SWITCHING IDENTITIES BY PROBABILISTIC MEANS

J. BACKHOFF, A M.G. COX, A. GRASS, AND M. HUESMANN

Abstact: In this note we investigate some intriguing connections between optimal stopping and the
Skorokhod embedding problem (SEP). These connections were first observed in the works of Cox and
Wang, where they are derived and proved via analytic methods. We propose a probabilistic explanation,
which furthermore highlights a symmetry between Root and Rost solutions to SEP previously unexplored.
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1. PRELUDE

Let D be a rectangle of horizontal length 7" and let (0, x), (0, y) be points on the left boundary of D. Let
B be Brownian motion (started in x or y) and write o for the first time at which (¢, B;) leaves the rectangle.
As a particular case of [4], and ultimately of Hunt’s switching identities, we know that

EXUBJ—YH =E'[|B, — ]. (1.1)

To see this through a probabilistic argument we consider a second Brownian motion W, independent of
B, running from right to left and started on the right side of the rectangle D at the point (7,y). For any
s € [0, T] we consider the stopping times

oy =0 AT -5)
Ty:=inf{t >0: (T —-t,W,) ¢ D} A s
and define
F(s) := BB=x%> (1B, - W, |].
Then F(0) = E*[|B, — y|] and F(T) = E’ [|B,, — x|]. Passing to a discrete time version where we replace
B by a random walk X and W by a random walk Y it is plain to see that F(s) = F(s — 1) (cf. Figure 1) so

that F is constant in this setting.
Hence (1.1) follows from a straightforward application of Donsker’s theorem.
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Figure 1. Illustration of F(s) = F(s — 1).

Our aim in this note is to show that this simple observation results in surprising connections between
solutions to the Skorokhod embedding problem, and solutions to optimal stopping problems.
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2. INTRODUCTION

The identities under investigation originally arose in studies of the Skorokhod embedding problem, that
is to find a stopping time 7 such that given Wy ~ 1 and given a probability measure u we have

Wi ~ uand (Wyar)ss0 1s uniformly integrable. (SEP)

The problem was first formulated and solved by Skorokhod [16, 17], and numerous new solutions have
been found since. We refer to the surveys of Hobson [8] and Obt6j [12] for an account of many of these
solutions. To guarantee well-posedness, we assume thoroughout that A, u have finite first moment and are
in convex order.

Our ambition here is not to propose a new solution to the (SEP), but to prove by elementary probabilistic
means the observations made by Cox and Wang, contained in [3] and [4], relating the Skorokhod embedding
problem to optimal stopping, going beyond the “rectangular” case illustrated above. More precisely, let W
denote a one-dimensional Brownian motion (in keeping with the prelude, we think of W as a Brownian
motion running backwards; the reason for this will become clear in the following section). Suppose we are
given initial and target distributions A and u, we want to study the Root [14] resp. Rost [15] solution to
the corresponding (SEP). While Root and Rost solutions are most commonly given as hitting times of so
called barriers, specific subsets of R?, keeping the notation of the prelude, we will denote by DR (resp.
DRost) the continuation set of the Root (resp. Rost) embeddings which can be seen as the complements of
the barriers in R

Let us write @® (resp. uR°*") for the law of the Brownian motion starting with distribution A at the
time it leaves DR (resp. DR**') and uf%" (resp. pko%") for the time it leaves DR" N ([0, T) X R) (resp.

T
DRost 0 ([0, T) x R)). The potential of a measure ¢ is denoted by

Uy(») :=—f|y—xlq(dx),

and for a random variable Z we write Uy for the potential of the law of Z. Throughout this note we consider
optimal stopping problems, thus suprema taken over 7 (resp. o) will denote suprema over stopping times.
The relations of interest in our article, found in [3, 4], are

Upsoon (x) = B* | Uy (Wee) Lo g + Uy (W) Lop | 2.1
= SU " | Upoo(We) Lecr + Un(We) ez | (2.2)
<T

where the optimizer is 7* := inf{t > 0 : (T — £, W,) ¢ DR°} A T, and

Upron(x) = Uy o (x) = B [(Upor = U) (W) (2.3)
= sup E* [(Uyson = Ua) (W), (2.4)

where the optimizer is 7, := inf{t > 0 : (T —t, W,) ¢ DR'} A T.

In [3, 4] this connection was made via viscosity theory and it was noted that a probabilistic explanation has
yet to be given. We want to mention that the Rost optimal stopping problem was subject of investigation
in [11] by McConnell where it is derived via classical PDE methods and in [6] by De Angelis where a
probabilistic proof is given relying on stochastic calculus. Furthermore the Root optimal stopping problem
was also derived by Gassiat, Oberhauser and Zou in [13] where a suitable extension for a much wider class
of Markov processes is established using classical potential theoretic methods as well as by Cox, Obigj and
Touzi in [2] where a multi-marginal extension of the problem is found.

In Section 3 we shall establish the above results (2.1)-(2.4) in the context of simple symmetric random
walks (SSRW) on the integer lattice. Interestingly, we shall obtain the above Root and Rost cases as
consequence of a single time-reversal principle. Then in Section 4 we explore extensions of these in the
multidimensional setting. In Section 5 we will give some remarks on the passage to continuous time and in
Section 6 we will draw some future perspectives.

3. A COMMON ONE-DIMENSIONAL RANDOM WALK FRAMEWORK

Consider a set D C Z X Z satisfying
e If (t,m) € D, then for all s < t also (s,m) € D.
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Ficure 2. Illustrating the appearance of the indicator function in the core argument.

This should be seen as a discretised version of the Root continuation set defined in the introduction.
Likewise a Rost continuation set can be cast in the above form after reflection w.r.t. a vertical line.

Notation: Denote by X, Y two mutually independent SSRW on some probability space (€2, P) which are
started at possibly random initial positions. Given x, y € Z we write P* and P, for the conditional distribution
given X = x and Yy = y resp. Similarly P means that we condition on both events simultaneously. We can
consider a probability measure A on Z a “starting” distribution by setting P* := 3 > P*A({x}), etc. Let us
then introduce the stopping time

PR = inf{r e N : (1,X,) ¢ D},

where N = {0,1,...}. We define by 1R the law of Xproor under P4, and assume henceforth that the

Root

martingale (kaam ,\,)teN is uniformly integrable. We conveniently drop the dependence of p"*°*" on A. Given

T € N we write R for the P*-law of X ,7. Note that this definition is equivalent to X being the law

of X started with distribution A at the time it leaves D®°' N ({0, ..., T — 1} x Z). We will first establish the
following identity, which is a discrete-time version of (2.1)-(2.2)

U () = By [Upgoor (Vo) T + Uy (Ye) Ty | 3.1
= sup E, [U”Rm,,(y,)]lKT + Un(Ye) et | (3.2)
<

where the optimizeris 7* ;= inf{t e N: (T —1,Y;) ¢ D} A T.
From here we will derive the discrete-time analogue of (2.3)-(2.4).

3.1. Core argument. For convenience of the reader we present here the basis of the argument which we
repeatedly use, namely that for s € {1,...,T}

Eif [|XT—s - Ys|] = E; [lXT—(S—l) - Ys—1|] . (33)

This represents a formalisation of the discretised argument in the prelude. Indeed,

E; [1X7—s = Yill = BY Y |IXr—s = Yil|[Xr, Yot ]
[ 1K = Yoo) = (Yo = YoI|Xroy, Yo ]
=E} [IXr—s = Yol + Lx, =y, ]
[
[

= B} B3 [IXr— = Yoo + (Xr—sr = Xr-0)I|Xr—, Yo

=E} [IXr—5-1) = Y51l

which is best read from the top until the middle equality and then from the bottom until the same equality.
More important than (3.3) is the reasoning above, especially the appearance of the indicator of the event
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{Xr-s = Y,_1}, which stems from the fact that Y,_; (resp. Xr_;) always splits into Y + 1 (resp. Xr—s—1) = 1)
with probablhty 1/2.

3.2. The Root case. Let 7 := min{r € N : (T —1,Y,) ¢ D}. We start with a useful observation:

Remark 3.1. The equality U,z (Yz+) Lrocr = U, ioor (Yr+) 17 holds. Indeed, let z = Yz« on {t* < T}. Then
(T —7*,2) ¢ D and hence (X7 — 2)(Xpror —2) 2 0 0N {pRo°" > T} as otherwise X would have left D before
R This implies

~U o (2) = BA [ |X o — z|]

= E/l [lXpR”"'/\T - Z|]]-pR(ml§T - (Xperr - Z) ]]_pR(ml>7" >Xr + (XpRanr - Z) ]]-pR”"’>T, ZSXT:I

/l |X Root \T — Z|]].pRzmt£T - (XpRum/\T - Z) ]]-pR”“’>T, >Xr + (XpRzmz/\T - Z) ]]_pRzmt>T‘ ZSXT]
E* [IXpponr = 2l] = =Un (2). (3.4)
Accordingly we may replace uf°” by ,uR”o’ in (3.1) (but we do not do so in (3.2)).

Given a Y-stopping time 7 < T, we define a stopping time o(7) of X as the first time before 7 — 7 that X
leaves D, i.e. o(1) := pRo%" A (T - 7).! For any y € Z we now introduce the crucial interpolating function

F(s) = F7(s) = B [Xetng— Yeudl forsefo,... T} (3.5)

It may help to picture Y evolving “leftwards” from the lattice point (7', y) at time zero, so that its exit time
7" from D before T is measured as T — t* for the “rightwards” process X.

Remark 3.2. We see that 07(0) = pR° A T, so consequently
F(O) = E/l [lXpan/\T - yl] = _Uy’;”’”(y)'
On the other hand, o(7*) = pR°" A (T — %), s0
F(T) = By [ IXypoopg—r = Y]
= E;l [|XpRam/\(T—T*) = Y| Lo + | Xproot p(r—77) — YT*l]]-T*:T]
= B} [Xprornr = Yeo|Leoar + |Xo = Yo Loz
= B, [Upor (V) Loy + Ua(Ye) Leocr |

by independence and by applying the appropriate analogue of the argument in Remark 3.1 for the third
equality.

We can now prove (3.1) and (3.2); we treat the cases separately.
Lemma 3.3. The function F is constant. Consequently
Uygen ) = By [Upos (Ye) Loy + Un (V) Lo |
Proof. Let0 < s < T. Define the stopping times 7% := 7* A s and 075 = o/(7* A 5) = pR°" A (T — 7%). Then
F(s) = E} [|X - Y,;|] .
Let us first prove that
B [IXe, = Yel] = B[ X, = Yoo 1+ oy, o] (3.6)
Since

By |IXo, = Yel] = B [IKronnros) = YilLeos| + B [IXo, = Ve [Less].

1Formally, 7 is a stopping time w.r.t. the filtration G = (G;)ien, Where G; = o({Y,, : u < t}). o(7) is a stopping time w.r.t. the
filtration F = (F)s<1, Where Fy = o({Xy, Y; cu < 5,t < T})
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Ficure 3. Illustration of the core argument in the Root setting.
and with the appropriate analogue of the core argument (3.3)
B [IXpmrnr—s) = YilLes]
= E; [E; ['XpR"‘”/\(Tfs) - YS”XpR”"’/\(Tfs)’ Yo,..., Ys—l] ]lr*zs]
= By B |IX sy = Yort) = (Vs = Yoo ) Xppownr—ys Yoo > Yot | Lo
= By [(Xpmornr—s) = Yot + Ly s =) Lo
= E;l ['X‘Tf - YT;—] rss + lprOD’A(T-sJ: s=1 ’T*ZS] ’
clearly (3.6) follows. Now let us similarly establish that
B! X, , - Yo || = B [|X0.S R CHES PR pm,ﬂ_s] 3.7)
=B [|Xas - Yo+ llxm=y,:fl,ﬁ2s] : (3.8)

Indeed,

B} [1Xo,, = Yoo || = B [IXr g1 = YortlLeong pronsys| + Bi [Xer, = Yo 1L cqquppronsr—y]|
and again with the appropriate analogue of (3.3)
E;l [lXTsz - Ys71|]]-r*2s,pR""’>T7s]
= By B [IXr-sr1 = YorrllXo, oo Xpos, You oo Yot | Lo oy |
= B [BIXr—s = Yoe) + Xr—ser = Xr- )l Xou . Xrg Youo oo Yoot | Lposg prooss]
E;l [('XT—S - s—ll + ]]-Xp_v:l/.v—l) ]lT*ZS,pR””‘>T7Sj|

_ w1
= Ey [|X0'S - YT’;I |]]-T*2s,pR"‘">T—s + ]]-X(,.::YT* l,‘r*Zs,pR”‘”>T—s] P
s -

also (3.7) follows. We then see that (3.8) holds true since on {X,;, = Y- , 7" > s} we have (T—(s—1), ¥,_1) =
(T=(s=1),Yr: ) =(T -5+ 1,X,,) € D, and s0 by definition of D necessarily (RO AT - 5),X,,) € D,
thus pR°" > T — s + 1 is fulfilled. The identities (3.6) and (3.8) now yield that F is constant. m]

The proof of (3.2) follows similar lines. Given a Y-stopping time 7 we consider the interpolating function
F'(s) = B} [Xewry — Yensl] forsef0,....T}. (3.9)
Lemma 3.4. For every {0, ..., T}-valued stopping time v of Y, the function FT is increasing and

Ugon(3) 2 By [Uponr (Ye) Tear + Uy (Ye) Loy ]
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Proof. Clearly F7(0) = -U, ioon (). On the other hand,
FT(T) = E;. I:lXPR‘"”/\(TfT) —_ YT|]]-T<T + |X0 _ YTlII.T:T]
= —E;l I:UX/,RW"‘/\(T—r)(YT)]]-T<T + U/l(YT)]]-T:T]
= _E;l' I:UXPROUI(YT)I]‘T<T + U/I(Yr)]lT:T] ,

where the inequality is a consequence of the potentials s — Uy pRm,,M(z) being decreasing in s for each z

(by Jensen’s inequality and optional sampling) and the martingale (XpRom M)tEN being uniformly integrable.
Thus if we show that F7(-) is increasing, we can conclude.

Let 0 < s < T. Define the stopping times 7, := 7 A s and oy = R A (T — 7). Then, analogous to the
proof of Lemma 3.3, but replacing 7* by 7, we get

F7(s$) = By X, = Yo, | + Tx, oy, eo]
> B} [IXo, = Yo, |+ Ty, v, o proorsr—ony | = F7(s = 1),

thus F7(-) is increasing. m]

1

Remark 3.5. The second part of the preceding proof, stating that the function F7 is increasing, yields after
trivial modifications that also
Nl F;_(S) = E;l [|X0'/\(T—‘r/\s) - Y‘r/\s” s (310)

is increasing. We did not use the particular structure of pR°° there.

Remark 3.6. There may be many other interpolating functions (which must coincide when 7 = 7* of course).
For example, if we replace (1 A s) = pR° A (T — 7 A 5) by

o5, 5) = 1o ifr<s
’ PR A(T = 5) else

Root

and then define

Fr(s) := Eﬁ [ Xocrs) — Yeasl] forsef0,...,T}, (3.11)
we have F7(0) = ~U,nr(y) and F'(T) = —E} [prk,,,,,(Yr)]lKT + U,l(YT)]lrzT], for each stopping time 7 €
[0, T]. This function can be seen to be increasing for each such 7 and constant for 7*.

3.3. The Rost case as a consequence of the Root case. Emboldened by the results in the Root case, we
could proceed to establish (2.3)-(2.4) in a SSRW setting via interpolating functions as well. It is much more
illuminating and elegant, however, to deduce the Rost case from the Root one. We thus keep the notation
as in the previous part.

Proposition 3.7. For each x,y, T, any stopping time 7 for Y such that E,[|Y-|] < oo, and every {0,...,T}-
valued stopping time o for X, we have

Ey [lx = Yol = lx = Yrarl]l < Ef[

X(r_ Y‘rl_lXO'_yl]~ (312)
Suppose furthermore that
T=inf{te N: (T -1t,Y,) ¢ D}, (3.13)

and that o = pR°° A T. Then there is equality in (3.12).
Proof. We first prove the inequality

]Ey [|x - Y‘rl - |X - Y‘r/\T|] < E; [|X0' - Y‘rl - |Xo'/\(T—T/\T) - YT/\Tl] . (314)
This follows, on the one hand, by

Ey [(x =Y = lx=YearD) L7l =0 < E; [(|X(r =Y - |X(7'/\(T—T) - Y‘rl) ]]-T<T] s
where the inequality follows by Jensen’s inequality and optional sampling. Similarly we also conclude by
Jensen and optional sampling that
IE'y [(lx - Y‘rl - |)C - YT/\T|) ]lTZT] < E;( [(lXO' - Y‘r| - |XO - YT|) ]lTZT] .

We furthermore note that considering F. as defined in (3.10) for the choice 1 = §, we have that the r.h.s.
of (3.12), resp. of (3.14), coincides with ]Ef [ Xe = Yel] = FZ(0), resp. E; [IXe = Y|l = FZ(T). We can now
conclude from Remark 3.5, stating that F}. is increasing, the desired result (3.12).
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In the case o = pR?°" A T and 7 fulfilling (3.13), we obtain that F;mer
by (3.13), which by Lemma 3.3 is constant. So to conclude we must show that

Ey [Ix = Yel =[x = Yerrll = B [[Xpponr — Yol | = F(T).

= F;AT =F" =Fon[0,T],

Root \T

We can use the arguments in Remark 3.1 resp. 3.2 to obtain
By [(x = Yol = x = Yeurl) Teer] = 0 = Y [(IXprornr = Yl = [Xpponir_r) = Yel) Lecr ]
Similarly also
By [(1x = Yel = x = Yeurl) Tear] = B [(Xprornr = Yel = 1Xo = Yrl) Lot |,
which concludes the proof. O

A discrete time version of the Rost optimal stopping problem (2.3)-(2.4) can now be established as a
consequence of Proposition 3.7. A Rost continuation set is a set D®* C N x Z satisfying

o If (t, m) € D% then for all s > ¢ also (s, m) € DR,
Given such a set for each fixed T € N we may define D := {(T — t,m) : (t,m) € DR} which is a Root
continuation set to which the previous result is applicable. Let us introduce
PR = inf{t e N : (T —1,Y,) ¢ D} = inf{t e N : (1,Y,) ¢ D). (3.15)

and let pRo" (resp. pR°') denote the law of a SSRW started with distribution A and stopped at time p***'
(resp. pRoS" A T'). We assume uniform integrability of (Ypm ,\,)

teN’
Corollary 3.8. We have
o (%) = U o (x) = B [ (U = Us) (X)) (3.16)
= sup E* [(Uysor = Un) (Xo)]. (3.17)

where the optimizer is given by
o = pRP AT =inf{t e N (T —1,X,) ¢ DRy A T.

Proof. Fory € Z let us first consider Yy = y, i.e. 4 = ¢,. Consider Proposition 3.7 for the stopping time
Rost
T=p"" As

By [l = Yol = Ix = Yozl = = (Upnos (1) = Upon ().
E; (X, = Yel = [Xp = )] = =B*|(Upon = U2) (X)),
due to (3.12) we then have
Upron(x) = U o (x) < sup E* (Ut = Ua) (Xo)].
To prove (3.16) we note that 7 = pR°% satisfies (3.13). Thus, for o = o, we have equality in (3.12) which

is precisely (3.16) and furthermore also gives (3.17). As this is true for arbitrary y € Z, the extension to
general A is clear due to identities of the form E7 [|X, — Y:[] = X,ez Ej [I1Xo — Y71 A({¥D. o
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4. THE MULTIDIMENSIONAL CASE

We have established (2.1)-(2.4) for the integer lattice in one dimension. We shall extend this to the
setting of the d-dimensional integer lattice Z¢ for d arbitrary.
Let Z be a SSRW on Z¢ and let

2€Z% Gu(z) = B [#{r<n:Z =z},

denote the expected number of visits to site z of Z started in the origin, prior to n. We then consider the
so-called potential kernel of the SSRW

z€Z% a(z) = lim G,(0) — Gu(2),

which is finite in any dimensions and has the desirable property that
1 ’
a@) = Lo + 7 ;a(z ). @.1

Here 7/ ~ zif 7’ is an immediate neighbour of z (corresponding to moving away from z along one coordinate
only, so there are 2d of them). From this follows that (a(Z;)),sy is @ (Markovian) submartingale and by

induction
n—1

Ela(Zin)IZ:) = a(Z,) + Z P(Z+¢ = 0|2)), 4.2)
=0
which is an identity we will repeatedly use. In the transient case (d > 3) we have that a is just the negative
of the expected number of visits to a point up to an additive constant. In the one dimensional case we have
a(-) =|-|. We refer to [9, Chapter 1] for a review of these concepts/facts.
We first observe that owing to (4.1) the core argument (3.3) in Section 3.1 is still valid, so for s €
{1,...,7})

E} [a(X7r—s = Y\ = Ef [a(X7—s = Ys-1) + 1y, =y, | = B} [a(X7—s-1) = Yi-1)] -

We shall see that all the computations we did using z — |z| in the one-dimensional case are still valid for
the potential kernel a. For a measure v on Z¢ let

Av(Qy) = - fa(y — x)v(dx).

As in the previous section, we denote by X, Y two independent SSRW in Z¢.

Proposition 4.1. Let A be a starting distribution in Z¢ and DR (resp. DR%") be Root-type (resp. Rost-type)
continuation sets in Z**'. Denote by % resp. ;/Te”"’ the law of a SSRW started with distribution A and

stopped upon leaving DR resp. DR ﬂ({O, T =1} x Zd) (analogously for i***" and pf*'), and assume
that the SSRW stopped when leaving DR (resp. DR°%') is uniformly integrable. Then

AL () = By [Ap o (Vo) T g + AA(Ye) Loy | 4.3)
= sup By [A 4R (V) Ly + AAYo) Lot | (4.4)
7<T

where the optimizer is T* = inf{t e N : (T —1,Y;) ¢ DR} AT, and

AR () = A (x) = B (A" - A2) (X)) (4.5)
= sup B (A" - A.2) (X)), (4.6)
7<T

where the optimizer is T, := inf{t e N : (T —1,X,) ¢ DR} A T.

Proof. Let us first prove (4.3). In analogy to the previous section, we define an interpolating function

F(s) = B} [a(Xpmong—rny = Yrns)| forselo,...,T) 4.7)
Then clearly F(0) = —A.u%”(y) and also

F(T) = B [a(Xpporpr-ry = Ye) Lo ap] = By[A.A (Ye) L7 ].
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If we establish —E} [a(X g n(7—r+y) = Yo ) 1poc] = By[Auf (Yr) 17 o7] then (4.3) is implied by F being
constant. Clearly it suffices to show that

A A
ENa(Xr—r = Ye) Lo e ponsyr] = B {a(Xppon = Yo ) Lo e pponsyre]-

Indeed
E;l [a(XpRoul — YT‘)I]-T*<T,pR”‘”>T7T*]
= B} [E} [a(X o = Ye) Lo cp prows—e- [Xo. ... X7, Yo, ... Yoo
pR‘""*l
= B! |a(Xr—r = Ye) + Z IP’(XS = Y |Xo,....Xr. Yo, .., YT_I)] ]1T*<T,pR(,,,,>T_T*}
s=T-1*
=B} [a(Xr—r- = Ye) Lo cp proorsy—r | (4.8)
where the last line holds since, given {Xy, ..., X7, Yy,...,Yr_1}on {t* < T, pfo°" > T — 1},

We now prove that F' is indeed constant. First we observe that

A A
F(s) = B} |a(Xppoonq—ens) = Yens)| = B [a@moon—rns) = Yernts-1)) + Lx g,y =Yooz -

To see this we consider the two cases {7* < s} and {t* > s} separately. While the former case is clear, on
the latter we apply (4.2) where we condition on {Xy, ..., X7—s, Yo, ..., Ys_1}. Analogously but by splitting
into {7* < s} U {pR° < T — s} and {t* > 5,pR% > T — s} we obtain

A
F(s = 1) = B} [a(X o nr—r-as-1y) = Yeonis)]
A
= E}, [a(XpRom/\(T_T*/\S) — YT*/\(s—l)) + lXpRmz,\(T,”:Y;f],T*Zs,pR””’>T—S] .

We conclude by observing that the two appearing indicator functions are equal, since on {Xrowpr—_g) =
Y1, 7" > s} we must necessarily have pR"”’ >T —s.
To show (4.4) define the multi dimensional equivalent of (3.9), that is for a {0, ..., T'}-valued Y-stopping
time 7 define
F(s) = B} [a(Xymonq—rns = Yeas)| fors€f0,....T). (4.9)

Then clearly F7(0) = —A.,u’;"”’ (). Again we can use (4.2) to show that F" is increasing and furthermore
FT(T) < —By [ (V) Loy + ANV Lot |

The Rost case can be derived from the Root case by analogous arguments as in Section 3.3. A multidi-
mensional version of Proposition 3.7 can be proved verbatim replacing the absolute value by the function a
and the Jensen arguments by submartingale arguments. The equality case follows from (4.2) exploiting the
barrier structure as is was done for (4.8). m]

5. FroM THE RANDOM WALK SETTING TO THE CONTINUOUS CASE

While the passage to continuous time is in essence an application of Donsker-type results, we will give a
more elaborate explanation using arguments established by Cox and Kinsley in [5] for the one-dimensional
case. We note that all results and arguments in Section 3 are invariant under uniform scaling of the space-
time grid. Thus for each N € N we can consider a rescaled simple symmetric random walk YV with

space step size LN and time step size # as it is done in [5]. The authors discretise an optimal Skorokhod

embedding problem, an (SEP) featuring the following additional optimisation problem

inf  E[F(B.,1)]. (OptSEP)
7 solves (SEP)

It is known that for any convex (resp. concave) function f : R, — R, the (OptSEP) with F(B.,1) = f(1)
is solved by a Root (resp. Rost) solution, see e.g. [1]. It is emphasised that the stopping time and the
continuation set depend on the measures A and y alone and not the specific choice of f.

Let D be a Root (resp. Rost) continuation set and consider the corresponding measure u = u*° (resp.
u = pResty, Following [5] we obtain for each N € N a discretisation y" of u such that g¥ — u and
moreover A" and " are in convex order. Similarly a discretisation A" of A can be found such that AV — A.
The authors then propose and solve a discretised version of the (OptSEP) for AV and uV. The optimiser
will again be of Root (resp. Rost) form, given as the first time a (scaled) random walk YV leaves a Root
(resp. Rost) continuation set DV. Let DV denote a time-continuous and rescaled completion of the discrete



10 J. BACKHOFF, A.M.G. COX, A. GRASS, AND M. HUESMANN

continuation set DV. In [5, Chapter 5] the authors then prove convergence of DV to D. We note that in
the more general setting considered in [5] a recovery of the initial continuation set D is not guaranteed.
However, in the Root case this follows due to [10]. An analogous uniqueness result for Rost solutions is
also true, see e.g. [7] for a generalization.

By convergence of the continuation sets it is easy to see that for every T > 0 we have u — pur.
As convergence of measures implies uniform convergence of potential functions, Uy = Uy, we have
established convergence of the L.h.s of (3.1) to the Lh.s of (2.1).

Let (Wt(N ))z>0 denote the continuous version of the rescaled random walk YV. To avoid heavy usage of

floor functions, we will assume 7' € [ := {zﬂ im,n € N}. If limits are then taken along the subsequence

(YZ")%N (resp. (W(Z"))%N) there exists an Ny € N such that 7 will always be a multiple of the step size

% for all n > Ny. For arbitrary T > 0 the results can be recovered via density arguments. We define the

following stopping times
#V* = inf{r e N: (NT —¢t,Y") ¢ DV} A NT,
NV =inf{t>0: (T -1, W) g DV} AT, (5.1
T =inf{t>0:(T-t,W,) g D} AT,

~
|

and the functions
G (x,1) 1= Uy(0)lyar + Up(x) Lyt
Gh(x, 1) == Un()Ler + U (X)o7

The rescaled results of Section 3 then read

U (x) =E* [G{, (YNN %)] (3.1%)
= sup E* [G{V (Y;V, %)] . (3.2%)

-
E<r

Or, as (YN ﬂ) = (W;f,?, ?N*) we consider (3.1%) in WV-terms

N> N

Un(x) =E|GL (WS, 7). (3.1%%)

7

By Lemma 5.5 and 5.6 of [5] we know (Wg,yf, ‘T'N*) ﬁ) (W, ") as N — oo. To see convergence of (3.1%%)
to (2.1) we need to show
E*[IG} (W, 7)) - G (W, T
<B[IGk (WO, 7) = 6T (Wi, #%) | + E*[I67 (W, #%) - 67 (W, 7 1] 50

Convergence of the first term is clear due to the fact that uniform convergence of the potential functions
implies uniform convergence of Glf, to G”. Thus it remains to show convergence of the second term. Note
that G7 is usc, so it suffices to show that

E[GT(W,.,7%)] < lim inf E* [T (Wil 2] (5.2)
For this, given £ > 0 consider the auxiliary function
Go(x,1) := Up(0)Lyer—g + Up(0) L7 parer
Then for any random variable X and stopping time 7 we have
B [I6T(X.1) - G*(X. || < ¢ Plr e (T - & T)].
Combining this with the fact that G? is Isc and dominating G” we get
E*[GT (We, 79| < lim lim nf E|Ge (Wi, #%))

<yt [ € [0 (02



SWITCHING IDENTITIES BY PROBABILISTIC MEANS 11

Thus we are left to show that limg\ o lim infy_,o P Nt e (T — &, T)] = 0. To more easily see the arguments
involving specific barrier structures, we consider the following stopping times
oY =inf{t > 0: (T —1, W) ¢ DY} = inf(r > 0 : (1, W) ¢ DV},
=inf{r>0: (T —t,W,) ¢ D} =inf{t > 0: (1, W,) ¢ D},

where DV resp. D is the Rost continuation set we obtain by reflecting DV resp. D along { } x R. By [5,
Chapter 5] we know that p" —> p. Note that we have p ]l,—,N<T =7V 1.vp. For 0 < T < T consider

x_:=suply < x: (T,y) € D},

Xy :=inf{y > x : (T,y) € D).
Since D is a Rost continuation set and p is its Brownian hitting time, we have

Plp=T]=P[W; € {x_,x,}] =0
So, especially for any € > 0 we have P[p = T — €] = P[p = T] = 0. Altogether we have
lim lim inf ? [ e(@-e1)]= lim lim inf ? 7" e (@ -&1)|= lim P [pe (T -¢&T)=

which concludes the proof of (5.2), thus the proof of convergence of (3.1%%) to (2.1). It only remains to
show (2.2). So let T be an optimiser of (2.2). Lemma 5.2 in [5] then gives a discretisation & of T for which
Y, S Weand & 5 7

To obtain the other inequality, for € € I define the function

G~}EV(X, D= Un)licr—e + U () Lr_ss<rs

and by #2* resp. 7% consider the respective stopping times defined in (5.1), replacing 7 by T — &. Then

X T X T = 1 x| Ae =
igE [G (WT,T)] -E [G (Wf,r)] —l{%E [G (Wf,r)] (5.3)
X & N &N X & N T
< limliminf E G Y~N, — || < limliminf sup E [G (YT R —)] 5.4)
e\0 N—ooo N eN0 N—oo o7 N
T :I\.N*
< B{n 111{,IL1£f Ts<qu£E" [GT € (Yf’ , N)] = E{% 111521£fE)‘ [G]{, € (YfVN ., ]EV )] (5.5)
1 X T-¢ * 1 _ _ T %
= limE |67 (W, 72)| = lim Uy, () = Uy, (v) = B [G" (We, 7). (5.6)

The fact that lim\ o P [T € (T —¢&,T)] = 0 gives (5.3) and that G is ls.c gives (5.4). To see (5.5) consider
the function

Hy(x, 1) := U () Lier—e + U () 1 7—esi<r-
Then HF (x, 1) 2 G3,(x, 1) for all (x,#) € R x [0, T] and trivially

-
E*|G; (YN,—)] < sup E* [HE (YN,—)].
;lg [ U NIEEE TN

2

3 £
Let (Z);»0 be a martingale, then (H 5 (Zs, t))[E[T_S’T]
concave function. So for any stopping time T we have

= (Uw (Z))serr-e1 18 @ supermartingale as U,y is a

E*|Hy (Zenr-s.T AT = 8))| 2 B [Hy (Zer. T A T))]. (5.7)

We see that no optimiser of Sup- 7 E* [H‘9 (Yf’ , X,)] will stop after time T — &, as this would decrease the
value of the objective function. So we have

T T
su EX[HE (Yﬁv,—)]: su EX[HS (Yiv,—)
i B ) i N

.
= sup E* [GT_S (Yiv, —)
v<T-¢ N N

N

As we know that #%* is the optimiser of this optimal stopping problem, (5.5) follows. Lastly, (5.6) is due to
the convergence result of (3.1*) to (2.1).
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To prove convergence of the Rost optimal stopping problem replace the functions G’ and GZ, above by
the following functions

G (x,1) = G(x) 1= Up(x) = Up(),
Gr(x,1) = Gy(x) = Up(x) = Upn ().

We can now derive our convergence results analogous to the Root case.

6. PERSPECTIVES

We illustrated the elusive connection between Root and Rost’s solutions to the (SEP) and optimal stop-
ping problems. Specializing to the simplest possible setting, this note restricts itself to the case of SSRW
and Brownian motion. In a recent article by Gassiat et. al. [13] the analytic connection between Root so-
lutions to the (SEP) and solutions to optimal stopping problems was established for a much more general
class of Markov processes. This suggests that our probabilistic arguments would also hold in this gener-
alised setting. The extension to more general martingales should follow via analogous arguments to the
extension made in Chapter 4 by using the appropriate potential kernel, however for non-martingales some
arguments need to be replaced.
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