
Solutions to exercise sheet 2

due Tuesday October 16

1. (1) Obtain the derivative of y = 3x2 in the point (1, 3) from first principles
(meaning: look at the slope of chords etc.).
A cord from the point (1,3) to an arbitrary point (x, 3x2) on the graph
has slope

3x2 − 3
x− 1

The numerator factors as 3x2 − 3 = 3(x− 1)(x+ 1) so that for x 6= 1 the
slope of the chord is

3(x+ 1).

By definition the derivative of y = 3x2 in the point (1, 3) is the slope of
the chord when x→ 1. So this is 3(1 + 1) = 6.

2. (1) Check that your answer to question (1) gives the same answer as when
using the basic formulas and rules for differentiation.
To calculate the derivative of 3x2 we use the power rule and the constant
multiple rule. The answer is 6x. So we obtain that the derivative in x = 1
is 6, as before.

3. (1) Find the tangent line of y = 3x2 in the point (1, 3).
We know what the slope of the tangent line is: 6. We also know that the
tangent line has to pass through the point (1, 3). The unique line with
these properties is y = 6(x − 1) + 3. This can be (but does not have to
be) rewritten as y = 6x− 3.

4. (1) Find the line normal to y = 3x2 in the point (1, 3).
The product of the slope of a tangent line and a normal line at the same
point is -1. Since the slope of the tangent line in this case is 6, the slope
of the normal line must be −1/6. The normal line has to pass through the
point (1, 3). The unique line with these properties is y = −1

6 (x − 1) + 3.
This can be (but does not have to be) rewritten as y = −1

6 x+ 3 1
6 .

5. (1) Prove that the curves y = 1 + x− x2 and y = 1− x+ x2 intersect at
a right angle at the point (1,1).
The derivative of the first curve is 1 − 2x and that of the second curve
is −1 + 2x. It follows that at the indicated point the slopes are -1 and
1, respectively. So the product of the slopes is −1, showing that the two
curves at this point are perpendicular.



6. (1) Find the angle between the curves y = x2 and y = 1−x2 at the points
of intersection.
We first have to find the points of intersection, so we solve x2 = 1 − x2.
This is equivalent to 2x2 = 1, so that x = ± 1√

2
. The derivatives of

the curves are 2x and −2x, respectively. It follows that in both points
of intersection one derivative equals

√
2, while the other equals −

√
2. It

follows that the angle between either of the curves and the horizontal
satisfies tanα =

√
2. So that α = arctan

√
2. So we have that the angle

between the two curves is 2α = 2 arctan
√

2 or π− 2 arctan
√

2, whichever
is the smaller. In this case that is π − 2 arctan

√
2.

7. (1) Obtain the derivative of e2x from first principles.
We closely follow what was done for ex. We recall that

lim
y→0

ey − 1
y

= 1.

With y = 2x it follows that

lim
x→0

e2x − 1
x

= 2.

So the derivative of e2x in zero is equal to 2. We use the exponential laws
to arrive at a formula for the derivative at any point:

lim
h→0

e2(x+h) − e2x

h
= lim

h→0

e2xe2h − e2x

h
= e2x lim

h→0

e2h − 1
h

= 2e2x.

So the derivative of e2x is 2e2x.

8. (1) Obtain the first, second and third derivative of f(x) = x6.
The first derivative is 6x5, the second derivative is 30x4 and the third
derivative is 120x3.

9. (1) Calculate the first and the second derivative of x3 sinx.
The first derivative is (using the product rule): x3 cosx + 3x2 sinx. The
second derivative is −x3 sinx+ 6x2 cosx+ 6x sinx.

10. (1) Calculate the first and the second derivative of x+1
x2+3x .

We use the quotient rule. The first derivative is

(x2 + 3x)− (x+ 1)(2x+ 3)
(x2 + 3x)2

.

This can be simplified to:

− x2 + 2x+ 3
x4 + 6x3 + 9x2

.

We now calculate the second derivative to be

− (x4 + 6x3 + 9x2)(2x+ 2)− (x2 + 2x+ 3)(4x3 + 18x2 + 18x)
(x2 + 3x)4

.
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