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Structure of this lecture

@ Utility axioms
© Expected utility
© Risk aversion

@ Classes of utility functions
@ CARA utility functions
@ CRRA utility function

© Outlook
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Utility axioms

@ Utility axioms
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Utility axioms

Preferences

@ Preferences allow to order any possible choices, i.e. rank them

@ In economics a set of axioms have been developed that achieve this
aim
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Axiom 1 (Reflection)

@ Any choice is at least as good as itself

@ a~ a
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Axiom 2 (Transitivity)

@ Ifa>band b> ¢, then a > c

@ In experiments, transitivity of choices has been found to be frequently
violated
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Utility axioms

Axiom 3 (Completeness)

@ All choices can be compared
@ Va,b:a>borb>a
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Utility function

@ A utility function U : S — R assigns a real number to each choice
such that
e a> b« U(a) > U(b)
e a~b<s U(a): U(b)

@ The absolute value of these numbers is irrelevant, they can also be
negative
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Expected utility

© Expected utility

Lecture 1 (Lecture 1 - Utility Theory) Financial investment management 9/39



The problem

@ When outcomes are uncertain, the simple utility axioms do not hold
any more

@ We can compare individual possible outcomes, but how to aggregate
them?

@ A set of axioms has been developed to deal with this problem
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Expected utility

Notation

@ A choice a; has a set of potential outcomes {¢j1, Ci2, ..., Cim}
@ These outcomes corresponds to the different states of assets
@ Each outcome (state) has a certain probability of occurring, pj

@ A choice we also write as a; = [pi1¢i1, - - -, PiMCim]
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Expected utility

Axiom 1 (Completeness)

@ All choices can be compared

@ Vaj,aj:aj = ajoraj = aj
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Expected utility

Axiom 2 (Decomposition)

o Let a; = [pi1bi1, ..., pimbim] with b; = [gjic1, ..., qibiL]

: M
@ If we define p;-kk = lel Pi1gilk then d; ~~ [p;-"lcl, ceey p;-kLCL]
@ If the possible outcomes of a choice are themselves random, we can
generate an equivalent choice based only on final payoffs
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Expected utility

Axiom 3 (Composition)

o Let a; = [pi1bi1, - - ., pimbim] and by ~ [gjic1, ..., giLbiL]

@ Then a; ~ [P;-lel, ooy Pij [qijlcla IR qI_/LbL] IR 7p;'kLCL]
@ We can generate more complex outcomes, but they do not affect the

preferences

14 /39
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Expected utility

Axiom 4 (Monotonicity)

o Let a; = [pj1c1, piace] and b; = [gi1c1, ginco] with ¢ = &

@ If pj1 > gj1 then a; > b;
@ Given the same possible payoffs, the choice with the higher probability
on the better payoff is preferred
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Expected utility

Axiom 5 (Continuity)

o If aj = b; and b; = ¢; then there exists a d; = [p1aj, p2¢;] such that
di ~ b,

@ This axiom ensures that we always can generate intermediate
outcomes from its extremes.

Lecture 1 (Lecture 1 - Utility Theory) Financial investment management 16 /39




The proof

o Let a; = [pi1ci1, ..., pimCim]| with ¢c1 = ¢ = ... = cum

@ Such an order exists by axiom 1
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Expected utility

Using the extreme outcomes

o We can rewrite ¢; as ¢; ~ [ujc1, (1 — uj)em] = o

@ T his uses axiom 5
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Expected utility

Substitute in the choice

® a; = [picy,...,pimcy]
@ This uses axiom 3 and replaces the outcomes with stochastic
outcomes

@ Each ¢ consists of the same two possible outcomes, ¢; and ¢y, only
with different probabilities
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Expected utility

Simplifying the outcomes

e a; ~ |pic1, (1 — pi)cm]
M

® pi =) il Ujjpjj

o p;i = Eluj]

@ The choice has been reduced to two possible outcomes
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Expected utility

Comparing outcomes

@ For another choice we get equivalently a; ~ [pjc1, (1 — pj)cm] with
pi = Eluj]

o If p; > p; we find a; > a; using axiom 4
o Or E[uj] > E|uj]
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Expected utility

Interpreting u;

@ From our definition we know from axiom 4 that ¢; > ¢; & u; > u;
@ The ordering of u; therefore reflects the order if the preferences
@ This is exactly the same as the definition of the utility function

@ u; can be interpreted as utility
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Expected utility principle

@ Choices should be made according to the expected utility of the
choices

@ 3j = aj < E[U(a,-)] > E[U(aj)]

@ Determine the utility of each possible outcome and then calculate the
expected value
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Risk aversion

© Risk aversion

Lecture 1 (Lecture 1 - Utility Theory) Financial investment management 24 /39



Risk aversion

Definition

Individuals are risk averse if they always prefer to receive a fixed payment
to a random payment of equal expected value.
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Risk aversion

Certainty equivalent

@ In order to be indifferent between a fixed and random payment, the
fixed payment must be lower by an amount of 7

o E[U(x)] = E[U(E[x] = 7)] = U(E[x] — )
@ E[x] — m is called the cash equivalent or certainty equivalent of x

@ 7 is called the risk premium of x
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Approximating the random payoff

@ Using a 2"? order Taylor series expansion around E[x] we get

o E[U(x)] = E[U(E[x]) + U'(E[x])(x — E[x])
+3 U"(EIx])(x — E[x])?]

= U(E[X]) + 3 U"(E[x]) Var[x]
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Approximating the fixed payoff

@ Using a 1°f order Taylor series expansion around E[x] we get

o U(E[x] —m) = U(E[x]) + U'(E[x])7
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Risk aversion

Risk premium

. . 1 U (E[x
e Combining the two equations we get ™ = 5 (— U,((E[[X]]))) Var|x]
@ 7 — — l{j/,/((g[[x)]])) Is known as the absolute risk aversion

@ The more concave the utility function is, the more risk averse the
individual

@ [ he relative risk aversion is defined as zV
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Risk aversion

Risk aversion and expected utility

U(x)y
U(Xz) /——U(X)
U(E[X])
E[U(x)] =
U(E[x] — =
U(x1)
X1 E[x] — 7 E[x] X2 "
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Utility functions

O Classes of utility functions
@ CARA utility functions
@ CRRA utility function
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CARA
The idea

@ Relative utility level should depend only on the difference of wealth
associated with two choices

°o ik =f(V—V)
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S
Deriving the utility function

° Givl =fI(V—V)

o % = f'(0) = -z
InU(V)] = -z

InU(V') = —2V' + ¢

U(V) = Ce Y = -7V

Set C = —1 to ensure U'(V) >0
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Risk aversion

ur(v) _
u'(v) —
@ Hence the utility function has Constant Absolute Risk Aversion

o Using U(V) = —e 2V we can show that —

Z
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CRRA
The idea

@ Relative utility levels of two choices depend on the relative change in
wealth the choices produce

o qvh =f (¥)
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SR
Deriving the utility function

U(V) _ U(exp(inV)) _ Q(ln V)
u(v’) — U(exp(InV’)) — U(n V)

=f () =f(exp((In %)) = F(In V — In V')
@ Log-levels of wealth follow a CARA utility function
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R
Deriving the utility function (ctd.)

o U(nV)=U(V)= CeZ"V = cv—2 = 2=

@ 7z = Lljjl,/((\\//)) :# orz=2zV -1
More commonly written with v =z 41 as U(V) = Vl —

Hence v = zV which is the relative risk aversion

Utility function has Constant Relative Risk Aversion
for y =1 (z = 0) this becomes U(V) =1InV
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© Outlook
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Outlook

We will use utility functions widely to determine the optimal portfolio in
the coming lecture.
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Structure of this lecture

@ Mean-Variance criterion

© The Markowitz frontier

© Outlook
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Investment decisions

When investing you have to make three decisions
© How much to invest into risky assets
© Which risky assets to invest in

© How much to invest into each of the selected assets
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An optimal portfolio

[An optimal portfolio] is more than a long list of good stocks and bonds.
It is a balanced whole, providing the investor with protections and
opportunities with respect to a wide range of contingencies. The investor
should build toward an integrated portfolio which best suites his needs.
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Mean-Variance criterion

@ Mean-Variance criterion
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Mean-Variance criterion

Using two moments

@ Ideally we would like to determine the portfolio without the utility
function

@ We can use the two moments that emerge from the utility functions:
mean and variance

@ Investors like a high mean and dislike a high variance
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Mean-Variance criterion

The decision criterion

( Varlaj] < Var[aj] and E[aj] > E|aj]
aj = aj< 4 or -
Var[aj] < Var[aj]] and E[aj] > E[aj]

\
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Mean-Variance criterion

Decision-making using the mean-variance criterion

Mean

aj>a,- 7

? aj<a,-

|-
!

Var|aj] Variance
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Mean-Variance criterion

Efficient frontier

@ Alternatives not dominated by another alternative are called efficient

@ All efficient alternatives are forming the efficient frontier
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Mean-Variance criterion

Efficient frontier

Mea“n B
Efficient Frontier

Variance
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Utility function

@ To distinguish between elements of the efficient frontier we need the
utility function

o Use quadratic utility function: U(x) = x + bx?
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Properties of the utility function

2b
1+2bp

@ For risk averse investors we need b < 0
e Marginal utility: U'(x) =14+2bx >0 x < —2—1b

@ Risk aversion: z =
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Mean-Variance criterion

Problem with quadratic utility functions

@ For large outcomes, the marginal utility is negative

@ We have to ensure that we only consider situations before the bliss
point
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Mean-Variance criterion

Indifference curves

o E[U(x)] = E |x + bx?| = p+ b(p? + o2)

o dE [U(x)] = (1 +2bu)du+ 20do =0

du _  2bo  __
o £ = —1+2b#—za>0

Lecture 2 (Lecture 2 - Portfolio selection the Financial investment management

14 / 42



Mean-Variance criterion

Functional form

o E[U(x)] = E |[x+ bx?] = p+ b(u? + o)
° M2+%M+02: E[%(X)]

2 X
o (n+3) =5+

@ Indifference curves are circles with center (O, _2_b)
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Mean-Variance criterion

Determining the optimal alternative

Mean Indifference Curves

B
Efficient Frontier

Standard Deviation
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Mean-Variance criterion

Optimality of mean-variance criterion

@ a; > aj & E[U(a;)] > E[U(q))]
o i+ byf + bo? > i + bys + boy
o i — pj+ b(pu? — sz) + b(o7 — 012) —
(i = 14) (L + b(pi + 7)) + b(0)i* — 07 >0
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Mean-Variance criterion

Optimality of mean-variance criterion (ctd.)

@ Divide by —2b > O:

1 HitHy o;—9;
o (=) (5 - 1) - T >

@ [ his condition is fulfilled iff the mean-variance criterion is fulfilled
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Mean-Variance criterion

Relation to portfolio theory

@ These principles can now be applied to portfolio theory

@ We only have to use the portfolio characteristics and apply the theory
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The Markowitz frontier

© The Markowitz frontier
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The Markowitz frontier

Assumptions

No transaction costs and taxes

Assets are infinitely divisible

No restrictions on investments

Investors maximize expected utility using the mean-variance criterion

Prices are competitive

Single time period for investments
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The Markowitz frontier

Portfolio characteristics

. /
o L, =pw
P ag:w’Zw
o Wwi=1
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The Markowitz frontier

The two asset case

pp = wpr + (1 —w)po = po + w(pr — p2)
ag = w?0? + (1 — w)?0? + w(1 — w)o1o0 — 2p
= 05 + w?(0% + 05 — 20102p) + 2w(o102p — 03)
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The Markowitz frontier

Minimum risk portfolio

do2 2 2 2
o -2 =2w(of + 05 —20102p) +2(0102p —05) =0
2
o 05—0102p
® WMRP = a%—l—a%—Zalagp
2 0203(1—p?)

® OMRP = 57453 201020
@ We can show that the MRP is decreasing as the correlation reduces

Lecture 2 (Lecture 2 - Portfolio selection the Financial investment management 24 /42



Shape of portfolio sets

o203(1—p?)
0%+0§—20102p

Q Og—aﬁmp — Og—l—wz(cf%—l—(f%—20102,0)+2W(01020—02)_

MRPY2 (03 + 03 — 201020)
o 1o — marp = (w — wMRP)(uy — pa)

@ We can now combine these two expressions

o = (w —w

Lecture 2 (Lecture 2 - Portfolio selection the Financial investment management 25 /42



Efficient set as a hyperbola

0.2_0.2
o (pp— 1mpR)® = 0%_,_25_2”;1/302[)(#1 — p2)?

@ This is a hyperbola with axes

1 — 2
\/O‘%—I—O'% —201092p

@ [lip = MRP T Op
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Efficient portfolios

Y
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The Markowitz frontier

Determining the optimal portfolio

We can now introduce the indifference curves to determine the optimal
portfolio
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The Markowitz frontier

i, Indifference Curve B

Opportunity Locus

OP

MRP
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The Markowitz frontier

Extension to multiple assets

@ We can now extend this idea of portfolio determination to multiple
assets

@ we only need to combine all possible portfolios of any 2 assets

@ Portfolios of assets are then treated as assets themselves
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The Markowitz frontier

Portfolio selection with multiple assets

Y
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The Markowitz frontier

Properties of the efficient set

@ The efficient set will form a convex hull of the opportunity set
@ The more assets the more to the upper left it will move

@ Allowing short sales increases opportunity set
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The optimal portfolio

Y
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The Markowitz frontier

Riskless asset

@ A risk less asset has 0 = 0 and u = r, hence

° pp=wp +(1—-w)r=r+w(u—r)

2 2.2
@ 0, = w03
_ pi—r
@ Up =1+ o Op
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The Markowitz frontier

Opportunity set with a riskless asset

. . . . . /“’l/]._r
@ The opportunity set is a straight line with slope o

@ This allows to combine the decisions on risky and riskless assets
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The Markowitz frontier

Optimal portfolio with a riskless asset

Capital Market Li

Y
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The Markowitz frontier

Tobin's separation theorem

@ The ORP is independent of preferences

@ The optimal portfolio is a combination of the ORP and the riskless
asset

@ Only this combination depends on the preferences

@ This two step combination is called Tobin's separation theorem
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The Markowitz frontier

Diversification

@ Diversification reduces the risk of an investment
@ The marginal benefits are decreasing with the number of assets

@ Random selection of portfolios hardly ever get close to the efficient
frontier
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Stability of portfolio selection

@ The ORP is very sensitive to the estimated means and covariance
matrix

@ Therefore a more robust method of estimating the efficient frontier is
desirable
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The Markowitz frontier

Resampling

@ A way of getting a more robust estimate of the efficient frontier is to
vary the estimates of the parameters within the sampling distribution

@ Averaging the resulting weights gives a more robust estimate of the
efficient frontier
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© Outlook
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Outlook

@ Portfolio selection theory provides the basic idea for designing an
Investment strategy

@ In the coming lectures we will look at the long-run investment strategy
and then short-run deviations to exploit additional information
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Structure of this lecture

@ Moments of portfolios

© Short-term portfolio choice

© Long-term portfolio choice without re-balancing
O Long-term portfolio choice with re-balancing
© The effect of diversification

© Resampling the efficient frontier

@ Outlook
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Moments of portfolios

@ Moments of portfolios
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Moments of portfolios

Vector notation

AN

N
Q fip = i wipi =w'p

(2 Op = Zi,j:l WiW;oj = W > W
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Moments of portfolios

Riskless asset

© A risk less asset is in principle included in the above

@ It is a special case with u; = r and o;; =0

© Due to the importance of the ORP the riskfree asset is often treated
separately
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Moments of portfolios

Portfolios with riskless asset

@ invest a fraction « into the risky assets (ORP)
Q@ pp=app+(l—a)r=aolpp—r)+r
Q o2 = o252
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Moments of portfolios

Total portfolio moments

@ We can now combine these two representations
@ Define W = aw

Q@ up=a(Wp—r+r=0"(p—r)+r

Q 02 =W TIw =00
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Short-term portfolio choice

© Short-term portfolio choice
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Short-term portfolio choice

Objective function

Q@ Theu optimal portfolio maximizes expected utility
Q@ L=pup— zaP — maxg

Q 2 a@ —u—rt—zxw =0

Q L= %Z Y —r)
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Short-term portfolio choice

Composition of the optimal portfolio

@ Portfolio composition is essentially independent of preferences (ORP):

Y ()
© Preferences only affect the level of investments into the risky assets
1

via =, l.e. «
Z
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Short-term portfolio choice

OP and risk aversion

Y
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Long-term portfolio choice without re-balancing

© Long-term portfolio choice without re-balancing
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Long-term portfolio choice without re-balancing

Long-term investors

@ So far we assumed that investor have a time horizon of one time
period

@ In reality many investors seek investments for multiple time periods

© For now let us assume that such investors cannot re-balance their
portfolio after each time period
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Long-term portfolio choice without re-balancing

Moments over multiple time periods

© Assuming uncorrelated returns we have

Q pit=Tui

O oj7=Toj

© Assumes implicitly that moments are not expected to change
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Long-term portfolio choice without re-balancing

Objective function

1 1
Q Lr=pp1— 520‘12_-,7-,- = Tup — EZTO'I% = TL
© The constant factor T is irrelevant for the optimization problem

© The optimal portfolio will be identical regardless of the time horizon
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Long-term portfolio choice without re-balancing

Myopic portfolio choice

A portfolio choice is said to be myopic if short-term investors and
long-term investors make the same portfolio choice.
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Long-term portfolio choice with re-balancing

O Long-term portfolio choice with re-balancing
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Long-term portfolio choice with re-balancing

Two time period model

© Assuming identical moments for both time periods
Q@ Rp=(1+Rp1)(L+Rp2)—1=~Rp1+ Rpp

Q pup=uwi(p1 —nt)+n+5(u2 — rnt) +r

(% = (W1 + @) (e — re) + 2r

Q 0p = W1 L1W1 + Wy Yolp = Wy Xy + Wy Xl
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Long-term portfolio choice with re-balancing

Optimal portfolio

0 L:MP—%ZU%_)maXahaz
Q %:,u—rb—zZoz,-:O
Q =X Hu—r)

-z
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Long-term portfolio choice with re-balancing

Properties of the portfolio

© The «; are identical and we choose a constant portfolio over time
@ The portfolio is also identical to that of short-term investors

© Hence portfolio choice is myopic
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Long-term portfolio choice with re-balancing

Assumption about risk aversion

© In deriving the result it has been assumed that the risk aversion
remains constant

© As the wealth changes due to the return received, the risk aversion
might change

© This can only be prevented when using a CARA-utility function
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The effect of diversification

© The effect of diversification
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The effect of diversification

Effect of increasing assets in portfolio selection

Increasing the number of assets increases the opportunity set
Efficient frontier moves to the upper left

Shape of efficient frontier dependent on assets actually chosen

Once diversified benefits of diversification are limited
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Risk of (un)diversified portfolios

) Assume an equally weighted portfolio

2 N
® 0p= N2 Z/—l N2 21—1 U + N2 Z/—l J 1j#i 90 =
_ N N 1) __

° _>N—>+oo Uij
@ Marginal benefits of diversification reduce as N increases
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Increasing the number of assets from the S&P500

Efficient frontier
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Increasing the number of assets from the S&P500

Efficient frontier
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Increasing the number of assets from the S&P500

Efficient frontier
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Increasing the number of assets from the S&P500
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Increasing the number of assets from the S&P500

Efficient frontier
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Increasing the number of assets from the S&P500
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Increasing the number of assets from the S&P500

Efficient frontier
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The effect of diversification

Benefits of portfolio selection theory

@ Using portfolio selection theory will improve the utility of investors
@ Excessive diversification does not add much benefits

@ These benefits need to be weighed against costs
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Resampling the efficient frontier

© Resampling the efficient frontier
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Resampling the efficient frontier

Efficient frontiers are estimates

@ Means and covariances are estimates have confidence intervals, so will
have efficient frontiers

@ Based on the distribution of the estimates, we can obtain a random
mean and covariance and calculate an efficient frontier

@ We can use Monte-Carlo simulations and get many such efficient
frontiers

@ We then average these efficient frontiers

@ This technique is called resampling
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Resampling the efficient frontier

Resampled efficient frontiers

Efficient frontier of resampled time series (N=10, T=250)
160 T T \ T \

140

120

100~

80

Return in % p.a.

40—

20

20 |

40 \ \ \ \ \ \ \ \ \
10 15 20 25 30 35 40 45 50 55 60

Risk (standard deviation) in % p.a.

Lecture 3 (Lecture 3 - Myopic portfolio choic Financial investment management 35 /45



Resampling the efficient frontier

Average frontier

"Average" efficient frontier(N=10, T=250, M=50)
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ORP weights in different frontiers

Portfolio weights in the ORP (N=10, T=250, M=50)
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ORP of resampled frontier

Portfolio weights in the ORP (N=10, T=250, M=50)
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Resampling the efficient frontier

Increasing sample sizes and stocks considered

@ Increasing the sample number (number of repetitions) does not
reduce the bias

@ Increasing the number of stocks does not reduce the bias
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Resampling the efficient frontier

Increasing the length of the time series

Efficient frontier of resampled time series (N=10, T=1,000,000)
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Resampling the efficient frontier

Average efficient frontiers
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Resampling the efficient frontier

ORP Composition

Portfolio weights in the ORP (N=10, T=1,000,000, M=50)

120

100

80

60

% of ORP

40

20

Lecture 3 (Lecture 3 - Myopic portfolio choic

20 30 40
Replications

Financial investment management

50

60

42 /45



Average ORP

Portfolio weights in the ORP (N=10, T=1,000,000, M=50)
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@ Outlook
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Outlook

© So far we only considered the investment decision
@ Consumers, however, also have to make consumption decisions

© the coming lectures will include these elements into the portfolio
decisions
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Structure of this lecture

@ Power utility of consumption

© Epstein-Zin utility function

© The intertemporal budget constraint
@ Optimal portfolio choice

© Outlook
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Power utility of consumption

@ Power utility of consumption
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Power utility of consumption

Importance of consumption

@ The aim of investment is usually to increase future consumption

@ Objective of investors is therefore not to maximize expected utility of
final wealth but expected utility of future consumption

@ We assuming investors to have a time-separable power utility function
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Power utility of consumption

Objective function

cl=»

o B[S /U] = B | S5 7| - maxic,
@ Wiy1 = (We — G)(1 + Reqa)
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Power utility of consumption

First order condition

@ Using dynamic programming we can get the first order condition as
o U'(C) = Et[pU'(Cet1)(1 + Ret1)]

@ Marginal consumption today has to equal the expected marginal
consumption tomorrow
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Power utility of consumption

Stochastic discount factor

e Using the power utility function U'(C;) = C; 7 we get

o 1= Et [,0 (ngl)_v (1 + Rt—l—l]
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Epstein-Zin utility function

© Epstein-Zin utility function
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Epstein-Zin utility function

The problem with power utility functions

@ Risk aversion determines the elasticity of intertemporal substitution

@ Y= %

@ Using the Epstein-Zin utility function eliminates this link
1y 1% T

o U= ((1-p)C° +pE [Ut—kl}

@ 0= 11__1
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Epstein-Zin utility function

Interpretation of the utility function

e Utility is a weighted average of the present consumption and future
expected utility, i.e. future consumption

@ The weights are determined by the time preferences (p) and by the
risk aversion to uncertainty in future consumption (7)
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Epstein-Zin utility function

First order condition

@ The budget constraint is W11 = (We — G)(1 + Rp)

_9
° 1=F [pe (%) "+ Rp)9]
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Epstein-Zin utility function

Approximation of the condition

@ Taking logs we get
o E [In Cﬂ Wlnp+ YE[Ry] + £ Var {m C1 _ R

@ The last term arises from approxmatmg In Et[x] by E¢[In x] as
Ellnx] = u < In E[x] = u — 302 for normal distributions
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Epstein-Zin utility function

Consumption growth

Consumption grows over times at a higher rate if
@ expected return are higher: more wealth is accumulated

@ the investment risk is higher: precautionary savings initially let us
start from a lower base
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Epstein-Zin utility function

Risk premium

@ This result can be used to derive the risk premium of an asset

;bACt—l—l] + (1 — 0)Cov|r;, rp]

@ The risk premium depends on the covariance of the asset with
consumption growth and the market portfolio

0 Cov|r;

o,u—r—l—%:
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The intertemporal budget constraint

© The intertemporal budget constraint
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Rewriting the budget constraint

@ Wit1 = (W — G)(1+ Rp)

o Wit =(1+Ry) (1- %)
@ Aln Wiy1 = Ry, +1n (1 — eln Ce=ln Wf)
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The intertemporal budget constraint

Taylor approximation

@ The second term can be approximated as

1
@ In (1_e|nCt—|nWt) :|n5—|—(1—5)|an_6—|— (1—5(”\ Ct—ln Wt)

\ _J/
N

k
0 0 =1— ebtlnCG—InWi] is the fraction of reinvested wealth

o Inserting gets us finally Aln Wyy1 = R, + k + (1 _ %) (In C; — In W,)
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Rewriting the wealth growth

@ AlnWiy1 =AInCGa1 4+ (InC —In W) — (In Gear — In Wiyq)
@ is a difference equation on In C; — In W; which we can solve forward as

o In Ct — |n Wt — Z:_Of 5i(Rp,t—|—i o A In Ct‘|—i) + %
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The intertemporal budget constraint

Unexpected changes in wealth

@ We can now take expectations and make a number of transformations

@ In the end we get
@ Aln Ct—|—1 — Et[A In Ct—|—1] —

(Et+1E¢) {Z ¥ Rptr14j — 2o VAN CC+1—|—J}
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The intertemporal budget constraint

Interpretation of results

An unexpected change in consumption is the result of a
@ change in expected returns

@ change in future consumption growth
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Bringing the utility function back in

@ So far we have only manipulated the budget constraint
@ Epstein-Zin utility was

E, [ln Cgﬂ = Inp+ VE[R,] + £ Var {m Cea Ry
@ If the variance remains constant we can write this as
o Ec|In 2| = ¢+ YER,]
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The intertemporal budget constraint

Consumption ratio

@ Inserting this into the budget constraint we get

@ InC; —InW; = 5({(__(;0) + (1 —9)E; Zj;of 0' Rp, 41
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The intertemporal budget constraint

Income and substitution effect

o If portfolio returns are high, consumption can be higher (income
effect)

@ This arises from the increased income the high returns generate

o If portfolio returns are high, consumption can be lower (substitution
effect)

@ This arises from the incentive to delay consumption in order to
benefit from the current high returns and increase consumption later

@ if 1 <1 the income effect dominates, else the substitution effect
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The intertemporal budget constraint

Changes in consumption

@ Inserting the above relationship we get
@ Aln Ct—l—l — Et[A In Ct—l—l] —

Rp.e1 — EdRp esa] + (1= 0)(Eert — E) [ S5 0Rp e
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The intertemporal budget constraint

Interpretation

Consumption changes if
@ the portfolio return is unexpectedly high (or low)
@ expectations about future portfolio returns are revised

If 1) < 1 consumption increases with returns, i.e. the income effect
dominates
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Asset pricing

@ Using the results on asset pricing we get
@ —r+ % —
vCov[R, Rp] + (1 —v)Cov R, (Et+1 — Et) [ZLOS 5iRP,t+1—1—jH
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Optimal portfolio choice

@ Optimal portfolio choice
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Optimal portfolio choice

Assumptions

@ Variances and risk premia are constant

@ If the risk premium is constant, any changes in the returns are due to
changes in the risk free rates

o (Eir1— Ep) [5IRP,t+1—|—j} = (Et+1 — Et) [5in,t+1+f}
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Single risky asset

@ For simplicity assume we only have a single risky asset with return R

@ If we invest a fraction « into this risky asset and the remainder into
the risk free asset we get

o Cov¢[R,R,] = ao?
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Optimal portfolio

@ Based on these results we can now derive the optimal portfolio using
the asset pricing relationship and first order conditions

| p—rt3o? +( 1) Cov[R,—(Ee+1—E¢)[6'Rr e114]]

~ 2

v o2 7 o

Q (x =
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Interpreting the optimal portfolio

The weight of the risky asset depends on
@ the risk premium relative to its risk
@ his risk aversion

@ the covariance of the asset with changes in the risk-free rate

Lecture 4 (Lecture 4 - Consumption and port Financial investment management 31/36



The problem of the risk-free rate

@ Short-term treasury bills are not risk-free for long-term investors as
interest changes on roll-over dates

@ The intermediate value of long-term bonds also fluctuates as the
interest rate changes

@ Hence no really risk-free asset exists
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Optimal portfolio choice

Full evaluation of the model

@ To solve the above model properly we need a model of the term
structure

@ This allows us to model the covariance term for the optimal portfolio
holdings

Lecture 4 (Lecture 4 - Consumption and port Financial investment management 33/36



Optimal portfolio choice

General properties

For a realistic term structure model we find the following properties
@ The more risk averse investors are the less equity they hold

@ Long-term bonds serve as a hedging against consumption risk arising
from falling interest rates

@ Short-term bonds are generally not held much, mostly in times of
high inflation as a hedge against this risk
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© Outlook
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Outlook

@ Including the consumption decision gives rise to many complications
in deriving the optimal portfolio

@ Detailed solutions maybe of limited value for practical applications
@ Nevertheless important general principles can be established

@ The coming lecture will include labor income which is more realistic
for most investors
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Structure of this lecture

@ Known labor income
© Single-period model
© Multi-period model

O Outlook
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Financing consumption

@ Investors usually do not only rely on their wealth to finance
consumption

@ in most cases they also have labor income

@ additional complication arise from retirement
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Known labor income

@ Known labor income
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Known labor income

Present value of future labor income

@ If labor income is known over the life time and fixed then

o H=Yi=0TpL; =21

@ discount rate p is risk free
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Total wealth

@ [ he total wealth of the investor is
o W=W+H

@ Wealth consists of the current wealth plus future labor income
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Known labor income

Fraction invested into the stock market

o From before we know that o = £

@ Including future labor income the fraction of the current wealth is

—_—~—

~_ W
ooz—on>oz
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Known labor income

Retirement

@ As the investor approaches retirement, T reduces and so does H

@ Implication is that less and less is put into the stock market as people
become older

@ This does not arise from a changed time horizon or changed
preferences but changed circumstances
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Single-period model

© Single-period model
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Single-period model

Uncertain labor income

o [~ N(NDO-E)
o Cov[L,R] = oy,
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Single-period model

Objective function

@ Investors maximize expected utility of future consumption

@ max, E {pcll__;}

o C=W(I1+R,)+1L
o Rp=a(R—r)+r
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Single-period model

Budget constraint

eInC=0+p(InW+R)+(1—¢)InL

o~ (1+Rp) %
1+(1+Rp) ¥

@ (o is the elasticity of consumption with respect to wealth

@ 0 1s a constant
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Single-period model

Determinants of consumption

Consumption increases with
@ increasing wealth
@ increasing return in the stock market
@ increasing labor income

o determines how strong these relationships are.
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Optimal portfolio

@ Conduction the maximization we get

1 p—r 1) oL,
@ = S —|—(1 p) —
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Single-period model

Properties of the optimal portfolio

@ Optimal portfolio depends on two components

@ The first component is identical to the myopic portfolio allocation
and accounts for the risk and returns of the investment

@ The second component is negative as 1 < ¢ < 1 and hedges against
the risk of low labor income

@ If labor income and stock market returns are correlated, stock market
holdings are reduced as labor income and stock market income are
substitutes
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Multi-period model

© Multi-period model
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Multi-period model

Differences to single-period model

@ In addition to the optimal amount to invest into the stock market (in
each period) we also need to determine the optimal consumption (in
each period)

cl=»
Q Et [Z, —0 10 1t+iY] ? max{atjct}

e Budget constraint: W11 = (Wr + L — G)(1 + Rp t41)
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Multi-period model

Retirement and death

@ After retirement investors receive Ly = 0

@ The timing of retirement is uncertain and happens with probability 7"
in each time period

@ The investor might die with probability 7¢ in each time period
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Multi-period model

Investment after retirement

@ After retirement investment is identical to myopic investors
U—r
Y02

@ The probability of death does not enter the equation as it only affects
the time horizon, which we saw to be irrelevant

@ oy =
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Multi-period model

Investment prior to retirement

@ [ he result turns out to be

—r o
o o =01 5 + 07

@ 1 and 6> are constant that include 7,
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Multi-period model

Comparing results

@ Result of single period and multiple periods are essentially identical

@ Reductions in current wealth can be compensated for by saving less,
thus reducing consumption by less

Lecture 5 (Lecture 5 - Portfolio choice with I Financial investment management 21 /25



Multi-period model

. abor income risk

@ Higher labor income risk reduces the amount held in shares

@ Higher labor income risk reduces consumption, i.e. the total wealth
Increases

@ Saving increases to reduce exposure to labor income risk
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Multi-period model

Life cycle investments

@ Young investors have a high future labor income which is low risk, so
most wealth is invested into shares

@ wealth increases relative to income

@ As wealth increases the higher exposure to stock market risk leads to
reduced share invested into the stock market

@ After retirement, cash holding increase even more and wealth reduces
due to consumption

Lecture 5 (Lecture 5 - Portfolio choice with I; Financial investment management 23 /25



O Outlook
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Outlook

@ We so far only considered long-term investment strategies (strategic
asset allocation)

@ Based on information, investors will deviate from these long-term
strategies (tactical asset allocation)

@ The coming lectures will explore the optimal portfolios with such
considerations
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Structure of this lecture

@ The separation theorem

© The optimal tactical bet

© Outlook
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Strategic vs. tactical asset allocation

@ Strategic asset allocation is concerned about the long-term
Investment into several asset classes

@ Tactical asset allocation is concerned about short-term, i.e. one time
period lasting, deviations from this long-term allocation

@ Tactical asset allocation is usually based on information about future
performance of the assets
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The separation theorem

@ The separation theorem
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Optimal portfolio

o W — %zw’Zw — max,

o Wwi=1

o L=uwp—3zw'Tw— ANw't — 1) = max,
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The separation theorem

First order conditions

) %ZM—ZZw—)\L:

o % =1—-wh=

o w=1"1(p—\)

o wi= (17 u—A\))
L/Z_llu z

° A= X1, VX1,
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Optimal portfolio

- L/z—llu y—1, L/z_l/,b z_l,LL
o w= (1 o z ) UYL + z JYX L,
1, Z_llu

s —1, and s —1, with their

@ This is a combination of two portfolios,
weights

Lecture 6 (Lecture 6 - Tactical asset allocatig Financial investment management 7/20



Determining the MRP

® 05 =w'Yw — min,
o Wi =1
oL o _

) a—w_Zw A =0
o w=)\Y1,
o Wi=XNYX 1, =1

|
° A= Y1,

—1

2T
WMRP — Y —1,
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The separation theorem

Re-assessing the optimal portfolio

z z VY
L/z—l Z—]_ z—].
® — WMRP — z : L’Z‘lLL + z >
—1 L/Z_l
° = WMRP + =5~ (M - ,/z_ff)
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The separation theorem

Non-equilibrium returns

@ Strategic asset allocation is made using the long-term expected
returns, i.e. equilibrium expected returns 1

@ Short-term investors might have a different opinion, u
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Rewriting the optimal portfolio

[+ ) —
1
o _wMRp+EL,ZZ—1([LL—L,LL)Z 11,—|—
1
L (= = (p = () =
° = WMRP t+ Ws T+ WT
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Strategic bet

® wel=wirt =0

@ The optimal portfolio consists of 3 elements, the MRP, the long-term
strategic portfolio and the tactical portfolio

o p — i’ = [ — )]

@ The strategic investments are determined by the excess returns of the
assets against each other, weighted by the risk and risk aversion

@ The strategic bet adjusts the MRP to take into account the higher
equilibrium returns of some assets
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Tactical bet

o (u—p) —ulp—pm) =[(wi—pj)— (i — i)]
@ This denotes the deviation of excess returns from their equilibrium
values

@ As they should adjust quickly, we interpret them as tactical
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The separation theorem

Portfolio decomposition

@ We can thus distinguish 3 elements of the portfolio, the MRP,
strategic bet and tactical bet

@ The composition of these portfolios are independent of preferences
@ In standard portfolio theory 1+ = 1@ and the tactical bet does not exist

@ The total portfolio is efficient
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The optimal tactical bet

© The optimal tactical bet
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The tactical bet

@ Assume strategic and tactical bets are determined separately
° o =0p

o 05 =0'%0

@ [l %2703

o 0L =
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Optimal bet

) %:,U,—ZTZH—)\L:O

0 =211 \—p)

zT
/.1 / / -1, __
° 0'v=(N —p)r =0
IS —1
_ prT
¢ UYL,

S N YT |
o Q—ZTZ e vt
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The optimal tactical bet

Evaluation of the optimal bet

@ The optimal tactical bet is identical to the one we had before
@ We can allow for a different risk aversion for tactical bets

@ The reason is that the tactical bet was determined independently of
the properties of the strategic portfolio
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© Outlook
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Outlook

@ We have established the principle of a tactical bet

@ The coming lectures will explore the optimal tactical bets in more
detail
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Structure of this lecture

@ Jensen's o
© Optimal tactical bets

© Optimal bias

O Outlook
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Jensen’s «

@ Jensen's o
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Jensen’s «

Performance evaluation

@ The performance of an investment needs to be evaluated relative to a
benchmark

@ T he risk of the investment needs to be taken into account
@ A standard benchmark to use would be the CAPM

o i=r+pB(um—r)
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Jensen’s «

Comparing actual performance with the benchmark

@ Using the benchmark from the CAPM we can define the performance

as

AN

@ =R, — L
@ This performance measure is calledd Jensen’s a
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Jensen’s «

Measuring the performance of tactical asset allocation

@ [he natural benchmark for tactical asset allocation would be the
strategic portfolio

@ =Ryt —Rs

@ Rs=wR+ (1 —w)r

o Rr=WwW+0)R+ (1 —(w+0))r
e a=60(R—r)
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Jensen’s «

Tracking error

@ The risk profiles of the tactical bet can be very different from that of
the strategic asset allocation

@ The a as defined above does not include the risks of the strategies

@ The risk can be measures by the tracking error
o ¥ = Var|a]?
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Jensen’s «

Information ratio

@ Combining the excess return and the risk, we get the information ratio

_ «
© K=

@ The information ratio can compare the performance of two investors

@ It is very similar to the Sharpe ratio
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Optimal tactical bets

© Optimal tactical bets
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Signals

@ In order to make tactical bets we need information about the future
risk premium

@ Such information is called a signal v
© R—r=0o+p1p+e¢
® [1—r =P+ Biiy
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Optimal tactical bets

Regression results

@ As this equation is a basic linear regression we get

— Ry _ OR
) A - p— YR
o 2 = PRYg,
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Tactical bet

@ From the previous models we had the tactical bet as
o 0= %Z_l(“_ﬁ)bl_b(“_ﬁ)/ /0120 1),

@ If we have only two assets this becomes
o ) — LEIR—r—(hr)

v  Var[R—r]
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Optimal tactical bets

Aggressiveness factor

@ Define F = %Var[}?_r] as the aggressiveness factor

o 0 =F(E[R—r]—(i—r))
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Using the signal

@ Inserting from the signal we get

o 0=F ((Bo+ %) — (Bo+ Pufiy))

o =FBi(Y— fiy)

o  =F(¢Y—py)

@ F is the aggressiveness factor directly applied to the signal

Lecture 7 (Lecture 7 - Performance measure Financial investment management 14 /28



Optimal tactical bets

Systematic bias

@ Assume we misinterpret the signal systematically:
o =P+ 1Y +0o+e
@ 0 =F((Bo+ L1y +9)— (Bo+ Biliy))

° :F(¢—ﬁ¢+%)

Lecture 7 (Lecture 7 - Performance measure Financial investment management 15 /28



Optimal tactical bets

Performance of the tactical bet

o a=0(R—r)
o =F(¢—fp+L)(R-1)
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Average bet

@ Over time it obviously is E[1] = iy,
0.2
o E[0] = F4 = Fo- -

O R

o Varld] = £

2
Ty
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Optimal tactical bets

Average performance

o E[a]=FE w(R—r)—ﬁw(R—r)Jr%(R—r)]

o = F|EWR-N]-min-r)+i(u—r)
O Ry
0.2
° = Fory + F(pp— )56
Q = Qy + Qp
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Volatility capture

@ As the signal provides valuable information and o, measures the
value of this information, a high covariance increases the performance

@ «y Is called the volatility capture

@ The investor can reduce the volatility of his investments through use
of the signal
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Optimal tactical bets

Bias and performance

@ « Is the performance arising from the bias ¢

@ If 0 > 0, i.e. we have a bias in favor of shares, the performance on
average Increases

@ A higher exposure to the stock market causes a higher return, so the
result is not surprising

@ The full performance needs to be evaluated by including the tracking
error
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Optimal tactical bets

Tracking error

=

2

2
o 0= Foy ((1 + ,0,2%)0,% +(p—r)? + P(;E + 2(p — r)cS)
@ If 0 > 0 the tracking error is larger for a biased strategy

o If 6 < —2(u— r)p%w(< 0) the tracking error is smaller for a biased
strategy
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Optimal bias

© Optimal bias
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Optimal bias

Maximizing the information ratio

@ We can determine the bias that maximizes the information ratio

@ It turns out that

. ("R)2+
@ /F = . ( —r)xpu—r
(=)

u—r

@ As in reality we usually find o > 4t — r > 0 we have 0 > 0
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~______________ Optimalbias |
Size of the bias

@ Assume simply that o = 0.25, u — r = 0.05, then 0* = 0.054

o With v =4, PRy = 0.2, Oy = 0.5 we have
o F=4,8, =01 F=04

0 Opins = F% —0.216
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Substantial bias

@ [he bias in terms of the asset allocation can be substantial

@ If pry > 0 the performance will have a positive skew, making the
performance even more favorable
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Origins of the bias

@ The bias turns out to be optimal because the tracking error increases
initially less than the «

@ Only once the bias increases too much does the tracking error reduce
the information ratio again
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O Outlook
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Outlook

The coming lecture will explore in more detail how to explore information,
especially multiple signals
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Structure of this lecture

@ Optimal aggressiveness

© Optimal number of signals

© Outlook
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Multiple sources of information

@ In most cases investors receive multiple pieces of information
@ Each piece of information might be valuable to a number of assets
@ About each asset multiple pieces of information can be received

@ The problem is which weight to give each piece of information in the
decision-making process
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Optimal aggressiveness

@ Optimal aggressiveness
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Signals

@ A signal is some information about the deviation of the return from
its long-term average

o V=1 —py
@ From before we know that § = F'V

@ F is the aggressiveness with which the investor follows the signal
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Optimal aggressiveness

Properties

o a; = F;q;

o ¥ = FiV;

@ ~denotes the value for F; = 1.
o Var[a] = F'QF

@ @ is the covariance matrix of the as when trading the signals (F = ¢)
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Optimal aggressiveness

Achieving a target «

Suppose we want to achieve a target performance o

This should be done by minimizing the tracking error
%F’QF — ming

Fla=«
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Optimal aggressiveness

First order conditions

o oL = QF —\a =
o F=)Qla
o FFa=Xa'Q la=a
0\ =
(8% (8%
_ _Q'a
o = ~'o-1a
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Optimal aggressiveness

Properties

(87
1
@Q1a)?

N =

@ Tracking error: ¥ = (F'QF)

. . o 1
o Information ratio: k = § = (&’ Q™ 1Q)2
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Optimal aggressiveness

Correlation of target as

o COV[CVl, 042] = F{ QFQ — %
() COI’I’[Ozl, C\fg] =1
@ The resulting as are perfectly correlated

@ In the («, #)-plane the efficient frontier is a straight line with slope x
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Optimal target o

@ The optimal target « is the one that maximizes the information ratio

. - . 1—
@ Assume investors have a power utility function: U = O{_;
@ The optimum is where the utility function is tangential to the efficient

frontier
o U =a"7=k

(A —1/\—%
_(QQ a) ¥

K

2|

@
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Optimal aggressiveness

Diversification of signals

@ Similar to normal portfolio theory, investors seek to find the optimal
portfolio

@ Seeking a tradeoff between « (return) and tracking error (risk)

@ The optimal portfolio gives the best combination of aggressiveness to
the signals (F)
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Optimal number of signals

© Optimal number of signals
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Optimal number of signals

Following signals is costly

@ Following a signals will impose costs on investors, e.g. time,
subscription costs, information processing

@ We would need to find the optimal balance between costs and benefits
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Optimal number of signals

A simple model

@ Assume we follow N signals that have a common standard deviation
0 and covariance 7

@ Assume further we give each signal the same weight, %

1 N 2 1 N N y
° g° ZJ 1 21_1 NNTi = A2 2oi=10; + N(N—T) 2_i=1 2j=1,j#i T

1 —2 — —
NO° +Tij = Nostoo T
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Optimal number of signals

Information cost

@ As N increases, the risk reduces to the covariance risk of the
portfolio, the systematic risk

@ The reduction in the risk by introducing more and more assets is
slowing

@ Assume each additional signal costs ¢

@ The optimal number of signals would be where marginal benefits and
marginal costs are equal
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Optimal number of signals

Optimal number of signals

@ Assume that the number of assets does not affect the mean of the

signals
c)L:,u—%za2
oL . _1_,(_ 122\ _ zo° _
o gy =—22(—m0) =3 =c
=2
— ./ Zo
o N= 2c
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Optimal number of signals

Properties

@ The more risk averse an investor is the more signals he will evaluate

@ The more risky an investment is the more signals an investor will
evaluate

@ The higher the costs of evaluating signals the less signal an investor
will evaluate

@ If we use the information ratio, a similar result can be obtained
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© Outlook
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Outlook

The coming lecture will finally explore a model of how to use multiple
signals when trading multiple assets.
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Structure of this lecture

@ Views on returns

© Determining the optimal tactical bet

© Outlook
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Structure of this lecture

@ Views on returns

© Determining the optimal tactical bet

© Outlook
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Assessing information

@ It is most common to assess information via the relative impact on
the assets
@ Thus signals suggest that asset A will outperform asset B by x%

@ We can use such information to determine the expected returns and
then derive the tactical bet
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Views on returns

@ Views on returns
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Views on returns

Market returns

@ In a market the expected returns will vary around their long-term
averages

o pu~ N(p, X)
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Views on returns

Views

@ A view is the opinion of an investor, based on his information
@ Views are formed relative to other assets

o v=Pu-+e

e ¢ ~ N(0,Q)

o Pj c{-1,0,1}

)

If we know the differences between assets 1 and 3 and between assets
1 —1 0
o 1+ 0

2and3itisP:[
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Views on returns

Obtaining expected returns

@ If we know the views we can determine the expected returns that
deviate least from the long-run equilibrium

o (p— p)E(p— ) — miny
o v=~FPpu
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Views on returns

First order conditions

@ Let us assume that investor are certain about their views, i.e. 2 =0
o J-=2%(u—)OAP =0

o =1+ AP

© Pu=Pl+ 3 APL 1P =v

o \=2(v— Ppn)(PX1pP)1
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Views on returns

Expected returns

o n=rp+ X PP P Yv — Pp)
@ We thus observe that the equilibrium returns are adjusted by the
information used to form the views
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Views on returns

Including uncertainty in views

@ If €2£0, i.e. views are uncertain, we need to use Bayesian regression
and obtain

o E[u]l = (ZQ) 1+ P'P) " (Z71Q0 + P'v)
@ even if no explicit views on assets are held, the expected returns will
be affected

@ This arises from the fact that assets are correlated and this correlation
will affect also assets on which no information is directly available
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Views on returns

Dividing the expression by Q! and expanding the final term we get
Elu] = (T2 + PIQIP) (S i+ (P'QLP)(P'P)~1P'v)

As v = Pu + € we can get the least square estimate of i as
i=(PP) Py

o E[u] = (Z 71+ PQIP) T (XY + PO PR
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Views on returns

Interpretation of expected returns

@ The expected returns are a weighted average of the equilibrium
returns (1) and the views of investors (1)

@ [ he more sure investors are about their views, i.e. the smaller €2 is,
the larger the weight on their views
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Determining the optimal tactical bet

© Determining the optimal tactical bet
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The resulting tactical bet

@ From previous analysis we know that in equilibrium
1 . ~ /2—1’\

Ws = WMRP ;Z L (/L — [/i/z—llj)
@ When holding a different opinion it is

wRL = W ply-1 (), v

BL — WMRP ~ M gy -1,

@ The tactical bet will then be the difference between these two

allocations:

— ~ VYN u—1
° 0 =wp —ws= 2" ((M—M)—L ,/Z(_“lbu))

Lecture 9 (Lecture 9 - The Black-Litterman ¢ Financial investment management 15 /18




Determining the optimal tactical bet

Including views of investors

@ Inserting from the views of investors will provide a solution to the
optimal tactical bet

@ We take into account the impact views on individual stocks have on
all stocks via their correlation structure

@ Uncertainty about their views is also taken into account

@ The Black-Litterman model has been developed in the early 1990s at
GoldmanSachs and in a modified version still used today
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© Outlook
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Outlook

@ With this lecture we have covered the most common methods for
tactical asset allocation

@ The final lecture will look at aspects of risk management

@ This allows us to evaluate techniques financial institutions commonly
use to manage their risk exposure explicitly

@ These risk management aspects serve commonly as a restriction on
tactical bets
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Structure of this lecture

@ Value at Risk

© Constant Proportion Portfolio Insurance
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Value at Risk

© Value at Risk
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Value at Risk

Common definition of risk

@ Risk is the possibility of a loss

@ Volatility does not only capture losses but also gains
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Value at Risk

The VaR measure

@ In reaction to huge losses in financial scandals JP Morgan developed
an alternative risk measure which focuses only on losses

@ The Value-at-Risk says that " The loss will not exceed the VaR with a
probability of ¢ over the next T time periods.”
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Interpreting VaR

@ VaR can be interpreted as the reasonable amount that can be lost
within a given time horizon

@ What is reasonable will depend on the risk aversion of the user

@ The more risk averse the user is, the smaller the probability that the
loss will be exceeded
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Value at Risk

Defining losses

@ A loss needs to be defined relative to a benchmark

@ Common benchmarks are the zero return (absolute loss) and the
expected outcome (relative loss)

@ For simplicity we focus on the relative loss here
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lllustration of VaR

PDF

A
\ 4

1-c VaR
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Formal definition of VaR

o Select V such that Prob(V < V) =1—c
o VaR=E[V] -V
@ VaR is the estimation of the c-quantile (\7)
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Value at Risk

Choice of confidence level

@ The choice of confidence level will depend on the risk aversion

@ The more risk averse an investor is, the higher the confidence level
chosen
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Value at Risk

Normal distribution

@ If the distribution of returns is normal we have

AN

o R=u—ao

@ VaR = acWj
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Value at Risk

Portfolio with normal distributions

2 _ N 2 N N
@ 0p =) i Wioi+ ) iy j=1,#i YiWjOij
@ Marginal impact of changing the weight of asset i:

Oo2 2 N N
o 8_w17 — 2w,-al- -+ 221-:1’_,-75,-(4)]'0;1' = 2Cov R,-,w,-R,- -+ ijl,j;éiijj

° = 2Cov|[R;, Rp] = 20p
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Value at Risk

Marginal impact

) P e,

@)
g
|
N
Q)

® a_wi:a_.:BiUP
P

Lecture 10 (Lecture 10 - Risk Management)

Financial investment management

13 /29



Marginal VaR

@ VaR = OéO'pW()

o VaR

) 8—Vw'/(_’ = oz%ap = aopfi = Bir VaR = 0VaR; If we change the weight of

asset / by a small amount, the (relatlve) VaR changes by 0VaR,
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Value at Risk

Linear approximation

@ If we change the weight more than marginally, we can use a linear
approximation

[ AV&R,‘ = W()ALU,'@VQR,’ = B,-Aw,- VaR

Lecture 10 (Lecture 10 - Risk Management) Financial investment management 15 /29



Reducing portfolio risk

@ The change in the Portfolio VaR is equal to the changes for the
individual components (assets)

o AVaR =N AVaR; = VaR YN .| BiAw;

@ If we only rearrange the weights, the total changes in the weights
must be zero: vazl Aw; =0
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Changing portfolio risk

@ If we want to reduce portfolio risk, we reduce the weight of those
assets with high 5; and increase those with low (3;

@ For N = 2 the solution is unique, but for N > 2 many solutions exist.

@ If we wanted to we could specify that the solution should involve the
minimum change in weights as to preserve the original portfolio as
much as possible, i.e. choose the solution which minimizes

Zﬁvzl(Awi)z
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east distorting portfolio

@ If we wanted to find a solution which is least distorting to the
portfolio we would minimize the change in weights

o AW Aw — mina,
@ AVaR = VaRp Aw
o At =0
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Value at Risk

Resulting portfolio changes

@ Conducting the optimization we finally get

°© Aw = \/AanRB 2AVaR—|—L ; (VB + Blu)
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Constant Proportion Portfolio Insurance

© Constant Proportion Portfolio Insurance
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Constant Proportion Portfolio Insurance

Aim of portfolio insurance

@ VaR is primarily a risk measure and does not prevent losses

@ In many cases investors want to ensure a ceratin minimum value of
their investment at the end of their time horizon

@ This can be driven by regulatory requirements or the need to meet
certain obligation

@ In principle derivatives can be used to achieve this aim
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Constant Proportion Portfolio Insurance

Limits in the use of derivatives

@ Derivatives do not exist for less commonly traded stocks
@ Using derivatives for portfolios with many assets can be very costly

@ Alternative ways need to be found
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Buy and hold

@ An investor needs to ensure that V+ > aV

@ If the investor invests into the risk free asset this is ensured:
Ft = OéV()e_rAt

@ [ he remainder is invested into the risk-free asset
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Constant Proportion Portfolio Insurance

Additional assumption

@ Assume we know that an asset cannot loose more than a certain
amount before it can be sold

@ This amount that can be lost might be the 99% VaR or similar
considerations
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The strategy

Define Ct — Vt — Ft
Invest mC; into the risky asset and F; into the risk free asset
F: is the floor

C: is the cushion
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Constant Proportion Portfolio Insurance

Dynamics of the investment

@ z is the maximum loss possible before it can be sold (in %)
@ [he investment into the asset is X;
@ Worst case scenario: Viy1 = (Ve — Xez) + r(Ve — Xi)
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Constant Proportion Portfolio Insurance

Evolution of the cushion

@ As V; = C; + F; and Xy = m(; we get
o Ct—|—1—|_Ft—|—1: Ct—|—Ft—mCtZ—|—((1—m)Ct—|—Ft)r
— = N ~ s
Vt Xt Vt—Xt
o =CG(l—mz+(1—m)r)+ F(1+r)
@ Fii1~ Fi(1+7r)

@ Ciy1=CG(l—mz+ (1 — m)r)
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Constant Proportion Portfolio Insurance

Optimal risky investment

@ The value will be guaranteed as long as the cushion remains positive

@ 1l—mz+(1—m)r>0
1

Z

o m < Itr ~
— Z—r
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Constant Proportion Portfolio Insurance

@ As the investment consists of a fixed proportion m invested into the

risky asset, it is called the Constant Proportion Portfolio Insurance
(CPPI)

@ In CPPI the portfolio composition remains unchanged, only the
amount of risk free assets is changed

@ This is similar to buying derivatives for each asset held
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