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Exercise Sheet 2— The Stochastic Integral

Throughout, you should assume that I, is a real-valued, standard Brownian motion with
Wy =0.

2.1:

2.2:

2.3:

2.4:

2.5:

2.6:

Show from the definition of the It6 integral that:

t t
/ sdWy =tW, — / W, ds.
0 0

[Hint: for a,b, ¢, d, show bd — ac = a(d — ¢) +d(b—a).|

(a) Let II" be a sequence of partitions of [0, T]. Show that
T
Z Wti (Wti+1 - Wti)Q — / W, dt
i 0

in £%(P) as the mesh of the partition tends to zero.
(b) Show that
Z(WtH-l - Wti)3 —0

7
in £%(P) as the mesh of the partition tends to zero.

(c) Hence find an expression for fot W2dW,. [Hint: (b —a)® = b* — a® — 3a®(b —
a) — 3a(b — a)*.

Prove [i)Hw)] of Lemma [3.3] for simple processes. Using Corollary [3.6] show that all
these properties, except for path continuity, extend to general ¢ € V.

A result of 1t6 gives the following formula for the iterated It integral:

t Un Un—1 Up—1 tn/g W,
/ / / / AWy AWy, ... AWy, = — 1y, <_f) ,
Un=0 JUp_1=0 Ju,_2=0 u1=0 n. \/E

where h,, is the Hermite polynomial of degree n, given by

ho(z) = (—1yres/2 [efﬁ/ﬂ .

dx™
Find hg, hq, ..., hs and verify that this is true up to n = 3.

Suppose p, 1) € V. Show that

E{/Otsoudwu/;wudwu} =E{/Otsouwudu}

Directly from the definition of the Stratonovich integral find fot W, odW, and fot W2o
dw,,.

Please e-mail any comments/corrections/questions to: a.m.g.cox@bath.ac.uk
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2.7: Let ¢ € V be a function which varies smoothly in ¢, in the sense that there exists
K,e > 0 such that:
E [l¢: —psl’] <t —s|'*
for 0 <s,t <T.

Show that in this case,
T
/0\ Pu qu = hg{n Z QOt: (Wti+1 - Wtz)

where the limit on the right-hand side is in probability, and is taken along partitions,
IT with ||IT|| — 0, and ¢} is any choice of t € [t;,t;41]. [Hint: Show convergence in
L'(P), which implies convergence in probability.]

Hence deduce that in this case the [to and Stratonovich integrals coincide.

2.8: [Hard]: In this section, we use a result from Martingale Theory to show that the
Ito integral has a modification with continuous paths.

(a) A process X; is called a martingale if (i) E[|X;|] < oo for all £ > 0; (ii) X, is
adapted; (iil) E [X¢|F,] = X; for all t > s.

Show that if o € S, then fg s dWy is a continuous martingale.

(b) Doob’s Martingale Inequality states that if M, is a martingale with continuous
paths, then for all p > 1,7 >0 and A >0

1
P ( sup |M,| > )\) < EEHMTV’].

0<t<T
Using this result, show that if ¢" € § is a sequence of simple integrands
approximating ¢, and I}’ := f(f o dW,, then there exists a subsequence ny
such that

P ( sup [I* — %] > 2"“) <27k,

0<t<T

(c) By applying the Borel-Cantelli Lemma, show that for ¢ € V, then [, :=
fot v, dW, has a continuous modification.

Please e-mail any comments/corrections/questions to: a.m.g.cox@bath.ac.uk



