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Description of the process

Let (Ln, n ≥ 0) be an i.i.d. sequence of point processes distributions on R.

time

space0 Description
An individual alive at time 0.
Gives birth to children around
its current position.
Each child then reproduces
independently.
Every new generation
reproduces independently.
We take interest in the maximal
displacement.
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Some notation

time

space0•

••

• •••

•• ••••••

•• •• •••• ••••••• •

Notation
Let u be an individual.
V (u) : position of u.
|u| : generation of u.
uk : ancestor of u at time k.
Mn : position of the rightmost
individual at time n.
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Example of a branching random walk in random
environment

time

space0
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Additional notation

We write EL[.] = E [. |L1,L2, . . . ] and Ln a point process with law Ln.

Log-Laplace transform of Ln

∀φ > 0, κn(φ) = logE

∑
`∈Ln

eφ`
 .

Critical parameter
We set K (φ) = E(κ1(φ)). We assume there exists θ > 0 such that

θK ′(θ)− K (θ) = 0.
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Boundary of the branching random walk

From now on, we assume that θ is the critical parameter of the branching
random walk.

Boundary of the branching random walk
For any n ∈ N, we write Fn =

∑n
j=1 κj(θ)/θ.

Observations
The process (Fn, n ≥ 0) is a random walk that depend only on the
environment (Ln, n ≥ 1).
We have limn→+∞

Fn
n = K(θ)

θ = K ′(θ).
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Branching random walk in random environement
The maximal displacement

Theorem
We assume there exists θ > 0 such that θK ′(θ)− K (θ) = 0. We write

Fn =
n∑

j=1

κj(θ)

θ
, σ2

Q = θ2E
[
κ′′1(θ)

]
and σ2

A = Var
[
θκ′1(θ)− κ1(θ)

]
.

Let mn = inf{y ∈ R : PL(Mn ≥ y) = 1/2}, we have

mn = Fn − φ log n + oP(log n) and Mn = Fn − φ log n + oP(log n),

with
φ =

1
θ

(
1
2 + 2γ(σA/σQ)

)
.
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Many-to-one lemma

We write µn((−∞, x ]) = EL
[∑

`∈Ln eθ`−κn(θ)1{`≤x}
]
, and we set Xn a

random variable with law µn.

Definition
The sequence (µn, n ∈ N) is a sequence of i.i.d. random probability
distributions on R.
The process Sn = X1 + X2 + · · ·+ Xn is a random walk with random
environment (µn, n ∈ N).

Lemma (Many-to-one lemma)
Let f be a measurable positive function, we have

EL

∑
|u|=n

f (V (uj), j ≤ n)

 = EL
[
e−θ(Sn−Fn)f (Sj , j ≤ n)

]
.
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Boundary of the process
We compute the number of individuals crossing for the first time
k 7→ Fk + x :

EL

∑
u∈T

1{V (u)>F|u|+x}1{V (uj )≤Fj+x ,j<|u|}


=
∑
n≥1

EL

∑
|u|=n

1{V (u)>Fn+x}1{V (uj )≤Fj+x ,j<n}


=
∑
n≥1

EL
[
e−θ(Sn−Fn)1{Sn>Fn+x}1{Sj<Fj+x ,j<n}

]
≤ e−θx ∑

n≥1
PL [Sn > Fn + x ,Sj < Fj + x , j < n]

≤ e−θx .
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Upper bound for the maximal displacement

We compute the number of individuals who, while staying below the curve
k 7→ Fk + x , are at time n larger than Fn − λ log n.

EL

∑
|u|=n

1{V (u)≥Fn−λ log n}1{V (uj )≤Fj+x ,j≤n}


= EL

[
eθ(Sn−Fn)1{Sn−Fn≥−λ log n}1{Sj−Fj≤x ,j≤n}

]
≈ nθλPL (Sn − Fn ≥ −λ log n, Sj − Fj ≤ x , j ≤ n) .

To conclude, we need to compute the asymptotic behaviour of

PL (Sn − Fn ≥ −λ log n,Sj − Fj ≤ x , j ≤ n) .
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Persistence exponent for the random walk in random
environment

Let S be a random walk in random environment.
Theorem
We assume that E(S1) = 0 and there exists λ > 0 and C > 0 such that

E
(
eλ|X1|

)
< +∞ et EL

(
eλ|X1−EL(X1)|

)
≤ C p.s.

There exists γ ≥ 1/2 such that

− 1
log n logPµ (Sj ≥ − log n, j ≤ n) = γ p.s.

Thus Pµ (Sj ≥ − log n, j ≤ n) ≈ n−γ a.s.
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From random walk to Brownian motion I

We set Ej = Sj − EL(Sj) and Mj = −EL(Sj). We have

Pµ (Sj ≥ − log n, j ≤ n) = Pµ (Ej ≥ Mj − log n, j ≤ n) .

Notation
Set σ2

A = Var(M1) = Var(EL(X1)) and σ2
Q = E(E 2

1 ) = E(Varµ(X1)).

Sakhanenko inequalities
As M is a random walk, there exists a Brownian motion W such that
|Mj − σAWj | . log n.
Conditionally on L and W , E is the sum of i.i.d. centred random
variables, there exists a Brownian motion B such that
|Ej − σQBj | . log n.
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|Ej − σQBj | . log n.
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From random walk to Brownian motion II

Therefore, we have

Pµ (Sj ≥ − log n, j ≤ n) ≈ P (σQBs ≥ σAWs − log n, s ≤ n|W ) a.s.

Thus γ = γ(σA/σQ), where we define

γ(β) = lim
t→+∞

− 1
log t logP (Bs ≥ βWs − 1, s ≤ t|W ) .
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From random walk to Brownian motion II
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Brownian motion above a Brownian curve

1 The branching random walk in random environment

2 The random walk in random environment

3 Brownian motion above a Brownian curve
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Brownian motion above a Brownian curve

Let B and W be two independent Brownian motions.

Theorem
There exists a convex pair function γ such that for all β ∈ R,

lim
t→+∞

1
log t logP (Bs + 1 ≥ βWs , s ≤ t|W ) = −γ(β) p.s.

In particular, P (Bs + 1 ≥ βWs , s ≤ t|W ) ≈ t−γ(β).
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Brownian motion above a Brownian curve

β × W
B
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Properties of γ

Symmetry

As W (d)
= −W , we have

(P (Bs + 1 ≥ βWs , s ≤ t|W ))t≥0
(d)
= (P(Bs + 1 ≥ −βWs , s ≤ t|W ))t≥0 ,

thus γ(β) = γ(−β).

Lower bound
By Jensen inequality,

E [− logP (Bs + 1 ≥ βWs , s ≤ t|W )] ≥ − logP(Bs + 1 ≥ βWs , s ≤ t),

thus γ(β) ≥ γ(0) = 1/2.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 19 / 26



Properties of γ

Symmetry

As W (d)
= −W , we have

(P (Bs + 1 ≥ βWs , s ≤ t|W ))t≥0
(d)
= (P(Bs + 1 ≥ −βWs , s ≤ t|W ))t≥0 ,

thus γ(β) = γ(−β).

Lower bound
By Jensen inequality,

E [− logP (Bs + 1 ≥ βWs , s ≤ t|W )] ≥ − logP(Bs + 1 ≥ βWs , s ≤ t),

thus γ(β) ≥ γ(0) = 1/2.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 19 / 26



Properties of γ

Convexity
The Gaussian random variables being log-concave, we have

P(Bs ≥ f (s), s ≤ t)P(Bs ≥ g(s), s ≤ t) ≤ P
(
Bs ≥ f (s)+g(s)

2 , s ≤ t
)2
.

Therefore, we have

P(Bs + 1 ≥ βWs , s ≤ t|W )P(Bs + 1 ≥ β′Ws , s ≤ t|W )

≤ P
(

Bs + 1 ≥ β+β′

2 Ws , s ≤ t
∣∣∣W)2

,

thus β 7→ γ(β) is convex.

Remark
By similar arguments, β 7→ γ(

√
|β|) is convex.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 20 / 26



Properties of γ

Convexity
The Gaussian random variables being log-concave, we have

P(Bs ≥ f (s), s ≤ t)P(Bs ≥ g(s), s ≤ t) ≤ P
(
Bs ≥ f (s)+g(s)

2 , s ≤ t
)2
.

Therefore, we have

P(Bs + 1 ≥ βWs , s ≤ t|W )P(Bs + 1 ≥ β′Ws , s ≤ t|W )

≤ P
(

Bs + 1 ≥ β+β′

2 Ws , s ≤ t
∣∣∣W)2

,

thus β 7→ γ(β) is convex.

Remark
By similar arguments, β 7→ γ(

√
|β|) is convex.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 20 / 26



Properties of γ

Convexity
The Gaussian random variables being log-concave, we have

P(Bs ≥ f (s), s ≤ t)P(Bs ≥ g(s), s ≤ t) ≤ P
(
Bs ≥ f (s)+g(s)

2 , s ≤ t
)2
.

Therefore, we have

γ(β) + γ(β′) ≥ 2γ
(
β+β′

2

)
,

thus β 7→ γ(β) is convex.

Remark
By similar arguments, β 7→ γ(

√
|β|) is convex.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 20 / 26



Properties of γ

Convexity
The Gaussian random variables being log-concave, we have

P(Bs ≥ f (s), s ≤ t)P(Bs ≥ g(s), s ≤ t) ≤ P
(
Bs ≥ f (s)+g(s)

2 , s ≤ t
)2
.

Therefore, we have

γ(β) + γ(β′) ≥ 2γ
(
β+β′

2

)
,

thus β 7→ γ(β) is convex.

Remark
By similar arguments, β 7→ γ(

√
|β|) is convex.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 20 / 26



Properties of γ

Convexity
The Gaussian random variables being log-concave, we have

P(Bs ≥ f (s), s ≤ t)P(Bs ≥ g(s), s ≤ t) ≤ P
(
Bs ≥ f (s)+g(s)

2 , s ≤ t
)2
.

Therefore, we have

γ(β) + γ(β′) ≥ 2γ
(
β+β′

2

)
,

thus β 7→ γ(β) is convex.

Remark
By similar arguments, β 7→ γ(

√
|β|) is convex.

Bastien Mallein (ENS, DMA) Branching random walk in random environment 27/06/2016 20 / 26



Existence of γ I

Let Xt = e−t/2(1+ Bet−1) et Yt = e−t/2Wet−1.

X and Y are two independent Ornstein-Uhlenbeck processes, moreover:

P (Bs + 1 ≥ βWs , s ≤ t|W ) = P (Xs ≥ βYs , s ≤ log t|Y ) .

We prove there exists γ(β) such that

lim
t→+∞

−1
t logP (Xs ≥ βYs , s ≤ t|Y ) = γ(β) a.s.
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Existence of γ II
Notation
We set τ0 = 0 and

τk+1 = inf {t ≥ τk : Yt = 0,∃s ∈ [τk , t] : |Ys | = 1} .

t

Y

τ1 τ2 τ3 τ4

We set pk,n = logP (Xτn−τk ≥ 1,Xs ≥ βYτk+s , s ≤ τn − τk |Y ) .
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Existence of γ III

By the Markov property, we have
p0,m+n ≥ p0,m + pm,m+n;

(pm+1,n+1,m ≥ 0, n ≥ 0) (d)
= (pm,n,m ≥ 0, n ≥ 0);

(pn,n+k , k ≥ 0) is independent with (pm,m′ , 0 ≤ m ≤ m′ ≤ n);
E(|p0,1|) < +∞.

Kingman’s subbaditive ergodic theorem
We have

lim
n→+∞

p0,n
n = −γ̃(β) > −∞ p.s,

so γ̃(β) = − infn∈N 1
nE [p0,n].
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Existence of γ IV

Notation
We set qn = logP(Xs ≥ βYs , s ≤ τn|Y ). Observe that qn ≥ pn.

FKG inequality
By FKG inequality for the Brownian motion, we have

qn + logP(Xτn ≥ 1|Y ) ≤ pn.

As a consequence limn→+∞
qn
n = −γ̃(β) a.s..
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Existence of γ V

For all τn ≤ t ≤ τn+1,

qn+1
τn
≤ 1

t logP(Xs ≥ Ys , s ≤ t|Y ) ≤ qn
τn+1

,

thus

lim
t→+∞

1
t logP(Xs ≥ Ys , s ≤ t|Y ) = − γ̃(β)E(τ1)

= −γ(β) p.s.
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The γ function

β

γ

Figure : An approximation of E [− logP(Bs ≥ βWs − 1, s ≤ 1000)].
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