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EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME

By A. M. G. Cox AND G. PESKIR
University of Bath and The University of Manchester

We present a constructive probabilistic proof of the fact that if B =
(Bt)¢>0 is standard Brownian motion started at 0, and j is a given probability
measure on R such that ;£ ({0}) = 0, then there exists a unique left-continuous
increasing function b: (0, 00) - R U {400} and a unique left-continuous
decreasing function c: (0, 00) — R U {—o0} such that B stopped at 7}, =
inf{r > 0| B; > b(t) or B; < c(t)} has the law . The method of proof relies
upon weak convergence arguments arising from Helly’s selection theorem
and makes use of the Lévy metric which appears to be novel in the context of
embedding theorems. We show that 7, . is minimal in the sense of Monroe
so that the stopped process B™:¢ = (Btaz, .)r>0 satisfies natural uniform in-
tegrability conditions expressed in terms of 1. We also show that 7, . has the
smallest truncated expectation among all stopping times that embed p into B.
The main results extend from standard Brownian motion to all recurrent dif-
fusion processes on the real line.

1. Introduction. A classic problem in modern probability theory is to find
a stopping time t of a standard Brownian motion B started at zero such that B
stopped at T has a given law w. The existence of a randomised stopping time
for centred laws p was first derived by Skorokhod [22], and the problem is often
referred to as the Skorokhod embedding problem. A few years later Dubins [8]
proved the existence of a non-randomised stopping time t of B that also holds for
more general laws . Many other solutions have been found in subsequent years
and we refer to the survey article by Obt6j [15] for a comprehensive discussion
(see also [9] for financial applications and [11] for connections to the Cantelli
conjecture).

Solutions relevant to the present paper are those found by Root [19] in the set-
ting of B and Rost [20] in the setting of more general Markov processes and initial
laws. Root [19] showed that T can be realised as the first entry time to a barrier,
and Rost [20] showed that T can be characterised in terms of a filling scheme dating
back to Chacon and Ornstein [4] within ergodic theory (see also [7] for a closely
related construction). Subsequently Chacon [3] showed that a stopping time aris-
ing from the filling scheme coincides with the first entry time to a reversed barrier
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under some conditions. The proof of Root [19] relies upon a continuous mapping
theorem and compactness of barriers in a uniform distance topology. The methods
of Rost [20] and Chacon [3] rely on potential theory of general Markov processes.
Uniqueness of barriers was studied by Loynes [12]. He described barriers by func-
tions of space. Reversed barriers can also be described by functions of time. Based
on this fact McConnell [13] developed an analytic free-boundary approach relying
upon potential theoretic considerations of Rost [20] and Chacon [3]. He proved the
existence of functions of time (representing a reversed barrier) when p has a con-
tinuous distribution function which is flat around zero. He also showed that these
functions are unique under a Tychonov boundedness condition.

In this paper we develop an entirely different approach to the embedding prob-
lem and prove the existence and uniqueness of functions of time for general target
laws p with no extra conditions imposed. The derivation of 7 is constructive and
the construction itself is purely probabilistic and intuitive. The method of proof re-
lies upon weak convergence arguments for functions of time arising from Helly’s
selection theorem and makes use of the Lévy metric which appears to be novel in
the context of embedding theorems. This enables us to avoid time-reversal argu-
ments (present in previous approaches) and relate the existence arguments directly
to the regularity of the sample path with respect to functions of time. The fact
that the construction applies to all target laws p with no integrability/regularity as-
sumptions makes the resulting embedding rather canonical and remarkable in the
class of known embeddings. Moreover, we show that the resulting stopping time ©
is minimal in the sense of Monroe [14] so that the stopped process B* = (Biar)i>0
satisfies natural uniform integrability conditions which fail to hold for trivial em-
beddings of any law (see, e.g., [18], Exercise 5.7, page 276). We also show that the
resulting stopping time t has the smallest truncated expectation among all stop-
ping times that embed u into B. The same result was derived by Chacon [3] for
stopping times arising from the filling scheme when their means are finite. A con-
verse result for stopping times arising from barriers was first derived by Rost [21].
The main results extend from standard Brownian motion to all recurrent diffusion
processes on the real line. Extending these results to more general Markov pro-
cesses satisfying specified conditions leads to a research agenda which we leave
open for future developments.

When the process is standard Brownian motion, then it is possible to check that
the sufficient conditions derived by Chacon ([3], page 47), are satisfied so that
the filling scheme stopping time used by Rost [20] coincides with the first entry
time to a reversed barrier. If ;& has a continuous distribution function which is
flat around zero, then the uniqueness result of McConnell ([13], pages 684—690),
implies that this reversed barrier is uniquely determined under a Tychonov bound-
edness condition. When any of these conditions fails, however, then it becomes
unclear whether a reversed barrier is uniquely determined by the filling scheme
because in principle there could be many reversed barriers yielding the same law.
One consequence of the present paper is that the latter ambiguity gets removed
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since we show that the filling scheme does indeed determine a reversed barrier
uniquely for general target laws p with no extra conditions imposed. Despite this
contribution to the theory of filling schemes (see [3] and the references therein), it
needs to be noted that the novel methodology of the present paper avoids the filling
scheme completely and focuses on constructing the reversed barrier by functions
of time directly.

2. Existence. In this section we state and prove the main existence result (see
also Corollary 8 below).

THEOREM 1 (Existence). Let B = (B;);>0 be a standard Brownian motion
defined on a probability space (2, F,P) with By =0, and let ;v be a probability
measure on (R, B(R)) such that u({0}) = 0.

(D If supp() € Ry, then there exists a left-continuous increasing function
b:(0,00) — R such that By, ~ v where 7, = inf{t > 0| B; > b(t)}.

(I) If supp() S R_, then there exists a left-continuous decreasing function
c:(0,00) = R such that B;. ~ u where 1. = inf{t > 0|B; < c(t)}.

(III) If supp(n) N Ry # @ and supp(u) N R_ £ &, then there exist a left-
continuous increasing function b : (0, 00) — R U {400} and a left-continuous de-
creasing function c: (0, 00) — RU{—o0} such that By, , ~ u where tp = inf{t >
0|B; = b(t) or By < c(t)} (see Figure 1 below).

PrROOF. We will first derive (I) + (II) since (III) will then follow by combin-
ing and further extending the construction and arguments of (I) + (II). This will
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FIG. 1. An illustration of the reversed-barrier stopping time tp, . from Theorem 1 that embeds |
into B when supp(u) = [x1, 0] U [xp, x3] U [x4, 00).
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enable us to focus more clearly on the subtle technical issues in relation to (a) the
competing character of the two boundaries in (III) and (b) the fact that one of them
can jump to infinity. Neither of these technical issues is present in (I) + (II) so that
the key building block of the construction is best understood by considering this
case first.

(D) + (I) One-sided support: Clearly it is enough to prove (I) since (II) then
follows by symmetry. Let us therefore assume that supp(n) € R throughout.

1. Bounded support. Assume first that supp(u) C [0, 8] for some B < oc.
Without loss of generality we can assume that 8 belongs to supp(u). Let 0 = x5 <
X << x,’;n = B be a partition of [0, 8] such that max|<x<pm, (x; — x;_;) = 0
as n — oo (e.g., we could take a dyadic partition defined by x; = 2% B for
k=0,1,...,2", but other choices are also possible and will lead to the same re-
sult). Let X be a random variable (defined on some probability space) having the
law equal to u, and set

my
2.1) Xp=Y x{I(xj_; <X <x})
k=1

for n > 1. Then X,, — X almost surely, and hence X;, — X in law as n — co. De-
noting the law of X,, by u,, this means that u, — u weakly as n — oco. We will
now construct a left-continuous increasing function b, : (0, co) — R taking val-
ues in {x{, x5, ..., x,’jin} such that 7, = inf{t > 0| B; > b, (t)} satisfies By, ~ u,
forn > 1.

1.1. Construction: Discrete case. For this, set p; = P(x{_; < X < x}/) for
k=1,2,...,m, with n > 1 given and fixed, and let k| denote the smallest k in
{1,2,...,my} such that p > 0. Consider the sequential movement of two sample
paths t — B; and ¢t — x,’jl as t goes from O onwards. From the recurrence of B
it is clear that there exists a unique #{' > 0 such that the probability of B hitting
xi, before 1] equals pj . Stop the movement of # — x;’ at 7{', and replace it with
t— x,’jz afterwards where kj is the smallest k in {k; + 1,k; + 2,...,my} such
that py > 0. Set b,(¢) = x,’jl for ¢ € (0,t]'], and on the event that B did not hit
by on (0, t}'], consider the movement of ¢ — B; and t > x,fz as t goes from #}
onwards. From the recurrence of B it is clear that there exists a unique ¢y > t{
such that the probability of B hitting x; before 75 equals pj . Proceed as be-
fore, and set b, (t) = xfz for t € (¢}, t]. Continuing this construction by induction
until #' = oo for some i < m, (which clearly has to happen) we obtain b, as
stated above. Note that b, (1) = x,’jl for t € (0, #]] with x,’:l — o =: minsupp(u)
as n — oo and b, (1) = x,, fort e (t'_,, 00) since X, = B = maxsupp(u) by
assumption.

1.2. Construction: Passage to limit. In this way we have obtained a sequence of
left-continuous increasing functions b, : (0, 00) — [«, 8] satisfying b, (0+) — «



EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME 2485

asn — oo and b, (+00) = B for n > 1. We can formally extend each b, to (—o0, 0]
by setting b, (t) = b, (0+) for t € (—1,0] and b, (t) = 0 for ¢ € (—oo, —1] (other
definitions are also possible). Then {b,|n > 1} is a sequence of left-continuous in-
creasing functions from R into R such that b,,(—o00) = 0 and b, (+o00) = g for all
n > 1. By Helly’s selection theorem (see, e.g., [1], pages 336-337) we therefore
know that there exists a subsequence {b,, |k > 1} and a left-continuous increas-
ing function b:R — R such that b,, — b weakly as k — oo in the sense that
by, (t) — b(t) as k — oo for every ¢ € R at which b is continuous. (Note that since
by (t) = by (0+) — « as n — oo for every ¢ € (—1, 0] it follows that b(0) = o by
the increase and left-continuity of b.) Restricting b to (0, oo) and considering the
stopping time

(2.2) 1 =inf{r > 0| B, > b(1)},
we claim that B;, ~ p. This can be seen as follows.

1.3. Tightness. We claim that the sequence of generalised distribution func-
tions {b,|n > 1} is tight (in the sense the mass of the Lebesgue—Stieltjes mea-
sure associated with b, cannot escape to infinity as n — 00). Indeed, if ¢ > 0 is
given and fixed, then §, := w((B — &, B]) > 0 since B belongs to supp(u). Set-
ting g = inf{r > 0| B; > B} we see that there exists 7, > 0 large enough such
that P(tg < t;) > 1 — &;. Since b, < B and hence 75, < 75 this implies that
P(tp, <tg) > 1—5; forall n > 1. From the construction of b, the latter inequality
implies that b, (f;) > B — ¢ for all n > 1. Recalling the extension of b, to (—o00, 0]
specified above where b,,(—1) =0, it therefore follows that

(2.3) bn(ts) - bn(_l) > ﬁ — ¢

for all n > 1. This shows that {b, |n > 1} is tight as claimed. From (2.3) we see that
b(+00) = B and b(—o0) = 0 so that the Lebesgue—Stieltjes measure associated
with b on R has a full mass equal to g like all other b, for n > 1. Recalling
that b(0+) = o we see that the Lebesgue—Stieltjes measure associated with b on
(0, 00) has a full mass equal to 8 — «. For our purposes we only need to consider
the restriction of b to (0, 00).

1.4. Lévy metric and convergence. If b and c are left-continuous increasing
functions from R into R such that b(—o0) = c(—o0) = 0 and b(+00) =
c(+00) = B, then the Lévy metric is defined by

(24)  d(b,c)=infle >0b(t —e) —e <c(t) <b(t +¢)+¢ forallr € R}.

It is well known (see, e.g., [1], Exercise 14.5) that ¢,, — b weakly if and only if
d(b, cy) — 0 as n — oo. Defining functions

(2.5) be(t):=b(t—¢)—e and b°(t):=b(t+¢)+¢



2486 A.M. G. COX AND G. PESKIR

for r € R, we claim that

(2.6) T, 1 W P-a.s.,
2.7) e | Tp P-a.s.

as ¢ |, 0, where in (2.6) we also assume that b(0+) > 0.

PROOF OF (2.6). Note first that b,y < b,» < b so that o, < Thy <Tp for ¢’ >
¢” > 0. It follows therefore that 7, :=lim, o 1p, < 7p. Moreover by definition
of 1, we can find a sequence 6, | 0 as n — oo such that By, +5, = be(tp, +
8,) =b(tp, — € +6,) — ¢ for all n > 1 with & > 0. Letting n — oo it follows that
By, > b((tp, —&)+) —& = b(tp, — &) —& = b(1p, —&0) — € forall € € (0, &9) with
&o > 0 given and fixed. Since b is left-continuous and increasing, it follows that b
is lower semicontinuous and hence by letting ¢ |, O in the previous identity, we find
that By, > liminf, o(b(tp, — &0) — &) > b(liminf, o T, — €0) = b(7p_ — &) for
all g9 > 0. Letting &o | O and using that b is left-continuous, we get By, > b(tp_).
This implies that 7, < 15_, and hence 15, = 13 as claimed in (2.6) above. [J

PROOF OF (2.7). Note first that b < be < b so that Ty < Ty < Tper for
¢’ > ¢’ > 0. It follows therefore that 7, < 7+ := lim, ¢ 75¢. Moreover setting

(2.8) op = inf{t > 0|B; > b(t)},

we claim that

(2.9) Tp = 0p P-a.s.

so that outside a P-null set we have B; > b(t,) for some t, | 75 with#, > 75. Since

b is increasing, each #,, can be chosen as a continuity point of b, and therefore there

exists ¢, > 0 small enough such that B; > b*(t,) = b(t, +¢&,) +&, > b(t,) for all

n > 1. This shows that t,+ < ¢, outside the P-null set for all n > 1. Letting n — 00

we get 7,+ < 1 P-a.s. and hence t,+ = 15 P-a.s. as claimed in (2.7) above. [J
PROOF OF (2.9). Let us first introduce

(2.10) Tpte = inf{z > 0| B, > b(r) + ¢},

and note that 754 := limg o T4, = 0p as is easily seen from definitions (2.8)
and (2.10). Next introduce the truncated versions of (2.2) and (2.10) by setting

2.11) ) =inf{t > 8| B, = b(1)},
(2.12) ©)., =inf{t > 8| B, > b(t) + ¢}

with § > 0 given and fixed. Note that rlf < rg+€, < rngs/, for ¢” > ¢’ > 0. It follows
therefore that rg < rl‘f L= limg o rg - To prove that

(2.13) ) = rl‘f+ P-a.s.
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it is enough to establish that
(2.14) P(t), > 1) <P(z) > 1)

for all + > 0. Indeed, in this case we have E(tgJr AN) = fON P(r;f+ > t)dt <

fON P(tlf > t)dt = E(‘L'g A N) so that r,f+ AN = t,f A N P-as. for all N > 1.
Letting N — oo we obtain (2.13) as claimed. Assuming that (2.13) is established,
note that

0p = Tps = limTpse = limlim 72, . =limlimt}, . = limt’
b=tk = 000 e T L0510 bTE T 510640 bTE T sy0 bt
(2.15)
=lim rl‘j =1 P-a.s.,
810

where we use that ¢ — r[f+8 and 6 — r;jJFS are decreasing as ¢ |, O and § | O so
that the two limits commute. Hence we see that the proof of (2.9) is reduced to
establishing (2.14). [J

PROOF OF (2.14). Note by Girsanov’s theorem that
1) . B . s
P(ty, >1)= P(Eﬂ} Tpop > t) < EF& P(tppe > 1)

= hil(} P(Bs < b(s) + ¢ forall s € (8, 1])
&€

B
(2.16) = iﬁ}P(BS —/ §1<05r <8)dr <b(s) forall s € (8,1‘])
0
er s
= imE[%I(BS —f Hf dr < b(s) forall s € (5,;])}
10 LEF 0

= Siﬁ)lﬁ ?I(ES < b(s) forall s € (8, z])],

where HS = $1(0 <r <§) and SITLIE = exp(fOT HfdB, — %fOT(Hf)zdr) SO
that dP = &F°dP and 1/EF° = exp(— [y HfdB, + 1 [y (H)?dr) =
exp(— fy HEdB, — 4 [ (HP)?dr) = exp(—& Bs — 15) with By = B, — [§ H; dr
being a standard Brownian motion under P for s € [0, T']. From (2.16) it therefore
follows that

( s l’)<l E| (——8B ——1—8 )I(B b( )f 1196(6 l‘])\
I T > 1m €X < \) ora
b-‘r —_ S‘LO p 8 ) 2 S N 9’

(2.17)
=P(By < b(s) forall s € (8, 1]) =P(z} > 1)

using the dominated convergence theorem since Ee!%5! < oo for ¢ > 0. This com-
pletes the verification of (2.14), and thus (2.7) holds as well. [For a different proof
of (2.14) in a more general setting, see the proof of Corollary 8 below.] [
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1.5. Verification. To prove that t;, from (2.2) satisfies B, ~ w, consider first the
case when b(04) > 0. Recall that b,, — b weakly and therefore d(b, b,,) — 0 as
k — oo where d is the Lévy metric defined in (2.4). To simplify the notation in
the sequel, let us set by := by, for k > 1. This yields the existence of g | 0 as
k — oo such that b, (1) < b (t) < b**(¢) for all t > 0 and k > 1 [recall that b,
and b% are defined by (2.5) above]. It follows therefore that The, < Thp < Ttk
for all k£ > 1. Letting k — oo and using (2.6) and (2.7) above, we obtain 7, =
limyg 5 0 Ty, < liminfy_, oo Ty, < limsupy_, o, Ty, < limg_ o0 Tpex = 75 P-a.s. This
shows that 7, = limy_, o 75, P-a.s. and hence B, = limy_, o BTbk P-a.s. Recalling
that bek ~ pu for k > 1 and that uy — p weakly as k — oo, we see that B, ~ i
as claimed.

Consider next the case when b(0+) = 0. With § > 0 given and fixed set b=
bv s and bfl :=b, Vv forn > 1. Since by — b weakly we see that b,‘z — b weakly,
and hence by the first part of the proof above [since b%(0+) = § > 0] we know that
Ty = Tpd P-a.s. so that Brb;z — beB P-a.s. as k — o0o. Moreover, since Ty = Toy

and 7,5 — 15 as § | 0 we see that

(2.18) bei — bek and Br,,s — By,
as 6 | 0. From the fact that the first convergence in P-probability is uniform over
all £ > 1 in the sense that we have

(2.19) sup P(By ; # By, ) <sup i ((0,8]) < 1((0,8]) = 0
k=1 b T k1

as § | 0, it follows that the limits in P-probability commute so that

(G200 B =0 P = MR P, = R 00 B = P

Recalling again that By, ~ ik for k > 1 and that u; — u weakly as k — oo,
we see that By, ~ p in this case as well. Note also that the same arguments show
[by dropping the symbol B from the left-hand side of (2.19) above] that 7, =
limy_, oo Tp, in P-probability. This will be used in the proof of (III) below.

2. Unbounded support. Consider now the case when sup supp(u) = +o00. Let
X be a random variable (defined on some probability space) having the law
equal to u, and set Xy = X A By for some By 1 0o as N — oo such that
w((By —e, Bn]) > 0foralle > 0and N > 1. Let N > 1 be given and fixed. Denot-
ing the law of X by uy we see that supp(uy) C [0, By] with By € supp(un).
Hence by the previous part of the proof we know that there exists a left-continuous
increasing function by : (0, c0) — R such that B,bN ~ upn. Recall that this by is
obtained as the weak limit of a subsequence of the sequence of simple functions
constructed by partitioning (0, Bx). Extending the same construction to partition-
ing [Bn, Bn+1) While keeping the obtained subsequence of functions with values
in (0, Bn), we again know by the previous part of the proof that there exists a left-
continuous increasing function by 1 : (0, c0) — R such that BUJN+1 ~ un+1. This
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by+1 is obtained as the weak limit of a further subsequence of the previous sub-
sequence of simple functions. Setting ¢ty = inf{t > 0|by(t) = By} it is therefore
clear that by 1(t) = by (¢) for all ¢ € (0, #y]. Continuing this process by induction
and noticing that 7ty 1 oo as N — 00, we obtain a function b: (0, 7o) — R such
that b(¢) = by (¢) forall t € (0, 5] and N > 1. Clearly b is left-continuous and in-
creasing since each by satisfies these properties. Moreover we claim that ¢, must
be equal to +-o0. For this, note that P(B, < x) = P(BTbN < x) for x < By and
N > 1. Letting N — oo and using that By, ~ mn converges weakly to u since
Xy — X, we see that P(B;, < x) = P(X < x) for all x > 0 at which the distri-
bution function of X is continuous. Letting x 1 oo over such continuity points we
get P(By, < 00) = 1. Since clearly this is not possible if 74, is finite, we see that
f~o = 400 as claimed. Noting that by = b A By on (0, 00) for N > 1 it follows
that 7, =1inf{t > O|B; > by (¢)} = inf{t > O|B; > b(¢) A By} from where we see
that 7, — 75 and thus B,bN — By, as N — 00. Since Xy — X and thus uy — p
weakly as N — oo, it follows that B;, ~ u as claimed. This completes the proof
of (D).

(III) Two-sided support: This will be proved by combining and further extend-
ing the construction and arguments of (I) and (II). Novel aspects in this process
include the competing character of the two boundaries and the fact that one of
them can jump to infinite value.

3. Bounded support. As in the one-sided case assume first that supp(u) €
[y, B] for some y < 0 < B. Without loss of generality we can assume that 8 and y
belong to supp(u). Let 0 =xj < x{ <--- <x; = p be apartition of [0, 8] such
that maxj<x<m, (x{ —x;_;) — O0asn— oo,andlet0 =y; >y > --- > yl’i =y
be a partition of [y, 0] such that max;<;, (y;?_l — y}?) — 0asn — 00. Let X be
a random variable (defined on some probability space) having the law equal to u,
and set

my In
Q21) Xf=) x{I(xj_; <X <x}) and X, = Zy?l(y;’ <X <yj,)
k=1 j=1

for n > 1. Then X} + X, — X almost surely and hence X, + X,, — X in
law as n — oo. Denoting the law of X + X, by w, and recalling that X
has the law u, this means that u, — n weakly as n — oco. We will now con-
struct a left-continuous increasing function b, :(0,00) — R taking values in
{x!,x3,..., x;‘1n, 400} and a left-continuous decreasing function ¢, : (0, c0) — R
taking values in {yf,y’g,...,y;z, —o0} with b,(t) < +00 or ¢,(t) > —oo for
all ¢+ € (0,00) such that 73 = inf{t > 0|B; > b,(t) or B; < c,(t)} satisfies

n>Cn sl =
By, . ~ pnforn>1.

3.1. Construction: Discrete case. For this, set p) =P(x}/_; < X <x}) for k =
1,2,...,my, andq;’ =P(y;? <X < y;?_l) forj=1,2,...,1, withn > 1 given and



2490 A. M. G. COX AND G. PESKIR

fixed. Let k; denote the smallest k in {1, 2,...,m,} such that p} > 0, and let j
denote the smallest j in {1,2,...,[,} such that q}’ > (. Consider the sequential
movement of three sample paths ¢ — By, f x,i’] and t — y;’] as t goes from 0
onwards. From the recurrence of B it is clear that there exists a unique #{ > 0
such that the probability of B hitting x| before y;’l on (0, 7] equals pj, or the
probability of B hitting y;?l before xi, on (0, 7] equals q;’I, whichever happens
first (including simultaneous happening). In the first case stop the movement of
1 — x;, at 1} and replace it with # > x afterwards where k; is the smallest k in
{ki1+1,k1+2,...,m,} suchthat p; > O (if there is no such k then make no further
replacement). In the second case stop the movement of ¢ — y;’l at ¢}, and replace it
with ¢ > y;?z afterwards where jj is the smallest j in {j; + 1, j1 +2,...,[,} such
that q;-’ > 0 (if there is no such j then make no further replacement). In the third
case, when the first and second case happen simultaneously, stop the movement
of both 7 - x| and ¢ — y;?I at ¢{', and replace them with 7 +— x;’ and 7 - y}‘z,
respectively (if there is no kp or j», then make no replacement, resp.). In all three
cases set b, (1) = x,’zl and ¢, (1) = y;?I for t € (0, t{']. On the event that B did not
hit b, or ¢, on (0, ¢/], in the first case consider the movement of 7 > By, t > x,'gz
and ¢ — y;?l , in the second case consider the movement of 7 — By, 7 > x| and
t y;’z, and in the third case consider the movement of ¢t — B, t > x,’:z, and
t— y;’Z as t goes from ¢{ onwards. If there is no k> or j, we can formally set
x,?z = +00 or y;-’z = —o0, respectively (note, however, that either ky or j, will
always be finite). Continuing this construction by induction until ¢/ = oo for some
i <my, V[, (which clearly has to happen) we obtain b, and ¢, as stated above.

3.2. Construction: Passage to limit. For n > 1 given and fixed note that b, takes
value B8 on some interval, and c, takes value ¥ on some interval since both 8 and
y belong to supp(u). The main technical difficulty is that either b, can take value
+00 or ¢, can take value —oo from some time #; onwards as well (in which case
the corresponding interval is bounded). In effect this means that the corresponding
function is not defined on (#;, 00) with values in R. To overcome this difficulty we
will set b, (1) = B and ¢, () = y for ¢ > 1. Setting further b, = b, and ¢, = ¢,
on (0, 7] we see that b, and ¢, are generalised distribution functions on (0, 00).
Note that we always have either by, = b, or &, = ¢, (and often both). Note also
that b,, # b, if and only if b, takes value +o00 and ¢, # ¢, if and only if ¢, takes
value —oo. Note finally that b, (+00) = B and ¢,(+00) = y. Applying the same
arguments as in Part 1.2 above (upon extending b, and ¢, to R first) we know
that there exist subsequences {b,, |k > 1} and {C,, |k > 1} such that b,, — b and
cn, — ¢ weakly as k — oo for some increasing left-continuous function b and
some decreasing left-continuous function c.

3.3. Tightness. We claim that the sequences of generalised distribution func-
tions {b,|n > 1} and {c,|n > 1} are tight. Indeed, if ¢ > 0 is given and fixed,
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then 8, := u((B — &, B]) > 0 and 8, := u([y,y + ¢€)) > 0 since B and y be-
long to supp(u). Setting 8, := 8, A 8, and considering tg = inf{r > 0|B; > B}
and 7, = inf{r > 0| B; < y}, we see that there exists 7, > 0 large enough such that
P(tg V1, <t;) >1—4.Since 1p, ¢, < T8 V Ty, this implies that P(zp, ., <1;) >
1 — 6, for all n > 1. From the construction of b, and ¢, the latter inequality implies
that b, (t;) > B —e and ¢, (t;) < vy +¢ forall n > 1 (note that in all these arguments
we can indeed use unbarred functions). The tightness claim then follows using the
same arguments as in Part 1.3 above.

3.4. Verification. Applying the same arguments as in Part 1.4 above we know
from Part 1.5 above that setting by = 15,1k fork > 1, we have Ty = Tp and 75, — 1
in P-probability as k — oco. Setting t,l(’ = supft > 0|bx(t) = B} and t; = sup{r >
Olck () = y} by the construction above, we know that either t,f =00 Or t =00
for all k > 1. If there exists kg > 1 such that both t,f =00 and t; = oo for all
k > ko, then by = by and ¢ = & for all k > kg so that Thp,cr = Ty A Ty = Tp A
TG > GATE=Th: = The in P-probability as k — oo where we set b := b and
c := c. This implies that By, .. = By, in P-probability and thus in law as well
while B,bk’Ck ~ py with ug — p weakly as k — oo then shows that By, . ~
as required. Suppose therefore that there is no such kg > 1. This means that we
have infinitely many t,f’ < oo or infinitely many #; < oo for k > 1. Without loss of
generality assume that the former holds. Then we can pass to a further subsequence
such that t,g < oo forall/ > 1 and z,fl — tb € (0,00] as I — oo. Set b(t) = b(t)
for t € (0,¢2] and b(t) = oo for t € (12, 00). Set also c(t) = &(¢) for t > 0, and
note that ¢y, = ¢y, for all [ > 1. To simplify the notation set further b; := by, by =
l;kl, ¢ i=cy, and ¢; := ¢y, for [ > 1. Then T > Tp in P-probability and hence
7, I (15 < té’o) — 13l (75 < té’o) in P-probability as / — oo. Using definitions of
barred functions and the fact that t,fl — té’o, one can easily verify that the previous
relation implies that 7,/ (15 < té’o) — 1l (1 < tgo) in P-probability as [ — oo.
Since P(7p < té’o) = 1 it follows that 75, A 7, = T A T, in P-probability as [ — oo.
This implies that By, . — B, in P-probability as / — oo and hence By, ~ u
using the same argument as above. This completes the proof in the case when
supp(u) is bounded.

4. Half bounded support. Consider now the case when sup supp(u) = +o00 and
infsupp(u) =: y € (—o0, 0); see Figure 1 above. Let X be a random variable (de-
fined on some probability space) having the law equal to u, and set Xy = X A Bn
for some By 1 oo as N — oo such that u((By — &, By]) > 0 for all ¢ > 0
and N > 1. Let N > 1 be given and fixed. Denoting the law of Xy by uy we
see that supp(uy) C [y, By] with By and y belonging to supp(uy). Hence by
Parts 3.1-3.4 above we know that there exist a left-continuous increasing func-
tion by :(0,00) — (0, By] U {+o00} and a left-continuous decreasing function

cn :(0,00) — [y, 0) U{—oc} such that Br}’N’CN ~UN.
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4.1. Construction. Recall that these by and cy are obtained as the weak lim-
its of subsequences of the sequences of simple functions constructed by parti-
tioning (y, 0) and (0, By ). Extending the same construction to partitioning (y, 0)
and [By, Bn+1) while keeping the obtained subsequence of functions with val-
ues strictly smaller than By, we again know by Parts 3.1-3.4 above that there
exist a left-continuous increasing function by : (0, 00) — (0, By+1] U {400}
and a left-continuous decreasing function cy41: (0, 00) — [y,0) U {—oc} such
that BrhN+1’CN+1 ~ un+1- These by and cy41 are obtained as the weak limits
of further subsequences of the previous subsequences of simple functions. Set-
ting ty = inf{t > O|by(¢) = BN} it is therefore clear that by 1(¢) = by (¢) and
cn+1(t) = cn(t) for all t € (0,ty]. Continuing this process by induction and
noticing that fy 1 fsc as N — 0o, we obtain a left-continuous increasing function
b: (0, to0) — R and a left-continuous decreasing c: (0, fo,) — RU {—00} such that
b(t) =by(t) and c(t) = cy(¢t) for all t € (0,ty] and N > 1. Note that b is finite
valued on (0, too) With b(too—) = +00.

4.2. Verification. To verify that b and c are the required functions, consider
first the case when fo, = oo. If ¢ is finite valued, then 7, < oo P-a.s. and
hence tpy.cy —> Th,c P-a.s. as N — oo. If ¢ is not finite valued, then ¢ = cy
and hence P(B;, ., < By) = P(B,bN‘CN < Bn)=1—u([Bn,00)) for all N > Ny
with some Ng > 1. Letting N — oo and using that u([By,00)) — 0, we find
that P(7p,. < 00) =1 and hence 75y ¢y — Tp,c P-a.s. Thus the latter relation al-
ways holds and hence BrhN’CN — By, P-as.as N — o0. Since BT[’N‘CN ~ uy and
Xn — X sothat uy — p weakly as N — oo it follows that By, . ~ u as required.

Consider next the case when 7, < 00. To extend the function c to [7s, 00) when
c(txoc—) > y (note that when c(f,c—) = y then clearly ¢ must remain equal to y
on [txo, 00) as well) set ty;, = sup{t > Olcy () = y} and define ¢y (t) = cy(t) for
t€(0,ty] and cy(t) =y for t € (t5, 00) whenever 5, < oo for N > 1. Applying
the same arguments as in Parts 1.2 and 1.3 above, we know that there exists a sub-
sequence {cy, |k > 1} and a left-continuous function ¢ such that ¢y, — ¢ weakly
as k — oco. Applying the same arguments as in Part 1.4 above we know from
Part 1.5 above that setting ¢ := cy, for kK > 1 we have 1z — 7¢ in P-probability
as k — 0o. Moreover, we claim that tj, — oo as N — oo. For this, suppose that
tl‘\’,l <T <ooforl>1.Fix € > 0 small and set c.(t) = c(t) for t € (0,150 — &)
and c¢g () = c(toc — €) for t € [tooc — €, T]. Setting by := by, and ¢; := cy, we
then have w([y, Bn,)) = P(Brb,,c, €ly,Bn)) <P(tpe, <T) forall [ > 1. Let-
ting / — oo and using that u([y, Bn,)) — 1, we see that P(t,, ., < T) =1 which
clearly is impossible since b is not defined beyond #~,. Thus t3, — 00 as N — oo
and hence tka — 00 as k — oo. Setting ¢ := ¢ and ¢, := cy, for k > 1 and
using the same arguments as in Part 3.4 above, we can therefore conclude that
7o I (10 < 00) — 1.1 (T < 00) in P-probability as k — o0o. Since P(7, < 00) =1
this shows that 7., — 7. in P-probability as k — oo. Setting by := by, and not-
ing that 7, — 7, on {1, < oo}, we see that 7, o, — 75 in P-probability as



EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME 2493

k — oo and hence By, ~ u using the same argument as above. The case when
sup supp(u) € (0, 400) and infsupp(u) = —oo follows in exactly the same way
by symmetry.

5. Fully unbounded support. Consider finally the remaining case when both
sup supp(u) = +oo and infsupp(u) = —o0o. Let X be a random variable (defined
on some probability space) having the law equal to u, and set Xy = yn V X A By
for some By 1 oo and yy | —00 as N — oo such that w((By — &, Bn]) > 0 and
w(lyn,vn +¢€)) >0 forall e >0and N > 1. Let N > 1 be given and fixed.
Denoting the law of X by uy we see that supp(un) € [yn, Bn] with By and
yn belonging to supp(uy). Hence by Parts 3.1-3.4 above we know that there
exist a left-continuous increasing function by : (0, c0) — (0, By] U {+0o0} and
a left-continuous decreasing function cy : (0, 0c0) — [yw,0) U {—oco} such that
B ~ UN.

Thy.cy

5.1. Construction. Recall that these by and ¢y are obtained as the weak lim-
its of subsequences of the sequences of simple functions constructed by par-
titioning (yn,0) and (0, Bn). Extending the same construction to partitioning
(yn+1, yn] and [Bw, Bn+1) while keeping the obtained subsequence of func-
tions with values strictly smaller than By and strictly larger than yy, we again
know by Parts 3.1-3.4 above that there exist a left-continuous increasing func-
tion byy1:(0,00) — (0, By+1] U {400} and a left-continuous decreasing func-
tion cy+1:(0,00) = [¥N+1,0) U {—00} such that Bth+l'CN+l ~ un+1. These
by+1 and cyy1 are obtained as the weak limits of further subsequences of the
previous subsequences of simple functions. Setting tk, = inf{t > O|by(t) = BN}
and ty; = inf{t > Olcy(¢) = yn} it is therefore clear that by1(t) = by (t) and
cn+1() =cn(t) forall t € (0, 5] where we set ty := tf{, Aty for N > 1. Contin-
uing this process by induction and noticing that ty 1 t- as N — 0o, we obtain a
left-continuous increasing function b: (0, 1) — R and a left-continuous decreas-
ing c¢: (0, to0) — R such that b(¢) = by (¢) and c(t) = cy(¢) for all € (0, ty] and
N > 1.

5.2. Verification. To verify that b and c are the required functions, consider first
the case when 7o, = 00. Then since b(ty) < By and c(ty) > yn for any A € B(R),
we have P(By, . € AN (c(ty), b(tn))) =P(By,, . € AN(c(tn), b(tn))) = (AN
(c(tn), b(tn))) for all N > 1. Letting N — oo and using that b(ty) 1 oo and
c(ty) | —oo, we see that P(B;,, € A) = u(A), and this shows that By, . ~ u as
required.

Consider next the case when 75, < 00, and assume first that either {tf\’,lN > 1}
or {ty;|N > 1} is not bounded (we will see below that this is always true). With-
out loss of generality we can assume (by passing to a subsequence if needed)
that #;, — oo so that tl}{, It < 00 as N — 00. To extend the function ¢ to
[fc0, 00) We can now connect to the final paragraph of Part 4 above. Choosing
M > 1 large enough so that yps < c(t.o—), we see that we are in the setting of
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that paragraph with y = y)y, and hence there exists a left-continuous decreas-
ing function cjs : (0, 00) — [y, 0) such that be,cM ~ X V yu. Recall that this
cy is obtained as the weak limit of a subsequence of the sequence of functions
embedding B into [y, fn] for N > 1, and note that cp; coincides with ¢ on
(0, ts0). Extending the same construction to embedding B into [yar41, Bn] for
N > 1 while keeping the subsequence of functions obtained previously, we again
know by the final paragraph of Part 4 above that there exists a left-continuous
decreasing function cps4+1: (0, 00) = [¥am+1,0) such that B,,,‘CM+1 ~ XV YMt1-
This cpr41 is obtained as the weak limit of a further subsequence of the previous
sequence of functions. Setting tj, = inf{r > Ofcpy(t) = yp} it is therefore clear
that cp41(t) = cp(t) for t € (0,1},). Continuing this process by induction we
obtain a left-continuous decreasing function c: (0, c0) — R that coincides with
the initial function ¢ on (0, f). Setting tj, = inf{t > O|c(¢) = ym} we see that
c(ty) = ym { —00 as M — oo. Hence for any A € B(R) we see that P(B, €
AN (c(tyy). 00)) = P(By,,, € AN (c(tfy). 00)) = (A N (c(tfy). 00)) — 1(A)
as M — oo from where it follows that P(B;, . € A) = (A). This shows that
By, . ~ p as required. Moreover we claim that this is the only case we need to
consider since if both {tf,|N > 1} and {ty|N > 1} are bounded, then without
loss of generality we can assume (by passing to a subsequence if needed) that
15, — 5, < 00 with 15, > oo first so that £ 4 1o as N — 00. In this case we can
repeat the preceding construction and extend ¢ to [tx, 15,) so that we again have
By, . ~ w by the same argument. If 5, = t, however, then the same argument
as in the case of to, = 0o above shows that the latter relation also holds. Thus
in both cases we have tk, <T and t;; <T for all N > 1 with T := 1S, so that
1w((yn. BN)) =P(By,, € (yn. BN)) = P(By,, € (c(ty). b(t}))) < P(tp < T) for
all N > 1. Letting N — oo and using that u((yn, Bn)) = 1, we getP(tp . <T) =
1 which clearly is impossible since T < co. It follows therefore that By, . ~ p in
all possible cases and the proof is complete. [] '

REMARK 2. Note that b from (I) and ¢ from (II) are always finite valued
since otherwise u(Ry) < 1 or u(R_) < 1, respectively. Note also that either b or
¢ from (III) can formally take value +o00 or —oo, respectively, from some time
onwards; however, when this happens to either function, then the other function
must remain finite valued [note that (I) and (II) can be seen as special cases of (III)
in this sense too]. Note finally that the result and proof of Theorem 1 including the
same remarks remain valid if By ~ v where v is a probability measure on R such
that supp(v) C [—p, g] with u([—p, g]) =0 for some p > 0 and g > 0.

REMARK 3. Since the arguments in the proof of Theorem 1 can be repeated
over any subsequence of {b, |n > 1} or {c,|n > 1} [when constructed with no upper
or lower bound on the partitions of supp(u) as well] it follows that By, . notonly



EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME 2495

converges to By, . over a subsequence P-a.s., but this convergence also holds for
the entire sequence in P-probability. Indeed, if this would not be the case, then
for some subsequence no further subsequence would converge P-a.s. The initial
argument of this remark combined with the uniqueness result of Theorem 10 below
would then yield a contradiction. The fact that By, . always converges to By, . in
P-probability as n — oo makes the derivation fully constructive and amenable to
algorithmic calculations described next.

REMARK 4. The construction presented in the proof above yields a simple al-
gorithm for computing b, and c;, which in turn provide numerical approximations
of b and c. Key elements of the algorithm can be described as follows. Below we
let (x) = (1/+/2m)e"/2 and @ (x) = (1/5/27) [*,, e™*/2dy for x € R denote
the standard normal density and distribution function, respectively.

In the one-sided case (I) when supp(it) € R recall the well-known expressions

(cf. [2])

P(B;edx,ty>1) = %[(p(%) — go(x :/;y)}dx

(2.22)
=: f(t,x,y)dx,
(2.23) P(ry <1) = 2[1 — c1>(%)} — g1, y)

for t > 0 and x < y with y > 0 where we set 7, = inf{r > 0| B; = y}. Using sta-
tionary and independent increments of B (its Markov property), we then read from
Part 1.1 of the proof above that the algorithm runs as follows:

n

Xe—1
e awi=[ gl -0y,
—00
(2.25) i =1t} +inf{t > 0|gx(t) = p;},
X1
@26 fioi= [ A = v =) fima () dy
—00
fork=1,2,...,m, where we initially set tp := 0, xo := 0 and fy(x) dx := §p(dx).
This yields the time points #{', 75, ..., t;, which determine b, by the formula
mp
(2.27) bo() =Y xpI(tf_y <t <1})
k=1

for t > 0. The algorithm is stable and completes within a reasonable time frame;
see Figure 2 below for the numerical output when the target law p is exponentially
distributed with intensity 1.
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FIG. 2. Functions b,, and c,, calculated using the algorithm from the proof of Theorem 1 as de-

scribed in Remark 4. The first row corresponds to the target law w which is exponentially distributed
with intensity 1 for n = 20, 100, 500, respectively, with equidistant partition of R having the step
size equal to 1/n and the number of time points m;, equal to n. The second row corresponds to the
target law p which is normally distributed with mean 1 and variance 1 for n = 10, 50, 250, respec-
tively, with equidistant partition of R having the step size equal to 1/n and the number of time points
my + I, equal to 2n.

In the two-sided case (III) when supp(u) C R recall the well-known expressions
(cf. [2])

P(B; edx,ty;>1)

(2.28) n;oo[ <x+2:1/(;y—z)>_(p<x+2n(y\/—;z)—2y)}dx
=: f(t,x,y,z)dx,
P(ty <15, Ty <1)
(2.29) _22[ ((2n+1)3;—z)—z) q><(2n+1)3;—z)+z)]
=:g(t,y,2),
P(t; <y, Ty <1)
(2.30) _22[ ((2n+1)3z—z)+y> ¢<(2n+1)(\/yz—1)—)’)}

=:h(t,y,2)

fort >0 and z <x <y with z < 0 < y where we set 7, = inf{t > 0| B, = w}
for w € {y, z} and 7, ; = 7y, A 7;. Using stationary and independent increments
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of B (its Markov property), we then read from Part 3.1 of the proof above that the
algorithm runs as follows:

xp_

@3 awi= [ e F -5 -2 fimr@dz,
Yi—1

Xﬂ

(232)  h(r) = / nk’
Ye—1

(7 — 25— 2) fie1 (D) dz,

(2.33) i =1{_, + (inf{r > O|gx (t) = p} A inf{r > O|hi (1) = G} }),

in

234 filr) = / -

Yk—1

1 — -
g =t . x —z, % — 2,9 —2) fim1(2) dz

fork=1,2,...,m, +1, where we initially set 7o := 0, x{f := 0, yj := 0, X :=x{,
yi =], fo(x)dx :=dp(dx) and denoting the first infimum in (2.33) by /' and
the second infimum in (2.33) by J;", this is then continued as follows: if 1! > J;",
then 57, = inflxlv > T}, 1y o= T Bl = PG Gy = af — he(I]):
if Jp > I, thc.:n Vi1 = Sup{yll)’l < )_jllg.}’ X1 = 32_1?’ él@l =q V4 151?+1_::
P — &I it I = J, then xp' = inf{x;|x; > X'}, iy = sup{yilyr < 3¢}
Pie1 = PO Giqy = q(V)4) where we set p(x) = pj for x = x} and
q(y) =g for y = y;. This yields the time points ¢}, 73, ...,1, ., which deter-
mine b, and ¢, by the formulae

my+I,
by(t)= > X1 <t<t}) and
k=1
(2.35)
my~+Iy,

cn(t) = Z VeIt <t <t)
k=1

for t > 0. The algorithm is stable and completes within a reasonable time frame;
see Figure 2 above for the numerical output when the target law p is normally
distributed with mean 1 and variance 1.

REMARK 5. Note that 7, from (I) could also be defined by
(2.36) 1, = inf{t > 0| B, = b(1)}

and that B;, = b(tp,). This is easily verified since b is left-continuous and increas-
ing. The same remark applies to 7, from (II) and 7, . from (III) with By, . being
equal to b(tp ) or c(tp,). From (2.8) and (2.9) we also see that these inequalities
and equalities in the definitions of the stopping times can be replaced by strict in-
equalities and that all relations remain valid almost surely in this case. Similarly, in
all these definitions we could replace left-continuous functions b and ¢ with their
right-continuous versions defined by b(¢) := b(t+) and c(¢) := c(¢t+) for t > 0,
respectively. All previous facts in this remark remain valid in this case too.
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REMARK 6. If ©({0}) =: p > 0 in Theorem 1, then we can generate a ran-
dom variable ¢ independently from B such that ¢ takes two values 0 and oo with
probabilities p and 1 — p, respectively. Performing the same construction with the
stopped sample path 7 — B; .. yields the existence of functions b and c¢ as in The-
orem 1 with B¢ = (Biag)r=0 in place of B = (B;>0);>0. The resulting stopping
time may be viewed as randomised through the initial condition.

REMARK 7. Two main ingredients in the proof of Theorem 1 above are
(i) embedding in discrete laws and (ii) passage to the limit from discrete to gen-
eral laws. If the standard Brownian motion B is replaced by a continuous (time-
homogeneous) Markov process X, we see from the proof above that (i) can be
achieved when

(2.37) t—=Py(ty <15, 7y, <t) and t+> Py(1, <71y, 7y, =1)

are continuous on R and Py (zy; >1) | Oast P ooforall —oo <z<x <y =<o0
with |z] A |y| < oo and Py (Xg = x) = 1 where we set 7, = inf{r > 0| X; = w} for
w € {y,z} and 7, ; = 7y A T;. We also see from the proof above that (ii) can be
achieved when

(2.38) 7, =0p Po-as. and 1.=0, Pp-as.,

where the first equality holds for any left-continuous increasing function b with
7, = inf{t > 0| X; > b(¢)} and o = inf{t > 0| X; > b(¢)}, and the second equality
holds for any left-continuous decreasing function ¢ with t, = inf{¢t > 0| X; < c(#)}
and o, = inf{t > 0|X; < c(¢)}. In particular, by verifying (2.37) and (2.38) in the
proof of Corollary 8 below we will establish that the result of Theorem 1 extends
to all recurrent diffusion processes X in the sense of [t6 and McKean [10] (see [2],
Chapter II, for a review). This extension should also hold for nonrecurrent diffu-
sion processes X and “admissible” target laws p (cf. [16]) as well as for more gen-
eral standard Markov processes X satisfying suitable modifications of (2.37) and
(2.38) in the admissible setting. We leave precise formulations of these more gen-
eral statements and proofs as informal conjectures open for future developments.

COROLLARY 8. The result of Theorem 1 remains valid if the standard Brow-
nian motion B is replaced by any recurrent diffusion process X.

PROOF. As pointed out above the proof can be carried out in the same way
as the proof of Theorem 1 if we show that (2.37) and (2.38) are satisfied. Note
that Py (7y,; > 1) | Oast oo forall —oo <z <x <y <oo with [z]| A|y| <00
since X is recurrent. Recall also that all recurrent diffusions are regular (see [2],
Chapter II, for definitions).

1. We first show that the functions in (2.37) are continuous. Clearly by symme-
try it is enough to show that the first function is continuous. For this, set F(¢) =
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Py(ty <14, 1Ty,; <t) for t > 0 where —00 <z <x <y < o0 are given and fixed.
Since ¢ — F(t) is increasing and right-continuous we see that it is enough to dis-
prove the existence of 71 > 0 such that F(¢1) — F(tj—) =Py (ty < 75,7y =11) > 0.
Since this implies that P, (ty = 1) > 0 we see that it is enough to show that the
distribution function ¢ > P (ty < 1) is continuous for x < y in R given and fixed.
For this, let p denote the transition density of X with respect to its speed measure
m in the sense that P, (X; € A) = pr(t; x, y)m(dy) holds for all # > 0 and all
A € B(R). It is well known (cf. [10], page 149) that p may be chosen to be jointly
continuous (in all three variables). Next note that for any s > O given and fixed
the mapping ¢ — E,[Px, (t, < 1)] = [r P.(ty < 1t)p(s;x,2)m(dz) is increasing
and right-continuous on (0, 00) so that G(t,s) := Ex[Px, (t, =1)] = [ P.(7y, =
)p(s; x,z)m(dz) =0 forall t € (0, 00) \ Cs where the set Cy is at most countable.
Setting C := Use@ . C; where Q4 denotes the set of rational numbers in (0, c0),
we see that the set C is at most countable and G (¢, s) =0 for all € (0, 00) \ C
and all s € Q4. Since each z — p(s; x, z) is a density function integrating to 1
over m(dz), and s — p(s; x, z) is continuous on (0, 00), we see by Scheffé’s the-
orem (see, e.g., [1], page 215) that G(t,s,) — G(¢,s) as s, — s in (0, co) for
any ¢t > 0 fixed. Choosing these s, from Q4 for given s > 0 it follows therefore
that G(¢,s) =0 for all r € (0,00) \ C and all s > 0. By the Markov property
we moreover see that Py (ty =1 +5) < Py(1y 06y =1) = G(¢,5) = 0 and hence
Py(ty=t+s)=0forall 7 € (0,00) \ C and all s > 0. Since the set C is at most
countable it follows that P, (7, =) = 0 for all # > 0. This implies that F' is con-
tinuous, and the proof of (2.37) is complete.

2. We next show that the equalities in (2.38) are satisfied. Clearly by symme-
try it is enough to derive the first equality. Note that replacing B by X in the
proof of (2.9) above and using exactly the same arguments yields the first equality
in (2.38), provided that (2.14) is established for X in place of B. This shows that
the first equality in (2.38) reduces to establishing that

(2.39) Po(af > 1) < Po(r) > 1)

for all t > 0 where o} = inf{t > §|X, > b(t)} and 7) = inf{t > §|X, > b(t)} for
& > 0 given and fixed. Observe that alf coincides with rl‘f L= limg o rl‘f e where
r1f+8 =inf{t > §|X; > b(t) + ¢} as is easily seen from the definitions so that (2.39)
is indeed equivalent to (2.14) as stated above.

To establish (2.39) consider first the case when b is flat on some time interval
I C (8, 00), and denote the joint value of b on I by y meaning that b(¢) = y for all
t € I. Consider the stopping times 7 := inf{t > §|X; = y}and o := inf{t > 7| X, >
v}. Since X is recurrent we know that both t and o are finite valued under Pg. Note
that 0 = 7 + p 0 0; where p :=inf{t > 0|X; > y} is a stopping time. By the strong
Markov property of X applied at T, we thus have Po(0c = 17) =Pg(p 0 6, =0) =
Px.(p =0) =P,(p =0) =1 where the final equality follows since X is regular
(cf. [2], page 13). Hence we see that X;; > y for infinitely many ¢ in each (0, €]
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for ¢ > 0 with Pg-probability one. In particular, this shows that on the set {cr,;S >t}
with ¢ > 0 given and fixed the sample path of X stays strictly below b on the time
interval [ \ sup(/) with Pg-probability one for each time interval I C (,¢) on
which b is flat. Since (8, ¢) can be written as a countable union of disjoint intervals
on each of which b is either flat or strictly increasing, we see that the previous
conclusion implies that

Po(of > t) < Po(Xy < b(s + h) for all s € (5,1))
(2.40) <Po(X,—n <b(r)forallr € (8§ +h,t+ h))
<Po(X,—n <b(r) forall r € (§ + ho, t])
for any & € (0, hg) where hg € (0, §/2) is given and fixed. By the Markov property

and Scheffé’s theorem applied as above, we find that
Po(X,—n < b(r) for all r € (8 + ho, t])
= EO[an/z—h (Xr,(s/z < b(r) forall r € (6 + ho, l‘])]

= / Py(Xr_,;/z < b(r) for all r € (6 + hyg, t])p(5/2 —h; 0, y)m(dy)
(2.41) ¥
— /I;%P},(Xr_(g/z < b(r) forall r € (§ + ho, 1) p(8/2; 0, y)m(dy)

= Eo[Px;,(Xr—s/2 < b(r) for all r € (8 + ho, t])]
=Po(X, < b(r) forall r € (8 + ho, t])

as h | 0. Combining (2.40) and (2.41) we get

(2.42) Po(a) > 1) < Po(X, < b(r) forall r € (8 + ho, 1])

for all hg € (0, 8/2). Letting ho | 0 in (2.42) we find that

(243)  Po(of > 1) <Po(X, <b(r) forall r € (8,1]) = Po(z} > 1)

for all ¢ > 0. This establishes (2.39) and hence t; = 0}, Pp-a.s. as explained above.
The proof of (2.38) is therefore complete. [

Note that the claims of Remarks 2—-6 extend to the setting of Corollary 8 with
suitable modifications in Remark 4 since the process no longer has stationary and
independent increments and some of the expressions may no longer be available
in closed form.

In the setting of Theorem 1 or Corollary 8, let F, denote the distribution func-
tion of u. The following proposition shows that (i) jumps of b or ¢ correspond
exactly to flat intervals of F, (i.e., no mass of ), and (ii) flat intervals of b or ¢
correspond exactly to jumps of F, (i.e., atoms of ). In particular, from (i) we see
that if F), is strictly increasing on R, then b is continuous, and if F), is strictly
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increasing on R_, then ¢ is continuous. Similarly, from (ii) we see that if F), is
continuous on R, then b is strictly increasing, and if F), is continuous on R_,
then c is strictly decreasing.

PROPOSITION 9 (Continuity). In the setting of Theorem 1 or Corollary 8 we
have:

(2.44)  b(t+) > b(t) ifandonlyif u((b(t), b(t4))) =0,
(2.45) b(t)=b(t —¢) forsomee >0 ifandonlyif n({b()}) >0,
(2.46) c(t+) <c@) ifandonlyif p((c(t+),c®))) =0,
(2.47) c(t)=c(t—¢e) forsomee>0 ifandonlyif pn({c®)}) >0,

for any t > 0 given and fixed.

PROOF. All statements follow from the construction and basic properties of b
and c derived in the proof of Theorem 1. [

3. Uniqueness. In this section we state and prove the main uniqueness result.
Note that the result and proof remain valid in the more general case addressed at
the end of Remark 2, and the method of proof is also applicable to more general
processes (cf. Remark 7).

THEOREM 10 (Uniqueness). In the setting of Theorem 1 or Corollary 8 the
functions b and c are uniquely determined by the law .

PROOF. To simplify the exposition we will derive (I) in full detail. It is clear
from the proof below that the same arguments can be used to derive (II) and (III).

1. Let us assume that b1:(0,00) — R4 and by:(0,00) — R, are left-
continuous increasing functions such that Xy, ~ p and X¢, ~ u where 7, =
inf{r > 0|X; > b1(¢)} and 13, = inf{r > 0|X; > by(¢)}. We then need to show that
b1 = b. For this, we will first show that b := by A by also solves the embedding
problem in the sense that X, ~ u where 7, = inf{r > 0|X; > b(¢)}. The proof of
this fact can be carried out as follows.

2. Let A = {x € supp(u)|u({x}) > 0} and for any given x € A set {;(x) =
inf{t € (0, 00)|b1(t) = x} and r;(x) = sup{r € (0,00)|b1(¢) = x} when i =1, 2.
By (2.45) we know that [£; (x), r;(x)] is a nonempty interval. Moreover, note that
the functions ¢; and r; are also well defined on supp(u) \ A (with the conven-
tion inf @ = sup @ = +0o0) in which case we have ¢; =r; for i = 1,2. With this
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notation in mind consider the sets

(3.1) G111 = {x esupp(u) \ Al€1(x) < £2(x)},

(3.2) Gia={x € Alr(x) <r(x)},

(3.3) Gi3={x € Alli1(x) < £r(x) and r(x) = r2(x)},
(3.4) Ga,1 = {x € supp() \ Ale2(x) < £1(0)},

(3.5) Gr2={x € Alrn(x) <ri(x)},

(3.6) Gr3= {x € Allr(x) <£1(x) and ri(x) = rz(x)},
3.7) Gara={x € Al€;(x) =L2(x) and ri (x) = ra(x)}.

Set G1:=G1,1UG12UG 3 and G :=G2,1 UG 2U Ga 3 U Go 4. Note that Gy
and G are disjoint and supp(u) = G1 U G. Setting 71 := 15, and 12 := 135, We
claim that

(3.8) P(X¢ € G1, Xr, € G2) =0.

Indeed, if X, € G, then X, = b (71) > b2(71) so that 1, < 71, while if X, € G2,
then X, = by(12) > b1(12) so that r; < 5. Since G and G» are disjoint, this
shows that the set in (3.8) is empty and thus has P-probability zero as claimed.
From (3.8) we see that

(3.9) P(X: € G1) =P(X¢ € Gy, Xy, € Gy).
Since X, ~ X, this is further equal to
(3.10) P(Xy € G1) =P(Xy, € G1, X¢; € Gy) +P(Xq, € Gy, X1, € G2)

from where we also see that

(3.11) P(X¢ € G2, X1, € G1) =0.
It follows therefore that
(3.12) P(X¢ € G2) =P(X¢ € Go, Xo, € G2).

From (3.9) and (3.12) we see that the sets Q1 = {X, € G1, X, € G1} and Q) =
{X:, € G2, X+, € G} form a partition of €2 with P-probability one. Moreover, note
that for w € 21 we have X (w) € G so that 72(w) < 71(w) and hence 7, (w) =
2(w), and for w € Q2 we have X, (w) € G2 so that 71(w) < 12(w) and hence
7p(w) = 71 (w). This implies that for every C € B(supp(x)) we have

P(Xy, €C)
=P({X, € C}NQ)+P({X; €CINQ)
(3.13) =P(X;, €G1, X, eCNG) +P(Xy €eCNGo, Xy, € Gr)
=P(X,, € CNGy)+P(X; €CNG)
=p(CNGY) + p(C NG =pu(C),

where we also use (3.11) in the third equality. This shows that X;, ~ p as claimed.
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3. To complete the proof we can now proceed as follows. Since b < b; we see
that X, < Xy, fori =1, 2. Moreover, since X, ~ Xy, from the latter inequality,
we see that Xr;, = Xy, P-as. fori=1,2. As clearly this is not possible if for
some ¢ > 0 we would have b1(t) # ba(t), it follows that by = b, and the proof is
complete. [

4. Minimality. In this section we show that the stopping time from Theorem 1
or Corollary 8 is minimal in the sense of Monroe; see [14], page 1294.

PROPOSITION 11 (Minimality). In the setting of Theorem 1 or Corollary 8 let
T =1p,c With c = —00 if supp() € Ry and b = +o00 if supp(n) CR_. Let o be
any stopping time such that

4.1) X ~ X,
4.2) o<t P-as.
Then o =t P-a.s.
PROOF. Since i’ P(c > 1)dt =E(o AN) <E(t AN) = [ P(t > 1)dt for

all N > 1 by (4.2) above, we see that it is enough to show that P(o > ¢) > P(r > 1)
or equivalently

4.3) Po <t)<P(r <1t)

for all + > 0. For this, note that from (4.1) and (4.2) combined with the facts that
b and c are left-continuous increasing and decreasing functions, respectively, it
follows that

Plo <t)=P(o <t, Xy € (c(t),b(t))) +P(o <t, X5 ¢ (c(t),b(1)))
<P(Xs € (c(t),b()))+P(o <t,7 <0,Xs ¢ (ct),b(1)))

=P(X; € (c(?),b())) +Plo <t,t=0,X, ¢ (c(t),b(1)))
<P(t <t,X: €(c@), b)) +P(r <t, X ¢ (ct),b(1)))

=P(rt <1)

4.4)

for all ¢ > 0, proving the claim. [J
COROLLARY 12 (Uniform integrability). In the setting of Theorem 1 let T =
Tp,c with ¢ = —o0 if supp(u) S Ry and b = 400 if supp(n) S R_.
(4.5)  If [ xu(dx) =0, then {Bi x|t > 0} is uniformly integrable.
(4.6) If0< [xu(dx) < oo, then {Bmflt > 0} is uniformly integrable.
4.7)  If —oo < [xu(dx) <O, then {B; .|t > 0} is uniformly integrable.
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PROOF. Statement (4.5) follows by combining Proposition 11 above and The-
orem 3 in [14], page 1294. Statements (4.6) and (4.7) follow by combining Propo-
sition 11 above and Theorem 3 in [5], page 397. This completes the proof. [

PROPOSITION 13 (Finiteness). In the setting of Theorem 1 suppose that
supp(un) NR # & and supp(p) NR_ # @.

If sup supp(u) < oo, then there exists T > 0 such that b(t) = +00

(4.8) forallt > T ifand only if —oo < [xu(dx) <O.

4.9) If infsupp() > —o0, then there exists T > 0 such that c(t) = —o0
' forallt > T ifand only if 0 < [ xpu(dx) < 400.

PROOF. It is enough to prove (4.8) since (4.9) then follows by symmetry. For
this, suppose first that b(¢) = +oo for all + > T with some minimal 7 > 0. Since
sup supp(u) < oo we know that b(T) < oo. Set by (t) = b(t) for t € (0, T] and
b1(t) =b(T) fort >T.Setci(t) =c(t)fort € (0, T]and c;(t) =c(T) fort > T
(recall that ¢ must be finite valued). Then |BMTbM1 | <b(T)V (—c(T)) < oo forall
t > 0 so that { B, AThy et |t > 0} is uniformly integrable and hence EB,blfC1 =0. Note
that By, . < By, . and moreover By, . < By, . on the set of a strictly positive
P-measure where B hits by after T before hitting ¢;. This implies that EB;, . <
EB%’C1 =0 as claimed in (4.8) above.

Conversely, suppose that EBy, . < 0, and consider first the case when c(¢) =
—oo for t > T with some T > 0 at which ¢(T) > —o0. Set ¢;(t) = c¢(¢) for t €
(0, T] and ¢(t) = ¢(T) for t > T. Since Btb,q < supsupp() < oo when b is
finite valued we see that |Btmb,q| < supsupp(p) V (—c(T)) < oo for all t > 0
so that {B; Atpe 1T Z 0} is uniformly integrable and hence EBy,,, = 0. Note that
By, . = By, sothat EBy, . >0, and this contradicts the hypothesis. Next consider
the case when ¢(t) > —oo for all t > 0. Set ¢,,(t) = c¢(¢) for t € (0,n] and ¢, (¢) =
—o0 for t > n with n > 1. Set d,(t) = c(t) for t € (0,n] and d,(t) = c(n) for
t >n with n > 1. Then as above EBy, by = 0 and since By, . = By, it follows
that Ebe,c,, > (0 for all n > 1. Moreover, since be,cn < sup supp(u) < oo for all
n > 1 when b is finite valued by Fatou’s lemma, we get

>0,

(4.10) EB;, .=E lim B, >limsupEB;,

) n— o0 -tn n—> 00 stn
and this contradicts the hypothesis. Thus in both cases we see that » cannot be
finite valued, and this completes the proof. [J

5. Optimality. In this section we show that the stopping time from Theorem 1
has the smallest truncated expectation among all stopping times that embed p into
B. The same optimality result for stopping times arising from the filling scheme
when their means are finite was derived by Chacon ([3], page 34), using a dif-
ferent method of proof. The proof we present below is based on a recent proof
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of Rost’s optimality result [21] given by Cox and Wang [6], Section 5. The ver-
ification technique we employ avoids stochastic calculus and invokes a general
martingale/Markovian result to describe the supermartingale structure. This tech-
nique applies in the setting of Corollary 8 as well and should also be of interest in
other/more general settings of this kind.

THEOREM 14. In the setting of Theorem 1 or Corollary 8 let T = 1) with
¢ = —oo if supp() € Ry and b = 400 if supp(n) € R_. If o is any stopping
time such that B, ~ B:, then we have

G.D E(tAT)<E(@AT)
forall T > 0.

PROOF. Let P; , denote the probability measure under which P; ,(X; =x) =
1, and consider the function H defined by

5.2) H(t,x)=P;x(z <T)

for (t,x) € [0,T] x R with T > 0 given and fixed. Extend H outside [0, T] by
setting H (¢, x) =0 for ¢t > T and x € R. Define the (right) inverse p of b and c by
setting

p(x) =inf{t > 0|b(t) > x}  ifx>b(0+)
(5.3)
=inf{r > Olc(t) <x}  ifx <c(04).

Then x +— p(x) is right-continuous and increasing on [b(0+), 00) and left-
continuous and decreasing on (—o0, ¢(0+)]. Set D = (—o0, c(0+)]U [b(0+), 00)
to denote the domain of p, and note that p(x) >0 for all x € D.

1. For x € D such that p(x) < T and ¢ < p(x), we have H(s,x) =1 for all
s € [t, p(x)]. Hence we see that the following identity holds

p(x)
5.4 ox) —t:/ H(s,x)ds
t
whenever t < p(x) <T. Since H < 1, we see that this identity extends as
p(x)
(5.5 px)—t< / H(s,x)ds
t
for p(x) <t <T.Since p(x) —t = (T —t)T — (T — p(x))T fort Vv p(x) < T and
H(s,x) =0 fors > T, itis easily verified using the same arguments as above that

(5.4) and (5.5) yield

()AT
(5.6) (T -0t < /p H(s,x)ds 4+ (T — p(x))*
t
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for all r > 0 and x € D. Let us further rewrite (5.6) as follows:

(5.7) (T —0)" <F(t.x)+ Gx),
where the functions F and G are defined by
T
(5.8) F(t,x) =j H(s,x)ds,
t
N T
(5.9) G(x)=(T —p(x)) —/ H(s,x)ds
p()AT

fort >0and x € D.

2. It is easily seen from definitions of t and p (using that b and ¢ are in-
creasing and decreasing, resp.) that p(X;) > 7. Combining this with the fact that
H(s,x)=1for all s € [t, p(x) AT] and x € D, we see that equality in (5.6) is
attained at (7, X;). Since (5.7) is equivalent to (5.6), it follows that

(5.10) (T -0t =F(r,X,) + G(Xo).
We now turn to examining (5.7) for other stopping times.

3. To understand the structure of the function F' from (5.8), define
(5.11) Dy ={(s,x) eRy xRlx > b(t +s)orx <c(t + )},
and note by time-homogeneity of X that
(5.12) H(t,x)=P;x(t <T)=Py(t; <T —1)
for (¢, x) € [0, T] x R where we set
(5.13) 7; = inf{s > 0| X € D;4}

with respect to the probability measure P, under which P,(Xo = x) = 1. Hence
we see that

T T
F(t,x):f H(s,x)ds:/ Po(ty <T —s)ds
t t
(5.14) - -
= [P sods=E [ zds
0 0
for (¢, x) € [0, T] x R where we set
(5.15) Zs=1(tr—5 <)

for s € [0, T — t]. Noting that each Z; is Fs-measurable where Fs; = o (X, |0 <
r <), we can now invoke a general martingale/Markovian result and conclude
that

t
(5.16) M; = F(t,Xt)—{—/ Zgds
0



EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME 2507

is a martingale with respect to JF; for ¢ € [0, T']. Indeed, for this note that by the
Markov property of X, we have

t+h
L Mrasl ) =Eu(F 4 Xew) + [ Zods|7)

T—t—h t+h
=E, EXH,,( sts)+/0 sts‘]-",>

T—t—h t+h
Ex( zsdsoez+h\ft+h)+ /0 zsds\ft)

(
(

Ex(/ Z, ds‘]—"t) </ZTsts‘.7-",)+/otsts
(h

t
z dsoe,]f,) stds

Ex

(5.17)

Ex

—EX,</O st> /st

= F(, X,)—l—/ Zods = M,
0

forall0 <t <t+h <T, showing that (5.16) holds as claimed. Extend the martin-
gale M to (T, 0o) by setting M; = Mt fort > T. Since F(¢t,x) =0fort > T and
x € R, this is equivalent to setting Z; = 0 for s > T in (5.16) above. Since Z; > 0
for all s > 0 we see from (5.16) that F (¢, X;) is a supermartingale with respect to
F; fort > 0.

4. We next note that
INT

(5.18) A Zsds =0

for all > 0. Indeed, this is due to the fact that 77_; = inf{r > 0| X, € Dr_s4,} >
inf{r > 0| X, € Do} =t forall s € [0, T AT) since b is increasing and c is decreas-
ing. Hence from (5.15) we see that Z; = 0 for all s € [0, 7), and this implies (5.18)
as claimed. Combining (5.16) and (5.18) we see that F'(f A 7, X;A.) iS a martingale
with respect to Fya, for r > 0.

5. Taking now any stopping time o such that X, ~ X it follows by (5.10),
(5.18), (5.16) and (5.7) using the optional sampling theorem that

E(T —1t)t =EF(r, X;) + EG(X;) =EM; + EG(X,)
(5.19)
=EM, +EG(X,)>EF(0,X,)+EG(X,) >E(T —0)™.

Noting that E(T — 1)t =T —E(t AT) and E(T —0)T =T —E(c A T), we see
that this is equivalent to (5.1), and the proof is complete. [
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REMARK 15. In the setting of Theorem 1 if fxz,u(dx) < 00, then EB% <0
and hence Et < oo since t is minimal (Section 4). If moreover Eo < 00, then by
It6’s formula and the optional sampling theorem, we know that Ec = Etr. When
[ x*u(dx) = oo, however, it is not clear a priori whether the “expected waiting
time” for T compares favourably with the “expected waiting time” for any other
stopping time o that embeds w into B. The result of Theorem 14 states the remark-
able fact that 7 has the smallest truncated expectation among all stopping times o
that embed p into B (note that this fact is nontrivial even when Et and Eo are fi-
nite). It is equally remarkable that this holds for all laws p with no extra conditions
imposed.

The optimality result of Theorem 14 extends to more general concave functions
using standard techniques.

COROLLARY 16 (Optimality). In the setting of Theorem 1 or Corollary 8, let
T =1p, with c = —o0 if supp(u) € Ry and b = +oo if supp(n) € R, and let
F :Ry — R be a concave function such that EF (t) exists. Then we have

(5.20) EF(t) <EF (o)

for any stopping time o such that X, ~ X-.
PROOF. By (5.1) we know that

(5.21) /Ot P(t>s)ds§/0tP(a>s)ds

for all + > 0. It is easy to check using Fubini’s theorem that for any nonnegative
random variable p we have

o0 pt
(5.22) EF(p)=F(0) — /0 /0 P(p > s)dsF'(dt)

whenever F is a concave function satisfying 1 F’(t) — 0 as ¢ | 0 and F'(t) — 0
as t — oo where F’ denotes the right derivative of F. Applying (5.22) to t and o,
respectively, recalling that F'(dt) defines a negative measure, and using (5.21) we
get (5.20) for those functions F. The general case then follows easily by tangent
approximation (from the left) and/or truncation (from the right) using monotone
convergence. [

REMARK 17. In addition to the temporal optimality of » and ¢ established
in (5.20), there also exists their spatial optimality arising from the optimal stopping
problem

B,
(5.23) sup E(|Br|—2/0 Fu(x)dx>,

0<t<T
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where F), denotes the distribution function of w. Indeed McConnell ([13], Sec-
tion 5), shows that (under his conditions) the optimal stopping time in (5.23) equals

(5.24) 7, =inf{t € [0, T1|B; > b(T — 1) or B, <c(T — 1)},

where b and c are functions from Theorem 1 (compare (5.23) with the optimal
stopping problem derived in [17]). This can be checked by the Itd—Tanaka formula
and the optional sampling theorem from the local time reformulation of (5.23) that
reads

(5.25) sup E(/Rﬁ),‘v(dx)—/%ﬁfu(dx))

0<t<T

where ¢ is the local time of B, and v is a probability measure on R such that
supp(v) € [—p, q] with u([—p, g]) =0 for some p > 0 and g > 0. Since the
existence and uniqueness result of Theorems 1 and 10 with By ~ v remain valid
in this case as well (recall Remark 2 and the beginning of Section 3), we see
that McConnell ([13], Section 5), implies that (under his conditions) the resulting
stopping time (5.24) is optimal in (5.25).
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