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The paper is devoted to the modelling of the procedure of formation of a composite
material constituted of solid fibers and of a solidifying matrix. The solidification process
for the matrix depends on the temperature and on the reticulation rate which are used
for the modelling of the mechanical properties of the matrix. The mechanical proper-
ties are described by the viscoelastic media equation with rapidly oscillating periodic
coefficients depending on the temperature and the reticulation rate. That is modelled as
an initial boundary value problem with time-dependent elasticity and viscosity tensors
to account for the solidification, and the termal ”forcing”. First we prove the existence
and uniqueness of the solution for the problem and obtain a priori estimates. Then we
derive the homogenized problem, characterize its coefficients including explicit memory
terms, and prove that it admits a unique solution. Finally, we prove error bounds for the
asymptotic solution, and discuss the related regularity properties of the homogenized
solution.
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1. Introduction

We consider a composite material made of solid fibers included in a resin (solidi-
fying matrix) which becomes solid when it is heated up (reaction of reticulation).
The solidification process depends on the temperature and on the reticulation rate,
satisfying the heat equation coupled to the kinetic equation for the reticulation rate.
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The homogenization technique applied to this problem reduced it to the homoge-
nized problem with constant coefficients. The estimates have been proved for the
difference between the exact solution and solution of the homogenized problem. In
particular, an estimate For the difference between the exact temperature T. and
the homogenized temperature Ty has been obtained 7, &.

Here the temperature calculated at the first stage and the reticulation rate are
used to model the mechanical properties of the composite material which has a
periodic geometry with a small period € > 0 corresponding to the distance be-
tween neighboring fibers. The mechanical properties are described by a viscoelastic
media equation (Kelvin-Voigt model) with rapidly oscillating periodic coefficients
depending on the temperature and the reticulation rate, that is, solution of the heat
transfer problem, 7, ®. Specifically, the deformation of a viscoelastic medium under
the thermal influence is described by the following problem:

X 241 E ste ausa rLe auEE
p(2) i, — o (BE™ =) — o (457 %) = J@.0), @) € @ x (0,7),
(z,6) =0, (z,t) €& x (0,7), (1.1)
uf (,0) =43 (v,0) =0, =z €.
(

Here % (z,t) is the unknown displacement vector field, wu% (v,t) =
(uf. j(z,t))1<k<n; U7, and iF_ denote the first and the second time derivatives
of u7, , respectively. The summation over the repeating subscripts is assumed. The
volume density p(§) is a scalar function which is also 1-periodic. The smooth vector
function f(x,t) is given, and describes forces due to the thermal effects. The linear

. T, L T . .
elastic tensor Aj;"¢ and the viscosity tensor Bj; ¢ are matrix valued entities:
eTe __ kl e,Te kl .

Aij = (Aij)lgk,lgn’ B;;c = (Bij)lgk,lgn’ ,j=1,...,n,

which are functions of T, the solution of (??) and they depend periodically on £.

This dependence means that the visco-elastic properties depend on the tempera-
ture. For example, for low temperatures the elastic tensor A is greater than B while
for high tempertaures B is greater. So, this temperature depending Kelvin-Voigt
model simulates the thermo-chemico-visco-elastic process for a composite material.
In this model first the thermo-chemical problem 7, ® should be solved, and then
its solution is used in the visco-elastic equation (1.1). There is a high interest to
the combined models of this type, see for example a recent paper 2* where a visco-
plastic model is considered; it takes into account the non-linear hardening effect.
Our model (1.1) takes into account the dependence of the visco-elastic properties
on the temperature.

Let us replace T by Ty (the solution of the homogenized heat problem) in the
coefficients A;;, B;; of problem (1.1). Denote uZ, a solution of this problem. This
new problem with the unknown u7, is a particular case of the time dependent prob-
lem for the Kelvin-Voigt equation. Taking into account the regularity of T we will
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further consider the following auxiliary visco-elasticity equation:
x 0 x\ 0u° 0 x\ ou®
i Dy (50 2) 2 -2 (50 7) ) < e, 10
p(s)u 8%( AN 8$j> 8$i( AN Ox;j f,0),(

uf_=uj =0
[t=0 [t=0

Here the linear elastic tensor A;j(x,t,&) and the viscosity tensor B;j(zx,t,
are matrix-valued entities: A;;(x,t,§) = (Afj(x,t,f))lgkﬁlén, Bij(z,t,§) =
(ijl(x, t,€)) L<k1<ns Which are periodic with respect to {. The volume density p(§)
is a scalar function which is also periodic. When the point = belongs to a fiber,
Af]l (w, Z,t), ijl(x, Z,t) and p(%) are respectively the elasticity, the viscosity and
the density coefficients of the fiber, otherwise their values describe the physical
properties of the resin. The smooth vector function f(z,t) is given, and describes
forces due to the thermal effects. Since the temperature and the reticulation rate
change with x and ¢, so does f. Also, the elastic and viscous tensors are assumed
to depend on the temperature (and hence on x and t) in order to reflect the partial
solidification of the medium when the temperature decreases.

A scalar case with time-independent coefficients was studied in ! using the Laplace
transform methods, with a “fading long term memory effect” observed. This effect
for visco-elasticity (with time-independent coeflicients) has been first discovered
by E.Sanchez-Palencia in * Chapter 6. More detailed result involving the weak
convergence of the displacement field of a body to the displacement field of a ho-
mogenized material with fading memory has been obtained in 2¢; moreover there
was considered the thermodynamics term in the right hand side of the Kelvin-Voigt,
although the coefficients were still time-independent. The aim of the present paper
is to establish that the memory effect in fact takes place in a general situation of
time-dependent vector problem. In this case the Laplace transform methods cease
to be applicable, and we develop instead a version of the method of asymptotic
expansions, supplemented by its rigorous justification, including establishing the
error bounds. Mathematically, the memory effect is a particular example of more
general “non-local” effects emerging as a result of homogenization. Various aspects
of the latter have been extensively studied and documented in the literature, see
e.g. 9, 12-20 25 The present problem nevertheless, from the mathematical point
of view, bears essential specifics. Addressing those requires developing certain non-
trivial modifications of both the general theory of hyperbolic systems with variable
coefficients and of the non-local homogenization theory, addressed in this paper.

The main result of the paper is in establishing the structure of the homogenized
equation corresponding to (1.2). Namely, we show that under appropriate technical
assumptions it has the following form:

. 0
pi(x,t) — Tai(ac,t) = f(z,1), (1.5)

L
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where

~ ov ~ ov
O'Z'(il',t) = sz(x,t)ﬁ(x,t) + A”(l',t)g(l',t)
J J

by 00 N r Ov , ,

Here p is the mean value of density p, and Eij, Eij, lA)ij and Eij are “homogenized”
characteristics explicitly expressible in terms of solutions of appropriate “unit cell”
problems, see §82.1 and §§2.2. In particular, the “memory” (or “non-local”) terms
are those containing the integro-differential operators with the kernels ZA)H and Eij,
explicitly given by (3.27).

We will adopt following notational conventions throughout the paper. In (1.2)
and henceforth the summation with respect to repeated indices is implied. A matrix
followed by a vector implies a standard multiplication of the matrix by a vector,
being a vector; @ = [0, 1]" denotes the reference periodicity cell; C3°(Q) stands for
the subspace of infinitely smooth functions C*°(R™) whose elements are periodic
with respect to ), i.e. 1-periodic with respect to each of its n variables; H %ﬁ (@) and
Li (Q) denote the closures of C3°(Q) in the norms of the standard spaces HY(Q)
and L?(Q), respectively. For any space X, we denote the space X™ by X, and for
any tensor M = Mi’}l € My25n2(R) (the set of n? x n? real matrices), we denote
by Zp(u,v)q the bilinear form

8ul 8%
T = [ M —
(U, )0 /Q Y 9u, O,

Similarly, we define Zps(u,v)qg for all u, v € H#(Q) by the same formula with Q
replaced by Q.

dr ¥V u,v € HY(Q).

We start by analyzing the general problem (Section 1). Namely, we use a version
of the Faedo-Galerkin method (see e.g. %) to prove that for all ¢ > 0, equation
(1.2) together with boundary condition (1.3) and general initial conditions specified
below, admits a unique solution and we obtain a priori estimates for the solution.
Then, in Section 2, we develop a modification of the traditional techniques of the
method of asymptotic expansions (see, e.g., 2~*) to derive homogenized equation
and to characterize its coefficients. Afterwards we establish that the homogenized
problem admits a unique solution v and study the convergence of the exact solution
to the approximate solution as ¢ tends to zero, obtaining tight error bounds on
the difference between them, see Theorem 3.3. Finally we study related regularity
properties of the homogenized solutions (Section 3). We derive sufficient conditions
for the regularity for a specific case but under rather generic assumptions on the
viscosity and elasticity coefficients, allowing them to be microscopically spatially
discontinuous as e.g. in a matrix-inclusion composite.
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2. Existence and uniqueness for original problem

Let Q be a bounded domain of R™ (n > 2) with a Lipschitz boundary, 7 be a
positive number, and let . := Q x (0,7). Let for all 4,5 = 1,...,n and all z € Q,
€€ Qandt e (0,7) the tensors A;;(z,t,&) and B;j(x,t,§) belong to M, ,(R),
being measurable functions of their arguments, periodic in £. We will set £ = z/e
for any positive € and will regard A;; and B;; as functions on 2, depending on e
as a parameter, assuming A;;(z,t,€) and B;j(z,t,€) have sufficient regularity for
this to make sense, as will be specified further later in the paper. At the moment
we assume that:

(H1)- For all ¢ > 0 and ¢,j = 1,...,n, both A;; and its time derivative A” belong
to L*®(2:; My, n(R)). Moreover, there exists a positive constant v independent of
e, x and ¢, such that ||Aj;||p~(,) < v~ and [|Ajj| @) < vh

(H2)- For all € > 0 the tensors B and B belong to L=(Q; M2 p2 gym(R)), where
M2 2 sym (R) is thelz set, of symmetric (elasticity) tensors such that B = B}clj =
Bé’f and such that ||Bj;||L=(0,) < v~ '. Additionally, B is uniformly elliptic, i.e. for
all symmetric matrices n = (né) € R"*™ for almost all (z,t) € Q; and alle >0

€T _
vy < By (et 2wy < vl

(H3)- The Q-periodic function p belongs to L*>(Q;R) and is uniformly positive, i.e.
there exists a constant p; such that
1< p(§) < p1, for all £ € Q.

In assumptions (H1) and (H2) we employed the L>°(£2;)-norm of an n x n matrix
valued function, which can be defined e.g. as the L°°-norm on €2, for the matrix
euclidian norm.

We consider deformation of a viscoelastic medium with thermal effects, with
rapidly oscillating properties in {2, described by the initial boundary value problem:

(27 (30 2) 55) i (40 (10 2) 55 = e
u® =0 on 09, (2.2)

uli_g = @, Umg = $.(2.3)

The following theorem establishes the existence, uniqueness and a priori estimates

for a weak solution to the above initial boundary value problem:

Theorem 2.1. Let f € L?(0,7; H (), ¢ € H§(Q), ¥ € L%(Q) and let assump-
tions (H1)-(H3) hold. Then, for alle > 0, problem (2.1)-(2.3) admits a unique weak
solution u® in HY(0,7; HY(Q)) and there exists a constant Cy depending only on v,
7, p1 and § such that

u[lle, = [lu®llpe om0y + 19220, 713 0) + 192 (0,mL2(0)) <
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< & (If 2 mm-r@) + Ilmy@ + Wllao) - (2.4)

Proof: Let u®(z,t) € H'(0,7; H$(Q)) be a weak solution of (2.1)—(2.3), i.e.
E(2,0) = pla), TEQ, (25)
and, for any z € H'(0,7; H}(2)) such that z(z,7) = 0,

[ (B0 (e 2) 5o (0. 2) G ) o [ o (2) w@) 20,00

_ /OT/Q (p (%) @@ 2@.t) + fl@. ) 2(@,0)) dadt = 0. (26)

In order to prove the results of the theorem we use the Faedo-Galerkin method
(see e.g. 6, §7.1). We denote by (w;);en+ an orthogonal basis of H§(£2), and for any
fixed positive integer m we introduce an approximate problem which consists in
finding a function u$,(t) defined by:

ub,(t) =Y _di,(wi(x), 0<t<T
=1

where (df,(t))1<i<m satisfy the following system of ordinary differential equations:
forj=1,....m

(piig, (t), wj)a + Zp(u5, (), wj)a + Zalug,(t), wi)o = (f(t), w))e, 27)

d,(0) = (om>wj)a,  d,(0) = (Y, w;)o, (2.8)

with ¢, and v, being respectively the orthogonal projections in H!(£2) of ¢ and
1 on the finite space Span(wi,ws, ..., Wy, ), with (-, -)o denoting the standard inner
product in L?(Q).

Using (H3) we conclude that the matrix (\/pw;, /pw;)i<i j<m is invertible, so
the system (2.7)—(2.8) admits a unique solution u$, in H?(0, 7; H§()).

We derive next a priori estimates for &, and @£,. To this end, we multiply (2.7)
by dJ (t) and sum with respect to j = 1,...,m. Thus we obtain

(P, ()2, iy (1)) + Ly, (1), i, (D)) = (f(2), 05, () — L (g, (B), U, ()2

Since ué, € H?(0,7; H$(f)), we can re-express the last identity in the following
form:

d " e e e e e
% (”\/ﬁum(t)Hiﬁ(Q)) +IB(um’um)Q = (f’ um)ﬂ _IA(uwwum)Q (29)

We aim next at estimating all the terms in the right hand side of (2.9) via Zg(-, -)q.
We first use the fact that for u € H3(2), the assumption (H2) and the standard

N |
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Korn inequality (see e.g. 5,19,11) ensure the equivalence of \/Zp(u,u)q to the H!
norm, i.e.

14 _
S Nl < Tnlwwe < n2v 7 uly o (2.10)

Use (H1)-(H2) and the Poincaré-Friedrichs inequality for the terms of the right hand
side of (2.9) and apply (2.10). Thus we check that there exists a constant ¢;, e.g.
c1 = 4 max{(1+ C(Q)?)v~1, 2n* v~} where C(Q2) > 0 is the constant appearing
in the Poincaré Friedrichs inequality, such that

d . . .
o (VpialRag ) + Zatim o < e (Tpui, wio + 1 flf-r ) - 211

We deduce from (2.11) that

& (1B am) < e (ol um O+ 170 ) (212)

On the other hand, multiplying relations (2.7) by d/,(t) and summing them up
for all j =1, ..., m, we obtain

(piisy (£), w5 (1) + T (a5, (1), ufu (D) + Talus, (1), up, (D)a = (F(8), 5, (1)a-

By using the symmetric properties of B;; (assumption H2), we can write the last
identity in the following form:

d ((mfn(t), W ()a + S Tm (s, (1), <t>>9) _

dt 2
VP Ol + %IB(U%(tLU%(t))Q = Za(ug, (), ug (8)o + (F(1), ury (£)) -

In the same manner as previously, in order to estimate the right hand side of the last
identity via Zp(-,-)q, we use (H1) and (2.10) to justify that there exists a constant
¢ (e.g. c2 = max{L, 3n?v =2+ (1+ C(Q)?) v~'}), such that

d

o (G205, 0)0 + o050, (0 <

< WP ) Eaey + e (To(uia®), w5 (Do + 1 OE20))

Multiply then the last inequality by a real v > 0 and add it to (2.12) to arrive at

%t(t) < & (IVP U OlF2g0) + Touin(0), us @) + 1FOfa)  (213)

where e.g. ¢c3 =y + (¢1 + v ¢2) and
. £ ’y £ £ . £ 1>
Sy(8) = VPG, ®lEzq) + 5 I (un(t), up (1) + v (i, (1), u, (1)a-

Lemma 2.1. For 0 < v < W,
v and vy, such that, for 0 <t <7, the following inequality holds:

t
IV O + a0 (000 < 4 (5,000 + [ 17wyt ) (219

there exists a constant cq, depending only on
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Proof: By using assumptions (H1) and (H3), the Poincaré-Friedrichs inequality
and (2.10), it is easy to see that for 0 < v < v/ (4 p1 C(R2)?) we have
1 . Y .
5 VPG lIEz i) + § To(uin () ui(®) — 1y (p a5, (), uf(8)al > 0.

Thus we deduce that

54(0) > 5 VPO ey + 1 Tn(usa(0), 05 () (215)

Further, we fix v in ]0, W[ in inequality (2.13) and, using (2.15), find a con-

stant ¢5 = c3 max{%, 2} such that

B0 < s (500 + 15 Oro).

Then, by the Gronwall’s inequality (e.g. ¢, §B2.j), we deduce that

Sy(t) < ! <Sw(0) + /0 (OIS dt) o tel07].

Finally, comparing the last inequality with (2.15), we obtain (2.14) with e.g.
cy =2e57. 01

Now we will use inequality (2.14) to establish a priori estimates for ug,. Indeed,
we estimate the term on the left of (2.14) from below by using (2.10) and thus we
check that for all ¢ € [0, 7] we have

um b @) + 145, L2 Q) < c6 <||fHL2(O,7—;H—1(Q)) + el @) + WHLz(Q)) . (2.16)

On the other hand, by integrating (2.11) with respect to ¢ and by using (2.16), we
verify the following estimate:

et I20,rmrznyy < €7 (1F1320.mmisay + 1910y + 10 MEagey ) - (217)

From estimates (2.16)—(2.17) we conclude that the sequences (u%,)men< and

(%S, )men+ are bounded in L (0, 7; H3(Q)) and L?(0, 7; HE(Q)) N L*°(0, 7; L2(Q)),
respectively. Therefore we can extract a subsequence (uf ,),, ey« such that, when
m’ — oo, we have:

us, = uf € L0, 7, H(Q)) and as, = € L*(0,7; H(Q)) N L>(0,7;L3(Q)),

where = denotes the weak-star convergence. Lastly, we integrate identity (2.7) over
[0, 7] (integrating the first term once by parts in ¢) and pass to the limit using the
above convergence results. So we prove that u satisfy (2.5)-(2.6). In the same way
we pass to the limit in estimates (2.16)-(2.17) and prove that u® satisfy the estimate
(2.4) of the Theorem. Thus we have proved that there exists a function u® belonging
to HY(0,7; H3(£2)) and satisfying the weak formulation of problem (2.1)-(2.3).
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In order to prove that the above solution is unique, it suffices to show that
problem (2.5)-(2.6) with f = ¢ = ¢ = 0 has no non-trivial solutions. To verify this,
we fix 0 < s < 7 and substitute

fts us(x,r) dr when 0 <t <s,

0 when s <t <7

into the identity (2.6), adopting in this case the form

—/ /pifi) dajdt—l—/ Ip(u®,v)q dt+/ Za(u®,v)q dt = 0, u®(z,0) = 0.
0o Ja 0 0

After integration by parts in the first and the second terms, we obtain

1 S S
§||\/ﬁu5(s)||%2(9)+/0 IB(ue,ug)dtg/o (‘IB(UE,U)Q]+‘IA(u€,v)Q’)dt (2.18)

Now, by using (2.10), we estimate the right hand side of (2.18) via Zp(-,)q and
obtain inequality

4n?s

1 S

SR + (1= 25 ) [ Tt ufhade < o
V2
4n?-
implies that for any s in [0, 7], we have [|u®(s)||L2(q) = 0. Finally, if 7y < 7, we

Finally, we choose 7 = 7 small enough so that 7, < The latter estimate
apply repeatedly the same argument on the smaller intervals within [0, 7] to deduce
that v* = 0. O

3. Asymptotic expansion of the solution

In this section we consider the above model of a viscoelastic deformation of an e-
periodic composite material, treating € as a small parameter. The functions p(£),
A;j(z,t,€) and Byj(x,t,§) are Q-periodic with respect to £ (e.g. with the unit peri-
odicity cell Q). We assume that these functions satisfy hypotheses fully analogous
to (H1)-(H3), as clarified later. We describe the asymptotic behaviour of the solu-
tion of problem (1.2)—(1.4) when ¢ is small.

According to the traditional asymptotic expansion method, a formal asymptotic
solution to the problem (2.1)-(2.3) is sought in the following two-scale form:

W (1) ~ v(z,t) + eN(x,t,g) RCC) (xtg) + o (3.1)

Here v(z,t) is the leading term, N (z,t, £) is the “corrector”-term found from appro-
priate “unit cell” problem, and N(z,t,£), u® (x,t,€) are assumed to be Q-periodic
in £. Near the boundary 9f) the asymptotic expansion (3.1) is expected to contain
a usual “boundary layer” (cf. e.g. 2 Chapter 9).
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Substituting the ansatz (3.1) into (2.1) and collecting formally the terms with
equal powers of €, we obtain a sequence of initial boundary value problems which will
be given explicitly later on. A key role in the subsequent asymptotic constructions
will be played by various versions of the following “cell” problem, which we first
study here in maximal generality. For any = € Q, we seek u(z,-,-) € H'(0,7;H)
such that

0 o 0 ou
— — By (2, 6,8) = ) — = [ Ai; (2, 1,€) =— | = g(x,1,€), 3.2
o (Bot038) - gt (s @0 g ) = stere G2
u(z,0,§) = ¢(,8). (3.3)
Here H is Hilbert space defined by

M= {u € HL(Q): (u(©)e = 0}, (3.4)
equipped with the norm

lulln == I Veullw2(q)n-

Henceforth the angular brackets with subscript £ denote the mean of the appropriate
function with respect to &:

(w(€)e = /Q u(€) de. (3.5)

We will also make use of space H;l (Q) which is by definition a (dual) space of linear
continuous functionals g on HL(Q), with their values upon action on u € HL(Q)
denoted (g, u). For g € H;l(Q), (g)¢ is defined as (g, 1), where 1 is the identical
unity for all the components, with the latter definition being consistent with (3.5)
for more regular g, e.g. g € L2(Q).

Theorem 3.1. Assume that for all x € Q the functions ¢ and g belong respectively
to H and HI(O,T;H;&l(Q)). Let g(x,t,-) satisfy (g)e = 0. Let also for any xz € Q
the straightforward modifications of assumptions (H1)-(H2) hold, namely with x
replaced by &, Q by Q and Q. by Qr := Q x (0,7). Then the problem (5.2)-(3.3)
admits for any x a unique solution u(z,-,-) in HY(0,7;H). Moreover, there exists
a constant Cy which depends only on v and T such that, for any x in Q,

Hu”Lw(O,T;H) + ||u||L2(0,r;H) < Cy (||g||L2(0,T;H_1(Q)) + ||¢HH)~ (3.6)

The proof of Theorem 2.1 is fully analogous to that of Theorem 1.1. Namely,
for the existence we use the Galerkin approximations techniques (exploiting the
invertibility of the matrix analogous in the new variables to Zg(w;,w;)), and the
uniqueness follows immediately from a straightforward modification of the Gron-
wall’s inequality. We do not reproduce the proof here. OJ

We next study regularity properties of the solutions to the problem (2.1)—(2.3).
Mathematically, the latter is subsequently required for constructing the “higher-
order” terms in the asymptotic expansion and for eventually obtaining the error
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bound. Physically, the dependence of the viscoelastic coefficients A;; and B;; on x
and t results from the dependence of these coefficients on the temperature. Conse-
quently, the regularity of the temperature in z and t studied e.g. in (7) determines
the regularity of A;; and B;; on x and ¢, which allows us to study the regularity of
the solution of problem (3.2)-(3.3). With this aim we state and proof the following
lemma.

Lemma 3.1. Let u(x,-,-) € HY(0,7;H) be the unique solution of problem (3.2)-
(3.3) and assume that A;j, B;j € CP(Q;;L°(Q)), ¢ € CP(Q;H) and g €
CP(Q;H1(Q)), for some p > 1. Then we have

u, 4 € CP(Qr; H).

Proof: The proof is by induction in p. Theorem 2.1 implies that for any z in
Q) there exists a unique solution u(z, -,-) in H'([0,7];H) and it satisfies (3.6). It is
easy to see first that u(z,-,-) is in fact in C([0,7]; H), cf.5 . For example, fixing
and introducing a small h,

H’U'(xvt + h, ) - u(a:,t7 )”H =

H

t+h
/ u(z, s, -)ds
t
t+h 1/2
= (/ ||11(9678,')|31d8> h/2 < ch? — 0as h—0
t

with appropriate constant c.

Let next the assumptions of the lemma hold for p = 1 and let us prove that
then u, u € C1(Q,;H). Initially we will use only the fact that ¢ € C(€;H) and
9 € C(QsH Q).

For any fixed value of x in Q and for any vector h € R™ such that = + h in Q,
we have u(z + h,-,-) € C([0,7]; H). We subtract equation (3.2) written down for
x from the same equation with x replaced by x + h and integrate the result over
Q x [0, 7]. Thus we verify that for any z € H'(0,7; HL(Q)), the function u” defined
by

ul(t, &) == u(z + h,t,&) —u(z,t, &), (t,€) €10,7] x Q

satisfies

T oul 9z T oul 9z T
Ajje ~d dt+//Bi-—-—d dtz// h.zdeat,
/o/Qfagja@-g o JoPuag ag ® =) )0k
h

h
u|t:0 = ¢ )
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where ¢"(z,€) = ¢(z + h,§) — ¢(x,§), and

9" (@,t,) = g(z + h,t, &) + % <(A¢j(:c+h,t,§) (2,1, €)) Ej(erhtg))
glz,t, &) + az <(Bij(x—|—h,t,§) — B;j(z,t,€)) a{:j (x+ h,t 5))

From (3.6) we obtain

[u" || Lo 0,770 < C2 (9" 13 + 19" 120, 71-2(Q))) -

The continuity of functions A;;, B;j, ¢ and g on Q, implies that the term on the
right hand side of the last inequality tends to zero as h vanishes, and consequently,
|u"||2¢ converges to zero as h — 0 for any t in [0,7]. Then, using the fact that
u € C([0,7];H) for any z in Q, we deduce that, for any (z,t) € Q,, the following
relation holds:

[u(z + hyt + ¢, €) —u(a,t,8)|ln — 0, when (h,¢) — (0,0) in R™".
So, we have u € C(2,;’H) and now we will prove that @ belongs to C(2,;H). To
this end, we fix (z,t) in Q, and write (3.2) in the form:

0 o
— 2By (x,t = G(x,t,£).
(B0 5 ) = G

Here

0
G0.1.6) 1= 5 (A5 (000 5 ) + st
i j

By using (H1)-(H2) and the Korn inequality which is valid for any « in H;ﬁ (Q) we

conclude that the H-norm and /Zg(-,-)g are equivalent. Therefore there exists a
constant ¢ depending only on v and the space dimension n, such that

lalln < cllGlla-r@)-

Since the last inequality holds for all (z,t) € Q,, we use the same techniques as
above to prove that for small parameters (h, () € R"™! such that (x + h,t + () in
Q,, we have

[z +h,t + ¢, &) =il t, )l < cllgx+h,t+ (&) —G(x,1,8)[a-1

Taking into account that u, g, A;; and B;; are continuous on Q. one can show
that G belongs to C(Q,; H™1(Q)) and so @ € C(Q,;H). Thus we have proved that
for a given g € C(Q,; H 1(Q)) and ¢ € C(;'H), the function u, solution of prob-
lem (3.2)-(3.3) and its time derivative @ both belong to C(Q,;H).

Next formally differentiate equation (3.2) with respect to ¢ and use the fact that
functions A;;, Bi; € C1(Q:;L>(Q)), ¢ € C1(H) and g € CH(Q;HH(Q)) to
verify that @ satisfies the same type of problem as (3.2)-(3.3) with the right hand
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side belonging to C(Q,; H™1(Q)) and the initial condition (0) in C(Q;H). There-
fore the above result implies that the second time derivative of u denoted i is in

fact in C(Q,;H).

Now we will study the differentiability of v with respect to x. To this end, we
fix a positive integer I < n and differentiate formally equation (3.2) with respect
to x;. As above, we check that there exists a function @ such that w,u € C(Q,;H),
satisfying the following:

//( ”agj Aw%]) ag, Wdt = //g z dédt

T(,0,€) — a—f( )

0 (9Biy ou ) 0 (9Aiy du
0¢; \ Oz 0E; 0¢; \ Oz, 9§; ) -

By using (3.6) and the same techniques as above, we check that for a small

withg = 22 +

scalar parameter § and for all z € Q, we have

16—l Lo (0,r1) < Co (@ =) (0)ll2e + llgsllL20,mm-10))) »

where @(z,t,§) = w@td ”’t’? _“(x’t’f); (e1)1<i<n is the canonical basis of R™ and

o (Bij(ﬁéel,t,s) — Bij(x,t,§) 0

05(0) = o : pe ot t9) - g(ot

6 Ai‘(]"+5€l7t7§) B Z (aj t g) au ($+6€l,t,€)—g(l‘,t,€)
+a§¢< J 5 J agj( +del,t§)> 5

Then, taking into account that u and  belong to C(Q,;H) and using the assump-

tion of the lemma (for p = 1), we prove that 8;‘ exists and is equal to w. Thus we
have g;, 5o € C(Q,;H) and finish the proof of the assertion of Lemma 2.1 for
p=1

The remainder of the proof repeats the above argument with minor modifi-
cations. Namely, assume that the statement of Lemma 2.1 is valid for some pos-
itive integer p and suppose that ¢ € CPYY(Q;H), g € CPTH(Q,;H 1(Q)) and
Aij, Bij € CPTH(Q.;L>(Q)). Then the differentiation of (3.6) with respect to t
implies that 1 satisfies (3.6) with the right hand side in C?(Q,; H~1(Q)). Similarly,
differentiating (3.6) with respect to z;, I = 1,...,n, we check that 8% is a solution
of (3.2) with the right hand side belonging to CP(Q,; H71(Q)). Thus, the induction
assumption implies that «, i, g;f , Ba:l € CP(Q,; H) and we deduce the result of the

Lemma for p + 1, completing the proof. (I
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3.1. The main unit cell problem

Substituting the ansatz (3.1) into (2.1) and taking into account that v is independent
of ¢, the identification of the terms corresponding to order £~ leads to the following
equation:

2

0 0°N o ON
5 (B”(x t,€) 85]8t(x’t’€)> ~ %, (AU(:U 65 7%, (x,t,g)) = F(x,t,£) (3.7)

where

0 v 0 v
F t = B )L (@t 7141 )L (@, t). 3.8
@46 = 5o Ba (009 J(t) + gedu @O 70D, (8)
Equation (3.7) has to be supplemented by the initial condition

to comply with the first initial condition in (2.3). This leads to a version of the
main “unit cell” problem, typical for homogenization problems. By Theorem 2.1
its solution N(z,t,&), periodic in &, exists for any given v(x,t) such that v(-,t) €
HY(0,7) for any = € Q. The solution N(z,t, ) exists and is unique up to a function
depending only on z and ¢ (i.e. a constant with respect to £, c.f. Theorem 2.1). To
select a unique solution, we require that N has zero mean value with respect to &.
Henceforth, we apply this selection criterium whenever a boundary value problem
with periodic conditions is stated. The following lemma establishes the structure of
function N.

Lemma 3.2. The following representation holds:
! 90 / B - / ‘ dv / A ’ogl /
N(a:,t,§): 7(x7t)Nk (Jf,t—t,t,g)dt—k 7(.13,t)./\/k (ﬂf,t—t,t,f)dt
0 axk 0 al'k-
(3.10)
Here N (z,t,5,&) and NP (z,t,,£) are periodic with respect to & solutions of the
following initial boundary value problems:

A A
7(’%’ (B (2,5 +1,8) é,vg] (z 7t7s,€)) 78%1- (Am(x 5+1t,8) é\é (myt,syé)) =
(3.11)
‘B B
5 (B (@1, (m,s,s)) -2 (A”@: LKL ms@) ~o,
3.12)
N (@,0,5,6) = git (2,5,€), N (2,0,5,) = g (w,5,€). (3.13)
In turn, git(z,8,€), gB(z,s,€) solve the following cell problems:
0 0 0
3t (Bs @9 gE alws9) = grtutes, Gy
0 0 0
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Proof: We check here the “formal” part of the proof of Lemma 2.2. The existence
and uniqueness of the solutions of these boundary value problems will be established
later. From (3 10), we obtain

aN 4l oyt ! ! v ! g A oyl oyt /
/ axk k:( z,t t7t77£)dt+ 0 ark(wvt)at'/\/k (xat t7t7€)dt

+ O G NP (@,0,8.6) + 2V (e ONA(w, 0,1, 6). (3.16)

6 Tk 8$k

Substitute (3.10) and (3.16) into (3.7). Using (3.11), (3.12) and (3.13) we conclude
that the left hand side of (3.7) equals

0 0 JP v 0 oA ov
% < i (2, t, £)8§J > D, —(x,1) 7%, (B”(x t, 5)8@ ) 7k(x,t). (3.17)
Finally, using (3.14) and (3.15), we conclude that (3.17) transforms into the right
hand side of (3.7) given by (3.8). O

Notice that according to (3.15), for any fixed x and ¢, g,]f are “standard” unit
cell solutions corresponding to the elliptic operator with coefficients B;;(z,t,&) in
homogenization for the “classical” elliptic operators with periodic coefficients (cf.
eg. 29), whereas g does not have such a direct “standard” analogue.

Lemma 3.3. i) Let the modification of assumptions (H1)-(H2) stated in Theorem
2.1 hold. Then for any k = 1,...,n, equation (8.14) admits a unique solution such
that for all (z,t) € ., g,? € H™. Moreover, there exists a constant C3 which
depends only on v and n such that

lgilsen + 198l < C3y ¥ (2,t) € Qs (3.18)
ii) Let p € N* and A;;, Bij € CP(Q; L°°(Q)). Then, for any k=1,....n
git € CP(QHM). (3.19)

Proof: We fix k and consider z and s as parameters, i.e. g,? depends only on &.
i) Let gi}(€) be a weak solution of (3.14), i.e

% 89k ¢
Q 96 Bi 29 Q 0%

Let us make use of the equivalence between \/Z5(-,-)q and the H-norm which
we have mentioned above. We check that the term on the left hand side of (3.20) is
a symmetric and positive definite bilinear form on H", while the right hand side is a
continuous linear form on H". Thus, the Lax-Milgram lemma implies the existence
and uniqueness of the solution g,f € H"™ of (3.20) and we obtain the following
estimate:

d§ = — A de,  Voe(HLQ)".  (3.20)

lgitllsen < 2nv72 (3.21)

In order to study the existence of the time derivative of g;;‘, we use the same
techniques as in the proof of Lemma 2.1 to conclude that g;;‘ € H" exists and is
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bounded in the H"-norm by a constant depending on only v. Thus, using (3.21),
we arrive at (3.18).

i1) The proof of (3.19) is an induction over p and it is similar to that of Lemma

2.1. First we prove that the continuity of A;; on Q. implies the continuity of g;c4 in
J— A

x and t. Second, we check that if 4;; € CPT1(Q,; L>(Q)), the function %‘i"; exists
. 1

in H™ for all ' = (z1,...,xp,t) € Q,, and satisfies (3.20) with a right hand side in

CP(Q,; L(Q)). Thus we deduce that %f; € CP(Q2,;'H™) and obtain (3.19). O

Remark 3.1. Since the functions 91}4 and g satisfy the equations of the same
type, (3.14) and (3.15) respectively, the results of Lemma 2.1 are equally valid for
the function gZ. To conclude, the solutions of the problem (3.11)-(3.13), N and
NE, also exist and are as regular as the solutions of (3.14)-(3.15).

3.2. Derivation of homogenized equation.

The third term of ansatz (3.1), u®(z,t, &), solves the equation which results from
equating the terms of order ¥ after substituting (3.1) into (2.1). This equation is
of the form

~ 5 (Bij(l'at;g)agj> T % <Aij(1'7t;£)8§j> = F(x,t,§). (3.22)
Here
9 o ON 0 v ON
F(x,t,8) = pre (Bij(a:,t,f) (83:] + 8@)) + 5 (Aij(x,t,g) (83:] i 8@))
9 ON ) ON )
+ 87@ (Aij(x’t’g)axj) + 87& (Bij(ﬂc,t,f)amj> + f— po. (3.23)

The homogenized equation for v is obtained following a standard recipe as a neces-
sary condition for the existence of u(® (x,t, £) as a solution of problem (3.22)-(3.23)
with the initial condition

u?(z,0,¢) = 0. (3.24)

Indeed, cf. Theorem 2.1, in order for u(® (x, ¢, ) satisfying (3.22) to exist, the func-
tion F(z,t,£) should have zero mean value with respect to £ over Q:

<.7:($,t,f)>§ = 0. (325)

Substituting (3.23) into (3.25) and using (3.10) and (3.16), we obtain:

piu(z,t) — goi(x,t) = f(z,t), (3.26)

T4
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where p = (p)¢ and

oi(z,t) = Byj(x, t)aai) (z,t) + Ay (x,t) 8‘1 (2,1)

Lj b

K 00 v , ,
+/O (E (Itt)awj(xt)+D”(ztt)a (x,t))dt. (3.27)

Ty
Importantly, the homogenized relations (3.26)-(3.27) display the “memory effect”
due to the integral terms in (3.27).

Expression (3.27) uses the notation

-~ 893-4 ~ ag]
Aij(l‘,t) = Aij(m,t,f) + Bik(xﬂfag)aigk ) Bij - sz('x t E)(ék_yl"‘ aé_ )
3

(here B, ;j is the “conventional” homogenized tensor for B;;, cf. ?) and

R

2B

~ ) NP E ,
Eij(x:t7t ) = Alk(x t, 5) 5 ( t _t t 5) + Bik(mztzg) 85 ot ($7t —t,t 76) 5
k ¢ g ¢

2 A

~ ’ aNA !,
Ot ¢ ¢

The above memory terms are consistent with those derived for a particular case
of scalar problems with time-independent coefficients in !, which are known to be
generally present, see ! for some explicit examples.

3.3. Existence and uniqueness of the homogenized solution

In this section we study the existence and uniqueness of the homogenized solution
v, which satisfies the following problem formally derived above:

60’1‘

pi(z,t) — 92

(x,t) = f(x,t), Vlporon = 0 Vg = V),y = 0, (3.28)
together with the constitutive relations (3.27) with “memory”.

Theorem 3.2. Let f € L?(0,7; H 1(Q)) such that there exists a constant 7* < T,
such that f(x,t) =0 for allt < 7%, and assume that (H1)-(H3) hold. Then problem
(3.28) admits a unique solution v € H*(0,7; HE(2)).

Proof: For any v in H(0,7; H3(Q2)), we define the vectorial function h¥ by

hY . ' B / 90 I / / -
J(x,t) = E”(:E,t,t)a—( )+Dm(xtt)8—( x,t') | dt', i=1,..,n
0

€Lj
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and introduce the linear mapping £ : H*(0,7; H$(Q)) — H(0,7;HE(Q)) by the
relation £(v) = v, where ¥ satisfies the following problem:
0 (5 o o (= oD ohy
LB t) 22 ) — L (A, t) =) = flat "2, £)(3.29
o (Boet g ) = o (Astet) o) = £l + Gt 20
© =0 on 09,(3.30)
B),_o =0, v],_, =0(3.31)

po -

We start the proof by showing that the homogenized coefficients p, /Tij and ﬁij
satisfy the same assumptions as those imposed on the coefficients p, A;; and B;; of
the original problem. It is easy to check that p satisfies assumption (H3).

For the symmetry of Eij? first we use (3.2) to verify that E:}’S = Ej,jj for all
1 <i,4,m,s < n. Second, we use the weak formulation of (3.15) (see (3.20) and ®,
p.151) to justify that V 1 <4, j,m,s <n

Bp* = <B%’Z§§s (97 + &1) 2™ (97 + & I)> , (3.32)
£
where
o
7t

Making use of the relation B} = By in (3.32), we get El’;s = Ejlm

. 1 . .
2 (g + &) = 3 { g+ & 0ps) + 7, (97 + fj5ks)]-

Let n = (") € R™*™, such that n = n!,. Taking (H2) into account, we obtain
from (3.32) the following inequality:

vl ni" < B ni'n < 207! (1+n 1Igg<xn||gf||§w) ni i (3.33)

Thus, by using (3.21) in the last inequality, we prove that Eij are uniformly bounded
and uniformly elliptic. (Notice in passing that the above properties of symmetry,
uniform ellipticity and boundedness for the homogenized tensor are known to hold
for “classical” elliptic problems of linear elasticity, e.g.?, according to which recipe
B is associated with B, as mentioned above.) Similarly, it suffices to use (3.18) in
the definitions of A\ij and the time derivatives of A\Z—j and B\ij to prove that they
are uniformly bounded on H"™ by a constant ¢ depending only on v. Thus we have
proved that, under the assumptions of the Theorem, the homogenized coefficients
satisfy assumptions (H1)-(H3) (although the constants of upper bounds may not
be the same).

Now we can apply Theorem 1.1 to problem (3.29)—(3.31) for ¢ with a given v.
In particular, if f =0, then

19/ e 0,713 (2)) < C1lIRY|[L2(0,712(0))-
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By (3.18) the functions N}, NP and their time derivatives N3, NP are uni-
formly bounded, and so the latter inequality implies that there exists a constant
C3 depending only on v, p1, 7 and  (this constant C3 converges to zero when 7
vanish), such that

191 11 0,13 ) < Ca vl 0,713 () (3.34)

Let 7 = 71 > 0 be small enough for C3 to satisfy C3 < 1, implying that for
any given f the mapping £ is contracting. Then the Banach fixed point theorem
implies that £ has a unique fixed point v = o, which is the solution of problem
(3.28) on ,,. Since for t € [0,7], we have v(t) € HE(Q2), we can then repeat the
above argument to extend our solution to the time interval [r1,27], and so on.
After a finite number of steps we construct a solution existing on the interval [0, 7].
To prove uniqueness, it is enough to take into account that ¥ = v in (3.34) and
deduce that for C5 < 1, the zero function is the unique solution of problem (3.28)
with f =0.0

3.4. Justification of the asymptotics

If v solves the homogenized problem (3.28), then, by its derivation, the solvability
condition for the equation (3.22) for u(? is satisfied. Hence there exists a solution
u® (x,t,€) of (3.22).

Consider the following representation for the exact solution:
u(z,t) =v(x,t) +eN (x,t, E) +e2u® (m,t, E) +7r°(x, t). (3.35)
€ €

Our aim is to obtain an estimate for the “remainder” r¢(z,t) for € sufficiently small.

In order to justify the asymptotic expansion of u® we will impose additional
regularity assumptions on the viscoelastic coefficients. Namely, we will assume that
A;; and B;; are both smooth with respect to = and ¢, and periodic and piecewise
smooth with respect to £&. More precisely, we will assume that there exist disjoint
periodic subdomains D,,, C R", m = 1,..., L, such that R® = UL _,D,, and that
each D,, is in Holder class C1#(D,,) of periodic functions, with 0 < 8 < 1. We
hence require the physical characteristics of the composite media to be smooth (e.g.
constant) in ¢ in each subdomain D,, assumed itself having a sufficiently smooth
boundary, but possibly discontinuous across their boundaries.

Now by first assuming that v(z,t), N(x,t,€) and u? (z,t, &) are smooth with
respect to z and ¢ in €, and piecewise smooth with respect to £, we will prove the
convergence of u° to v when the parameter € tends to zero and establish the relevant
error bounds. In the next section we will describe sufficient conditions which ensure
the validity of these assumptions on v(z,t), N(xz,t,¢) and u®(z,t,€).
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Theorem 3.3. We assume that:

(H4)- v, v € C3(Q,); N, N € C*(Q,;K); u®, 0@ e CY(Q,;K); and for m =
1,..., L, we have A;j, Bij € C?(Qr;CY N (D)), with 0 < A < 1.
Then there exists a constant C independent of € such that
[u® = (v +eN)|| Lo (0,730 + 145 — (0 +5N)||L2(077—;H(1,(Q)) < Ce2,
4 = vl| e 0,2 (@) + 195 = Dl L (0,riz2 () < Ce'/2.

Henceforth we denote for a fixed 0 < ( < 1

K= {u e CY(D,,),m =1, ...,L} .

Proof: Let x.(z) be a differentiable function whose support belongs to the e-
neighbourhood of the boundary of €, such that x:loo = 1, |xe] < 1 and
lle g;fj e < ¢, with a constant ¢ independent of . (Such a “cut-off function”
Xe €xists, see e.g 2 and 9.) Set

us(xz,t) = v(x,t) + (1 — xe(x)) (€N (x,t, g) + 2u® (m,t, g)) ,

noticing that 4§ thereby satisfies the boundary condition (2.2).

By using (H4) we notice that for all m = 1,...,L we have: A;;, B;;, N,
N, u® and u® belong to C*(Q, x D,,), hence one can use the chain rule:
0 - [i } -1 [i } f £

~w(x,x/e -w(x, + ¢ -w(x, , for any of the above
9z, ( /) 1; ( 5) /e D€, ( 5) /e y

functions. Thus, we substitute 7 = u® — 4§ into the original equation (2.1).

According to the derivation of the terms of expansion (3.35), the terms of the
order ¢! and £ will vanish. As a result, taking into account (2.1)-(2.3), (3.28)

and the zero initial conditions for N and u(?), we obtain the following problem for

7 (z,t):
O (o O O (@ Y 02 ond
T = B Bu(az,t,g)axj o, Au(x,t,g)amj =he 5+ 5. (3:36)
7 =0 on 99, 7(z,0) =0, (3.37)

7 (2,0) = e(xe(z) —1)N (:E,O, g) + 82()(5 -1) u? (:LU,O7 g) on 2. (3.38)

Here

0 ON ON
hl(z,t) :=¢ l (Aij(a:,t,f) a—xj(x,t,«f) + Bij(z,t,€) &Uj($7t’§)>L_

) ou® ou?
+ € [axi (A,;j(x,t,g) o (z,t,€) + Bij(z,t,€) g (x,t,f))Lzm

(D) () = 1) (Mt D) + i, D))
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z. Ou® x, 9u®
h2(a,t) = & {Aij(x’f,g) aTj(x’t’f) + Bij(xat7g) axj(l‘at,f)L_m,
and
Sat) = — A, (0. %) 2 2,2 E
hi(z,t) == — Ayj (amta 5) oz [Xa(a?) (eN +e“u'?) (m,t, 5)}
AN 2@ z
B, (x,t, E) oz, [Xg(x) (eN +e*u'?) (a:,t, sﬂ .
Now, using (H4), we establish the following estimate:
1hellz20.mn2@) + 1h2l20r12() < cé, (3.39)

with ¢ denoting henceforth a constant whose precise value is insignificant and may
change from line to line.

Further, taking into account the above described properties of ., we obtain (cf.
2,9
e.g. %Y

13| L2 0,m12(0)) < cel/?, [17(0) lexz o) + 17 (0) |2y < ce.  (3.40)

Thus, applying Theorem 1.1 to problem (3.36)—(3.38) and using estimates (3.39)-
(3.40), we obtain the following inequality:

171l Lo 0,rskx3.20) + 17 [l 2 0.mi2(2)) + 17|20, msp130) < /2
Finally, we take into account that
a5 — (v +eN)| L~ o,rHi @) + i — (0 + ‘C:N)HLZ(O,T;H(%(Q)) < cel/?
and

@5 = vll oo (0,720 + 15 = BllLoe 0,720y < ce

to arrive at the claimed estimates. [J

4. Sufficient condition for regularity

In this section we study the regularity properties of the terms of asymptotic expan-
sion (3.1). In particular, we are interested in sufficient conditions for v to satisfy the
assumptions of the Theorem 2.3 above. The appearance of a long memory “inte-
gral term” in the homogenized equation (3.26)-(3.27) presents substantial technical
complications for the study of the regularity of v, N and u(®. To simplify the
matters, we prove here that the required regularity holds at least in a particular
case. Namely, we consider the case when the elastic and viscous characteristics are
proportional, i.e. there exists a constant x > 0 such that

Aij = KBy, i j=1..n (4.1)



June 23, 2008 8:33 WSPC/INSTRUCTION FILE akps200608

22 Z. ABDESSAMAD, I. KOSTIN, G.PANASENKO, and V. P. SMYSHLYAEV

In this case (2.1) takes the form

T\ .. 0 z, 0 .
i — — Bz t. 2 — (0 ) = t).
p(e) b ox; ( (@ ’E) Oz; (@ + ru )) f@.1)
Moreover, the main corrector of the asymptotic expansion (3.1) is in this case given
by

t 4
N(z,t,€) = / e ) gy (a,,€) f{Zk (0 + o) (2, t) dt’,
0

where, for any x in Q, the function gy (z,-,-) € H'(0,7; H") satisfies the equation

) o) _ 0,

The latter can be verified by direct inspection of (3.7) when (4.1) is held.

Combined with the expressions (3.2)—(3.2) for the homogenized coefficients /Al,;j,
Bij;, D;; and E;j, the latter formulae imply via (3.11)—(3.12):
Eij = Ii_l A’Zij = Bij + sz % 5 Eij = ﬁij =0.
Substituting these into (3.26)-(3.27), we conclude that the homogenized equation
takes the form

~

pi(x,t) — 6%1 (Bij (l’,t)a% (0 + fﬂ))) = f(x,t), (4.3)

J

with the memory term vanishing. (Remind in passing that the memory term does
not generally vanish * .)

Lemma 4.1. Let m € N such that m > 5, and let Q be an open bounded set
of R™ with C?™*2 boundary. Assume that B;; € C™+1(Q,; L>(Q)) and f*) €
L?(0,7; H?™=2%(0)), k= 0,...,m ( Here f*) is the kth time derivative of f), such
that there exists a constant T« < T, such that f(x,t) =0 for all t < T*. Then

v,0 € C™E(Q,).

Proof: Let v be a solution of (4.3) supplemented by boundary and initial conditions
as in (3.28). By Theorem 2.2, v exists and is unique in H*(0, 7; H§(£2)). Throughout
the proof we will use the following notation: v := ¢ + kv and f := f + k po. Thus
¥ satisfies

—~2 8 = 8'[} = ~ ~

po — 7z (Bij 3@) = f, v =0, x €N, 0),_, = 0. (4.4)

The validity of the Lemma is known in the case when the coefficients Eij are

independent of time (see e.g.%).
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We will use the Faedo-Galerkin’s method. Let B;; € C™F1(Q,) and f®) ¢
L2(0,7; H2m=2%(Q)), k = 0, ..., m. We will show that then
7" e L2(0, 7, H2™2-2k(Q)), k=0,..,m+1, (4.5)

and there exists a constant C' depending only on m, 7, Q2 and v, such that

m—+1 m
Z ||@(k) ||L2(O,T;H2m+2*2k(§2)) § C Z Hf(k) HLZ(O,T;Hszzk(Q))' (46)
k=0 k=0

First notice that Lemma 2.3 implies that if B;; € C™"(Q,; Q) then the func-
tion g; solving (4.2) belongs to C™*1(€2,), thus we have B;; € C™T1(Q,).

i) Let f € L?(0,7;L%(Q)) and B;; € C'(Q,), and let us prove that (4.5) and
(4.6) hold for m = 0. Let © € L*(0,7; H§(2)) N C ([0, 7]; L2(£2)) be a weak solution
of (4.4), i.e.

(p,2)a + I5(0,2)q = (f,2)a, VzeHLQ) inD (0,7) and 5(0) =0. (4.7)
Hence v € H'(0,7; HL(Q)) and then f € L?(0, 7; L3(Q)).

Thus, by using (H1), we prove that for all integer p > 1 there exists a unique
function:

P
bp(t) = Y _di(t)wi(z) € H'(0,7 Hy(Q)),
i=1
solving the approximate Galerkin’s problem: for j = 1,...,p,

(Pin(t), w)a + Ta(E,(0w)a = (F().w)e D (0,7) and 5,(0) =0. (48)

Here (w;);>0 is an orthogonal basis of Hg ().
Multiplying (4.8) by dg, and summing them for j = 1, ..., p, we obtain

Then, by using (2.10) and the Gronwall’s Lemma (see proof of Theorem 1.1), we
deduce that there exists a constant ¢ which depends only on v, 7, p; and € such
that

15l Low (0,113 ) + 1Tpllz2(0,mm2()) < €l fllz20,mL2@))- (4.9)

The last estimate allows us to pass to the limit as p — oo in a standard way and
to check that & € L>(0,7; H§(Q)), v € L?(0,7;L3(Q)) and satisfy (4.7). Thus, for
almost all ¢ € [0, 7] we have f(t) —9(t) € L2(Q) and according to (° §6.3.2 Thm 4),
we obtain from (4.7)

lollerz o) < ¢ (IFlla) + IPllea) + [9lea)-
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Finally we integrate the last inequality over [0, 7] and employ (4.9) to obtain

15]| 20, rim2()) + 9] L20.rm2@)) < C I fllL20,mm2@))s

which completes the proof of (4.5)—(4.6) for m = 0.

i) Assume that (4.5)-(4.6) are valid for m € N* and let By; € C™*(Q,),
f®) e L2(0,7; H?™+2-2k(Q)), k = 0,...,m + 1. Differentiate (4.7) with respect
to t and then check that o satisfy (4.7) with the right hand side defined by:
_. o (= 0Ov
F = Y] —_ Bi I — .
it g (Bo g )
Relations (4.5)-(4.6) of order m imply that for &k = 0,...,m + 1, the function

#*) belongs to L2(0,7; H2™*2-2k(Q))). Then, we deduce that F*) belongs to
L?(0,7; H2™=2K(Q))), k = 0, ...,m. Further, from (4.4) at ¢t = 0, we deduce that

5(0) = 0.
Thus by applying the induction assumption we get
o™ e L2(0, ;™2 (Q)), k=1,..,m+2.

Taking into account (4.6), we obtain

m—+2 m+1
S 15® 2o rpzmia-zegy < C Y IF® 20 ropramiz-ax(y.  (4.10)
k=1 k=0

According to (° §6.3.2), we have

[0 gr2m+agn) < ¢ (||f||H2m+2(Q) + [10llamre (o) + ||17||%2(Q)>~
Finally, we integrate the last inequality over [0,7] and use (4.10) to assert the

following estimate:
m+2 m+1

D 18" oo, riprzmra-zia)) < C D IFP 20, riprmsz—2(0y)-
k=0 k=0

Thus (4.5)-(4.6) is proved. Finally, we will use these results to prove the lemma.
Indeed, since equation (4.3) is accompanied by trivial initial conditions (v(0) =
0(0) = 0), we have 9(0) = 0. It results from (4.5)-(4.6) that under assumption of
the lemma we have

v, v € H™ (0,7, H*™2(Q)),
and therefore we deduce the assertion of the lemma by the Sobolev embedding. [
Remark 4.1. Lemma 3.1 gives a sufficient condition for the inclusions v, © €
C3(Q,) which are assumed in (H4): relations (4.1) and inclusions A;;, B;; €

ClEIHY(Q,; L2(Q)), and for all k = 0,1,2,3, f*) ¢ L2(0,7; H5~2%(Q)). Hence-
forth we assume that these inclusions are valid.
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Lemma 4.2. Let D,, CR", m =1,..., L be disjoint periodic subdomains such that
each D, is of class CYP with 0 < f < 1 and R" = U#Zlﬁm. We also assume
that Bi;(x,t,€) are 1-periodic with respect to &, such that B;j € C?(Q; CO*ND,y)),
O0<A<1l,m=1,..,L. Then

N,N € C*(Q.:K), u?,a® e C'(Q;K).

Proof: By taking account of (4.1) in (3.7) we check that for all (x,t) € 0, the
function N € H;ﬁ (Q) satisfies the following equation

0

- (Bij (z,t,8) 0 (N—FKN)) _ 9 (Bij(x,t,f) a% (@+m>> (4.11)

& 0&;

Let D C R™ be a bounded subdomain such that Q@ CC D. By using the periodicity
property of N and B;j, we can study (4.11) in D.

J

By assumption, for all (z,t) in Q, we have B;;(z,t,-) € COND,,), m =1,..., L.
Then according to 2! (see also ?2) we conclude that for all (z,t) € Q,, for any
0 > 0 and for all 0 < Ay < min{)\,%}, multiplying N 4+ N by e #(t=7)
and integrating in 7, we have: N, N € CY*(D,, N Ds), m = 1,...,L, where
Ds = {£ € D; dist(§,0D) > 6}. In particular, VN and VgN are bounded.

Let us recall that the earlier assumption B;; € Cl3174(Q.; L>°(Q)) implies
that N, N € C?*(Q; HL(Q)) (see Lemma 3.1). Thus we use the continuity of
B;; on x and t with respect to C%*(D,,)-norm and that v, © € C'(Q,) and
we employ the same techniques as in the proof of Lemma 2.1 to prove that
N,N € C(Q,; 0" (D,, N D;)) and that V¢ N, VeN € C(Q,; L®(Ds)).

Similarly, we differentiate separately (4.11) with respect to x and ¢ and we use
that B;; € CY(Q,;C%ND,,)) to check that there exists a constant 0 < Ay < 1,
such that N, N, N, belong to C(Q,; C"**(D,,,NDs)) and that V¢ N, Ve N, VeN,
belong to C(Q,; L*°(Ds)), having denoted for brevity V. N by N,.

In the same way, by differentiating separately (4.11) two times with respect to ¢
and z and using that B;; € C?(Q,; C®*(D,,)) we check that there exists a constant
0 < A3 < 1, such that the third time derivative N® of N and Nyg, ]\.fm belong to
C(Q,;C*3(D,,, N D)) for m = 1,..., L, and that VeN®)| VeN,,, V¢N,, belong
to C(Q; L>=(Ds)).

Thus we fix § so that Q C Ds. We deduce from the results above that N,
N € C?(Q,;C*(D,y,)) forallm = 1, ..., L, and that Ve N, Ve N € C?(Q,; L>=(Dy)),
(here v = 112123 Ai).

Now we will study the problem of «(? in Dy that will be denoted by D'. To be
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done, we use (4.1) to check that (3.22) changes to

0 0 aS;
~ 3¢ \Bii o (0P +ru®) ) = = 412
96 ( U(x’t’g)(%j (u +Ku ) R(x,t,€) + 7, (z,t,6)  (4.12)
with
9 o0 ON ) dv  ON )
me g (00 (350 5)) e (20 (0 ) o
and
ON ON .
Si—Aijaixj“rBijaixj, Z—l,...,n.

We use the assumptions of Lemma 4.2 and the above results concerning N to check
that R € C1(Q,; L>°(D)) and S € C'(Q,;C°¢(D,,)), m = 1,...,p with 0 < ¢ < 1.
First, we use 2! in (4.12) and the continuity of the right hand-side of (4.12) with
respect to  and t to obtain that there exists a constant 0 < Ay < 1, such that
for all § > 0, u®, 4® € C(Q,;C**(D,, N D:;))7 m = 1,...,p, and that Vgu@),
Veu? e (9 LOO(D;)). Second we differentiate separately (4.12) with respect to
x and ¢, and we use the same techniques as above to conclude that for all m =1, ..., p;
ug), an), i? e C(Q,;C* (D, ﬂ’D;)), 0 < A; < 1, and that for all 6 > 0 we
have: Veul?), Veil?, Vi@ e C(Qy; L°(Dy)).

Finally it is enough to choose a suitable ¢ so that 'D:; contains @) and we define
¢ = min{y, Ag, A5} to obtain the result of Lemma 4.2. O

Thereby we conclude that under assumptions of Lemma 4.1 and those of
Lemma 4.2, the proportionality condition (4.1) is sufficient to justify the valid-
ity of the assumptions made in Theorem 3.3 and consequently it ensures the re-
sults of Theorem 3.3. Note finally that in (H4) we require that B;; belong to
C%(Q,;CY(Dyy,)) C C?(Q; CON(D,y)), ensuring B;j € C1(Q, x D).
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