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BRANCHING DIFFUSIONS IN A DOMAIN

e D c RY bounded, C' domain.
e Start BBM at x € D. Particles killed upon hitting the boundary.

Simulation by Henry Jackson.
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(Xt

8 = branching rate.

, X,) = system at time t.

o> Fr <

Da



EXTINCTION (BBM WITH BINARY BRANCHING)

PHASE TRANSITION (SEVAST’YANOV 1958, WATANABE 1965)

There exists a critical value A of the branching parameter ( s.t.
e 5 < )= a.s. extinction
@ 3 > X\ = survival with positive probability.

A is the first eigenvalue of —1A on D.
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@ Survival probability = P,(N; > 0).

o Decays exponentially in subcritical case.
o Critical case?

«O>r «F»r <
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SURVIVAL PROBABILITIES

@ Survival probability = P,(N; > 0).
@ Decays exponentially in subcritical case.

@ Critical case?

GALTON-WATSON CASE (KOLMOGOROV 1938, MIERMONT 2008 )

Critical GW and multitype GW processes with finite variance have
P(N, >0) ~c/n

as n — oQ.
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MAIN REsuLTs (BBM WITH BINARY BRANCHING)

THEOREM (P. 2015)
In the critical case 8 = A, for all x € D we have

1 e(x)
P, (N:>0)~ - X ——"———"——
(Ne>0) ~ 5 A Jpe(y)? dy
as t — 0.
@ is the first eigenfunction of f%A on D, normalised to have unit L2
norm.
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MAIN REsuLTs (BBM WITH BINARY BRANCHING)

THEOREM (P. 2015)

For any measurable £ C D, if NE is the number of particles in E at time

t, we have
NE
t

in distribution as t — oo, where Z is an exponential random variable
with mean

Nt>0)—>Z

A <<P7 1E>L2(D) /D %03-
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MAIN REsuLTs (BBM WITH BINARY BRANCHING)

COROLLARY

Let
i
e = N, 2_1: 5X{

be the uniform distribution on all particles alive at time ¢, given survival.
Then, for each measurable E C D, we have that

pe(E) — p(E)
in distribution, and hence in probability, as t — oo, where

_ fE o(x) dx
H(E) — fD QO(X) dX.
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A = offspring distribution - mean m.

L = generator.

Assume: D is C!, E[A%] < oo and L is uniformly elliptic and self-adjoint
with smooth coefficients.

«O>r «F»r <




A = offspring distribution - mean m.

L = generator.

Assume: D is C!, E[A%] < oo and L is uniformly elliptic and self-adjoint
with smooth coefficients.

BBM with binary branching: A=2, [ = ZA.

«4O0r «F>r « =>»

a
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EXTINCTION (GENERAL CASE)

PHASE TRANSITION (SEVAST'YANOV 1958, WATANABE 1965)

There exists a critical value ﬁ of the branching parameter f s.t.

0o < % = a.s. extinction

e > -2 = survival with positive probability.

m—1

A is the first eigenvalue of —L on D.
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MAIN RESULTS (GENERAL CASE)

THEOREM (P. 2015)

In the critical case 8 = ﬁ for all x € D we have

2(m — 1)g(x)
(E[A2]*]E[A] ) Jp#(y)? dy

P, (N; > 0) ~

as t — 0.

¢ is the first eigenfunction of —L on D, normalised to have unit L? norm.
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MAIN RESULTS (GENERAL CASE)

THEOREM (P. 2015)

For any measurable E C D, if NE is the number of particles in E at time

t, we have
NE
t

in distribution as t — oo, where Z is an exponential random variable

with mean
A (E[A%] — E[A]) (¢, 1€) 120 Jp 90
2(m—1)

Nt>0>—>Z
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MAIN RESULTS (GENERAL CASE)

COROLLARY

Let
i
e = N, -§—1: 5X{

be the uniform distribution on all particles alive at time ¢, given survival.
Then, for each measurable E C D, we have that

pe(E) — p(E)
in distribution, and hence in probability, as t — oo, where

_ fE o(x) dx
M(E) — fD QO(X) dX.
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SCALING LIMIT

3 ¥

Simulation by Igor Kortchemski.
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@ What does the conditioned
tree look like?

e Conjecture: It converges
(with appropriate rescaling)
to the CRT.

o Work in progress!



Key Tool: Let

u(x, t) = Py(N; > 0).
Then u satisfies the FKPP equation:

ou

1 2
T 5Au+)\(u—u )
in D with correct boundary/initial conditions.

«40>» «Fr «=» « 3 Q>



Write

o t) = S ailO)eil); ailt) = / u(x, )pi(x)dx.

D

1




HEURISTICS

Write

u(et) = S a(eix); aile) = /D u(x, )i () dx.

i

Then
ﬁ

dt /D (%A”JF Au - U2)) oi(x) dx.

ELLEN POWELL
CRITICAL BEHAVIOUR OF BRANCHING DIFFUSIONS IN BOUNDED DOMAINS



HEURISTICS

Write
o t) = S ailO)eil); ailt) = /D u(x, )i () dx.
Then da )
% = /D (EAU + Mu— uz)) vi(x) dx.
IBP = N

- /D (=Aiu+ Mu — v?)) pi(x) dx.
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So

da
dt

= —)\/Duz(x, £ (x) dx

«O> <Fr «=»

it
v

Hao



HEURISTICS

d31 - 2
e )\/Du (x, t)p(x) dx

da,-

5 = (A= Apai(t) — )\/D u?(x, t)pi(x) dx for i>2.
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HEURISTICS

d31 - 2
e )\/Du (x, t)p(x) dx

da,-

5 = (A= Apai(t) — )\/D u?(x, t)pi(x) dx for i>2.

Guess: u(x,t) ~ a1 (t)p(x).
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HEURISTICS

d31 - 2
e )\/Du (x, t)p(x) dx

da,-

5 = (A= Apai(t) — )\/D u?(x, t)pi(x) dx for i>2.

Guess: u(x,t) ~ a1 (t)p(x).

Sadly, doesn't quite work.
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Suppose u(x, t) ~ a1(t)e(x). Then

day
dt

~ —a} x )\/ o(x)? dx.
D

«Or «4F>»r « =>»

int
-

DA



HEURISTICS

Suppose u(x, t) ~ ai(t)e(x). Then
dal
E ~ —3% X )\/DQO(X)3 dx.
Easy to prove:
a1 (t) ! X 1
BT T A o)
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Goal: u(x,t) ~ a1(t)e(x).

«O>r «F»r <
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Key t00|:

is a martingale.

Goal: u(x, t) ~ ai(t)e(x)

Nt
i=1

o> Fr <

fHac



CHANGE OF MEASURE - CRITICAL CASE

e Change measure by
M, _ XieX)
EqM] —  o(x)

@ Spine particle is BM
conditioned to remain in
D.

Branches at rate 2.

Ordinary BBM trees

Offspring are ordinary
BBM processes.

No extinction under Q, (new measure).
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HEURISTICS

B0 [ M)
- @ |g]

This shouldn’t depend on x for large t.
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HEURISTICS

B0 [ M)
- @ |g]

This shouldn’t depend on x for large t.

So Py (N > 0) ~ c(t)e(x) as t — oo,
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HEURISTICS

B0 [ M)
- @ |g]

This shouldn’t depend on x for large t.

So Py (N > 0) ~ ¢(t)¢(x) as t — oo, and c(t) ~ ai(t).
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e Asymptotic for survival probability.
o Many-to-few Lemma.

o Method of Moments.
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height

o

Lukasiewicz path

ime

<

Da




height

Lukasiewicz path

ime

Brownian motion.

@ Want concatenated sequence of iid height functions — reflecting

«O»r «F»

it
a

it

v

DA



SCALING LIMIT

height Lukasiewicz path

Time Time \

@ Want concatenated sequence of iid height functions — reflecting
Brownian motion.

o GW case: connect height function with random walk.
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SCALING LIMIT

height Lukasiewicz path

Time Time \

@ Want concatenated sequence of iid height functions — reflecting
Brownian motion.

o GW case: connect height function with random walk.

o BBM case: connect height function with martingale.
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THANKS FOR LISTENING!
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