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Description of the process

Let (Ln,n > 0) be an i.i.d. sequence of point processes distributions on R.J

0 space

Description

@ An individual alive at time 0.

time
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Description of the process

Let (Ln,n > 0) be an i.i.d. sequence of point processes distributions on R.J
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Description

@ An individual alive at time O.

@ Gives birth to children around
its current position.

@ Each child then reproduces
independently.

@ Every new generation
reproduces independently.

time
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Description of the process

Let (Ln,n > 0) be an i.i.d. sequence of point processes distributions on R.J

0 space
Description
@ An individual alive at time O.
@ Gives birth to children around
its current position.
@ Each child then reproduces
independently.
@ Every new generation
reproduces independently.
@ We take interest in the maximal
time displacement.
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Some notation

space

Notation

@ Let u be an individual.

time
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Some notation

0 space

i v Notation
E (1) @ Let u be an individual.
| e V(u) : position of u.
u

time

Bastien Mallein (ENS, DMA) Branching random walk in random environme



Some notation

0 space ;
i Notation
1 V(U) . s
! @ Let u be an individual.
| e V(u) : position of u.
! @ |u| : generation of wu.

|u| u

time
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Some notation

0 space ;
i Notation
Uo T V(u) e
| @ Let u be an individual.
BN e V(u) : position of w.
|
Ny @ |u| : generation of wu.
I 2
! @ uy : ancestor of u at time k.
§
uz« |
|
: y
|ul Y
time
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Some notation

0 space ;
i Notation
M, e
| o Let u be an individual.
1 e V(u) : position of u.
|
} @ |u| : generation of wu.
; @ uj : ancestor of u at time k.
i @ M, : position of the rightmost
} individual at time n. )
.
u
time
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Example of a branching random walk in random
environment

space
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Additional notation

We write Ez[.] = E[.|£1, £L2,...] and L, a point process with law £,. ]
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Additional notation

We write Ez[.] = E[.|£1, £L2,...] and L, a point process with law £,. |

Log-Laplace transform of L,

Vo > 0,kn(¢p) = logE [Z e‘f’Z] :

lel,
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Additional notation

We write Ez[.] = E[.|£1, £L2,...] and L, a point process with law £,. )

Log-Laplace transform of L,

Yo > 0, kn(¢) = log E [Z ed’f] .

lel,

Critical parameter

We set K(¢) = E(k1(¢)). We assume there exists § > 0 such that

0K'(0) — K(0) = 0.
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Boundary of the branching random walk

From now on, we assume that @ is the critical parameter of the branching
random walk.
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Boundary of the branching random walk

From now on, we assume that @ is the critical parameter of the branching
random walk.

Boundary of the branching random walk

For any n € N, we write F, = 377 ; ;(0)/0. J
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Boundary of the branching random walk

From now on, we assume that @ is the critical parameter of the branching

random walk.

Boundary of the branching random walk

For any n € N, we write F, = 377 ; ;(0)/0.

Observations

The process (F,,n > 0) is a random walk that depend only on the
environment (L,,n > 1).

We have lim,_ ;o £2 = 252 = K'(0).
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Branching random walk in random environement

The maximal displacement

Theorem
We assume there exists 6 > 0 such that 0K'(0) — K(0) = 0. We write

Fn = Z Kjée), aé = 0%E [s{(0)] and o3 = Var [0x1(0) — r1(0)] .

Jj=1
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Branching random walk in random environement

The maximal displacement

Theorem
We assume there exists 6 > 0 such that 0K'(0) — K(0) = 0. We write

Fn = Z /@é@), aé = 0%E [s{(0)] and o3 = Var [0x1(0) — r1(0)] .
j=1

Let m, =inf{y €e R:Ps(M, > y)=1/2}, we have
mp, = F, — ¢logn+ op(logn) and M, = F, — ¢logn+ op(logn),

with

o=

(3 +2v(0a/00))

S

Bastien Mallein (ENS, DMA) Branching random walk in random environme| 27/06/2016 9 /26



Many-to-one lemma

We write pip((—o00,x]) = E. [ZZGL,, e‘%_“"(e)l{gSX}], and we set X, a
random variable with law .
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Many-to-one lemma

We write pip((—o00,x]) = E. [ZIZGL,, GGE_K"(O)].{ZSX}], and we set X, a
random variable with law .

Definition
The sequence (un, n € N) is a sequence of i.i.d. random probability
distributions on R.

The process S, = X1 + Xo + - -+ + X, is a random walk with random
environment (yp, n € N).
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Many-to-one lemma

We write pip((—o00,x]) = E. [ZeeL,, e(%_"‘"(‘g)l{ggx}], and we set X, a
random variable with law .

Definition
The sequence (un, n € N) is a sequence of i.i.d. random probability
distributions on R.

The process S, = X1 + Xo + - -+ + X, is a random walk with random
environment (yp, n € N).

Lemma (Many-to-one lemma)

Let f be a measurable positive function, we have

Ec [Z F(V(y),J < n)] =E¢ [e—e(sn-Fn)f(sj,j < n)] :
|

ul=n
V.
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Boundary of the process

k— Fir + x:

We compute the number of individuals crossing for the first time
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Boundary of the process

We compute the number of individuals crossing for the first time
k— Fr+ x: J

Eﬁ z;1{V(U)>F\u\+X}1{V(UJ)SFJ+X*I<IU|}
ue
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Boundary of the process

We compute the number of individuals crossing for the first time
k— Fr+ x: J

Eﬁ Z;1{V(u)>F‘u‘+X}l{V(UJ)SFJ"‘XJ<‘U|}
ue

=2 Er | > Ly R Liviu) <Faxi<n)

nZl |u‘:n
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Boundary of the process

We compute the number of individuals crossing for the first time
k— Fr+ x: J

Eﬁ Z;1{V(u)>F‘u‘+X}l{V(UJ)SFJ"‘XJ<‘U|}
ue

= Er | > v Fesd Liv(u)<Fxi<n}

n>1 |ul=n
= ZEE [679(5”4")1{sn>Fn+x}1{sj<5+xJ<n}}
n>1
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Boundary of the process

We compute the number of individuals crossing for the first time
k— Fr+ x: J

Eg

Z 1{V(u)>Fu+X}1{V(UJ)SFJ+XJ<”H]
ueT

:Z]Eﬁ

n>1

> l{V(U)>Fn+X}l{V(uJ')SFj+X,j<n}]

lul=n

= ZEE [679(5”4")1{sn>Fn+x}1{sj<5+x,j<n}}

n>1

ge_GXZPg[Sn> Fn+x,5 < Fj+x,j < n]
n>1
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Boundary of the process

We compute the number of individuals crossing for the first time
k— Fir + x:

Eg

Z 1{V(u)>Fu+X}1{V(UJ)SFJ+XJ<”H]
ueT

:Z]Eﬁ

n>1

> l{V(U)>Fn+X}l{V(uJ')SFj+X,j<n}]

lul=n

= ZEE [679(5”4")1{sn>Fn+x}1{sj<5+x,j<n}}
n>1

ge_GXZPg[Sn> Fn+x,5 < Fj+x,j < n]
n>1

< efeX‘
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k — Fi + x, are at time n larger than F, — \log n. J
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k — Fi + x, are at time n larger than F, — \log n. J

Ec | D Liv(w)=Frriogny L{v(w)<Frixj<n)

lul=n
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k — Fy + x, are at time n larger than F, — Alog n. J

Ec | > Lv(w)=Frlogm L{v(u)<Fixi<n)

lul=n

=E¢ [ee(sn_Fn)l{Sn—FHZ—)\ log n} l{Sj—I:jSX,jgn}
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k — Fy + x, are at time n larger than F, — Alog n. J

Ec | > Lv(w)=Frlogm L{v(u)<Fixi<n)

|ul=n
=E¢ [ee(s"_F")l{sn—Fnz—Alog n}1{5j—FjsX,jsn}}
~ P (S, — Fn > —Alogn,S; — F; < x,j < n).
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k — Fy + x, are at time n larger than F, — Alog n. J

Ec | > Lv(w)=Frlogm L{v(u)<Fixi<n)

|ul=n
=E¢ [ee(s"_F")l{sn—Fnz—Alog n}1{5j—FjsX,jsn}}
~ P (S, — Fn > —Alogn,S; — F; < x,j < n).

To conclude, we need to compute the asymptotic behaviour of

Pz (Sn— Fn > —Alogn,S;— Fj < x,j < n).
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Persistence exponent for the random walk in random
environment

Let S be a random walk in random environment.
Theorem
We assume that E(S1) = 0 and there exists A > 0 and C > 0 such that

E (e’\|X1|> <4oo et E. (eMXl_E‘(Xl)l) <C ps.

There exists v > 1/2 such that

———logP, (5> —logn,j < n)=~ ps.
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Persistence exponent for the random walk in random
environment

Let S be a random walk in random environment.
Theorem

We assume that E(S1) = 0 and there exists A > 0 and C > 0 such that
E (e’\|X1|> <400 et E (eMXl_Eﬁ(Xl)l) < C ps.

There exists v > 1/2 such that

———logP, (5> —logn,j < n)=~ ps.

Thus P, (S; > —logn,j < n)~n"" as.
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From random walk to Brownian motion |

We set E; = S; — E£(S)) and M; = —E.(S;j). We have

P,(Sj> —logn,j<n)=P,(E; > Mj —logn,j <n).
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From random walk to Brownian motion |

We set E; = S; — E£(S)) and M; = —E.(S;j). We have

P, (Sj > —logn,j<n)=P,(Ej > Mj—logn,j <n).

Notation

Set 03 = Var(M;) = Var(E£(X1)) and 03 = E(Ef) = E(Var,(X1)).
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From random walk to Brownian motion |

We set E; = S; — E£(S)) and M; = —E.(S;j). We have

P, (Sj > —logn,j<n)=P,(Ej > Mj—logn,j <n).

Notation
Set 03 = Var(M;) = Var(E£(X1)) and 03 = E(Ef) = E(Var,(X1)).

Sakhanenko inequalities

@ As M is a random walk, there exists a Brownian motion W such that
[M; — aaWj| S logn.
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From random walk to Brownian motion |

We set E; = S; — E£(S)) and M; = —E.(S;j). We have

P, (Sj > —logn,j<n)=P,(Ej > Mj—logn,j <n).

Notation
Set 03 = Var(M;) = Var(E£(X1)) and 03 = E(Ef) = E(Var,(X1)).

Sakhanenko inequalities
@ As M is a random walk, there exists a Brownian motion W such that
M) — cAWj| S log n

e Conditionally on £ and W, E is the sum of i.i.d. centred random
variables, there exists a Brownian motion B such that
|E — 78| < logn.
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From random walk to Brownian motion I

Therefore, we have

P, (Sj > —logn,j<n)~P(0gBs > caWs—logn,s <n W) as.
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From random walk to Brownian motion I

Therefore, we have

P, (Sj > —logn,j<n)~P(0gBs > caWs—logn,s <n W) as.

Thus v = y(ca/0q), where we define

v(B) = li S

> - <
S IogtlogP(Bs > Ws —1,s < t|W).
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Brownian motion above a Brownian curve

© Brownian motion above a Brownian curve
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Brownian motion above a Brownian curve

Let B and W be two independent Brownian motions.
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Brownian motion above a Brownian curve

Let B and W be two independent Brownian motions.

Theorem

There exists a convex pair function -y such that for all 5 € R,

. 1
t_';Tw@ logP (Bs +1 2> pWs,s < t| W)= —(8) p.s.
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Brownian motion above a Brownian curve

Let B and W be two independent Brownian motions.

Theorem

There exists a convex pair function -y such that for all 5 € R,

. 1
t_'lToo@ logP (Bs +1 2> pWs,s < t| W)= —(8) p.s.

In particular, P (Bs +1 > W, s < t| W) ~ t—7(8),
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B8x W

Brownian motion above a Brownian curve
B

RANLY
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Properties of ~y

Symmetry

As W (i) — W, we have

(P(Bs+1> BWs,s < t|W))1ng L (P(Bs +1 > —3Wi, s < t{W)) 2,

thus 7(8) = v(~B).
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Properties of ~y

Symmetry

As W9 W we have

(P(Bs+1> BWs,s < t|W))1ng L (P(Bs +1 > —3Wi, s < t{W)) 2,

thus 7(8) = 7(—).

Lower bound
By Jensen inequality,

E[-logP (Bs+1> Ws,s <tlW)] > —logP(Bs +1> W;,s <t),

thus ~(3) > 7(0) = 1/2.
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Properties of ~y

Convexity
The Gaussian random variables being log-concave, we have

P(B: > F(s),s < )P(B: > g(s).s < 1) < P (B, > (0450 s < 1)’
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Properties of ~y

Convexity

The Gaussian random variables being log-concave, we have

P(B: > F(s),s < )P(B: > g(s).s < 1) < P (B, > (0450 s < 1)’

Therefore, we have

P(Bs+ 1> BWs,s < t|W)P(Bs +1> ' Ws,s < t|W)
/ 2
gP(Bﬁlg%Ws,sgt‘W) ,
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Properties of ~y

Convexity
The Gaussian random variables being log-concave, we have

2
P(Bs > f(s),s < t)P(B; > g(s),s < t) < P (B, > {0780 s < )"

Therefore, we have

Y(B) +7(8) 2 2y (&),
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Properties of ~y

Convexity
The Gaussian random variables being log-concave, we have

2
P(Bs > f(s),s < t)P(B; > g(s),s < t) < P (B, > {0780 s < )"

Therefore, we have

Y(B) +7(8) 2 2y (&),

thus 5 +— () is convex.
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Properties of ~y

Convexity
The Gaussian random variables being log-concave, we have

2
P(Bs > f(s),s < t)P(B; > g(s),s < t) < P (B, > {0780 s < )"

Therefore, we have

Y(B) +7(8) 2 2y (&),

thus 5 +— () is convex.

Remark

By similar arguments, 5 — ~(+/|5]) is convex.
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Existence of ~ |

Let X; = e t/2(1 4 Bot_z) et Vi = e /2 Wee_;. J
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Existence of ~ |

Let X; = e t/2(1 4 Bet_1) et Yy = e /2 W,e_4. J

X and Y are two independent Ornstein-Uhlenbeck processes, moreover:

P(Bs+1>pWs,s<t|W)=P(Xs>Ys,s<logt|Y).
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Existence of ~ |

Let X; = e t/2(1 4 Bet_1) et Yy = e /2 W,e_4.

X and Y are two independent Ornstein-Uhlenbeck processes, moreover:

P(Bs+1>pWs,s<t|W)=P(Xs>Ys,s<logt|Y).

We prove there exists () such that

1
“T 5 logP (Xs > BYs,s < t|Y)=~(8) as.

t—+o0
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Existence of ~ Il

Notation
We set 79 = 0 and

Tke1 = inf{t > 74 : Yy =0,3s € [1x, t] : |Ys| =1}.
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Existence of ~ Il

Notation
We set 79 = 0 and

Tk+1 =inf{t27'k : Yt=0,E|S€ [Tk,t] : |Y5| = 1}
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Existence of ~ Il

Notation
We set 79 = 0 and

Tk+1 =inf{t27'k : Yt=0,E|S€ [Tk,t] : |Y5| = 1}

We set  pip=1logP (Xr,—7, > 1, Xs > Y5 46,5 < 7 — 7| Y) . J
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Existence of ~y Ill

By the Markov property, we have
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Existence of ~ Ill

By the Markov property, we have
@ Po,m+n > Po,m + Pm,m+n;
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Existence of ~ Ill

By the Markov property, we have
® Po,m+n = Po,m + Pm,m+n;

d
o (Pm+1,n+17 m>0,n> O) (:) (pm,m m>0,n> O);
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Existence of ~ Ill

By the Markov property, we have
® Po,m+n = Po,m + Pm,m+n;

d
° (pm+1,n+17 m > 07 n= O) (:) (pm,m m > 07 nz= O)'
® (pn,ntk, k > 0) is independent with (ppm p,0 < m < m' < n);
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Existence of ~ Ill

By the Markov property, we have
® Po,m+n = Po,m + Pm,m+n;
® (Pm+1,n+1,m>0,n>0) @ (pm,n,m>0,n>0);
® (pn,ntk, k > 0) is independent with (ppm p,0 < m < m' < n);
e E(|po1]|) < +o0.
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Existence of ~ Ill

By the Markov property, we have
® Po,m+n = Po,m + Pm,m+n;
® (Pm+1,n+1,m>0,n>0) @ (pm,n,m>0,n>0);
® (Pn,ntk, k > 0) is independent with (ppm m,0 < m < m' < n);
e E(|po1]|) < +o0.

Kingman's subbaditive ergodic theorem

We have
I Po,n
im ——

n—+oo n

SO ’7(5) = — inf,,eN %E [PO,n]-
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Existence of v IV

Notation
We set g, = log P(Xs > 8Ys,s < 7,|Y). Observe that g, > pj. J
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Existence of v IV

Notation
We set g, = log P(Xs > 8Ys,s < 7,|Y). Observe that g, > pj.

FKG inequality

By FKG inequality for the Brownian motion, we have

gn + log P(X7, > 1|Y) < pp.
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Existence of v IV

Notation
We set g, = log P(Xs > 8Ys,s < 7,|Y). Observe that g, > pj.

FKG inequality

By FKG inequality for the Brownian motion, we have

gn + log P(X7, > 1|Y) < pp.

As a consequence lim,_; o 2 = —5(5) as..
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Existence of v V

For all 7, <t < 741,

qn+1
Tn

1
Iog P(Xs > Ys,s <t|Y) <

An
Tn+ 1
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Existence of v V

For all 7, <t < 741,

e o Iog P(Xs > Ys,s < t]Y) <

Tn

thus

1
lim —logP(Xs > Ys,s < t|Y) = —

t—+oo t

E(n)

An
Tn+ 1

10— _3(9) ps.
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The ~ function

g

Figure : An approximation of E[—log P(Bs > W, — 1,5 < 1000)].
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The ~ function

g

Figure : An approximation of E[—log P(Bs > W, — 1,5 < 1000)].
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