
MATH 22B-1 MWF 10:00–10:50, 118 OLSEN FALL 2006

SOLUTIONS: midterm No. 1 – Friday, October 20, 2006

1. (15 pts) Determine an interval in which the sol’n of the IVP y ′ + (tan x)y = sinx, y(π) = 0
is certain to exist. Justify!
Solution: The function tan x is discontinuous at odd multiples of π/2. Since π/2 < π < 3π/2,
the IVP has unique solution on the interval (π/2, 3π/2) (10pts) as follows from the existence
and uniqueness theorem for first order, nonlinear ODE; Theorem 2.4.2. (5 pts).

2. (25 pts) A tank of a capacity of 400 gal originally contains 200 gal of water with 100 lb of
salt in solution. Water containing 1 lb of salt per gallon is entering at a rate of 3 gal/min, and
the mixture is allowed to flow out of the tank at a rate of 2 gal/min. Find an expression for
the amount of salt in the tank at any time prior to the point of overflowing. What is it at the
point of overflowing? Solution: Available on the class-page as the solution of Exercise # 4
of §2.3 (formulation: 10 pts, solution: 10 pts), except that the tank capacity is now 400 gal
which is overflowing when t = 200: q(200) = 200 ∗ 2 − 100/4 = 375 lb. (5 pts)

3. (20 pts) Solution: The IVP y′ = x/(y(x2 − 1)), y(0) = y0 can be solved by separation of
variables: y dy = x(x2 − 1)−1 dx, y(0) = y0 yields (using the ‘useful’ formula no.1)

y(x) =

{

[ ln(1 − x2) + y2
0
]1/2 if y0 ≥ 0

−[ ln(1 − x2) + y2
0
]1/2 if y0 ≤ 0

(10 pts)

y will be real if ln(1− x2) + y2
0
≥ 0 or equivalently if x2 ≥ 1− e−y2

0 (5 pts); note that the right
hand side term is always greater than or equal to 0. Hence, y(x) is defined as long as x is not

in the interval (−

√

1 − e−y2

0 ,

√

1 − e−y2

0 ) (5 pts).

4. (20 pts) For r > 0, β > 0, 0 ≤ N0 = N(0) < ∞, consider dN(t)/dt = r(1 −N(t)/β)N(t).
Sketch dN/dt versus N (5 pts); determine the equilibrium points (5 pts) and classify each one
as stable (5 pts) or unstable (5 pts). Solution: This is the example covered in the lecture on
‘Autonomous Equations’, and also in §2.5 of the textbook.

5. (20 pts) Solution: For

(a) (y/t+ 6t) dt+ (ln t− 2) dy = 0, t > 0,

M(t, y) = y/t + 6t and N(t, y) = ln t − 2. Since My = Nt = t−1, the given equation is
exact (5 pts). Integrating N with respect to y while holding t constant, results in ψ(t, y) =
y ln t− 2y + h(t) (5 pts). Differentiation with respect to t, ψt = y/t+ h′(t). Setting ψt = M ,
we find that h′(t) = 6t, and hence h(t) = 3t2. Therefore the solution is defined implicitly as
3t2 + y ln t− 2y = c (5 pts). For

(b) (et sin y + 3y) dt− (3t− et sin y) dy = 0,

M(t, y) = et sin y+3y and N(t, y) = et sin y−3t. Since My 6= Nt, it follows that the differential
equation is not exact (5 pts).


