
Mathematics 1, 2006

Exercise sheet 5

Exercise 1. (Parametric differentiation). The curve in the following is in polar coordinates.
Find dy/dx at the point specified.

r = sin
1

2
θ at θ =

1

2
π.

Exercise 2. The path of a point is given parametrically by x = a cos t, y = b sin t. Show that
the point travels around the ellipse (3 p)

x2

a2
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y2

b2
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Express dy/dx in terms of t. Suppose that t represents time. Express the speed as a function
of t.

Exercise 3. (Differentials). The area of a circle is given by A = πr2. Use differentials to
estimate the change of area as r moves from r = 3 to r = 3.1. Find the exact change in the
area.

Exercise 4. Sand falls from a chute and forms a conical pile in such a way that the verti-
cal angle remains constant. Suppose r is the base radius and h is the height at time t. In the
lectures we showed that if r is increasing at a rate α cm/s then the volume is increasing at a
rate πrhα cm3/s. Show that if the height is increasing at rate β cm/s then the exposed surface
area is increasing at a rate 2πrβ(

√

h2 + r2)/h cm3/s. (The volume of the cone is πr2h/3 and
the surface area is πrl where l is the slant height.) (3 p)

Exercise 5. The volume of a rubber tyre is given by V = 2π2a2b and its surface area is
given by S = 4π2ab where a and b are related to the internal radius r and the external radius
R by the equations R = a + b, r = b − a. The tyre is inflated in such a way that the internal
radius r remains constant. Show that the rate of increase in volume of the tyre, at the instant
at which the rate of increase of the surface area is (a + b)2, is a(a + b)(a + 2b)/2. (3 p)

Exercise 6. Sketch the graph to the following functions.

(a) x2e−x;
(b) (lnx)/x, x > 0.

Exercise 7. Sketch the graph to (3 p)

x/(x2
− 1).



Exercise 8. Consider a cylindrical container of radius r cm and volume 1000 cm3. Show that
the surface area, A, is given by

A = 2πr2 + 2000 · 1/r

(Recall that the volume is πr2h, where h is the height.) Find the dimensions such that the
surface area is minimised ( i.e we are minimizing the amount of material needed). Show that
h = 2r is the minimum. (3 p)

Solutions to (2), (4), (5), (7) and (8) to be handed in by Monday 6th November.
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