P|U|1* < Kt P||U|J.
j=1

One can show that —1 <1 — p; At <1 for (1 —26) <1/2 and that

1+ vsin?(jrAz/2)(46 — 2) J 1402
1 +40vsin®(jrAz/2)  — 1446

1_%ﬂjAt: =: Ky,g > 0.

The second part of the solution @(#; U) is the stochastic integral

n—1

(i+1)A
/ (T CAN dW(s).  t=nAt

o Jiat
n—1J-1
This is bounded in E || - |4, by Z Z a;7%P (1 — p; At)* At
=0 j=1
(as the eigenvalues &; < a;)
n—1J-1
< Z Z ;3% (1 — p At)* At
=0 j=1
1— (1— pAt)2n
< / At
Za” 1— (1— p;AL)?

(using 1 — (1 — p;At)? = 2Atug( 2:“] At))

<Z ajj 2K91/,uj

If Y = sin?(jmAz/2)/(Az/2)?, then it is easy to show 452 < Y < j%7? for
j=1,...,J —1. This gives

Y 452 452
i T 0AY = 11 0A272 = 1+ Gun?
Hence,
J-1 .QP_T J—
PRICIAR Z o),
j=1 j=1

which is uniformly bounded in the limit At,Az — 0 with (1 — 20)r < 1/2 if
2p — r < 2 and grows like Az®T"7?P if 2p — r > 2. We have shown that

N 1/2
(2.5) E[|a U] < K—s U]+ K1+ Aztt/2n),

tp/2
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To complete the proof, consider
W(t;U) — a(t;U) = (I — CAYa(t; U)(t — ) + (W(t) — W(D)).
Then, for £ > 0, as |1 — u;At| < 1

J—1

1/2
o 1/2 o O
< (B ld: U)3) 2 At + [} (a7 At]
j=1

< (B (b U)|3) " * At + KAG/2 maxtor=r/2),

(E a(t; U) — a(h; U))|%) 2

With (2.5) and (2.4), this completes the proof. O

3 Proof of Theorem 1.1.

We introduce the Kolmogorov equation for the stochastic evolution equa-
tion (1.1). The background theory is developed in Da Prato and Zabczyk [2],
where further references are also given.

THEOREM 3.1. Let ¢ : L2(0,1) — R be twice continuously Frechet differen-
tiable with bounded derivatives. The function v*(t, X) := E ¢(uF(t; X)), where
u® is defined in (2.1), is once differentiable in time and twice differentiable in
space and satisfies

vE(L X) = LTy [vgzx(t, X)ka] — o (8, X) A X,

Moreover, the derivatives vF, vk, and v%  are uniformly continuous on bounded
subsets of RY x Lo(0,1).

PROOF. The truncation u* is finite dimensional and so the Kolmogorov equa-
tion is simply the usual Kolmogorov equation written on an infinite dimensional
space. a

PROOF. (of Theorem 1.1) Let v¥(¢, X) := E (¢(u*(T — t; X)) for t > 0 and
X e LQ(O, 1), and

LEo(t, X) == v,(t, X) + L Tr [UXX(I; X)QPx| — vx (t, X) A X.
After reversing time, Theorem 3.1 states that L¥v* (¢, X') = 0 and that v* satisfies

the hypothesis of It6’s formula. Apply the Itd formula to the approximations @
defined in (2.2) and then take averages to get

(T, a(T; U)) — v*(0,a(0; U))
=E {/OT{_ vk (s, a(s;U))Cu(3;U) + 2 Tr [’U?(X(s,ﬁ(s; U))Q}
+ ok (s, a(s; U))} ds]

(subtracting off 0 = L*v* (s, (s; U)))
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T
= 5| [ 4T (o a(s0)Q) - T [l 0))QP]
— b (s, ils; U))Caa(3; U) + vl (s, i(s; U) Apii(s; U) ds} ,
Clearly,
E ¢(i(T; U)) = E¢(u* (T3 U)) = ¥ (T, 4(T; U)) = v*(0,a(0; U))

and hence

(3.1)
T
Bo(a(Ti0) - BT 0)| < [B [ 4T (o a(s00)(@ - @)
+ 0k (s, 0(s; U)) (A — C)au(5;U)

+ ok (s, 0(s; U)) A (a(s; U) — a(5;U)) ds|.

Now, we have that
vk (5:U0) = E¢/(uM(T — 5;U))u (T = 5;U)

and

Vix (5:U)(&1,&2) =E ¢" (M (T — 5;0) (uk (T — 5:U)ér, uk (T — :U)&2)

+¢' (W (T = 5;U))u x (T — 5:U) (61, &)
Because we are working on a linear equation (2.1),
Uk (s;U)E = e ulx(s:0) = 0.

Thus,
(3:2) vy (5:U) = B¢/ (uM(T — 5;U))e= 79
and
(33)  Whx(s:U)(€ &) =E¢" (W (T = s;U)) (e T Vg, e MTgy),
Consider the first term on the right hand side of (3.1). As ¢” is bounded,

Tr [vhex (5,5 U)) (@ — Q)|
= Z (B¢ (" (T = s;i(s U))e™T=9(Q — QPi)ej, e T~ )

Ki< T—s) Q QPr)e; Ak.(Tfs)ej>

j=1
=K Tre 24T=9)(Q — QPy).

IA
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Take k large enough that £ > J. Then, using Lemma 3.3 and the condition
r < 0, we have for each ¢ > 0, a K such that

(34) T [oh(s, 05 0)(@ — QPY)| < K s Ag?emin (020

(T —s)l=e
1
<K—=" A 2+T726'
- (T —s)l—= v

Consider the second term in (3.1). Using the boundedness of ¢’ and (3.2),
0% (5, U)(C = AR)a(3:U)| <K[leT=9(C — A)a(3; U)]l.

From Lemma 3.2, we see that

. 1 2 |~/a
(3.5) |U§((57U)(C — Ap)a(s;U)| < Kmsz 2. [a(3; U)].
Then, using Lemma 2.5 with r > —2,
. 1 iy
(3.6) [E vk (s, U)(C = Ap)a(3U)| < KWAJSQ A+ U

The integral of the third term in (3.1) is bounded by Lemma 3.4. Integrating
the terms (3.4) and, (3.6), and adding to that in Lemma 3.4, we have

|E ¢(a(T;U)) = E¢(u*(T; V)] < KA1+ |[U]%).

The constant K is independent of k and is uniform in the limit At, Az — 0 with
At/Az? = v fixed subject to the stability condition v(1 — 26) < 1/2. Use the
convergence of u* — wu in the sense of Lemma 2.3 with the continuity of ¢, to
complete the proof. O

LEMMA 3.2. Consider v = At/Ax? fized. For all € > 0, there exists K > 0
such that for k > J

K
7€ = AX| < A2 |X],  s>0, X € Lx(0,1).

PROOF. The eigenvalues of C are p; and of Ay j?7? with corresponding
eigenfunctions e;. Thus,

J-1
”efsAk. (C _ Ak)XHz _ Z €72j27r2sX]2(j27T2 _ /ffj)2
j=1
J—1 L,
(using Lemma 2.4) < Z e SX?(U2A$QJ2)2
j=1
J—1
(using Lemma 2.1) <K Z s X (07 A 5%)?
j=1
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J—1
<K Z s_vj_27+4X]2Ax4

j=1
§K877A$4Jmax(0’72’y+4) HXHQ

<Ks™Y Az | x |2,
Put v = 2 — 2¢; then
HefAks(C _ Ak)X”z < K872+26A.’L'min{4’4746} HXHQ

O

LEMMA 3.3. Assume the eigenvalues of the correlation operator Q satisfy
250:1 jTaj < oo. Consider v := At/Ax* fired. For all € > 0, there exists K > 0
such that for k > J

~ 1 .
rI\re—QAkS(Q _ ka) <K — Am2+mm(0,r72e), s> 0.
S

Proor. Let v > 0. Then, as k > J,

IA™(Q@Px — Qe

e

k
,2Aks QP Q :Z 71'] 276723277 s
j=1
(using Lemma 2.4 and Lemma 2.1)

J-1 k
<K Z sV PV AL + K Z s M,

j=1 j=J
J-1

<KZS V(T ay) TR Ag? +KZS 15T (R ay)
j=1 j=J

SKS—')I [Jmax(O,Q—Q’y—r)AxQ + J—Q’y—r:|

<K877A$min(2,2'y+r) )

Finally, put v = 1 — €, to complete the proof. O

LEMMA 3.4. Let v := At/Ax® and suppose that v(1 —260) < 1/2. Let T > 0,
—2<7r<0, and U € Ly(0,1). Let v*(t,U) = Ep(u*(t;U)) for 0 <t < T and a
function ¢: Ly(0,1) — R with two bounded derivatives. For € > 0, there exists
K >0 (independent of U) such that

T
/0 [E % (s, u(s; U))Ap(@(s;U) — a(5;U))| ds < K(1+ ||U||?) Az? T2,
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PROOF. Let § = a(s;U) — u(8;U). First note that by (3.2)
B (s, 0(s; U)) Apd| < Klle =) A=< - (B [|A55]*) ">

Using Lemma 2.5 with p = 2¢, we have

K 1 :
Bk (s, (s: U)) Ard] < AU Ag! im0 /22y,

(T =)

This estimate is not enough to complete the proof, and so further investigation
is given below. The estimate can be used on the interval 0 < s < At as an
extra At is introduced when integrating. Thus to simplify arguments below we
agssume s > At in the following analysis.

Let Fs be the o-algeba generated by W(s) and use the notation E [ | Fs] to
denote conditional expectations with respect to Fs. By the intermediate value
theorem,

ok (5, (53 U)) Agd =0k (5, (5 U)) Axd + [k (5, 05 U) — v s, 505 1)) | Ao
=X (5, (3; U)) Axd + v (s, Z5) (6, Axd),
where Zs := a(8;U) + 21 0, some 0 < z; < 1, and is Fs measurable. Similarly
E [v§(s, (3 U))Apd ) ]-‘4 —ok (s, 0(3; U))E [Aké ) ]-‘4
—ok (5,0)E [Akd ‘ fg}
o (s, Zs) (a(g; v), E[Ak(S ‘ fg] )
where Zz 1= z5 u(8;U), some 0 < 29 < 1, and is F; measurable. Then,

(3.7)
E vk (s, @(s; U)) Apd =vx (5,0)A,ES + E [v’;(X(s, Z4) (a(é; U), AuE [5 ‘ .7:5} )]

+ E[ugzx(s,zs)(a, Aka)]

We deal with the three terms on the right hand side separately. First note that
by Lemma 2.4 for € > 0,

§ -2€ § . € —cj%s K
ICT = CA Al 12 = %y (1 — pyA)*/ 80 < j2IFIp2emelS < o

From (2.2),
Ed=—CEwS’,U)(s —8) = —C(I — CAt)¥AP; (U (s — 3).
Using (3.2), this gives the following estimate for the first term in (3.7):

K At
(T _ 8)176 HUH §1+e :

vk (5,0)ALES | < K||Ay e AT =9 . |E§| o <
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Then integrating,

T
/ ‘U’;((S,O)AkE(S‘ ds < K |U|| At*¢.
At

From (2.2)
E[s

fg] - E[a(s; U) — a3 U)|]—'§] = —Ca(3;U)(s — 5).
Because vy x is symmetric and ¢” bounded and by (3.3), we have the following
forp >0

[Whex (s, 2) (61, €2)] < K[| AY2em T || - AT 2em ATy .
Estimate the second term in (3.7) as follows: for any € > 0,
E[vhx(s,20) (a5 0), A [5| 7] )] |

<K (B | AY2a(3 U)|12) /(B e~ T 4,772 Ca(s; U)|2)? At

<K (B[ AL 26 0)?) 2| AL e T (B AT a3 v))) 2 A
Now, by Lemma 2.5, for 0 <p <1+ r/2,

N 1
(B |47 a(s 0) ) <K [

B a(50)) 2 <K [ e U] 4+ At 7722 42],

sl—p/2+e€
Set p=1+7r/2so that 1 +7/2 —2+ p— 2¢ = r — 2¢. Then, taking the previous
three together,

E|vxx (s, Zs) ((3:U), AE|8 f])]\

|
<oy (B + ) [ 101+ Ao

K (HUH
— (T _ 3)1—6 §1+e

As —2 <r <0and 0 < p <1, integration yields

1 A.’IJT726
§1—p/2+e€ + §p/2

At + HUHAt( ) +AtAxT*2€).

/:; E[Uxx(s Z; )( (;U), AkE[ ‘f})} ' ds < K(1+ ||U||2)Ag;2+r—2€.

For the third term in (3.7), by using Lemma 2.5,

B[tk (5,20 (6, 400) | | SK@EJI512)72 - (B A} e 4T ago)2)1/2
K
(T — s)i—<

[AtHUH | AgplHmin{0.r/2- 26}}

IN

[At Ul + Ag;lﬂnin{o,r/g}}

K Inln T—42€
SWTA g Tmind0, 2}(||U||2+1)
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After integrating and using r < 0, we conclude that

/OT ‘E[v’;(X(S, Zs)<§,Ak§>] ‘ ds < K(1+ ||U|?) Azt 2

This completes the proof. O
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