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Wave propagation in periodic elastic composites whose phases may have not only highly
contrasting but possibly also (in particular) highly anisotropic stiffnesses and moderately
contrasting densities is considered. A possibly inter-connected (i.e. not necessarily iso-
lated) “inclusion” phase is assumed generally much softer than that in the connected
matrix, although some components of its stiffness tensor may be of the same order as in
the matrix. For a critical scaling, generalizing that of a “double porosity”-type for the highly
anisotropic elastic case, we use the tools of “non-classical” (high contrast) homogenization
to derive, in a generic setting, two-scale limiting elastodynamic equations. The partially
high-contrast results in a constrained microscopic kinematics described by appropriate
projectors in the limit equations. The effective equations are then uncoupled and explicitly
analyzed for their band-gap structure. Their macroscopic component describes plane
waves with a dispersion relation which is generally highly non-linear both in the frequency
and in the wave vector. While it is possible in this way to construct band-gap materials
without the high anisotropy, the number of propagating modes for a given frequency
(including none, i.e. in the band-gap case) is independent of the direction of propagation.
However the introduction of a high anisotropy does allow variation in the number of prop-
agating modes with direction if the inclusion phase is inter-connected, including achieving
propagation in some directions and no propagation in the others. This effect is explicitly
illustrated for a particular example of a highly anisotropic fibrous composite.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction form physical characteristics and is therefore intrinsically

incapable of accounting for a number of underlying micro-

Composites or mixtures are known to often display
unusual physical properties, of which a very impressive
catalog of examples is found in the work of Milton
(2002) with homogenization theory being a key for under-
standing those effects. In this spirit, recent interest in
designing materials for e.g. ‘cloaking’ objects, photonic
and phononic applications, etc., has intensified interest in
propagation and localization of waves in highly heteroge-
neous composites. The “classical” homogenization, mathe-
matically applicable to heterogeneous media with
moderate contrasts in physical properties, replaces the
heterogeneity by an equivalent effective medium with uni-
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scopic effects for example due to “micro-resonances”.

It has been known for a while that an introduction of
high contrasts is capable of accounting for unusual effects
such as the memory effect (e.g. Fenchenko and Khruslov,
1980; Sandrakov, 1999) and other non-local effects (e.g.
Bellieud and Gruais, 2005; Briane, 2002; Camar-Eddine
and Seppecher, 2003; Camar-Eddine and Milton, 2005;
Cherednichenko et al., 2006; Cherednichenko, 2006). Prob-
lems of time-harmonic wave propagation in such media
relate to homogenization of spectral problems with high
contrast.

Models of particular interest in this context are related
to the so-called double porosity models originally devel-
oped for single phase fluid flows in fractured porous
media (Barenblatt and Zheltov, 1960). Their further
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generalizations (e.g. Arbogast, 1989) were realized to be
rigorous two-scale homogenized limits of two-component
mesoscopic Darcy flows with highly contrasting porosity
and permeability, as long as the parameter of high-contrast
o is critically scaled against the periodicity size &, 6 ~ &2
(e.g. Arbogast et al., 1990; Bourgeat et al., 2003). More gen-
eral classes of high-contrast homogenization problems
were also considered (e.g. Panasenko, 1991; Allaire,
1992; Sandrakov, 1999) all with the underlying critical
scaling 6 ~ ¢ which we will henceforth conventionally re-
fer to as “double porosity”-type scaling.

Zhikov (2000, 2004 ), among other results, analyzed sca-
lar double porosity-type spectral problems in bounded
(Zhikov, 2000) and unbounded (Zhikov, 2004) periodic do-
mains employing the techniques of two-scale convergence
(Nguetseng, 1989; Allaire, 1992). He established the
two-scale spectral convergence, associated two-scale com-
pactness, and introduced and analyzed a two-scale limit
operator. The resulting two-scale limit spectral problem
couples in a particular way the limit macroscopic and
microscopic behaviors. Upon uncoupling, the macroscopic
component is described by a spectral problem with a
highly non-linear dependence on the spectral parameter
characterized by function pg(2) introduced in Zhikov
(2000, Section 8.1). This describes in an asymptotically ex-
plicit way both the structure of the band gaps (see also
Hempel and Lienau, 2000) and of the Floquet-Bloch waves
in the bands (Zhikov, 2004). The non-linear dependence on
the spectral parameter appears in fact related, via Laplace
or Fourier transform, to the time-non-locality (memory ef-
fect) in the macroscopic overall behavior for related para-
bolic (cf. Fenchenko and Khruslov, 1980) and hyperbolic
(Sandrakov, 1999) problems. In a mathematically equiva-
lent setting of H-polarized electromagnetic waves Bou-
chitté and Felbacq (2004) motivated by somewhat
related effects in their earlier work (Felbacq and Bouchitté,
1997) on homogenization of highly conducting dilute fi-
bers, among their other results essentially re-discovered
some of the above observations of Zhikov. They addition-
ally interpreted B(1) as “artificial magnetism” due to mi-
cro-resonances, implying that the limit magnetic
permeability may be deemed negative, giving rise to a
number of interesting physical effects associated with mi-
cro-resonances discussed, e.g. by O’Brien and Pendry
(2002) among others. In Kamotski and Smyshlyaev
(2006), the spectral convergence of eigenvalues in the gaps
of the Floquet-Bloch spectrum due to defects in double
porosity-type media were studied, and Cherdantsev
(2009) supplemented this by the analysis of eigenfunction
convergence based on an analysis of a two-scale uniform
exponential decay; Babych et al. (2008) studied the case
of high contrasts not only in (a scalar analog of) stiffness
but also in the density. Recent work (Avila et al., 2004,
2008) specifically studied wave propagation is strongly
heterogeneous linearly elastic media and, motivated by
the analogy with Bouchitté and Felbacq (2004), argued that
the effective density may be frequency dependent, aniso-
tropic as well as non-positive definite, giving rise to
“strong band gaps” (with no propagating waves for certain
frequencies) as well as to “weak band gaps” with a reduced
number of propagating modes in any direction. These

effects do not however appear to display a “directional
dependence” of the propagation and non-propagation:
the number of propagating modes in the limit problem,
although it may depend on the frequency, does not actu-
ally depend on the direction, see Section 4.2 below.

The underlying idea of an “unusual” effective density
has been around for a while. It was suggested in Berryman
(1980) that the effective density may be not a simple aver-
age and argued in Willis (1985) that in the ensemble-aver-
aged sense it is generally non-local. A recent explosion of
renewed interest in this topic was prompted by the ideas
of the breakdown of conventional effective density laws
near micro-resonances (e.g. Liu et al., 2005) with similar
ideas advanced in the context of electromagnetism (e.g.
Litchinitser et al.,, 2004; Kohn and Shipman, 2008) and
applications to cloaking (e.g. Milton et al., 2006; Milton
and Willis, 2007).

One of the aims of the present work is to show that an
introduction of a “partially” high contrast, i.e., in particular,
of some kind of “high anisotropy”, does allow to vary the
number of propagating modes with the direction, i.e. to
achieve a “directional localization”, if the “inclusion” phase
is inter-connected (i.e. not isolated). In doing so, we build
on some related ideas in Cherednichenko et al. (2006),
where it was shown that in a scalar problem with highly
anisotropic fibers the macroscopic component of the cou-
pled two-scale limit system may be spatially non-local in
the direction of the fibers. Guided by the analogy with
the relation of a temporal non-locality to the non-linear
dependence on frequency, one could expect in this setting
a novel dependence on the wave vector, in particular of the
direction of propagation which essentially explains the ef-
fect of the directional localization. We derive, in a generic
setting, two-scale effective elastodynamic equations with
the macro and micro components coupled in a particular
way. Specifically, the partially high contrast leads to a con-
strained microscopic kinematics described by appropriate
projectors in the limit equations. This appears a source of
somewhat unusual effects physically, and mathematically
allows in a sense treating from a unified perspective the
“classical” homogenization, the high-contrast homogeni-
zation, and intermediate cases.

The two-scale limit equations are then analyzed for
their band-gap structure. The high contrast implies the
same frequency producing highly contrasting wavelengths
in the materials of the matrix and the inclusions. Namely,
for the adopted scaling, while it is still a long-wavelength
(low frequency) regime in the matrix, it is a “resonance”
scaling in the inclusions with the wavelength comparable
to their size. The limit equations are then uncoupled. Their
macroscopic component explicitly describes plane waves
(47) with highly non-linear dispersion relation (63). This
is such as if not only the effective density but possibly also
the effective elastic stiffness (and the “coupling term”, cf.
Milton et al., 2006; Milton, 2007; Milton and Willis,
2007) were both frequency and wave vector dependent,
anisotropic and possibly losing the positive definiteness.
(A detailed study of the effective constitutive relations is
postponed for future.) This allows achieving in particular,
in the case of partially high-contrast and inter-connected
inclusion phase, propagation in some directions and no
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propagation in the others, the effect potentially relevant to
the cloaking. One can expect that, in a sense, this effect is
due to some kind of directional sensitivity of the micro-
resonances, being kinematically constrained by the “stiff”
components. (Note in passing that the approach also gives
a recipe for finding attenuating solutions, which corre-
spond to complex solutions k of (63), in particular in the
gaps, providing thereby an explicit asymptotic prediction
for the attenuation rate which is essentially rigorous in
contrast to various approximate models (e.g. Sabina
et al., 1993).) If either the inclusions are isolated or the
high contrast is not “partial” the dispersion relation simpli-
fies to (49) which, although may still display the band-gap
effect, does not display the direction localization any more.
Mathematically, the introduction of the “partially high
contrast” poses, in the context of a two-scale asymptotic
analysis, an interesting challenge of accounting for the
microscopically constrained kinematics coupled to the
macroscopic fields. This is done by appropriately modify-
ing the two-scale asymptotic expansions approach and re-
sults in the two-scale effective equations explicitly
involving “projectors” accounting for the kinematic con-
straints. A more systematic study of related general math-
ematical constructions and of their rigorous analysis, of
possible microgeometries, as well as of the associated
physical effects is beyond the scope of this paper, and will
be addressed elsewhere. We give however two explicit
illustrative examples demonstrating in particular the
above effect of “directional localization” (Section 5.2).

2. Elastodynamics of high-contrast periodic media
2.1. Elastodynamic boundary-value problems

We consider the elastodynamic equations of motion in
a heterogeneous medium, which can generally be ex-
pressed in the form

dive +f = p. (1)

Here ¢ denotes stress, p is momentum density and f is
body force, the dot denotes the differentiation with respect
to time t. This is supplemented by constitutive equations
relating stress to strain e and momentum density to veloc-
ity u

c=Ce, p=pu. 2)

The infinitesimal strain e = (e;)f; , is related to dis-
placement u = (ui)le in d-dimensional space (physically,
d =2 or d = 3) through

"71 8ui 6‘uj 7.1 B B Lo
e"72<6xj+6x,->7'2(u”+u"’)’ i,j=1,...,d

(henceforth, a comma in a subscript denotes spatial differ-
entiation, and summation is applied to repeated indices).

Both the elasticity tensor € and the mass density p may
depend on the position x. The elasticity tensor
C = (Cijpq), i,J,p,gq=1,...,d, is assumed to have the
usual symmetries, and both C and p are strictly positive
definite:

Ciipg = Giipg = Cpqij,  %Ciipg(X)0%pg = 0,  p(%) > 0, 3)

for all x, any indices i,j,p,q and any symmetric tensor «
with the related equality held if and only if « = 0. The latter
condition of positive definiteness will be denoted in the se-
quel as C > 0.

Egs. (1) and (2) have to be supplemented by appropriate
initial and boundary conditions. One typical formulation of
the associated initial boundary-value problem is to assume
that for negative t the body force is identically zero and so
is the solution,

fx,t)=u(x,t)=0 fort<O. (4)

This problem has an equivalent variational formulation in
the form of Hamilton’s principle of stationary action. In
the case of @ = R? for example, i.e. in the full space, it could
be written as

/Ox/g[a-e(qﬁ)—p-ﬂdxdt:/ox /Qf-¢dxdt, (5)

for any smooth “test function” ¢(x,t) with “compact sup-
port”, i.e. identically zero for large enough x or t. In (5)
eij(¢) := (¢ + ¢;;)/2 and the equivalence of (1) and (5) is
verified by a straightforward integration by parts and the
density property of the test functions ¢.

Other classes of solutions of (1) which are of particular
interest are those with zero body force (f = 0) but har-
monic time dependence, i.e.

u(x,t) = exp(—iwt)U(x). (6)

For bounded domains 2, with appropriate boundary condi-
tions on their boundary S, this poses a problem of vibra-
tion, which is a spectral problem on the “eigenfrequency”
w and “eigenmode” U#0. For the whole space this corre-
sponds to the problem of propagation or localization of
waves of frequency w. In particular, for infinite periodic
media this relates to propagation of Floquet-Bloch waves
which typically exist for most frequencies but may fail to
exist for some other frequency ranges. The latter corre-
sponds to the band-gap effect (the “phononic” band-gap
effect in the context of elasticity).

We restrict attention to the case of periodic media hav-
ing a very small spatial period ¢, i.e.

C(x) =C'(x) =C(x/¢), p(x)=p,(x) = p(x/e), (7)

where C(y) and p(y) are periodic in each variable y; with
period 1. Some analysis of the present work could, in prin-
ciple, be generalized further, for example to include the so-
called “locally periodic” media, i.e. with C*(x) = C(x,x/¢)
and p,.(x) = p(x,x/¢), where C(x,y) and p(x,y) are y-peri-
odic, as well as to include some random media. We remark
that the periodic case (7) can itself be viewed as a realiza-
tion of a simple random ensemble of “translated” periodic
media (cf. e.g. Jikov et al., 1994):

Caw) =C/cto). p,Xw)=pH/to). 8)

Here o is an element of the reference periodicity cell
Q =10, 1)d describing the “phase shift” of the periodic med-
ium. (Q is then identified with the probability space, and the
usual Lebesgue measure on Q with the probability measure.)

The body force f(x,t) is often regarded as e-indepen-
dent, although *“configuration-dependent” body forces
could also be considered (cf. Luciano et al., 2000).
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As is well-known, for small but finite ¢, the ensemble-
averaged constitutive relations are generally non-local,
and may display unusual coupling between the stress—
strain and momentum density-velocity constitutive rela-
tions (see e.g. Willis, 1981a,b, 1997; Milton, 2007; Milton
and Willis, 2007). From this perspective, the essence of
the “classical homogenization” is that, for moderate con-
trasts in € and p, those “localize” in the limit of ¢ — 0,
and are described in terms of the homogenized elasticity
tensor C™™ and the mean density (p), with the effective
constitutive relations having the same local and uncoupled
structure (2). As one possible interpretation of the present
work, those in a sense remain non-local but become
asymptotically more explicit at a high-contrast homoge-
nized limit, where the parameters of the high contrasts in
C are appropriately scaled against ¢ (cf. Cherednichenko,
2001, Section 4) for a prototype scalar case.

2.2. High-contrast scalings

We consider a general “two-phase” (in particular, ma-
trix-inclusion) periodic medium occupying a domain  of
wave propagation (in particular, @ = R¢, d = 3, for the full
physical space). The elastic matrix is assumed connected
and characterized by the elasticity tensor C' and mass den-
sity p,. It is filled with an e-periodic array of perfectly
bonded “inclusions” with associated (possibly microscopi-
cally varying) elastic tensor C° and density p,, see Fig. 1.
The “inclusions” are possibly but not necessarily isolated,
so may be inter-connected which also includes the case
of fibers (Fig. 2), but are also allowed to be “multicompo-
nent”, to include, e.g. the cases of several inclusions and/
or several arrays of (differently oriented) fibers or other in-
ter-connected components, of varying shapes and elastic
properties. The reference periodicity cell Q is therefore
generally divided into two parts: a reference inclusion Q,
having a smooth boundary I inside Q, and its complement
Q; corresponding to the matrix phase. The inclusion phase
Qg is therefore the intersection of Q with the e-contracted
and e-periodically replicated Q,, and the matrix phase €
is the complement, Fig. 1. We denote I"° the collection of
all the inclusion-matrix interfaces and S the external
boundary of Q (if any). The limit value on I'* of a function
fin Qj““ is denoted by f|;, j=0,1. Let n” be the outer unit
normal to Qq on its boundary I' and let n denote the similar
normal on I'*.

We assume some components of the elastic stiffness C
to have a high contrast, namely to be substantially smaller
in the inclusions than in the matrix. The density p is al-

S
Qf 0D00000O0O0O0 Q
. (000000000 ! n
Q5 000 0O0Oo[o]oo
00000000 r
1—*8
0000000
()6 € 1

Fig. 1. The periodic geometry and a periodicity cell Q with isolated
inclusions.

Fig. 2. Examples of inter-connected “inclusions”, including fibres (right).

lowed to be moderately contrasting. Namely, introducing
the small parameter 6 of the contrast, most generally,

1 " &
o0 C(x/e)+C°(x/e), xe€

o). xee
”‘(X)‘{po<x/s>, xe

and

Here C°(y), C'(y), C*(y) and p,(y), p,(¥), are arbitrary
non-negative (in particular possibly constant) elastic ten-

sors and densities, respectively, all satisfying the symmetry
conditions in (3), and p,, p,, €°and C' satisfying the uni-
form strict positivity conditions:

“UCgpq(V)“pq = Vo, pr(.Y) >,

for some v > 0 and any symmetric a.

The elasticity tensor C*(y) does not have to be strictly
positive definite. More precisely, C> will typically vanish
at a linear subspace T(y) of the six-dimensional space of
strains, being strictly positive at its orthogonal comple-
ment (T(y))*. [In the present work C?(y) is also required
to satisfy some additional technical restrictions, typically
valid for particular examples, see next Section.]

Regarding ¢ and 6 small, the asymptotic behavior will
crucially depend on how 6 = §(¢) is “scaled” against ¢ (cf.
e.g. Poulton et al., 2001 and further references therein). It
could be seen from dimensional analysis (and indeed ret-
rospectively follows from the asymptotic analysis below)
that there is only one “critical” scaling for §, namely
& ~ &, which we call a double porosity-type scaling, where
the phenomena at the macro and micro scales are coupled
in a non-trivial way! (cf. e.g. Arbogast et al., 1990; Sandra-
kov, 1999; Zhikov, 2000, 2004; Bouchitté and Felbacq,
2004; Avila et al, 2008). We therefore set henceforth
& = &2. We emphasize that a novelty of the present formula-
tion, and indeed a source of key effects reported in this pa-
per, is in allowing only a “part” of the elasticity tensor in
the inclusion, corresponding in a sense to §C°, to asymptot-
ically degenerate as 6 becomes small, with the part corre-
sponding to C€?> remaining stiff. This allows for the
materials in the inclusions to be in particular highly aniso-
tropic, with possibly significant microscopic deformation
but with the kinematics constrained by €* (cf. Chered-
nichenko et al., 2006). Remark in passing that although C?

r=0,1, 9)

1 This corresponds to the case when, in contrast to the “classical”
homogenization, the two-scale asymptotic expansions display the depen-
dence on the fast variable in the main-order term, although only in the
“soft” inclusions, see (14) and (15) below.
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can be taken constant within the inclusions (in particular in
fibers, cf. Section 5), allowing C? to vary within the inclusion
results in additional kinematic degrees of freedom.

Hence, adopting the above scaling, we assume

C) — C'(x/2), xe
| e2Cx/e) + Cx/e), xeQ

){pl(x/s), xe Q.
Po(®/e), X €

and
(10)
p,(x

We therefore deal with asymptotic sequences of solutions
of the elastodynamic boundary-value problems parame-
trized by & We will denote the related entities by
ué(x,t), ¢°(x,t), etc. The boundary-value problems have
to incorporate the conditions of continuity of the displace-
ments and of the tractions across the interfaces I'*:

uly =utly,  ohnly = ognylg. (11)

Consider the initial-value problem in the unbounded
domain corresponding to e.g. (4). Its variational formula-
tion (5) specializes via (10) to the following. Find piecewise
smooth, continuous u?(x, t), identically zero for t < 0, such
that

/ ) [icwe -e(@) - pr i - giaxt
:/” £ ¢dxdt, (12)
0 Q

for all smooth compactly supported ¢(x, t). Here f *(x,t) =
f(x,x/¢,t), with a given f(x,y.t) (f(x,y,t) =0 for t <0)
periodic in y, to include the possibility of a configuration
dependent body force. This of course includes the case of
an e-independent f provided it is constant in y for any x
and t. Notice that the interface conditions (11) are auto-
matically incorporated into the “weak” (variational) for-
mulation (12).

The equivalent “classical” formulation is to find u®(x,t),
identically zero for t < 0, such that

P (X" — div(C(x)e") = f “(x.0), (13)

in Q% and @, and the interfacial conditions (11) are satis-
fied at I'“.

We study the asymptotic behavior of the solution u¢ of
the above problem as ¢ — 0. Notice that the above includes
as limit cases both the “classical” homogenization (C° = 0)
and a double porosity-type high-contrast homogenization
(C?> = 0). The following is a variant of a high-contrast ver-
sion (cf. e.g. Kamotski and Smyshlyaev, 2006) of the meth-
od of two-scale asymptotic expansions (see e.g.
Bensoussan et al., 1978; Sanchez-Palencia, 1980; Bakhva-
lov and Panasenko, 1989). Remark that an alternative/
supplementary approach is to employ the tools of two-
scale convergence® (e.g. Nguetseng, 1989; Allaire, 1992;
Zhikov, 2000), which in the present context would require
employing “two-scale” test functions in the weak formula-
tion (12) and then passing to the limit.

2 A further alternative is to use a conceptually somewhat similar to the
two-scale convergence “periodic unfolding” method (see e.g. Cioranescu
et al., 2002) applied in related context in Avila et al. (2008).

3. Homogenization and a class of two-scale limit
problems

We describe in this section the formal asymptotic pro-
cedure for solving (13) as ¢ — 0. One seeks a formal solu-
tion to the problem in the form of a standard two-scale
asymptotic ansatz:

ui(x,t) =u(x,x/¢,t) + euV (x,x/¢, 1)
+ Eu®(x,x/¢,t) + (%, 1), (14)

where u®(x,y,t), uV(x,y,t) and u®(x,y,t) are functions
to be determined which are Q-periodic in y, the remainder
r¢ is expected to be small when ¢ — 0, with u® (x,y, t) sub-
sequently having the meaning of the solution of a “limit
problem”.

The substitution of (14) into (13) results upon straight-
forward calculation in the following structure of the main-
order term u® (x,y, t), see Appendix A:

uo(xvt)v erv J’GQ1-,

(15)
uo(xvt)+v(x7y7t)7 erv yEQO-

u® (X,y,t) = {
This highlights the fact that u© varies only at the “slow”
scale x (as is the case in the “classical”, i.e. not high con-
trast, homogenization) everywhere in the matrix Qf, i.e.
outside the domain of “soft” inclusions ©f where it may
depend also on the fast variable y = x/¢ (in contrast to
the classical homogenization). The pair of functions
(u(x,t),v(x,y,t)) solves a coupled “limit” initial-value
problem derived in Appendix A and stated below. First,
the function v, regarded for any x and t as a function of
¥y, v(x,y,t) = w(y), is required to belong to a linear sub-
space V of all possible solutions of the following homoge-
neous boundary-value problem

—divy(C’e*(w)) =0, y e Q,, (16)
Ce'(w) ny) =0, yel, (17)
wy)=0, yel. (18)

We hence define®
V:={w(), y € Qq, such that (16)—(18) holds}.  (19)

Depending on C? and the geometry of Q, there may or
may not be non-trivial solutions of (16)-(18). For example,
if C? is strictly positive definite obviously w = 0 and we are
in the context of the classical homogenization, in which
case V is trivial, V = 0. If C> = 0 we are in the context of
a double porosity-type model, with V unconstrained apart
from boundary condition (18). We are particularly inter-
ested in “intermediate” cases where on one hand C? is
not identically zero but on the other hand (16)-(18) still
has non-trivial solutions.

One can further easily see (Appendix A) that (16)-(18)

2 =—L=0 forany weV. (20)
q

3 The rigorous definition would require specifying a functional space,
namely V being a closed subspace of the Sobolev space (H},(QO))" such that
(16) is held in the whole Q in the sense of distributions, where v is regarded
as extended by zero into Q;.
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To simplify some technical details, we additionally as-
sume in this paper that C*(y) is such that the following
two conditions are satisfied. Generalizations of the present
theory removing these restrictions (e.g. Cooper, 2008*), to-
gether with further generalizations, will be reported
elsewhere.

First, any w satisfying (16)-(18) is also required to
satisfy

2 8Wp:

Cupq B_yj =

0. (21)
This assumption is trivially valid for both classical homog-
enization (C* > 0), and for the double porosity-type mod-
els (C* =0). One further example is C*> being constant
and having only one non-zero component, e.g. C;;; =
o > 0. Then V consists of all w with w; independent of y,
and vanishing on the boundary of Q, and is obviously
non-trivial. In particular, if Qq is a cylinder with its axis
parallel to y; (cf. Section 5.2) and arbitrary cross-section,
then any w with w; independent of y; and vanishing on
the cylinder’s boundary I' obviously satisfies (16)-(20),
as well as (21). Another example is constant C*> being
strictly positive for any “in-plane”, with respect to e.g.
(¥1,Y,), deformation but degenerating otherwise, i.e. with
Cépq =0 if at least one of the indices i, j, p, ¢ equals 3
(cf. Section 5.1). (The set V then consists of all w with
w; =w; =0 and arbitrary ws.) The above examples are
generalized for the multicomponent cases of several inclu-
sions and/or fibers of varying shapes, directions and elastic
stiffnesses, with €? constant within any component.

Allowing for C*(y) to vary point-wise, we introduce
additional restriction:

%C,ﬁm )=0 (22)
(which is hence automatically satisfied for piecewise con-
stant C?).

The resulting coupled “limit” initial-value problem de-
rived in Appendix A is the following. Find u(x,t) and
v(x,y,t), such that ve V for any ¥ and t; u® =v =0 for
t <0, and

(PVI° + (o) —div(C™™e® (x,1)) — div((C2e*(v))) = (f), x€Q;  (23)

4 For the case of isolated inclusions the restrictions (21) and (22) are in
fact not required, with all the results stated in the paper held (Cooper,
2008). However the results for non-isolated (inter-connected) inclusions, as
stated, do require these restrictions.

5 Many more examples of non-trivial V for which assumptions (21) and
(22) are satisfied can be constructed by allowing C?(y) to vary with y. For
example, consider any smooth we (Hé(Qo))d such that e(w) is not
(strictly) sign-definite on a set W of positive measure in Qq. Then there
exists y(y) a non-zero vector for any y € W such that »(y) - & (w)y(y) =0,
smooth in y. One can therefore see that weV for
o) = GGG W)E(Y) where Ey) = vy)n(y). v(y) is an arbitrary
scalar function, and we set C?(y) = 0 for all y with a strictly sign-definite
e¥(w) (if any). The assumption (21) is then clearly held, and (22) is satisfied
as long as div¢ = 0. The latter can be always achieved by an appropriate
choice of v(y) which solves an ordinary differential equation along the
vector field y(y). On the other hand, Cépq = 0jj0pq, corresponding physically
to the case of a degenerate shear modulus in the inclusion, is an example
when the assumption (21) is not satisfied: the (non-trivial) set V consists of
all the divergence-free vector fields in Qo vanishing on the boundary, while
(21) would imply identically zero gradients with an obviously trivial V.

P|po (it + ) — divy (€%’ (v)) — divy(Ce°(x, 1))

~div(C’e(v))] =Pf, y Qo (xe Q). (24)
Here
@1 = Q" /Q g(x.y.t)dy (25)

denotes the averaging of relevant function g with respect
to y over the periodicity cell Q (extending v by zero outside
Qo) PY) = Poo@) + P1(1 = %o(¥)) With %o(y) denoting
the characteristic function of Q; e,?}(v) = (Ovi/Oy;+
9v;/dy;)/2. In (23) €™ = (Cj>") is the analog of the stan-
dard homogenized elasticity tensor for periodic medium
CY) = 1o C' + (1 = x,)C* (cf. e.g. Jikov et al., 1994,
Sections 3 and 12):

it =, I [ Cupa)(E+ W) e + ey W)y
(26)

for any symmetric & = (&;) € R It is well-known that,
for connected matrix phases, C"™ inherits all the symme-
try properties (3) as well as the strict positive definiteness
(this includes the porous case C? = 0).

Finally, in (24) P can be viewed as the orthogonal pro-
jection on the (closure of the) space of all vector functions
w(y) satisfying (16)-(18), i.e. on V, namely Pg = Pf means,
by definition®

| sowoidy = [ fwwmidy. foralwev, (@7)
Qo Qo

cf. (A.18). We henceforth adopt the notation involving P as
a shorthand for the associated integral identity (27).

Therefore P can be interpreted as describing the con-
strained microscopic kinematics due to the “stiff” part €.
Notice that in particular P = I (the identity operator) for
C? =0 (the double porosity-type model), and P =0 for
C? > 0 (classical homogenization). For an “intermediate”
case of e.g. the only non-zero component of C?> being
C§333 and Qq being a cylinder parallel to ys, P is the averag-
ing in ys, see the example in Section 5.2.

Notice further that the above “limit problem” (23)-(24)
can generally be interpreted as a two-scale variational
problem which may itself be viewed as a limit of (12), as
follows:

* hom 0y . 0 OO 0 .

/0 /QC ew’) - e(w )dxdtJr/0 /Q/QO[C eWv)-e(z)
+Ce* U +v) - e (W° +2) — Cle* (1) - e¥(W0)|dy dxdt
—/ODO/Q/Qp(y)(u0+\'/)-(wo+i)dydxdt
=[] [ sy @+ 2dyand. (28)

JO JQ JQ

for any w(x,y, t) such that

6 More rigorously, considering V as a closed subspace of the Sobolev
space H}J(QU), and g and f as elements of the dual space H™'(Qq) of linear
continuous functionals on H})(QO), (g8, w) = (f,w), YVwe V. We postpone
rigorous analysis for future publications.
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wo(xa t)a Xc Qv y € Q17 (29)
X

wxy,t) =
C Ay {WO( ) +zxy,t), xeQ, yeQ,.

Here the microscopic parts of both the sought solution and
the trial fields are required to be constrained to the space V,
ie.

veV, zeV. (30)

Functions w°® and z are assumed smooth in their argu-
ments, compactly supported in x and t, and z periodic in
y. Any function defined on a smaller domain is regarded
extended by zero to a larger domain whenever appropri-
ate. The equivalence of (28)-(30) and (23)-(24) is directly
verified: setting in (28) z=0 and keeping w° arbitrary
yields (23), while choosing w® =0 and arbitrary z leads
to (A.18) and hence (24).

Notice finally that the limiting equations (23)-(24) sim-
plify further if all the inclusions are “isolated” (i.e. have
bounded components), with the terms containing C?e*(v)
in both (23) and (24) and the term div,(C?e°(x,t)) in (24)
vanishing identically (cf. Cooper, 2008) see (A.20) and
(A.21). The corresponding terms vanish also in the varia-
tional formulation. (In particular, the vanishing in (24) of
the term div,(C?e°(x,t)) corresponds to vanishing of the
integral containing C*e*(u°) - e*(z) in (28), with the latter
seen, e.g. using (A.21).)

4. Band-gap structure of the limit problem

The limit system (23)-(24) may be of interest from var-
ious points of view. For example, as was shown in Sandra-
kov (1999), in a general geometrical setting but in the
particular case of C?> = 0 the elimination of v from (23)-
(24) results in a time-non-local equation for u° i.e. one dis-
playing a “memory effect”. On the other hand, for C*>0 the
equation for u® may be spatially non-local as was shown for
a prototype scalar example in Cherednichenko et al.
(2006). A related issue is the band-gap structure of the
spectrum of the two-scale limit operator as we discuss be-
low (cf. Zhikov, 2000, 2004; Avila et al., 2008) for the case
of C> =0.

We formally set in (23) and (24) f = 0 and seek time-
harmonic solutions u°(x,t) = exp(—iwt)u(x), v(x,y,t) =
exp(—iwt)v(x,y) (w is the frequency). Then we arrive at
the following limit spectral problem’ for (u°,v) with spec-
tral parameter A := w?:

—div(C™™e%(x)) — div((C?e*(v)))
=A((p)u’ +(pv)), x€Q; (31)

P[—divy(C%’ (v)) — divy(C*e°(x)) — divy(C*€*(v))]
= Ap P’ +v), yeQo (x€Q), (32)

v=0 yel (x€Q), (33)

7 We do not perform here rigorous analysis, mentioning however that
the methods of Zhikov (2000, 2004) allow to rigorously justify all the
analogous steps in a simpler scalar case with (analog of) €? =0, in
particular to rigorously prove the existence of formally derived band gaps,
spectral convergence, etc.

with the additional constraint
velV. (34)

We will show that the above system decouples if either (or
both) of the following holds: (i) the inclusions Q, are iso-
lated; (ii) the domain is the whole space (Q = R?).

4.1. Case of isolated inclusions

In this case, the inclusions have bounded isolated peri-
odic components (although could possibly have a multiple
number of those). The terms in (31) and (32) containing C?

then identically vanish, cf. (A.20) and (A.21), and the above
limit spectral problem therefore reads:

~div(C"™e’(x)) = A((p)u° + (V). x€ 2 (35)
P[—divy(C°¢ (v))| = Ap,PU’ +v), yeQo (X€Q),  (36)
vev. (37)

To decouple it, seek the solution v of (36)-(37) in terms of
u®, i.e. in components,

Vi(X,y) = AN (y)up(x) (38)
where #" = (5} (y)) € V solves

—P[(Clpgllp.0) 1 — AP0} = Ppodsl. ¥ € Qo, 39)
n=0, yel. (40)
The substitution of (38) into (35) results in
—div(C™™e’(x)) = p(Au°, x€ Q. (41)
Here g(A) = (ﬁ,-j(/l))ﬂjzl is the matrix with components
Bi(A) = Alp)oy + A% (pon’) (). (42)
Equivalently,

B(A) = A{p)l + A*B(A), (43)
with I denoting the unit matrix, and

B(A) := (By) = ((pon? )(1)). (44)

Matrix g is well-defined for any A except for the spec-
trum of the related operator which is typically discrete®
with the eigenvalues A,, of the, kinematically constrained
by €? via P, inclusion vibration problem for which there ex-
ists an eigenfunction ¢™ € V with a non-zero p,-weighted
mean (p,¢™)#0:

8 This construction appears to typically define a self-adjoint operator in
Hilbert space V of the constrained microscopic kinematics. The compact-
ness of the resolvent operator is then a sufficient condition for the
discreteness of the spectrum, however there is no a priori reason why it
should generally hold (cf. Babych and Kamotski, in preparation), where the
compactness is not held in a somewhat similar although different context.
We remark that the compactness is held at least for the particular examples
in Section 5, and postpone a systematic study of these issues for future
publications.
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_P[(C;:j)pqd);)nq)‘/] = Amp0¢717 ye QO
" =0, yel.

1

(45)

Here
O<A <A < A3< ... <A <o

are the eigenvalues, and the eigenfunctions are assumed
normalized

/ p0¢m . ¢ndy = 5mn~
Qo

(Remark in passing that there is no a priori reason for the
kinematically constrained system even to be infinite-
dimensional: hence, in principle, the spectrum could also
be finite.)

The matrix p(A) is symmetric as follows via (43) from
the symmetry of B(A). To establish the latter, multiply
(39) by #3, sum over i and integrate over Qq, using the
self-adjointness of the projector P and Py® = »°. The right-
hand side then gives (p,13) = B,s while the left-hand side,
upon the integration by parts and using the symmetry
properties of €° (see (3)), yields

/Q (*(Cgpq"lfj).q *Apoﬂf,)m’,dyz/q dsp Py dy = (PoMs) =Bsr,

implying B,s = B, for arbitrary r and s.

The homogenized equation (41) is the key for character-
izing the spectrum of the limit problem, in both bounded
(cf. Zhikov, 2000) and unbounded (cf. Zhikov, 2004) do-
mains. In particular, it allows to determine the asymptotic
behavior of the Floquet-Bloch waves and of the band-gap
structure for small &. Notice that, formally, it looks like
an equation of wave propagation in a uniform medium
with elasticity tensor C"™ and a “matrix” density B(A),
with the latter depending on the frequency and might be
both anisotropic as well as negative (cf. Berryman, 1980;
Willis, 1985; Milton and Willis, 2007; Avila et al., 2008).

4.2. Limit Floquet-Bloch band-gap structure: isolated
inclusions case

Assume now Q = R? and re-write (41) in the compo-
nent form:

hy
Cipg Upig Pty = 0. (46)

Seek a plane wave solution to (46)

Uup(x) = A, exp(ikn - x), (47)

where n is a unit vector describing the propagation direc-
tion, k > 0 is the wave number and A = (4,) € R? (A=0)
is the polarization. Substituting (47) into (46) results in

[K*ChomMming — BiylAp = 0. (48)

ypq

This can be viewed as a ‘dispersion relation’ for k = k(n, A),
with (48) implying

det[k*C"(n) — p(A)] = 0. (49)
Here
[C"(m)];, == Cipg'mng (50)

is the ‘acoustic tensor’ associated with the homogenized
elasticity tensor C™™. C"(n) is a symmetric strictly positive
definite matrix for any direction n as follows from the
strict positivity (9) of C™™. Hence (49) may be interpreted
as the requirement that t = k* > 0 is a non-negative solu-
tion of the (no more than) cubic (assuming dimension
d = 3) equation.

We therefore conclude that, for varying frequency
w = A2, depending on the number of non-negative solu-
tions of (49) one may have a varying number of propagat-
ing waves in a direction n. Specializing to the three-
dimensional case (d = 3), one may have three, two, one
or no propagating waves. In particular, if g(A) is strictly
negative definite no such waves exist in any direction n,
which corresponds to a band-gap frequency.

Following the pattern of Zhikov (2000) for the scalar
and unconstrained case (see also Bouchitté and Felbacq,
2004; Avila et al., 2008) B(A) can generally be expressed
in terms of A, and ¢™ via the spectral decomposition as
follows. For each r, denoting by #" = (1) the solution of
(39) and (40), it is decomposed, via (45), as follows

=3 P )

m=1 Am =

(where e" = (6,)), implying

BUA) = (pn)(a) = 3 Lo L2 0ot (51)
m=1 m
Substituting further into (42) yields
BA) = Apyl + 42y Lot L O BT, (52)
m=1 m

or, in components,

= (Podi" ) Lot
ByA) = Alp)oy + 42y %

m=1

(53)

We notice that since C"(n) is strictly positive definite and
symmetric, the solutions t = k* to the dispersion relation
(49) are non-negative eigenvalues of (symmetric matrix)

T(n, A) — (éh(n))f” “BA) (éh(n)y” g (54)

If B(A) is negative definite, clearly there are no such eigen-
values, so no waves propagate for the given frequency in
any direction n. It can in fact be shown by a direct adapta-
tion of the analysis of Zhikov (2000, 2004) (see also Avila
et al,, 2008) that the gaps in the limit spectrum (and hence
also for small enough ¢ in the initial problem) will corre-
spond to precisely all such A for which g(A) is negative
definite and which are not eigenvalues of the inclusion
spectral problem (45):

G = {4 : B(A) negative definite; A#A,,, m=1,2,...}.
(35)
In contrast to the scalar case (Zhikov, 2004), it is not imme-
diately obvious from the representation (52) if such gaps
will generally exist. However, it follows from (52) that

the gaps will definitely exist at least to the right of such
multiple eigenvalues A,, which have three eigenfunctions
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with the linearly independent means (¢) (cf. Avila et al.,
2008). This condition does hold for sufficiently symmetric
microgeometries, e.g. for balls, C> = 0 and isotropic C°. [Re-
mark in passing that the limiting gaps can be evaluated in
this case analytically in a fashion similar to that in Section
5 below.]

We also notice that, in the case of the isolated inclu-
sions, outside the gaps i.e. in the “bands”, the number of
propagation modes in the limit problem does not actually
depend on the direction of propagation n and simply coin-
cides with the number of non-negative eigenvalues of
B(A). This follows from noticing that the former is deter-
mined by the number of non-negative eigenvalues of
T(n, A) which, due to (54), coincides with that of g(A) for
any n. In particular, for the weak band gaps there is a re-
duced number of modes propagating in any direction, so
one could say that, in a sense, waves of some polarizations
fail to propagate, with these polarizations dependent on
the direction.

The further refinement of the model to include non-iso-
lated (i.e. inter-connected) inclusions with €20, e.g.
highly anisotropic fibrous composites (cf. Cherednichenko
et al., 2006) does allow to display a “directional localization”,
i.e. supporting propagating waves in some directions while
having none in the others. This model will be developed fur-
ther in the next subsection and then illustrated by an
example in Section 5.2.

4.3. Limit Floquet-Bloch structure for inter-connected
“inclusions”

In the case of inter-connected (non-isolated) inclusions
Q,, for example fibers, the more general spectral problem
(31)-(32) has to be analyzed, since the terms containing
C?e*(v) and div,(C%*e°(x)) do not vanish any more in gen-
eral. (This is in fact precisely the presence of these terms
which gives rise to the spatial non-locality, cf. Chered-
nichenko et al., 2006.) Restricting ourselves in this case
to the whole space case (2 = R?), it is convenient to imme-
diately specialize (31) and (32) to the plane wave solutions
(47)° yielding

2

; o
2 ~h kn- 2
K Cijpg mingApe™™™ — ax;0%, (Ciipq V)
= A(p)Aie*™* + A(p,vi), Xxe€R% (56)

o o v A _
P{ i <C””q 8yq> i 9XiXq A0t

= P[ApeAi — K*C} ningAyle™™*, (57)
veV. (58)
The solution of (57)-(58) can then be sought in the form
vi(x,y, k,n) = XA, (59)

where {" = ({{(y, k,n)) € V solves

9 What follows represents in effect application of the Fourier transform
in x to (31)-(32), which is translationally invariant in x.

P[*(Cgpqézrzq)-j + sz,»szqnjnqC; - ApOCir]
= P{Apydi — K Chgning), ¥ € Qo, (60)

(=0 yel. (61)

Notice that (60) differs from (39) essentially for the extra

middle term on the left-hand side. This makes ¢, in contrast

to 5, depending not only on the spectral parameter A but

also on the propagation direction n and the wavenumber k.
The substitution of (59) into (56) results in

12 Cl (m)A, + k2<6§,(n)g;>A, = A(P)A: + A{po(DA:.
Here C"(n) = (Cl (m)) is defined by (50), and
[C(m)];, = CipgNig (62)

is similar “acoustic tensor” corresponding to C. This re-
sults in the following dispersion relation

det[k*(C"(n) + 5(n, 4,k)) — p(A,k,m)] =0, (63)
where

B(A, k1) == A((P) + (poL)), (64)
7(4,k,m) = (C(m)Q), (65)

where the matrix ¢ = [¢]; == ¢/. Notice that, although look-
ing somewhat similar to the dispersion relation (49) in
the case of isolated inclusions, (64) bears an essentially no-
vel feature: the capability, in the simultaneous presence of
high anisotropy (i.e. C>#0), to alter the number of propagat-
ing modes with the direction n, via the dependence of y and
B on n. Section 5.2 gives an explicit example when the
above dispersion relations lead to the directional localiza-
tion effect in the case of highly anisotropic fibers, namely
propagation in some directions combined with no propa-
gation in others.

5. Examples: a directional localization

We give in this section two explicit examples of the lim-
it Floquet-Bloch structure: one for isolated inclusions and
one for fibers, with the latter demonstrating the effect of
directional localization for highly anisotropic composites.

5.1. Isolated anisotropic inclusions

In the three-dimensional case (d = 3) let Q, be an iso-
lated inclusion. Consider the case of a constant degenerate
C? which is strictly positive for all in-plane deformations
for the (y,,¥,)-plane and vanishes otherwise, i.e.

2
%;iCiipg (V) 0tpg = V005 (66)

for some v > 0 and any symmetric « such that o3 = o3; = 0,
and

2 =0 if B-1)3-j)3-p)3-q)=0 (67)

(i.e. if at least one of the indices equals 3). Any a priori
strictly positive elasticity tensor (for example isotropic),
all of whose components with at least one of the indices
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equalling 3 are altered to vanish, will be within the de-
scribed class.

The space V of the constrained microscopic kinematics
then, according to e.g. (20), consists of all w(y) with
w; = w, = 0'° and with arbitrary w; vanishing on the inclu-
sion’s boundary I'.

Then, according to (39) and (27), for »" = (n{(y)) € V
obviously 7} = 1} = 0 with #}(y) solving

*(A;(‘Z;”lg,q)J = PoAs = pPodrs ¥ € Qo, (68)
n3=0, yeT, (69)
where

Ay = (70)

It immediately follows from (68) to (69) by uniqueness
(away from the spectrum) that #; =0 for r=1, 2, and
71 := 13 solves

~(Ayila); — PoAll = Py ¥ € Q. (71)
n=0 yel. (72)
Then, assuming p, to be also constant, by (42)

Bi(A) = A(p)3is + A2 podizdya (in). (73)

Suppose C° is isotropic, with constant Lamé coefficients /g
and f,,

Cg‘pq = 206ij0pq + Uo(Sipdjq + digdjp)- (74)
Then via (70) matrix (Aj;) is diagonal and
A=A =y, Az =lo+ 2.

The subsequent calculation is most explicit for Q, being a
spheroid
2 2 2
yl tyZ +}% =1
a b

with special aspect ratio

a_ (&)1/2
b )»o+2,l,lo ’

Then by the change of variables

Yi=yi/a, Yy=Y,/0, Y3=Y3/b,

N = Woil/(@pg), A" =aApy/iy, (75)
(71) and (72) transforms to the following boundary-value
problem in the unit ball B = {[y’| < 1}:

A —A'n =1, y €B, (76)

=0, =1 (77)
This has an elementary radially symmetric solution (cf.
Babych et al., 2008),

sin ((4)"2W1) 1
77/(3’/) = n1/2 / YT
A'sin((4) )y A

10(20) implies that w; and w, are constant in y;, however the
boundedness of the inclusion forces these constants to be zero.

Further, by change of variables (75),
_ _ a‘b

)= | nw)dy="="r°
Qo lu“O

From (76), ' = —(An’ +1)/A’, which, upon plugging into
(78) and applying the Green's formula, yields via a
straightforward calculation

1 1 cotan((4)"?)
o T

/B n)dy. (78)

In combination with (73) this finally gives

1 1 cotan((A)"?)
A3
(79)

with A" given in (75). It is readily seen that the matrix g(A)
is diagonal, with g,; and g,, positive, whereas f5; changes
the sign infinitely many times (in particular, near all the
poles of cotan((A')"/?).

Recall that the number of propagating modes is deter-
mined by the number of non-negative eigenvalues of
B(A), see Section 4.2. We conclude that while for A with
B33(A) > 0 there exist three propagating modes in any
direction, for A with #;;(A) < 0 the number of propagating
modes reduces down to two.

Bi(A) = A(p)dy + did34mApea’b

5.2. Anisotropic fibers

In the three-dimensional case (d = 3) let Qq be a circu-
lar cylinder, cf. Fig. 2, with its axis parallel to ys, i.e. (shift-
ing the origin on the axis of the cylinder)

Qo =Ba(a) x [0.1), Ba(a) = {(v.¥,) : Y3 +¥3 <a},
a<1/2.

We consider the case when the only non-zero component

of constant €? is (2,,; = o > 0. i
‘Then, from (62), the only non-zero component of C%(n)

is C%;, i.e.

C2(n) = 030,313, (80)

Let €° be a constant isotropic elastic tensor given by (74),

and let p, also be constant. Then (60) reads

P~ oL}, — Vo + Ho) i) — (Apodip — K'om3disds)C,
= P[Apyd; — KPoan26,363] inQy, 1=1,2,3. (81)

To find projector P, notice that w(y) = (w;(y))2_, satis-
fies (16)-(18), i.e. w € V, if and only if w; is independent
of y; and vanishes on the cylinder’s boundary I'. The oper-
ator P can then be seen, cf. (27), as simply the averaging of
the third component in y;:

1
(Pw);(¥) = ouw: (¥) + 5oW2 (¥) +di3 /O W3(¥1,Y2,Y3)dys.  (82)

A plan for solving (81) is hence to first solve it without P, i.e.

~Uolipp — (Ao + No)qy,pi — (Apodip — kz“n§5i35p3)£;
= Apydyi — K an2d383 inQq, r=1,2,3, (83)
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and then to verify that the solutions will automatically
solve also (81). (As will indeed be the case, since {f will
be independent of y; making P in (81) redundant.)

By the symmetries of the system (83), the matrix
D := ({pod)) entering (64) is diagonal in the chosen basis
and Dy = Dy, =: K, which corresponds to r =1, 2 in (83),
describing the in-plane motion with ;=& (yy,y,),
& =00,Y,) and & = 0. We will set below r = 1 and eval-
uate K := (pOZQ Denoting also by 0 := D33, we will select
r=3in (83) which corresponds to an anti-plane shear mo-
tion,i.e. 3 =& =0and & = {(y1,¥,)- Then 0 = (p,{) is also
evaluated below.

We aim at showing that there are frequencies A with
the property that there exist propagating plane waves
(47) in certain directions n while in some other directions
no such waves would propagate. We argue that this can be
realized by an appropriate choice of the involved parame-
ters. Indeed, denoting €3 the unit vector in the y;-direction,
(80) implies that for any propagation direction n orthogo-
nal to €3, i.e. such that n; = 0, C?(n) = 0. Hence, via (63)-
(65), 7 = 0. Therefore, recalling that C" is strictly positive
definite for any n, there are no real k satisfying the disper-
sion relation (63) as long as g is negative definite, i.e.

K(4) < ={p),

where x(A) and 6(A) are found from (83) with n; = 0.

The plan is hence to first show that (84) is achievable
for a range of values of 4. Hence one will not have any
propagation in any directions (close to those) orthogonal
to e for these frequencies. On the other hand, for any so
selected A and for example for n = e3, we will argue that
for appropriate o (63) will have a solution k > 0, i.e. a prop-
agating mode. We start the more detailed analysis with the
anti-plane component, ie. with r=3 in (83). Then
0 = p,(0) where { is the solution to

*NOAE - A/poz =A'py, (1,Y2) € Ba(a), Z|r =0, (85)

where

0(4) < —(p), (84)

(86)

For 0 < a < 1/2 the exact solution of (85) is elementary
and reads (cf. Babych et al., 2008):
2y172

{W1,y2) =Jo(R) /Jp(va) =1, R:= Vs +y5
= (A'po/1p)""?, (87)

where ], is the Bessel function of the first kind (see e.g.
Gradshtein and Ryzhik, 1994).
To evaluate 0(A") := p, ]Bz< g {(y)dy we use (87) together

)

with e.g. Jo(VR) = —AJ,(VR)/v* and then the Green’s for-
mula. As a result,
2nap, J;(va)
0(A') = —ma®py + 01— 88
( ) pO v Jo(va) ( )
(having used J3(z) = —J;(2)). Since J, is oscillatory function

with an infinite number of zeros, clearly 0(A") can be both
positive and large enough negative, in particular will
satisfy the second inequality in (84), e.g. near its poles
Jo(va) =0.

Consider next the requirement for the first inequality in
(84). It follows from (83) that the functions (i(y,Y,),
i=1, 2, are solutions to the system

— oAl — (2o + o) (G111 + Can) — Apols = Apy, (89)

oAl — (Jo+ o) (Ci12+222) — Apola =0 inBy(a),  (90)
vanishing additionally on the boundary I'. Introducing
h=bL-1, L=0, 91)
we equivalently have

ﬂoA& + (Ao + :uo)(gl,ll +on) + ,Do/lzl =0, (92)

oAz + (Jo + o) (C112 + (222) + poAls =0 in By(a),

(93)
Zl|r:17 52|r:0~ (94)
Solutions ¢; and &, to (92)-(94) are sought in the form
b= b1+ Vo, &= b2 — Vo, (95)

with two radially symmetric potentials
¢ =Ci Jo(miR), ¥ =G, Jo(mzR)

with appropriate real constants C; and C, and

1/2 1/2
Po PoA
= <10 + 2#0) = < Ko > . (58)

Egs. (92) and (93) are then automatically satisfied for any
choice of C; and C,.
Further, since in the polar coordinates (R, ©)

i—cos@g—R Sin®@ — 9

0% OR 8@’

i—sm@a—irR cos@— (97)
Xy OR 00’

introducing

¢ = ¢ = —Cym, cos OJ;(m;R), (98)
(7/ = l//,Z = 7C2m2 sin 911 (mZR), (99)
we re-write (95) as

51 = (211 + l/~/.27 Cﬁz = 43.2 - l/~/.1~ (100)

We further obtain via direct manipulation, employing
functional relations for Bessel functions (Gradshtein and
Ryzhik, 1994),

2
Clml o(miR) — 2 (maR)  X(R)c0s26,  (101)

o
-

& = X(R)sin20 (102)
where
Cim? C,m3
X(R) := =5 [ (miR) = =572 J,(m3R).
Hence to satlsfy (94) we require
cim? C,m3
oo (ma) — =572 ), (ma) =0, (103)
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G gy (1) + 7%y ma) = 1. (104)

The latter has solution

_ —2J),(ma)

B -2 Jy(ma)
m2D(A, o)’

c
! m2D(A, o)’

2=

with

D(4,7%0) :=Jo(mia)fo(m2a) + Jo(mia)],(m,a).

Note that constants C;, i =1, 2, depend on both p, and 2o

via (96). .
We evaluate k(A) := pg [z, (1(9)

0(A), via (101) and (91). As a result,

dy similarly to that of

K(A) = fn'azpo — Cimmyap, J;(mia) — Cammpap, J;(mya).
(105)

We can now see that varying the elastic modulus /o one
can shift the set of zeros for D(4, 4¢) so that e.g. the corre-
sponding pole of i(A) lies in the domain of 6(A) satisfying
(84). Indeed, using for example the trigonometric
asymptotics of the Bessel functions for large A4 >0 (e.g.
Gradshtein and Ryzhik, 1994),

D(A, A) ~ cos(mia — 1/4) cos(mya — m/4),

na(myms)'/?

with the asymptotics of the zeros due to cos(mia — t/4)
controllable by choice of /g via (96). This would allow to
achieve simultaneously both inequalities in (84), as de-
sired. Since for n3; = 0 via (86) A’ = A, this ensures the ab-
sence of any propagating modes in any direction
orthogonal to the fibers for the chosen A.

On the other hand, for a chosen A > 0 satisfying (84) let
0 < A" < A be such that §(A’) > 0. (This is always possible
since for 0(A'):= A'(7}), from e.g. (87), 0(0)=0 and
0'(0) > 0.) Then, for szx(k) fixed according to (86) (for
example for n; = 1), by (65) and (80) the matrix k* with
components

K9y = ka2 py ' 6130,30(A') (106)

is independent of k. Then the matrix k*5 — g in (63) will
cease to be positive definite (i.e. will have one negative
eigenvalue), since via (106), (64) and (86)

K533 — Pgg = —A'0(A") — A(p) < 0.

Since k*j — B is independent of k and has one negative and
two positive eigenvalues (and hence has negative determi-
nant), and C(n) is strictly positive, the dispersion relation
(63) will have a solution k > 0, i.e. a propagating mode.
This qualitative argument ensures the simultaneous
existence of propagating and “non-propagating” directions.
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Appendix A. Formal derivation of the limit problem (23)
and (24)

This appendix derives the limit equations (23) and (24)
via two-scale asymptotic expansions in the form (14) (cf.
Kamotski and Smyshlyaev, 2006), for the case of scalar
spectral problems in unbounded domains. The asymptotic
solution to (13) is sought in the form of a two-scale ansatz
(14), where u©(x,y,t), u(x,y,t) and u®(x,y,t) are re-
quired to depend periodically on the “fast” variable y.
The exact solution u?(x,t) satisfies the continuity condi-
tions (11) at the inclusions’ boundary, specializing via
(10) to

w(x, 0], =W b)), Xel* (A1)
and
Cupq pan|1 - (8 Cupq pqn} + Cupq pqn})|0’ Xe F£7 (A.2)

(remind that n stands for unit normal to I'* selected as out-
ward for the inclusion phase €, and hence inward for the
matrix Q5).

The ansatz (14) is substituted into Eq. (13), separately in
the matrix and the inclusion phases, and the interface con-
ditions (A.1) and (A.2).

By equating first the terms of order ¢2 in (13) and of or-
der &1 in (A.2),

—divy(C'e’ () (x,y,) =0, yeQi; (A3)
o

C;pq C)y (xd’, t) = qu d n]y(x Y, )7 ye F! (A4)

~divy(C’e’@?)(x,y,1)) =0, y € Q (A-5)

(with »¥ being the inward unit normal for Q,). This is a
homogeneous problem in Q with periodic boundary condi-
tions. Since Q, is connected and C' strictly positive defi-
nite, its solution is an arbitrary constant in Q; (i.e.
independent of y)'! which implies (15). The balance of the
terms of order &° in (A.1) implies (18).

The relations (15) together with (A.5), (A.4) and (18) im-
ply then the following restrictions on v:

—divy(C*e’(v)(x,y,1)) =0, ¥y € Qy; (A6)
v,

Cﬁpqa Prl(xy.t)=0, yer, (A7)

vxy,t)=0, yel, (A8)

which yields (16)-(18). Taking dot product of (A.6) with v
and integrating over Q, in y, upon further integration by
parts and using non-negativeness and symmetry of C? re-
sults in (20).

Equating next the terms of order ¢! in (13) and of order
€0 in (A.2), using also (A.8), and (20)-(22), we arrive at:

! This is seen in a standard way, e.g. by taking the dot product of (A.3)

and (A.5) with u©, integrating over the respective domains and using (A.4)
and the strict positivity of C' together with the non-negativeness of C2.
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0 (0 0\ _ 0 o o
8yj (CUPQ ayq ay (Cupq ) X, , yeQ (A.9)

9 M\ o u®
oy, Cizqu ap :f(cfqu ))_}77 ye Qo (AlO)
Yq q

ay; oy X
. oul! » ou! " 2
Cupq 8; nj', iipq 3; ny:—Cqu axpny Cupq 0Xq ny yer,
(A11)

together with the periodicity conditions iny. Thisis a version
of a standard “corrector” problem, in particular, for C> > 0
for “classical” (two-phase) homogenization, and for C> = 0
for “porous” (or “perforated”) periodic domains. As a result,

ou(x,t)

1) — NPT
u) (. £) = N/ () =55 (A12)
where NP are the solutions of the linear elastic “unit cell”
problems with periodic boundary conditions (cf. e.g. Bak-
hvalov and Panasenko, 1989, Section 4.4; Jikov et al.,

1994, Sections 3.1 and 13), which reads (in the weak form):

ONP" d
/ Ciipg (V) ( + 5pr5qs> 8_;///-dy =0, foranyy e (. (Q).
J

(A13)

Here C(y) := x,(»)C"' + (1 — 1,(»))C* with y, denoting the
characteristic function of Q. The above procedure deter-
mines N?" up to a constant within Q,, which is specified
arbitrarily, e.g. by the condition that the average of N?" over
Q; is zero. In Q it is specified up to an arbitrary non-trivial
solution of (A.6)-(A.8), if any, and we assume that one of
those is selected.'?

Equate finally the terms of order &° in (13). In the ma-
trix, taking into account (15) and (A.12):

o (4 ou? . R
ay <CUPq a}f ):pl u? ‘]Pq PQI CUPqNgq r.sj
(C;qugr)J ?sq f(x7y7t)1 yte' (A14)

Similarly, in the inclusion,

o [ 5 oul o o OV )
3_yj<ciqu a;q =po(il; +V’) 3y Cupqayp Cupq P.ai
, v
C’”’q(?x&;
2
—(ClpgNE") 125, —fi(x.3.0), € Qo. (A15)

2 pr
CUPQ sq f ]

12 Notice that a necessary condition for the solvability of (A.10) is for the
right-hand sides to be “orthogonal” (in appropriate sense) to any solution of
the homogeneous system, i.e. to any constant vector and any solution of
(A.6)-(A.8) (equivalently, to any w eV, see (19)). Those are satisfied
automatically, as seen by multiplying (A.9) and (A.10) by an arbitrary
constant vector and w € V, integrating by parts and using (A.11). Establishing
the sufficiency of the solvability condition requires a more advanced analysis
though, developing for example appropriate versions of Poincaré and/or
Korn’s inequalities. We postpone this for future publications, announcing
here that the solvability can be proved for general right-hand sides, notonly in
the limit cases of classical homogenization and perforated domains but also,
at least, for the examples considered in this paper (Section 5) and for the case

of C,Jpq = 0ij0pq, i.e. of vanishing shear modulus in the inclusion.

Egs. (A.14) and (A.15) have to be supplemented by bound-
ary conditions which result from equating in (A.2) the
terms of order &', yielding:

(2)
- C %
] ipq
q | ay

n]%’

T T 8‘/
= —CipgNPud 1! + cﬁqug TR A e e W, ‘nf.  (A16)

Treating (A.14)-(A.16) as a boundary-value problem for
u® iny for any fixed x and t, the Green’s formula together
with the periodicity boundary conditions in y imply:

d ouy
Iy g P _\d
/Q 8va< iipg (V) 6yq> y

(4 ouf , ouy|
= _/1‘ <Ciqu W |, i~ Clipg y, onj dy.

Substituting into these the right-hand sides of (A.14)-
(A.16) yields:

<p>U?*<Cqu> pq}+p0 V, - rSJ/CUPCl(y)Npr( )

ov,
ursq/( qu(y dy / 8y (Cgpq 8yp> dy
2 8 1% .
- / iipa oy, 3;q dy = / upq upq NG (y)u rsq(x)n]y

oV,
Cgpqaypny)dy+/f Xy, t)dy.

Applying the integration by parts to the right-hand side
surface integrals we arrive at the limiting equation (23),
where

ng;n = <Cijrs(.V)(5pr5qs + st(Y))>y- (A17)

This is a well-known representation of the entries of the
homogenized linear elastic tensor C™™, equivalent to (26)
(see e.g. Bakhvalov and Panasenko, 1989, Section 4.4).

On the other hand, multiply (A.15) by an arbitrary func-
tion w(y) = (w;)(y) satisfying (16)-(18), i.e. weV, see
(19), and integrate over Q,. Upon integration by parts
and employing again (20)-(22), the last two terms contain-
ing € will vanish, yielding the integral identity

ovp oW,
/Q [po(u +vl)wx+C3pq6—y”W—C§muMw,
0
Cﬁpqaxax }dy /fxy7 ywidy, YweV. (A18)

This is equivalent to the second limit equation (24).
Finally, notice that (Cooper, 2008)

v G, o*v
2 p Y 2 p
Cing xox, Oy, (yrcupq o ax,>’ (A.19)

having used (20)-(22). Since the expression inside the
brackets in (A.19) vanishes on I', it admits a periodic
extension provided Q, is isolated. This yields, integrating
by parts and again using (20)-(22),
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/c2 AT —/ 2 PV ay_0 Ywev.  (A20)
JQo iquanaxq y_-Qo iquaxjaxq =5 ’ .

This implies that in the limit system (23) and (24) the
terms containing Cze"(v) vanishing identically provided
the inclusions are isolated. The vanishing in (24) of the
term divx(C2e°(x, t)) is, via (27), equivalent to

/ C,Jpq X% W,dy 0, YwelV. (A.21)

The latter can be seen by e.g. multiplying the left-hand side
of (A.21) by an arbitrary test function y(x), integration by
parts in ¥ and then applying (A.20) with v replaced by

yw.

References

Allaire, G., 1992. Homogenization and two-scale convergence. SIAM J.
Math. Anal. 23, 1482-1518.

Arbogast, T., 1989. Analysis of the simulation of single phase flow through
a naturally fractured reservoir. SIAM ]. Numer. Anal. 26 (1), 12-29.

Arbogast, T., Douglas ].Jr., Hornung, U., 1990. Derivation of the double
porosity model of single phase flow via homogenization theory. SIAM
J. Math. Anal. 21 (4), 823-836.

Avila, A., Griso, G., Miara, B., 2004. Bandes photoniques interdites en
élasticité linéarisée. C. R. Math. Acad. Sci. Paris 339, 377-382.

Avila, A., Griso, G., Miara, B., Rohan, E., 2008. Multiscale modeling of
elastic waves: theoretical justification and numerical simulation of
band gaps. Multiscale Model. Simul. 7 (1), 1-21.

Babych, N.O., Kamotski, 1.V., Smyshlyaev, V.P., 2008. Homogenization of
spectral problems in bounded domains with doubly high contrasts.
Networks Heterogeneous Media 3 (3), 413-436.

Babych, N.O., Kamotski, LV., in preparation. Non-standard spectral
properties of the Lamé operator in domains with cusps.

Bakhvalov, N.S., Panasenko, G.P., 1989. Homogenization: Averaging
Processes in Periodic Media, Nauka, Moscow, 1984 (in Russian).
English translation in: Mathematics and its Applications (Soviet
Series) 36, Kluwer Academic Publishers, Dordrecht, Boston, London.

Barenblatt, G.I., Zheltov, Y.T., 1960. Fundamental equations of filtration of
homogeneous liquids in fissured rocks (in Russian). Dokl. Acad. Nauk
SSSR 132 (3), 545-548. English translation in: Sov. Phys. Doklady 5,
522-525 (1960).

Bellieud, M., Gruais, I, 2005. Homogenization of an elastic material
reinforced by very stiff or heavy fibers. Non-local effects. Memory
effects. J. Math. Pure Appl. 84, 55-96.

Bensoussan, A., Lions, J.-L., Papanicolaou, G.C., 1978. Asymptotic Analysis
for Periodic Structures. North Holland, Amsterdam.

Berryman, J.G., 1980. Long-wavelength propagation in composite elastic
media: 1. Spherical inclusions. J. Acoust. Soc. Am. 680, 1809-1819.

Bouchitté, G., Felbacq, D., 2004. Homogenization near resonances and
artificial magnetism from dielectrics. C. R. Math. Acad. Sci. Paris 339
(5), 377-382.

Bourgeat, A., Mikeli¢, A., Piatnitski, A., 2003. On the double porosity model
of a single phase flow in random media. Asymptotic Anal. 34 (3-4),
311-332.

Briane, M., 2002. Homogenization of non-uniformly bounded operators:
critical barrier for nonlocal effects. Arch. Ration. Mech. Anal. 164 (1),
73-101.

Camar-Eddine, M., Milton, G.W., 2005. Non-local interactions in the
homogenization closure of thermoelectric functionals. Asymptotic
Anal. 41 (3-4), 259-276.

Camar-Eddine, M., Seppecher, P., 2003. Determination of the closure of the
set of elasticity functionals. Arch. Ration. Mech. Anal. 170 (3),211-245.

Cherdantsev, M.L, 2009. Spectral convergence for high contrast elliptic
periodic problems with a defect via homogenization. Mathematika,
accepted for publication. Available from: <arXiv:0801.0084>.

Cherednichenko, K.D., 2001. Higher-order and Non-local Effects in
Homogenisation of Periodic Media. University of Bath, Ph.D. Thesis.

Cherednichenko, K.D., Smyshlyaev, V.P., Zhikov, V.V., 2006. Non-local
homogenised limits for composite media with highly anisotropic
periodic fibres. Proc. R. Soc. Edinb. A 136 (1), 87-114.

Cherednichenko, K.D., 2006. Two-scale asymptotics for non-local effects
in composites with highly anisotropic fibres. Asymptotic Anal. 49 (1-
2), 39-59.

Cioranescu, D., Damlamian, A., Griso, G., 2002. Periodic unfolding and
homogenization. C. R. Math. Acad. Sci. Paris 335 (1), 99-104.

Cooper, S., 2008. Non-classical homogenisation, related analytic tools and
applications to dynamic problems with partially high contrasts. Msc
thesis, Bath University, UK.

Felbacq, D., Bouchitté, G., 1997. Homogenization of a set of parallel fibres.
Waves Random Media 7, 245-256.

Fenchenko, V.N., Khruslov, E.Ya.,, 1980. Asymptotic behaviour or the
solutions of differential equations with strongly oscillating and
degenerating coefficient matrix. Dokl. Akad. Nauk Ukrain. SSR Ser. A
4, 26-30.

Gradshtein, L.S., Ryzhik, .M., 1994. Tables of Integrals Series and Products,
fifth ed. Academic Press, Boston, San Diego, New York, London,
Sydney, Tokyo, Toronto.

Hempel, R, Lienau, K., 2000. Spectral properties of periodic media in the
large coupling limit. Commun. Part. Diff. Eq. 25 (7-8), 1445-1470.

Jikov, V.V, Kozlov, S.M. Oleinik, O.A, 1994. Homogenization of
Differential Operators and Integral Functionals. Springer-Verlag,
Berlin.

Kamotski, I.V., Smyshlyaev, V.P., 2006. Localised modes due to defects in
high contrast periodic media via homogenization, BICS preprint 3/06.
Available from: <http://www.bath.ac.uk/math-sci/bics/preprints/
BICS06_3.pdf>. submitted for publication.

Kohn, R.V. Shipman, S.P., 2008. Magnetism and homogenization of
microresonators. Multiscale Model. Simul. 7 (1), 62-92.

Liu, Z., Chan, C.T., Sheng, P., 2005. Analytic model of phononic crystals
with local resonances. Phys. Rev. B 71, 014103.

Litchinitser, N., Dunn, S., Steinvurzel, P., Eggleton, B., White, T.,
McPhedran, R., de Sterke, C., 2004. Application of an ARROW model
for designing tunable photonic devices. Opt. Express 12 (8), 1540-
1550.

Luciano, R., Willis, J.R., 2000. Bounds on non-local effective relations for
random composites loaded by configuration-dependent body force. J.
Mech. Phys. Solids 48, 1827-1849.

Milton, G.W., 2002. The Theory of Composites. Cambridge University
Press.

Milton, G.W., 2007. New metamaterials with macroscopic behavior
outside that of continuum elastodynamics. New J. Phys. 9, 359.

Milton, G., Briane, M., Willis, J., 2006. On cloaking for elasticity and
physical equations with a transformation invariant form. New J. Phys.
8, 248.

Milton, G.W., Willis, J.R., 2007. On modifications of Newton’s second law
and linear continuum elastodynamics. Proc. R. Soc. Lond. A 463, 855-
880.

Nguetseng, G., 1989. A general convergence result for a functional related
to the theory of homogenization. SIAM ]. Math. Anal. 20, 608-623.

O’Brien, S., Pendry, ].B., 2002. Photonic band-gap effects and magnetic
activity in dielectric composites. ]. Phys. Condens. Mat. 14, 4035-4044.

Panasenko, G.P., 1991. Multicomponent homogenization of processes in
strongly nonhomogeneous structures. Math. USSR Sbornik 69 (1),
143-153.

Poulton, C.G., Botten, L.C., McPhedran, R.C., Nicorovici, N.A., Movchan,
A.B., 2001. Noncommuting limits in electromagnetic scattering:
asymptotic analysis for an array of highly conducting inclusions.
SIAM ]. Appl. Math. 61, 1706-1730.

Sanchez-Palencia, E., 1980. Nonhomogeneous media and vibration theory.
Lecture Notes in Physics, vol. 127. Springer-Verlag, Berlin, New York.

Sandrakov, G.V., 1999. Homogenization of elasticity equations with
contrasting coefficients. Sbornik Math. 190 (12), 1749-1806.

Sabina, F.J., Smyshlyaev, V.P., Willis, ].R., 1993. Self-consistent analysis of
waves in a matrix-inclusion composite: II. Randomly oriented
spheroidal inclusions. ]. Mech. Phys. Solids 41 (10), 1589-1598.

Willis, J.R., 1981a. Variational and related methods for the overall
properties of composites. In: Yih, C.-S. (Ed.), Advances in Applied
Mechanics, vol. 21. Academic Press, New York, pp. 1-78.

Willis, J.R., 1981b. Variational principles for dynamics problems for
inhomogeneous elastic media. Wave Motion 3, 1-11.

Willis, J.R,, 1985. The non-local influence of density variations in a
composite. Int. ]. Solids Struct. 210, 805-817.

Willis, J.R, 1997. Dynamics of composites. In: Continuum
Micromechanics. CISM Lecture Notes. Springer, New York, NY, pp.
265-290.

Zhikov, V.V,, 2000. On an extension and an application of the two-scale
convergence method (in Russian). Mat. Sb. 191 (7), 31-72. English
translation in: Sbornik Math. 191 (7-8), 973-1014 (2000).

Zhikov, V.V., 2004. Gaps in the spectrum of some elliptic operators in
divergent form with periodic coefficients (in Russian). Algebra Anal.
16 (5), 34-58. English translation in: St. Petersburg Math. J. 16 (5),
773-790 (2005).


http://www.bath.ac.uk/math-sci/bics/preprints/BICS06_3.pdf
http://www.bath.ac.uk/math-sci/bics/preprints/BICS06_3.pdf

	Propagation and localization of elastic waves in highly anisotropic  periodic composites via two-scale homogenization
	Introduction
	Elastodynamics of high-contrast periodic media
	Elastodynamic boundary-value problems
	High-contrast scalings

	Homogenization and a class of two-scale limit problems
	Band-gap structure of the limit problem
	Case of isolated inclusions
	Limit Floquet–Bloch band-gap structure: isolated inclusions case
	Limit Floquet–Bloch structure for inter-connected “inclusions”

	Examples: a directional localization
	Isolated anisotropic inclusions
	Anisotropic fibers

	Acknowledgments
	Formal derivation of the limit problem (23) and (24)
	References


