
MATH 22B MIDTERM

May 6, 2005

Instructions: Work all problems in your Blue Book.

#1. (15 pts.) Suppose y = y(t) satisfies the inhomogeneous differential equation

y′′ + 5y′ + 6y = 2 et (1)

where
′

denotes differentiation with respect to t. What is the general solution to the
homogeneous equation? If one guesses a particular solution of the form

yp = A et,

determine the value of A in order that yp satisfies (1). What is the form of the general
solution to (1)?

#2. (15 pts.) The mass-spring system in the presence of friction but with no external
forces is modeled by the differential equation

mẍ + γẋ + kx = 0 (2)

where x = x(t) is the displacement from the equilibrium position at time t and m, γ, k

are positive constants. (Note: ẋ denotes the first derivative of x with respect to t and ẍ

the second derivative of x with respect to t.) Introduce the (mechanical) energy function

E = E(x, ẋ) =
1

2
mẋ2 +

1

2
k x2

and show that if x = x(t) satisfies eqn (2), then

dE

dt
< 0. (3)

Give an interpretation of (3).

#3. (25 pts.) Consider a mass-spring system where x = x(t) denotes the displacement of
the mass m from its equilibrium position at time t. Suppose the spring exerts a force F

given by

F = F (x) = −kx − εx3
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where k and ε are positive constants. Find an exact integral expression for the period T

of this nonlinear mass-spring system assuming the initial conditions

x(0) = x0,
dx

dt
(0) = 0.

Define

z =
εx2

0

2k
, ω0 =

√

k

m
.

Show that your expression for the period T can be written as

T =
4

ω0

∫

1

0

1
√

1 − u2 + z − zu4
du.

Explain in words why you would expect

lim
z→0

T =
2π

ω0

.

#4. (20 pts.) Assume that x = x(t) satisfies the equation

mx′′ + γ x′ + k x = F0 cos(ωt) ( ′ =
d

dt
) (4)

where m, γ, k, F0 and ω are positive constants. (i) Prove that any solution to the
homogeneous equation will go to zero as t → +∞. (ii) If you wish to find a particular

solution to (4), what form of the solution would you try? (You do NOT have to determine
the constants in your trial solution. Simply write down the form of your guess.)

#5. (25 pts.) A third order homogeneous differential equation with constant (real) coef-
ficients is an ordinary differential equation of the form

a3 y′′′ + a2 y′′ + a1 y′ + a0 y = 0 (5)

where ai (i = 0, 1, 2, 3) are real constants and
′

denotes differentiation with respect to the
independent variable, which we denote by x. Assume a solution of the form

y(x) = eλx

and derive an equation that λ must satisfy in order that y is a solution to (5). You should
get a cubic polynomial in λ. Assume that this cubic polynomial has three distinct roots,
λ1, λ2, and λ3. Then what is the form of the general solution to (5)? Explain qualitatively
the difference between solutions y = y(x) when all the roots are real compared with the
case when one root is real and the two other roots are complex. (The two complex roots
are necessarily complex conjugates of each other.)
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