
MAT 21A-E, Fall 2006

Additional exercises on Section 4.4

The following is meant to give you some experience in proving things. To clearly
indicated the end of a paragraph or an exercise a paragraph is ended by the sym-
bol and an exercise is ended by the symbol 4.

The following is (as we will see) a more general definition of concave function
then the book gives.

A function is called concave up on (a, b) if for all x1, x2 ∈ (a, b) with x1 6= x2

and all t ∈ (0, 1) we have

f ((1− t)x1 + tx2) < (1− t)f(x1) + tf(x2) (1)

The intuition behind this definition is that ‘concave up’ means that the se-
cant line between any two points on the graph lies above the graph. (See page
69 of the book for secant lines). In the above definition the points of the form
(1 − t)x1 + tx2 with t ∈ (0, 1) are exactly all the points on the number line in
between x1 and x2.

Exercise 1. Show that the y-value of the secant line in the point (1−t)x1+tx2

is equal to the right hand side of (1).4

Exercise 2. Show that f(x) = x2 is concave up on (−∞,∞). Warning: this
is a rather long calculation.4

We will show that the definition that the book gives for concave up becomes
a theorem in our case (‘the first derivative test for concavity’). From this first
derivative test the second derivative test for concavity follows as in the book.
Example 1b on page 291 of the book then gives the conclusion of exercise 2 in
a much easier way.

The following we will call the smallest point test. The function f is concave
up on (a, b) if and only if for all x, y, z ∈ (a, b) with x < y < z we have

f(y)− f(x)
y − x

<
f(z)− f(x)

z − x
. (2)

The above inequality means that the secant line from x to z has a larger slope
than the secant line from x to y. We call it the smallest point test since it deals
with the two secant lines involving x, the smallest of the three points x,y,z.

Exercise 3. Prove the smallest point test. Warning: the smallest point test
consists of two statement, namely

1. concave up implies (2).
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2. (2) implies concave up.4

The following we will call the midpoint test. The function f is concave up
on (a, b) if and only if for all x, y, z ∈ (a, b) with x < y < z we have

f(y)− f(x)
y − x

<
f(z)− f(y)

z − y
. (3)

Exercise 4. Give the geometric interpretation of this test and give a proof of
the midpoint test.4

Exercise 5. There is also a largest point test, which involves the secant lines
from x to z and from y to z. State and prove this largest point test.4

We now look at derivatives. The following we will call the differential mid-
point test. Suppose f is differentiable on (a, b). Then f is concave up on (a, b)
if and only if for all x, y, z ∈ (a, b) with x < y < z we have

f(y)− f(x)
y − x

< f ′(y) <
f(z)− f(y)

z − y
. (4)

Exercise 6. Give a geometric interpretation of this test.4

Exercise 7. Prove the differential midpoint test. Hint for the difficult part
(concave up imlies (4)): pick x̃, z̃, h with h > 0 and

x < x̃ < y − h < y < y + h < z̃ < z.

Now apply the smallest point test, the midpoint test and the largest point test
with appropriate points from this list. Then take the limit for h → 0+. Note
that if one takes a limit, then strict inequalities (<) may turn into nonstrict
inequalities (≤). This is why we include the points x̃ and z̃ in the above list.
You may at first want to ignore these and work with the list

x < y − h < y < y + h < z.4

The following two exercises (8 and 9) together give the ‘first derivative test
for concavity’.

Exercise 8. Use the differential midpoint test to show that if f is differentiable
and concave up on (a, b), then f ′ is increasing. Hint: let x1, x2 ∈ (a, b) with
x1 < x2. If f is concave up what is the relation between f ′(x1), f ′(x2) and the
slope of the secant line from x1 to x2? You can see this from a picture and then
use the differential midpoint test to confirm this.4

Exercise 9. Assume f is differentiable on (a, b) and f ′ is increasing on (a, b).
Use the midpoint test and one of the main theorems from this course (hint: there
is a section in the book named after this theorem) to show that f is concave up.4
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The following is an example of a function that is concave up, but is not
differentiable.

f(x) =
{

ex x ≥ 0
e−x x < 0.

(5)

Exercise 10. Show that the above f is not differentiable in zero.4

The following is true, it follows from the least upper bound axiom (see page
AP-10 of the book for this axiom). For a function g, defined on an interval
(a, b), that is increasing and bounded from above (i.e. there exists a M such
that for all x ∈ (a, b) we have g(x) ≤ M) limx→b− g(x) exists (it equals the least
upper bound of the function g).

Exercise 11. Use the above to show that for a function f that is concave up
the left-derivative f ′− exists at every point. Hint: define for s < t the function
g(s) = f(t)−f(s)

t−s . Use the largest point test to show that this function is increas-
ing and the midpoint test to show that this function is bounded from above.4

In a similar way one shows that for a function that is concave up the right-
derivative f ′+ exists at every point.

Exercise 12. Show that a function defined on (a, b) is continuous if its left-
and right-derivative exist at every point.4.

Exercise 13. The proof for the differential midpoint test also gives a result
for the more general situation where we do not assume that the derivative exists.
What is now the conclusion?4

Exercise 14. Using Exercise 13 prove the following: If f is concave up, then
f ′− ≤ f ′+ and if x1 < x2, then f ′+(x1) < f ′−(x2).4

We will show that f is concave up if the properties of f ′+ and f ′− as stated
in Exercise 14 hold. For this we need the following.

Exercise 15. [One-sided Rolle’s theorem]. Assume f is continuous on [a, b],
that f ′+, f ′− exist on (a, b) and that f(a) = f(b). Then there exists a c ∈ (a, b)
such that min{f ′−(c), f ′+(c)} ≤ 0 ≤ max{f ′−(c), f ′+(c)}.4

Exercise 16. [One-sided mean value theorem]. Assume f is continuous on
[a, b] and that f ′+, f ′− exist on (a, b). Then there exists a c ∈ (a, b) such that
min{f ′−(c), f ′+(c)} ≤ f(b)−f(a)

b−a ≤ max{f ′−(c), f ′+(c)}.4

Exercise 17. Use the one-sided mean value theorem to adapt the proof given
in Exercise 9 to prove the following. If f ′+, f ′− exist, f ′− ≤ f ′+ and if x1 < x2,
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then f ′+(x1) < f ′−(x2) holds, then f is concave up.4

Exercise 18. Show, by using exercise 17, that the function defined by (5) is
concave up.4
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