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Wave propagation in periodic elastic composites whose phases may have not only highly
contrasting but possibly also (in particular) highly anisotropic stiffnesses and moderately
contrasting densities is considered. A possibly inter-connected (i.e. not necessarily iso-
lated) ‘‘inclusion” phase is assumed generally much softer than that in the connected
matrix, although some components of its stiffness tensor may be of the same order as in
the matrix. For a critical scaling, generalizing that of a ‘‘double porosity”-type for the highly
anisotropic elastic case, we use the tools of ‘‘non-classical” (high contrast) homogenization
to derive, in a generic setting, two-scale limiting elastodynamic equations. The partially
high-contrast results in a constrained microscopic kinematics described by appropriate
projectors in the limit equations. The effective equations are then uncoupled and explicitly
analyzed for their band-gap structure. Their macroscopic component describes plane
waves with a dispersion relation which is generally highly non-linear both in the frequency
and in the wave vector. While it is possible in this way to construct band-gap materials
without the high anisotropy, the number of propagating modes for a given frequency
(including none, i.e. in the band-gap case) is independent of the direction of propagation.
However the introduction of a high anisotropy does allow variation in the number of prop-
agating modes with direction if the inclusion phase is inter-connected, including achieving
propagation in some directions and no propagation in the others. This effect is explicitly
illustrated for a particular example of a highly anisotropic fibrous composite.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Composites or mixtures are known to often display
unusual physical properties, of which a very impressive
catalog of examples is found in the work of Milton
(2002) with homogenization theory being a key for under-
standing those effects. In this spirit, recent interest in
designing materials for e.g. ‘cloaking’ objects, photonic
and phononic applications, etc., has intensified interest in
propagation and localization of waves in highly heteroge-
neous composites. The ‘‘classical” homogenization, mathe-
matically applicable to heterogeneous media with
moderate contrasts in physical properties, replaces the
heterogeneity by an equivalent effective medium with uni-
. All rights reserved.

.ac.uk, vps@maths.
form physical characteristics and is therefore intrinsically
incapable of accounting for a number of underlying micro-
scopic effects for example due to ‘‘micro-resonances”.

It has been known for a while that an introduction of
high contrasts is capable of accounting for unusual effects
such as the memory effect (e.g. Fenchenko and Khruslov,
1980; Sandrakov, 1999) and other non-local effects (e.g.
Bellieud and Gruais, 2005; Briane, 2002; Camar-Eddine
and Seppecher, 2003; Camar-Eddine and Milton, 2005;
Cherednichenko et al., 2006; Cherednichenko, 2006). Prob-
lems of time-harmonic wave propagation in such media
relate to homogenization of spectral problems with high
contrast.

Models of particular interest in this context are related
to the so-called double porosity models originally devel-
oped for single phase fluid flows in fractured porous
media (Barenblatt and Zheltov, 1960). Their further
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generalizations (e.g. Arbogast, 1989) were realized to be
rigorous two-scale homogenized limits of two-component
mesoscopic Darcy flows with highly contrasting porosity
and permeability, as long as the parameter of high-contrast
d is critically scaled against the periodicity size e; d � e2

(e.g. Arbogast et al., 1990; Bourgeat et al., 2003). More gen-
eral classes of high-contrast homogenization problems
were also considered (e.g. Panasenko, 1991; Allaire,
1992; Sandrakov, 1999) all with the underlying critical
scaling d � e2 which we will henceforth conventionally re-
fer to as ‘‘double porosity”-type scaling.

Zhikov (2000, 2004), among other results, analyzed sca-
lar double porosity-type spectral problems in bounded
(Zhikov, 2000) and unbounded (Zhikov, 2004) periodic do-
mains employing the techniques of two-scale convergence
(Nguetseng, 1989; Allaire, 1992). He established the
two-scale spectral convergence, associated two-scale com-
pactness, and introduced and analyzed a two-scale limit
operator. The resulting two-scale limit spectral problem
couples in a particular way the limit macroscopic and
microscopic behaviors. Upon uncoupling, the macroscopic
component is described by a spectral problem with a
highly non-linear dependence on the spectral parameter
characterized by function bðkÞ introduced in Zhikov
(2000, Section 8.1). This describes in an asymptotically ex-
plicit way both the structure of the band gaps (see also
Hempel and Lienau, 2000) and of the Floquet–Bloch waves
in the bands (Zhikov, 2004). The non-linear dependence on
the spectral parameter appears in fact related, via Laplace
or Fourier transform, to the time-non-locality (memory ef-
fect) in the macroscopic overall behavior for related para-
bolic (cf. Fenchenko and Khruslov, 1980) and hyperbolic
(Sandrakov, 1999) problems. In a mathematically equiva-
lent setting of H-polarized electromagnetic waves Bou-
chitté and Felbacq (2004) motivated by somewhat
related effects in their earlier work (Felbacq and Bouchitté,
1997) on homogenization of highly conducting dilute fi-
bers, among their other results essentially re-discovered
some of the above observations of Zhikov. They addition-
ally interpreted bðkÞ as ‘‘artificial magnetism” due to mi-
cro-resonances, implying that the limit magnetic
permeability may be deemed negative, giving rise to a
number of interesting physical effects associated with mi-
cro-resonances discussed, e.g. by O’Brien and Pendry
(2002) among others. In Kamotski and Smyshlyaev
(2006), the spectral convergence of eigenvalues in the gaps
of the Floquet–Bloch spectrum due to defects in double
porosity-type media were studied, and Cherdantsev
(2009) supplemented this by the analysis of eigenfunction
convergence based on an analysis of a two-scale uniform
exponential decay; Babych et al. (2008) studied the case
of high contrasts not only in (a scalar analog of) stiffness
but also in the density. Recent work (Avila et al., 2004,
2008) specifically studied wave propagation is strongly
heterogeneous linearly elastic media and, motivated by
the analogy with Bouchitté and Felbacq (2004), argued that
the effective density may be frequency dependent, aniso-
tropic as well as non-positive definite, giving rise to
‘‘strong band gaps” (with no propagating waves for certain
frequencies) as well as to ‘‘weak band gaps” with a reduced
number of propagating modes in any direction. These
effects do not however appear to display a ‘‘directional
dependence” of the propagation and non-propagation:
the number of propagating modes in the limit problem,
although it may depend on the frequency, does not actu-
ally depend on the direction, see Section 4.2 below.

The underlying idea of an ‘‘unusual” effective density
has been around for a while. It was suggested in Berryman
(1980) that the effective density may be not a simple aver-
age and argued in Willis (1985) that in the ensemble-aver-
aged sense it is generally non-local. A recent explosion of
renewed interest in this topic was prompted by the ideas
of the breakdown of conventional effective density laws
near micro-resonances (e.g. Liu et al., 2005) with similar
ideas advanced in the context of electromagnetism (e.g.
Litchinitser et al., 2004; Kohn and Shipman, 2008) and
applications to cloaking (e.g. Milton et al., 2006; Milton
and Willis, 2007).

One of the aims of the present work is to show that an
introduction of a ‘‘partially” high contrast, i.e., in particular,
of some kind of ‘‘high anisotropy”, does allow to vary the
number of propagating modes with the direction, i.e. to
achieve a ‘‘directional localization”, if the ‘‘inclusion” phase
is inter-connected (i.e. not isolated). In doing so, we build
on some related ideas in Cherednichenko et al. (2006),
where it was shown that in a scalar problem with highly
anisotropic fibers the macroscopic component of the cou-
pled two-scale limit system may be spatially non-local in
the direction of the fibers. Guided by the analogy with
the relation of a temporal non-locality to the non-linear
dependence on frequency, one could expect in this setting
a novel dependence on the wave vector, in particular of the
direction of propagation which essentially explains the ef-
fect of the directional localization. We derive, in a generic
setting, two-scale effective elastodynamic equations with
the macro and micro components coupled in a particular
way. Specifically, the partially high contrast leads to a con-
strained microscopic kinematics described by appropriate
projectors in the limit equations. This appears a source of
somewhat unusual effects physically, and mathematically
allows in a sense treating from a unified perspective the
‘‘classical” homogenization, the high-contrast homogeni-
zation, and intermediate cases.

The two-scale limit equations are then analyzed for
their band-gap structure. The high contrast implies the
same frequency producing highly contrasting wavelengths
in the materials of the matrix and the inclusions. Namely,
for the adopted scaling, while it is still a long-wavelength
(low frequency) regime in the matrix, it is a ‘‘resonance”
scaling in the inclusions with the wavelength comparable
to their size. The limit equations are then uncoupled. Their
macroscopic component explicitly describes plane waves
(47) with highly non-linear dispersion relation (63). This
is such as if not only the effective density but possibly also
the effective elastic stiffness (and the ‘‘coupling term”, cf.
Milton et al., 2006; Milton, 2007; Milton and Willis,
2007) were both frequency and wave vector dependent,
anisotropic and possibly losing the positive definiteness.
(A detailed study of the effective constitutive relations is
postponed for future.) This allows achieving in particular,
in the case of partially high-contrast and inter-connected
inclusion phase, propagation in some directions and no
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propagation in the others, the effect potentially relevant to
the cloaking. One can expect that, in a sense, this effect is
due to some kind of directional sensitivity of the micro-
resonances, being kinematically constrained by the ‘‘stiff”
components. (Note in passing that the approach also gives
a recipe for finding attenuating solutions, which corre-
spond to complex solutions k of (63), in particular in the
gaps, providing thereby an explicit asymptotic prediction
for the attenuation rate which is essentially rigorous in
contrast to various approximate models (e.g. Sabina
et al., 1993).) If either the inclusions are isolated or the
high contrast is not ‘‘partial” the dispersion relation simpli-
fies to (49) which, although may still display the band-gap
effect, does not display the direction localization any more.

Mathematically, the introduction of the ‘‘partially high
contrast” poses, in the context of a two-scale asymptotic
analysis, an interesting challenge of accounting for the
microscopically constrained kinematics coupled to the
macroscopic fields. This is done by appropriately modify-
ing the two-scale asymptotic expansions approach and re-
sults in the two-scale effective equations explicitly
involving ‘‘projectors” accounting for the kinematic con-
straints. A more systematic study of related general math-
ematical constructions and of their rigorous analysis, of
possible microgeometries, as well as of the associated
physical effects is beyond the scope of this paper, and will
be addressed elsewhere. We give however two explicit
illustrative examples demonstrating in particular the
above effect of ‘‘directional localization” (Section 5.2).

2. Elastodynamics of high-contrast periodic media

2.1. Elastodynamic boundary-value problems

We consider the elastodynamic equations of motion in
a heterogeneous medium, which can generally be ex-
pressed in the form

divrþ f ¼ _p: ð1Þ

Here r denotes stress, p is momentum density and f is
body force, the dot denotes the differentiation with respect
to time t. This is supplemented by constitutive equations
relating stress to strain e and momentum density to veloc-
ity _u

r ¼ Ce; p ¼ q _u: ð2Þ

The infinitesimal strain e ¼ ðeijÞdi;j¼1 is related to dis-
placement u ¼ ðuiÞdi¼1 in d-dimensional space (physically,
d ¼ 2 or d ¼ 3) through

eij ¼
1
2

@ui

@xj
þ @uj

@xi

� �
¼:

1
2
ðui;j þ uj;iÞ; i; j ¼ 1; . . . ;d

(henceforth, a comma in a subscript denotes spatial differ-
entiation, and summation is applied to repeated indices).

Both the elasticity tensor C and the mass density q may
depend on the position x. The elasticity tensor
C ¼ ðCijpqÞ; i; j; p; q ¼ 1; . . . ; d, is assumed to have the
usual symmetries, and both C and q are strictly positive
definite:

Cijpq ¼ Cjipq ¼ Cpqij; aijCijpqðxÞapq P 0; qðxÞ > 0; ð3Þ
for all x, any indices i; j; p; q and any symmetric tensor a

with the related equality held if and only if a ¼ 0. The latter
condition of positive definiteness will be denoted in the se-
quel as C > 0.

Eqs. (1) and (2) have to be supplemented by appropriate
initial and boundary conditions. One typical formulation of
the associated initial boundary-value problem is to assume
that for negative t the body force is identically zero and so
is the solution,

f ðx; tÞ ¼ uðx; tÞ ¼ 0 for t 6 0: ð4Þ

This problem has an equivalent variational formulation in
the form of Hamilton’s principle of stationary action. In
the case of X ¼ Rd for example, i.e. in the full space, it could
be written asZ 1

0

Z
X

r � eð/Þ � p � _/
� �

dxdt ¼
Z 1

0

Z
X

f � /dxdt; ð5Þ

for any smooth ‘‘test function” /ðx; tÞ with ‘‘compact sup-
port”, i.e. identically zero for large enough x or t. In (5)
eijð/Þ :¼ ð/i;j þ /j;iÞ=2 and the equivalence of (1) and (5) is
verified by a straightforward integration by parts and the
density property of the test functions /.

Other classes of solutions of (1) which are of particular
interest are those with zero body force (f � 0) but har-
monic time dependence, i.e.

uðx; tÞ ¼ expð�ixtÞUðxÞ: ð6Þ

For bounded domains X, with appropriate boundary condi-
tions on their boundary S, this poses a problem of vibra-
tion, which is a spectral problem on the ‘‘eigenfrequency”
x and ‘‘eigenmode” UX0. For the whole space this corre-
sponds to the problem of propagation or localization of
waves of frequency x. In particular, for infinite periodic
media this relates to propagation of Floquet–Bloch waves
which typically exist for most frequencies but may fail to
exist for some other frequency ranges. The latter corre-
sponds to the band-gap effect (the ‘‘phononic” band-gap
effect in the context of elasticity).

We restrict attention to the case of periodic media hav-
ing a very small spatial period e, i.e.

CðxÞ ¼ CeðxÞ ¼ Cðx=eÞ; qðxÞ ¼ qeðxÞ ¼ qðx=eÞ; ð7Þ

where CðyÞ and qðyÞ are periodic in each variable yi with
period 1. Some analysis of the present work could, in prin-
ciple, be generalized further, for example to include the so-
called ‘‘locally periodic” media, i.e. with CeðxÞ ¼ Cðx; x=eÞ
and qeðxÞ ¼ qðx; x=eÞ, where Cðx; yÞ and qðx; yÞ are y-peri-
odic, as well as to include some random media. We remark
that the periodic case (7) can itself be viewed as a realiza-
tion of a simple random ensemble of ‘‘translated” periodic
media (cf. e.g. Jikov et al., 1994):

Ceðx;xÞ ¼ Cðx=eþ xÞ; qeðx;xÞ ¼ qðx=eþxÞ: ð8Þ

Here x is an element of the reference periodicity cell
Q ¼ ½0;1Þd describing the ‘‘phase shift” of the periodic med-
ium. (Q is then identified with the probability space, and the
usual Lebesgue measure on Q with the probability measure.)

The body force f ðx; tÞ is often regarded as e-indepen-
dent, although ‘‘configuration-dependent” body forces
could also be considered (cf. Luciano et al., 2000).
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Fig. 2. Examples of inter-connected ‘‘inclusions”, including fibres (right).
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As is well-known, for small but finite e, the ensemble-
averaged constitutive relations are generally non-local,
and may display unusual coupling between the stress–
strain and momentum density–velocity constitutive rela-
tions (see e.g. Willis, 1981a,b, 1997; Milton, 2007; Milton
and Willis, 2007). From this perspective, the essence of
the ‘‘classical homogenization” is that, for moderate con-
trasts in C and q, those ‘‘localize” in the limit of e! 0,
and are described in terms of the homogenized elasticity
tensor Chom and the mean density hqi, with the effective
constitutive relations having the same local and uncoupled
structure (2). As one possible interpretation of the present
work, those in a sense remain non-local but become
asymptotically more explicit at a high-contrast homoge-
nized limit, where the parameters of the high contrasts in
C are appropriately scaled against e (cf. Cherednichenko,
2001, Section 4) for a prototype scalar case.
2.2. High-contrast scalings

We consider a general ‘‘two-phase” (in particular, ma-
trix-inclusion) periodic medium occupying a domain X of
wave propagation (in particular, X ¼ Rd; d ¼ 3, for the full
physical space). The elastic matrix is assumed connected
and characterized by the elasticity tensor C1 and mass den-
sity q1. It is filled with an e-periodic array of perfectly
bonded ‘‘inclusions” with associated (possibly microscopi-
cally varying) elastic tensor C0 and density q0, see Fig. 1.
The ‘‘inclusions” are possibly but not necessarily isolated,
so may be inter-connected which also includes the case
of fibers (Fig. 2), but are also allowed to be ‘‘multicompo-
nent”, to include, e.g. the cases of several inclusions and/
or several arrays of (differently oriented) fibers or other in-
ter-connected components, of varying shapes and elastic
properties. The reference periodicity cell Q is therefore
generally divided into two parts: a reference inclusion Q 0

having a smooth boundary C inside Q, and its complement
Q 1 corresponding to the matrix phase. The inclusion phase
Xe

0 is therefore the intersection of X with the e-contracted
and e-periodically replicated Q 0, and the matrix phase Xe

1

is the complement, Fig. 1. We denote Ce the collection of
all the inclusion–matrix interfaces and S the external
boundary of X (if any). The limit value on Ce of a function
f in Xe

j is denoted by f jj; j ¼ 0;1. Let ny be the outer unit
normal to Q0 on its boundary C and let n denote the similar
normal on Ce.

We assume some components of the elastic stiffness C
to have a high contrast, namely to be substantially smaller
in the inclusions than in the matrix. The density q is al-
Fig. 1. The periodic geometry and a periodicity cell Q with isolated
inclusions.
lowed to be moderately contrasting. Namely, introducing
the small parameter d of the contrast, most generally,

CeðxÞ ¼
C1ðx=eÞ; x 2 Xe

1

d C0ðx=eÞ þ C2ðx=eÞ; x 2 Xe
0

(
and

qeðxÞ ¼
q1ðx=eÞ; x 2 Xe

1

q0ðx=eÞ; x 2 Xe
0

(
:

Here C0ðyÞ; C1ðyÞ; C2ðyÞ and q0ðyÞ; q1ðyÞ, are arbitrary
non-negative (in particular possibly constant) elastic ten-
sors and densities, respectively, all satisfying the symmetry
conditions in (3), and q0; q1; C0 and C1 satisfying the uni-
form strict positivity conditions:

aijC
r
ijpqðyÞapq P maijaij; qrðyÞ > m; r ¼ 0;1; ð9Þ

for some m > 0 and any symmetric a.
The elasticity tensor C2ðyÞ does not have to be strictly

positive definite. More precisely, C2 will typically vanish
at a linear subspace TðyÞ of the six-dimensional space of
strains, being strictly positive at its orthogonal comple-
ment ðTðyÞÞ?. [In the present work C2ðyÞ is also required
to satisfy some additional technical restrictions, typically
valid for particular examples, see next Section.]

Regarding e and d small, the asymptotic behavior will
crucially depend on how d ¼ dðeÞ is ‘‘scaled” against e (cf.
e.g. Poulton et al., 2001 and further references therein). It
could be seen from dimensional analysis (and indeed ret-
rospectively follows from the asymptotic analysis below)
that there is only one ‘‘critical” scaling for d, namely
d � e2, which we call a double porosity-type scaling, where
the phenomena at the macro and micro scales are coupled
in a non-trivial way1 (cf. e.g. Arbogast et al., 1990; Sandra-
kov, 1999; Zhikov, 2000, 2004; Bouchitté and Felbacq,
2004; Avila et al., 2008). We therefore set henceforth
d ¼ e2. We emphasize that a novelty of the present formula-
tion, and indeed a source of key effects reported in this pa-
per, is in allowing only a ‘‘part” of the elasticity tensor in
the inclusion, corresponding in a sense to dC0, to asymptot-
ically degenerate as d becomes small, with the part corre-
sponding to C2 remaining stiff. This allows for the
materials in the inclusions to be in particular highly aniso-
tropic, with possibly significant microscopic deformation
but with the kinematics constrained by C2 (cf. Chered-
nichenko et al., 2006). Remark in passing that although C2
1 This corresponds to the case when, in contrast to the ‘‘classical”
homogenization, the two-scale asymptotic expansions display the depen-
dence on the fast variable in the main-order term, although only in the
‘‘soft” inclusions, see (14) and (15) below.
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can be taken constant within the inclusions (in particular in
fibers, cf. Section 5), allowing C2 to vary within the inclusion
results in additional kinematic degrees of freedom.

Hence, adopting the above scaling, we assume

CeðxÞ ¼
C1ðx=eÞ; x 2 Xe

1

e2C0ðx=eÞ þ C2ðx=eÞ; x 2 Xe
0

(
and

qeðxÞ ¼
q1ðx=eÞ; x 2 Xe

1

q0ðx=eÞ; x 2 Xe
0

(
:

ð10Þ

We therefore deal with asymptotic sequences of solutions
of the elastodynamic boundary-value problems parame-
trized by e. We will denote the related entities by
ueðx; tÞ; reðx; tÞ, etc. The boundary-value problems have
to incorporate the conditions of continuity of the displace-
ments and of the tractions across the interfaces Ce:

uej1 ¼ uej0; re
ijnjj1 ¼ re

ijnjj0: ð11Þ

Consider the initial-value problem in the unbounded
domain corresponding to e.g. (4). Its variational formula-
tion (5) specializes via (10) to the following. Find piecewise
smooth, continuous ueðx; tÞ, identically zero for t 6 0, such
thatZ 1

0

Z
X
½CeðxÞee � eð/Þ � qeðxÞ _ue � _/�dxdt

¼
Z 1

0

Z
X

f e � / dxdt; ð12Þ

for all smooth compactly supported /ðx; tÞ. Here f eðx; tÞ ¼
f ðx; x=e; tÞ, with a given f ðx; y; tÞ (f ðx; y; tÞ � 0 for t < 0)
periodic in y, to include the possibility of a configuration
dependent body force. This of course includes the case of
an e-independent f provided it is constant in y for any x
and t. Notice that the interface conditions (11) are auto-
matically incorporated into the ‘‘weak” (variational) for-
mulation (12).

The equivalent ‘‘classical” formulation is to find ueðx; tÞ,
identically zero for t 6 0, such that

qeðxÞ€ue � divðCeðxÞeeÞ ¼ f eðx; tÞ; ð13Þ

in Xe
1 and Xe

0, and the interfacial conditions (11) are satis-
fied at Ce.

We study the asymptotic behavior of the solution ue of
the above problem as e! 0. Notice that the above includes
as limit cases both the ‘‘classical” homogenization (C0 ¼ 0)
and a double porosity-type high-contrast homogenization
(C2 ¼ 0). The following is a variant of a high-contrast ver-
sion (cf. e.g. Kamotski and Smyshlyaev, 2006) of the meth-
od of two-scale asymptotic expansions (see e.g.
Bensoussan et al., 1978; Sanchez-Palencia, 1980; Bakhva-
lov and Panasenko, 1989). Remark that an alternative/
supplementary approach is to employ the tools of two-
scale convergence2 (e.g. Nguetseng, 1989; Allaire, 1992;
Zhikov, 2000), which in the present context would require
employing ‘‘two-scale” test functions in the weak formula-
tion (12) and then passing to the limit.
2 A further alternative is to use a conceptually somewhat similar to the
two-scale convergence ‘‘periodic unfolding” method (see e.g. Cioranescu
et al., 2002) applied in related context in Avila et al. (2008).
3. Homogenization and a class of two-scale limit
problems

We describe in this section the formal asymptotic pro-
cedure for solving (13) as e! 0. One seeks a formal solu-
tion to the problem in the form of a standard two-scale
asymptotic ansatz:

ueðx; tÞ ¼ uð0Þðx; x=e; tÞ þ euð1Þðx; x=e; tÞ
þ e2uð2Þðx; x=e; tÞ þ reðx; tÞ; ð14Þ

where uð0Þðx; y; tÞ; uð1Þðx; y; tÞ and uð2Þðx; y; tÞ are functions
to be determined which are Q-periodic in y, the remainder
re is expected to be small when e! 0, with uð0Þðx; y; tÞ sub-
sequently having the meaning of the solution of a ‘‘limit
problem”.

The substitution of (14) into (13) results upon straight-
forward calculation in the following structure of the main-
order term uð0Þðx; y; tÞ, see Appendix A:

uð0Þðx;y;tÞ¼ u0ðx;tÞ; x2X; y2Q1;

u0ðx;tÞþvðx;y;tÞ; x2X; y2Q0:

(
ð15Þ

This highlights the fact that uð0Þ varies only at the ‘‘slow”
scale x (as is the case in the ‘‘classical”, i.e. not high con-
trast, homogenization) everywhere in the matrix Xe

1, i.e.
outside the domain of ‘‘soft” inclusions Xe

0 where it may
depend also on the fast variable y ¼ x=e (in contrast to
the classical homogenization). The pair of functions
ðu0ðx; tÞ; vðx; y; tÞÞ solves a coupled ‘‘limit” initial-value
problem derived in Appendix A and stated below. First,
the function v, regarded for any x and t as a function of
y; vðx; y; tÞ ¼ wðyÞ, is required to belong to a linear sub-
space V of all possible solutions of the following homoge-
neous boundary-value problem

�divyðC2eyðwÞÞ ¼ 0; y 2 Q 0; ð16Þ

C2eyðwÞ � nðyÞ ¼ 0; y 2 C; ð17Þ

wðyÞ ¼ 0; y 2 C: ð18Þ
We hence define3

V :¼ wðyÞ; y 2 Q 0; such that ð16Þ—ð18Þ holdsf g: ð19Þ

Depending on C2 and the geometry of Q0 there may or
may not be non-trivial solutions of (16)–(18). For example,
if C2 is strictly positive definite obviously w � 0 and we are
in the context of the classical homogenization, in which
case V is trivial, V ¼ 0. If C2 � 0 we are in the context of
a double porosity-type model, with V unconstrained apart
from boundary condition (18). We are particularly inter-
ested in ‘‘intermediate” cases where on one hand C2 is
not identically zero but on the other hand (16)–(18) still
has non-trivial solutions.

One can further easily see (Appendix A) that (16)–(18)
imply

C2
ijpq

@wp � 0 for any w 2 V : ð20Þ
3 The rigorous definition would require specifying a functional space,
namely V being a closed subspace of the Sobolev space ðH1

0ðQ0ÞÞd such that
(16) is held in the whole Q in the sense of distributions, where v is regarded
as extended by zero into Q1.
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To simplify some technical details, we additionally as-
sume in this paper that C2ðyÞ is such that the following
two conditions are satisfied. Generalizations of the present
theory removing these restrictions (e.g. Cooper, 20084), to-
gether with further generalizations, will be reported
elsewhere.

First, any w satisfying (16)–(18) is also required to
satisfy

C2
ijpq

@wp

@yj
� 0: ð21Þ

This assumption is trivially valid for both classical homog-
enization (C2 > 0), and for the double porosity-type mod-
els (C2 ¼ 0). One further example is C2 being constant
and having only one non-zero component, e.g. C2

3333 ¼
a > 0. Then V consists of all w with w3 independent of y3

and vanishing on the boundary of Q0 and is obviously
non-trivial. In particular, if Q0 is a cylinder with its axis
parallel to y3 (cf. Section 5.2) and arbitrary cross-section,
then any w with w3 independent of y3 and vanishing on
the cylinder’s boundary C obviously satisfies (16)–(20),
as well as (21). Another example is constant C2 being
strictly positive for any ‘‘in-plane”, with respect to e.g.
ðy1; y2Þ, deformation but degenerating otherwise, i.e. with
C2

ijpq ¼ 0 if at least one of the indices i; j; p; q equals 3
(cf. Section 5.1). (The set V then consists of all w with
w1 � w2 � 0 and arbitrary w3.) The above examples are
generalized for the multicomponent cases of several inclu-
sions and/or fibers of varying shapes, directions and elastic
stiffnesses, with C2 constant within any component.

Allowing for C2ðyÞ to vary point-wise, we introduce
additional restriction:

@

@yi
C2

ijpqðyÞ � 0 ð22Þ

(which is hence automatically satisfied for piecewise con-
stant C2).5

The resulting coupled ‘‘limit” initial-value problem de-
rived in Appendix A is the following. Find u0ðx; tÞ and
vðx; y; tÞ, such that v 2 V for any x and t; u0 � v � 0 for
t 6 0, and

hqi€u0þhq0€vi�divðChome0ðx;tÞÞ�divðhC2exðvÞiÞ¼hf i; x2X; ð23Þ
4 For the case of isolated inclusions the restrictions (21) and (22) are in
fact not required, with all the results stated in the paper held (Cooper,
2008). However the results for non-isolated (inter-connected) inclusions, as
stated, do require these restrictions.

5 Many more examples of non-trivial V for which assumptions (21) and
(22) are satisfied can be constructed by allowing C2ðyÞ to vary with y. For
example, consider any smooth w 2 ðH1

0ðQ0ÞÞd such that eyðwÞ is not
(strictly) sign-definite on a set W of positive measure in Q0. Then there
exists gðyÞ a non-zero vector for any y 2W such that gðyÞ � eyðwÞgðyÞ ¼ 0,
s m o o t h i n y. O n e c a n t h e r e f o r e s e e t h a t w 2 V f o r
C2

ijpqðyÞ ¼ niðyÞnjðyÞnpðyÞnqðyÞ where nðyÞ ¼ mðyÞgðyÞ; mðyÞ is an arbitrary
scalar function, and we set C2ðyÞ ¼ 0 for all y with a strictly sign-definite
eyðwÞ (if any). The assumption (21) is then clearly held, and (22) is satisfied
as long as divn ¼ 0. The latter can be always achieved by an appropriate
choice of mðyÞ which solves an ordinary differential equation along the
vector field gðyÞ. On the other hand, C2

ijpq ¼ dijdpq , corresponding physically
to the case of a degenerate shear modulus in the inclusion, is an example
when the assumption (21) is not satisfied: the (non-trivial) set V consists of
all the divergence-free vector fields in Q0 vanishing on the boundary, while
(21) would imply identically zero gradients with an obviously trivial V.
P q0ð€u0 þ €vÞ � divyðC0eyðvÞÞ � divxðC2e0ðx; tÞÞ
h
�divxðC2exðvÞÞ

i
¼ P f ; y 2 Q 0 ðx 2 XÞ: ð24Þ

Here

hgiðx; tÞ :¼ jQ j�1
Z

Q
gðx; y; tÞdy ð25Þ

denotes the averaging of relevant function g with respect
to y over the periodicity cell Q (extending v by zero outside
Q0); qðyÞ :¼ q0v0ðyÞ þ q1ð1� v0ðyÞÞ with v0ðyÞ denoting
the characteristic function of Q 0; ey

ijðvÞ :¼ ð@vi=@yjþ
@vj=@yiÞ=2. In (23) Chom ¼ ðChom

ijpq Þ is the analog of the stan-
dard homogenized elasticity tensor for periodic medium
CðyÞ ¼ v0ðyÞC

1 þ ð1� v0ðyÞÞC
2 (cf. e.g. Jikov et al., 1994,

Sections 3 and 12):

Chom
ijpq nijnpq ¼ inf

w2C1perðQÞ

Z
Q

CijpqðyÞðnij þ ey
ijðwÞÞðnpq þ ey

pqðwÞÞdy

ð26Þ

for any symmetric n ¼ ðnijÞ 2 Rd�d. It is well-known that,
for connected matrix phases, Chom inherits all the symme-
try properties (3) as well as the strict positive definiteness
(this includes the porous case C2 ¼ 0).

Finally, in (24) P can be viewed as the orthogonal pro-
jection on the (closure of the) space of all vector functions
wðyÞ satisfying (16)–(18), i.e. on V, namely Pg ¼ Pf means,
by definition6Z

Q0

giðyÞwiðyÞdy ¼
Z

Q0

fiðyÞwiðyÞdy; for all w 2 V ; ð27Þ

cf. (A.18). We henceforth adopt the notation involving P as
a shorthand for the associated integral identity (27).

Therefore P can be interpreted as describing the con-
strained microscopic kinematics due to the ‘‘stiff” part C2.
Notice that in particular P ¼ I (the identity operator) for
C2 ¼ 0 (the double porosity-type model), and P ¼ 0 for
C2 > 0 (classical homogenization). For an ‘‘intermediate”
case of e.g. the only non-zero component of C2 being
C2

3333 and Q0 being a cylinder parallel to y3;P is the averag-
ing in y3, see the example in Section 5.2.

Notice further that the above ‘‘limit problem” (23)–(24)
can generally be interpreted as a two-scale variational
problem which may itself be viewed as a limit of (12), as
follows:Z 1

0

Z
X

Chomeðu0Þ � eðw0Þdxdt þ
Z 1

0

Z
X

Z
Q0

½C0eyðvÞ � eyðzÞ

þ C2exðu0 þ vÞ � exðw0 þ zÞ � C2exðu0Þ � exðw0Þ�dy dxdt

�
Z 1

0

Z
X

Z
Q
qðyÞð _u0 þ _vÞ � ð _w0 þ _zÞdy dxdt

¼
Z 1

0

Z
X

Z
Q

f ðx; y; tÞ � ðw0 þ zÞdy dxdt; ð28Þ

for any wðx; y; tÞ such that
6 More rigorously, considering V as a closed subspace of the Sobolev
space H1

0ðQ0Þ, and g and f as elements of the dual space H�1ðQ0Þ of linear
continuous functionals on H1

0ðQ0Þ; ðg;wÞ ¼ ðf ;wÞ; 8 w 2 V . We postpone
rigorous analysis for future publications.



8 This construction appears to typically define a self-adjoint operator in
Hilbert space V of the constrained microscopic kinematics. The compact-
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wðx; y; tÞ ¼ w0ðx; tÞ; x 2 X; y 2 Q 1;

w0ðx; tÞ þ zðx; y; tÞ; x 2 X; y 2 Q 0:

(
ð29Þ

Here the microscopic parts of both the sought solution and
the trial fields are required to be constrained to the space V,
i.e.

v 2 V ; z 2 V : ð30Þ

Functions w0 and z are assumed smooth in their argu-
ments, compactly supported in x and t, and z periodic in
y. Any function defined on a smaller domain is regarded
extended by zero to a larger domain whenever appropri-
ate. The equivalence of (28)–(30) and (23)–(24) is directly
verified: setting in (28) z � 0 and keeping w0 arbitrary
yields (23), while choosing w0 � 0 and arbitrary z leads
to (A.18) and hence (24).

Notice finally that the limiting equations (23)–(24) sim-
plify further if all the inclusions are ‘‘isolated” (i.e. have
bounded components), with the terms containing C2exðvÞ
in both (23) and (24) and the term divxðC2e0ðx; tÞÞ in (24)
vanishing identically (cf. Cooper, 2008) see (A.20) and
(A.21). The corresponding terms vanish also in the varia-
tional formulation. (In particular, the vanishing in (24) of
the term divxðC2e0ðx; tÞÞ corresponds to vanishing of the
integral containing C2exðu0Þ � exðzÞ in (28), with the latter
seen, e.g. using (A.21).)

4. Band-gap structure of the limit problem

The limit system (23)–(24) may be of interest from var-
ious points of view. For example, as was shown in Sandra-
kov (1999), in a general geometrical setting but in the
particular case of C2 ¼ 0 the elimination of v from (23)–
(24) results in a time-non-local equation for u0 i.e. one dis-
playing a ‘‘memory effect”. On the other hand, for C2–0 the
equation for u0 may be spatially non-local as was shown for
a prototype scalar example in Cherednichenko et al.
(2006). A related issue is the band-gap structure of the
spectrum of the two-scale limit operator as we discuss be-
low (cf. Zhikov, 2000, 2004; Avila et al., 2008) for the case
of C2 ¼ 0.

We formally set in (23) and (24) f � 0 and seek time-
harmonic solutions u0ðx; tÞ ¼ expð�ixtÞu0ðxÞ; vðx; y; tÞ ¼
expð�ixtÞvðx; yÞ (x is the frequency). Then we arrive at
the following limit spectral problem7 for ðu0; vÞ with spec-
tral parameter K :¼ x2:

�divðChome0ðxÞÞ � divðhC2exðvÞiÞ
¼ Kðhqiu0 þ hq0viÞ; x 2 X; ð31Þ

P½�divyðC0eyðvÞÞ � divxðC2e0ðxÞÞ � divxðC2exðvÞÞ�
¼ Kq0Pðu0 þ vÞ; y 2 Q 0 ðx 2 XÞ; ð32Þ

v ¼ 0; y 2 C ðx 2 XÞ; ð33Þ
7 We do not perform here rigorous analysis, mentioning however that
the methods of Zhikov (2000, 2004) allow to rigorously justify all the
analogous steps in a simpler scalar case with (analog of) C2 ¼ 0, in
particular to rigorously prove the existence of formally derived band gaps,
spectral convergence, etc.
with the additional constraint

v 2 V : ð34Þ

We will show that the above system decouples if either (or
both) of the following holds: (i) the inclusions Q 0 are iso-
lated; (ii) the domain is the whole space (X ¼ Rd).

4.1. Case of isolated inclusions

In this case, the inclusions have bounded isolated peri-
odic components (although could possibly have a multiple
number of those). The terms in (31) and (32) containing C2

then identically vanish, cf. (A.20) and (A.21), and the above
limit spectral problem therefore reads:

�divðChome0ðxÞÞ ¼ Kðhqiu0 þ hq0viÞ; x 2 X; ð35Þ

P �divyðC0eyðvÞÞ
h i

¼Kq0Pðu0þvÞ; y2Q0 ðx2XÞ; ð36Þ

v 2 V : ð37Þ

To decouple it, seek the solution v of (36)–(37) in terms of
u0, i.e. in components,

viðx; yÞ ¼ Kgr
i ðyÞu0

r ðxÞ ð38Þ

where gr ¼ ðgr
i ðyÞÞ 2 V solves

�P½ðC0
ijpqg

r
p;qÞ;j� �Kq0g

r
i ¼ P½q0dri�; y 2 Q 0; ð39Þ

gr
i ¼ 0; y 2 C: ð40Þ

The substitution of (38) into (35) results in

�divðChome0ðxÞÞ ¼ bðKÞu0; x 2 X: ð41Þ

Here bðKÞ ¼ ðbijðKÞÞ
d
i;j¼1 is the matrix with components

bijðKÞ ¼ Khqidij þK2 q0g
j
i

D E
ðKÞ: ð42Þ

Equivalently,

bðKÞ ¼ KhqiI þK2BðKÞ; ð43Þ

with I denoting the unit matrix, and

BðKÞ :¼ ðBijÞ ¼ q0g
j
i

D E
ðKÞ

� �
: ð44Þ

Matrix b is well-defined for any K except for the spec-
trum of the related operator which is typically discrete8

with the eigenvalues Km of the, kinematically constrained
by C2 via P, inclusion vibration problem for which there ex-
ists an eigenfunction /m 2 V with a non-zero q0-weighted
mean hq0/

mi–0:
ness of the resolvent operator is then a sufficient condition for the
discreteness of the spectrum, however there is no a priori reason why it
should generally hold (cf. Babych and Kamotski, in preparation), where the
compactness is not held in a somewhat similar although different context.
We remark that the compactness is held at least for the particular examples
in Section 5, and postpone a systematic study of these issues for future
publications.
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�P½ðC0
ijpq/

m
p;qÞ;j� ¼ Kmq0/

m
i ; y 2 Q 0

/m
i ¼ 0; y 2 C:

ð45Þ

Here

0 < K1 6 K2 6 K3 6 . . . 6 Km 6 . . .

are the eigenvalues, and the eigenfunctions are assumed
normalizedZ

Q0

q0/
m � /ndy ¼ dmn:

(Remark in passing that there is no a priori reason for the
kinematically constrained system even to be infinite-
dimensional: hence, in principle, the spectrum could also
be finite.)

The matrix bðKÞ is symmetric as follows via (43) from
the symmetry of BðKÞ. To establish the latter, multiply
(39) by gs

i , sum over i and integrate over Q0, using the
self-adjointness of the projector P and Pgs ¼ gs. The right-
hand side then gives hq0gs

ri ¼ Brs while the left-hand side,
upon the integration by parts and using the symmetry
properties of C0 (see (3)), yieldsZ

Q0

ð�ðC0
ijpqg

s
i;jÞ;q�Kq0g

s
pÞgr

pdy¼
Z

Q0

dspq0g
r
pdy¼ q0g

r
s

� 	
¼Bsr ;

implying Brs ¼ Bsr for arbitrary r and s.
The homogenized equation (41) is the key for character-

izing the spectrum of the limit problem, in both bounded
(cf. Zhikov, 2000) and unbounded (cf. Zhikov, 2004) do-
mains. In particular, it allows to determine the asymptotic
behavior of the Floquet–Bloch waves and of the band-gap
structure for small e. Notice that, formally, it looks like
an equation of wave propagation in a uniform medium
with elasticity tensor Chom and a ‘‘matrix” density bðKÞ,
with the latter depending on the frequency and might be
both anisotropic as well as negative (cf. Berryman, 1980;
Willis, 1985; Milton and Willis, 2007; Avila et al., 2008).

4.2. Limit Floquet–Bloch band-gap structure: isolated
inclusions case

Assume now X ¼ Rd and re-write (41) in the compo-
nent form:

Chom
ijpq u0

p;jq þ bipu0
p ¼ 0: ð46Þ

Seek a plane wave solution to (46)

u0
pðxÞ ¼ Ap expðikn � xÞ; ð47Þ

where n is a unit vector describing the propagation direc-
tion, k P 0 is the wave number and A ¼ ðApÞ 2 Rd ðA–0Þ
is the polarization. Substituting (47) into (46) results in

½k2Chom
ijpq njnq � bip�Ap ¼ 0: ð48Þ

This can be viewed as a ‘dispersion relation’ for k ¼ kðn;KÞ,
with (48) implying

det½k2 ~ChðnÞ � bðKÞ� ¼ 0: ð49Þ

Here

½~ChðnÞ�ip :¼ Chom
ijpq njnq ð50Þ
is the ‘acoustic tensor’ associated with the homogenized
elasticity tensor Chom. ~ChðnÞ is a symmetric strictly positive
definite matrix for any direction n as follows from the
strict positivity (9) of Chom. Hence (49) may be interpreted
as the requirement that t ¼ k2 P 0 is a non-negative solu-
tion of the (no more than) cubic (assuming dimension
d ¼ 3) equation.

We therefore conclude that, for varying frequency
x ¼ K1=2, depending on the number of non-negative solu-
tions of (49) one may have a varying number of propagat-
ing waves in a direction n. Specializing to the three-
dimensional case (d ¼ 3), one may have three, two, one
or no propagating waves. In particular, if bðKÞ is strictly
negative definite no such waves exist in any direction n,
which corresponds to a band-gap frequency.

Following the pattern of Zhikov (2000) for the scalar
and unconstrained case (see also Bouchitté and Felbacq,
2004; Avila et al., 2008) bðKÞ can generally be expressed
in terms of Km and /m via the spectral decomposition as
follows. For each r, denoting by gr ¼ ðgr

i Þ the solution of
(39) and (40), it is decomposed, via (45), as follows

gr ¼
X1
m¼1

er � q0/
mh i

Km �K
/mðyÞ;

(where er ¼ ðdriÞ), implying

BðKÞ :¼ q0gh iðKÞ ¼
X1
m¼1

q0/
mh i � q0/

mh i
Km �K

: ð51Þ

Substituting further into (42) yields

bðKÞ ¼ KhqiI þK2
X1
m¼1

q0/
mh i � q0/

mh i
Km �K

; ð52Þ

or, in components,

bijðKÞ ¼ Khqidij þK2
X1
m¼1

q0/
m
i

� 	
q0/

m
j

D E
Km �K

: ð53Þ

We notice that since ~ChðnÞ is strictly positive definite and
symmetric, the solutions t ¼ k2 to the dispersion relation
(49) are non-negative eigenvalues of (symmetric matrix)

Tðn;KÞ :¼ ~ChðnÞ
� ��1=2

bðKÞ ~ChðnÞ
� ��1=2

: ð54Þ

If bðKÞ is negative definite, clearly there are no such eigen-
values, so no waves propagate for the given frequency in
any direction n. It can in fact be shown by a direct adapta-
tion of the analysis of Zhikov (2000, 2004) (see also Avila
et al., 2008) that the gaps in the limit spectrum (and hence
also for small enough e in the initial problem) will corre-
spond to precisely all such K for which bðKÞ is negative
definite and which are not eigenvalues of the inclusion
spectral problem (45):

G ¼ K : bðKÞ negative definite; K–Km; m ¼ 1;2; . . .f g:
ð55Þ

In contrast to the scalar case (Zhikov, 2004), it is not imme-
diately obvious from the representation (52) if such gaps
will generally exist. However, it follows from (52) that
the gaps will definitely exist at least to the right of such
multiple eigenvalues Km which have three eigenfunctions
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with the linearly independent means h/i (cf. Avila et al.,
2008). This condition does hold for sufficiently symmetric
microgeometries, e.g. for balls, C2 � 0 and isotropic C0. [Re-
mark in passing that the limiting gaps can be evaluated in
this case analytically in a fashion similar to that in Section
5 below.]

We also notice that, in the case of the isolated inclu-
sions, outside the gaps i.e. in the ‘‘bands”, the number of
propagation modes in the limit problem does not actually
depend on the direction of propagation n and simply coin-
cides with the number of non-negative eigenvalues of
bðKÞ. This follows from noticing that the former is deter-
mined by the number of non-negative eigenvalues of
Tðn;KÞ which, due to (54), coincides with that of bðKÞ for
any n. In particular, for the weak band gaps there is a re-
duced number of modes propagating in any direction, so
one could say that, in a sense, waves of some polarizations
fail to propagate, with these polarizations dependent on
the direction.

The further refinement of the model to include non-iso-
lated (i.e. inter-connected) inclusions with C2–0, e.g.
highly anisotropic fibrous composites (cf. Cherednichenko
et al., 2006) does allow to display a ‘‘directional localization”,
i.e. supporting propagating waves in some directions while
having none in the others. This model will be developed fur-
ther in the next subsection and then illustrated by an
example in Section 5.2.

4.3. Limit Floquet–Bloch structure for inter-connected
‘‘inclusions”

In the case of inter-connected (non-isolated) inclusions
Q0, for example fibers, the more general spectral problem
(31)–(32) has to be analyzed, since the terms containing
C2exðvÞ and divxðC2e0ðxÞÞ do not vanish any more in gen-
eral. (This is in fact precisely the presence of these terms
which gives rise to the spatial non-locality, cf. Chered-
nichenko et al., 2006.) Restricting ourselves in this case
to the whole space case (X ¼ Rd), it is convenient to imme-
diately specialize (31) and (32) to the plane wave solutions
(47),9 yielding

k2Chom
ijpq njnqApeikn�x � @2

@xj@xq
hC2

ijpqvpi

¼ KhqiAieikn�x þKhq0vii; x 2 Rd; ð56Þ

P � @

@yj
C0

ijpq
@vp

@yq

 !
� C2

ijpq
@2vp

@xjxq
�Kq0vi

" #

¼ P½Kq0Ai � k2C2
ijpqnjnqAp�eikn�x; ð57Þ

v 2 V : ð58Þ

The solution of (57)–(58) can then be sought in the form

viðx; y; k;nÞ ¼ eikn�xfr
i Ar; ð59Þ

where fr ¼ ðfr
i ðy; k;nÞÞ 2 V solves
9 What follows represents in effect application of the Fourier transform
in x to (31)–(32), which is translationally invariant in x.
P½�ðC0
ijpqf

r
p;qÞ;j þ k2C2

ijpqnjnqf
r
p �Kq0f

r
i �

¼ P½Kq0dri � k2C2
ijrqnjnq�; y 2 Q 0; ð60Þ

fr
i ¼ 0; y 2 C: ð61Þ

Notice that (60) differs from (39) essentially for the extra
middle term on the left-hand side. This makes f, in contrast
to g, depending not only on the spectral parameter K but
also on the propagation direction n and the wavenumber k.

The substitution of (59) into (56) results in

k2 ~Ch
ipðnÞAp þ k2 ~C2

ipðnÞf
r
p

D E
Ar ¼ KhqiAi þKhq0f

r
i iAr:

Here ~ChðnÞ ¼ ð~Ch
ipðnÞÞ is defined by (50), and

½~C2ðnÞ�ip :¼ C2
ijpqnjnq ð62Þ

is similar ‘‘acoustic tensor” corresponding to C2. This re-
sults in the following dispersion relation

det½k2ð~ChðnÞ þ ~cðn;K; kÞÞ � bðK; k;nÞ� ¼ 0; ð63Þ

where

bðK; k;nÞ :¼ KðhqiI þ hq0fiÞ; ð64Þ

~cðK; k;nÞ :¼ h~C2ðnÞfi; ð65Þ

where the matrix f ¼ ½f�ij :¼ fj
i. Notice that, although look-

ing somewhat similar to the dispersion relation (49) in
the case of isolated inclusions, (64) bears an essentially no-
vel feature: the capability, in the simultaneous presence of
high anisotropy (i.e. C2–0), to alter the number of propagat-
ing modes with the direction n, via the dependence of ~c and
b on n. Section 5.2 gives an explicit example when the
above dispersion relations lead to the directional localiza-
tion effect in the case of highly anisotropic fibers, namely
propagation in some directions combined with no propa-
gation in others.

5. Examples: a directional localization

We give in this section two explicit examples of the lim-
it Floquet–Bloch structure: one for isolated inclusions and
one for fibers, with the latter demonstrating the effect of
directional localization for highly anisotropic composites.

5.1. Isolated anisotropic inclusions

In the three-dimensional case (d ¼ 3) let Q 0 be an iso-
lated inclusion. Consider the case of a constant degenerate
C2 which is strictly positive for all in-plane deformations
for the ðy1; y2Þ-plane and vanishes otherwise, i.e.

aijC
2
ijpqðyÞapq P maijaij; ð66Þ

for some m > 0 and any symmetric a such that ai3 ¼ a3i ¼ 0,
and

C2
ijpq ¼ 0 if ð3� iÞð3� jÞð3� pÞð3� qÞ ¼ 0 ð67Þ

(i.e. if at least one of the indices equals 3). Any a priori
strictly positive elasticity tensor (for example isotropic),
all of whose components with at least one of the indices
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equalling 3 are altered to vanish, will be within the de-
scribed class.

The space V of the constrained microscopic kinematics
then, according to e.g. (20), consists of all wðyÞ with
w1 � w2 � 010 and with arbitrary w3 vanishing on the inclu-
sion’s boundary C.

Then, according to (39) and (27), for gr ¼ ðgr
i ðyÞÞ 2 V

obviously gr
1 � gr

2 � 0 with gr
3ðyÞ solving

�ðA0
jqg

r
3;qÞ;j � q0Kgr

3 ¼ q0dr3 y 2 Q 0; ð68Þ

gr
3 ¼ 0; y 2 C; ð69Þ

where

A0
jq :¼ C0

3j3q: ð70Þ

It immediately follows from (68) to (69) by uniqueness
(away from the spectrum) that gr

3 � 0 for r ¼ 1; 2, and
~g :¼ g3

3 solves

�ðA0
jq~g;qÞ;j � q0K~g ¼ q0 y 2 Q 0; ð71Þ

~g ¼ 0; y 2 C: ð72Þ

Then, assuming q0 to be also constant, by (42)

bijðKÞ ¼ Khqidij þK2q0di3dj3h~gi: ð73Þ

Suppose C0 is isotropic, with constant Lamé coefficients k0

and l0,

C0
ijpq ¼ k0dijdpq þ l0ðdipdjq þ diqdjpÞ: ð74Þ

Then via (70) matrix ðAijÞ is diagonal and

A11 ¼ A22 ¼ l0; A33 ¼ k0 þ 2l0:

The subsequent calculation is most explicit for Q 0 being a
spheroid

y2
1 þ y2

2

a2 þ y2
3

b2 ¼ 1

with special aspect ratio

a
b
¼ l0

k0 þ 2l0

� �1=2

:

Then by the change of variables

y01 ¼ y1=a; y02 ¼ y2=a; y03 ¼ y3=b;

g0 ¼ l0~g=ða2q0Þ; K0 ¼ a2Kq0=l0; ð75Þ

(71) and (72) transforms to the following boundary-value
problem in the unit ball B ¼ fjy0j 6 1g:
�Dg0 �K0g0 ¼ 1; y0 2 B; ð76Þ

g0 ¼ 0; jy0j ¼ 1: ð77Þ
This has an elementary radially symmetric solution (cf.
Babych et al., 2008),

g0ðy0Þ ¼
sin ðK0Þ1=2jy0j
� �

K0 sinððK0Þ1=2Þjy0j
� 1

K0
:

10 (20) implies that w1 and w2 are constant in y3, however the
boundedness of the inclusion forces these constants to be zero.
Further, by change of variables (75),

h~gi :¼
Z

Q0

~gðyÞdy ¼ a4bq0

l0

Z
B
g0ðy0Þdy0: ð78Þ

From (76), g0 ¼ �ðDg0 þ 1Þ=K0, which, upon plugging into
(78) and applying the Green’s formula, yields via a
straightforward calculation

h~gi ¼ 4p a2b
K

1
K0
� 1

3
� cotanððK0Þ1=2Þ

ðK0Þ1=2

" #
:

In combination with (73) this finally gives

bijðKÞ ¼ Khqidij þ di3dj34pKq0a2b
1
K0
� 1

3
� cotanððK0Þ1=2Þ

ðK0Þ1=2

" #
;

ð79Þ

with K0 given in (75). It is readily seen that the matrix bðKÞ
is diagonal, with b11 and b22 positive, whereas b33 changes
the sign infinitely many times (in particular, near all the
poles of cotanððK0Þ1=2Þ.

Recall that the number of propagating modes is deter-
mined by the number of non-negative eigenvalues of
bðKÞ, see Section 4.2. We conclude that while for K with
b33ðKÞ > 0 there exist three propagating modes in any
direction, for K with b33ðKÞ < 0 the number of propagating
modes reduces down to two.

5.2. Anisotropic fibers

In the three-dimensional case (d ¼ 3) let Q 0 be a circu-
lar cylinder, cf. Fig. 2, with its axis parallel to y3, i.e. (shift-
ing the origin on the axis of the cylinder)

Q 0 ¼ B2ðaÞ � ½0;1Þ; B2ðaÞ ¼ ðy1; y2Þ : y2
1 þ y2

2 6 a

 �

;

a < 1=2:

We consider the case when the only non-zero component
of constant C2 is C2

3333 � a > 0.
Then, from (62), the only non-zero component of ~C2ðnÞ

is ~C2
33, i.e.

~C2
ipðnÞ ¼ adi3dp3n2

3: ð80Þ

Let C0 be a constant isotropic elastic tensor given by (74),
and let q0 also be constant. Then (60) reads

P½�l0f
r
i;pp � ðk0 þ l0Þf

r
p;pi� � ðKq0dip � k2an2

3di3dp3Þfr
p

¼ P½Kq0dri � k2an2
3dr3di3� in Q 0; r ¼ 1;2;3: ð81Þ

To find projector P, notice that wðyÞ ¼ ðwiðyÞÞ3i¼1 satis-
fies (16)–(18), i.e. w 2 V , if and only if w3 is independent
of y3 and vanishes on the cylinder’s boundary C. The oper-
ator P can then be seen, cf. (27), as simply the averaging of
the third component in y3:

ðPwÞiðyÞ¼di1w1ðyÞþdi2w2ðyÞþdi3

Z 1

0
w3ðy1;y2;y3Þdy3: ð82Þ

A plan for solving (81) is hence to first solve it without P, i.e.

�l0f
r
i;pp � ðk0 þ l0Þf

r
p;pi � ðKq0dip � k2an2

3di3dp3Þfr
p

¼ Kq d � k2an2d d in Q ; r ¼ 1;2;3; ð83Þ
0 ri 3 r3 i3 0
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and then to verify that the solutions will automatically
solve also (81). (As will indeed be the case, since fr

i will
be independent of y3 making P in (81) redundant.)

By the symmetries of the system (83), the matrix
D :¼ ðhq0f

j
iiÞ entering (64) is diagonal in the chosen basis

and D11 ¼ D22 ¼: j, which corresponds to r ¼ 1; 2 in (83),
describing the in-plane motion with fr

1 ¼ ~f1ðy1; y2Þ;
fr

2 ¼ ~f2ðy1; y2Þ and fr
3 � 0. We will set below r ¼ 1 and eval-

uate j :¼ hq0
~f1i. Denoting also by h :¼ D33, we will select

r ¼ 3 in (83) which corresponds to an anti-plane shear mo-
tion, i.e. f3

1 � f3
2 � 0 and f3

3 ¼ ~fðy1; y2Þ. Then h ¼ hq0
~fi is also

evaluated below.
We aim at showing that there are frequencies K with

the property that there exist propagating plane waves
(47) in certain directions n while in some other directions
no such waves would propagate. We argue that this can be
realized by an appropriate choice of the involved parame-
ters. Indeed, denoting e3 the unit vector in the y3-direction,
(80) implies that for any propagation direction n orthogo-
nal to e3, i.e. such that n3 ¼ 0; ~C2ðnÞ ¼ 0. Hence, via (63)–
(65), ~c ¼ 0. Therefore, recalling that ~Ch is strictly positive
definite for any n, there are no real k satisfying the disper-
sion relation (63) as long as b is negative definite, i.e.

jðKÞ < �hqi; hðKÞ < �hqi; ð84Þ

where jðKÞ and hðKÞ are found from (83) with n3 ¼ 0.
The plan is hence to first show that (84) is achievable

for a range of values of K. Hence one will not have any
propagation in any directions (close to those) orthogonal
to e3 for these frequencies. On the other hand, for any so
selected K and for example for n ¼ e3, we will argue that
for appropriate a (63) will have a solution k > 0, i.e. a prop-
agating mode. We start the more detailed analysis with the
anti-plane component, i.e. with r ¼ 3 in (83). Then
h ¼ q0h~fi where ~f is the solution to

�l0D~f�K0q0
~f ¼ K0q0; ðy1; y2Þ 2 B2ðaÞ; ~fjC ¼ 0; ð85Þ

where

K0 :¼ K� k2an2
3

q0
: ð86Þ

For 0 < a < 1=2 the exact solution of (85) is elementary
and reads (cf. Babych et al., 2008):

~fðy1; y2Þ ¼ J0ðmRÞ=J0ðmaÞ � 1; R :¼ ðy2
1 þ y2

2Þ
1=2
;

m :¼ ðK0q0=l0Þ
1=2
; ð87Þ

where J0 is the Bessel function of the first kind (see e.g.
Gradshtein and Ryzhik, 1994).

To evaluate hðK0Þ :¼ q0

R
B2ðaÞ

~fðyÞdy we use (87) together
with e.g. J0ðmRÞ ¼ �DJ0ðmRÞ=m2 and then the Green’s for-
mula. As a result,

hðK0Þ ¼ �pa2q0 þ
2paq0

m
J1ðmaÞ
J0ðmaÞ ; ð88Þ

(having used J00ðzÞ ¼ �J1ðzÞ). Since J0 is oscillatory function
with an infinite number of zeros, clearly hðK0Þ can be both
positive and large enough negative, in particular will
satisfy the second inequality in (84), e.g. near its poles
J0ðmaÞ ¼ 0.
Consider next the requirement for the first inequality in
(84). It follows from (83) that the functions ~fiðy1; y2Þ;
i ¼ 1; 2, are solutions to the system

�l0D~f1 � ðk0 þ l0Þð~f1;11 þ ~f2;21Þ �Kq0
~f1 ¼ Kq0; ð89Þ

�l0D~f2�ðk0þl0Þð~f1;12þ~f2;22Þ�Kq0
~f2¼0 in B2ðaÞ; ð90Þ

vanishing additionally on the boundary C. Introducing

~f1 ¼ f̂1 � 1; f̂2 ¼ ~f2; ð91Þ

we equivalently have

l0Df̂1 þ ðk0 þ l0Þðf̂1;11 þ f̂2;21Þ þ q0Kf̂1 ¼ 0; ð92Þ

l0Df̂2 þ ðk0 þ l0Þðf̂1;12 þ f̂2;22Þ þ q0Kf̂2 ¼ 0 in B2ðaÞ;
ð93Þ

f̂1jC ¼ 1; f̂2jC ¼ 0: ð94Þ

Solutions f̂1 and f̂2 to (92)–(94) are sought in the form

f̂1 ¼ /;11 þ w;22; f̂2 ¼ /;12 � w;21; ð95Þ

with two radially symmetric potentials

/ ¼ C1 J0ðm1RÞ; w ¼ C2 J0ðm2RÞ

with appropriate real constants C1 and C2 and

m1 ¼
q0K

k0 þ 2l0

� �1=2

m2 ¼
q0K
l0

� �1=2

: ð96Þ

Eqs. (92) and (93) are then automatically satisfied for any
choice of C1 and C2.

Further, since in the polar coordinates ðR;HÞ

@

@x1
¼ cos H

@

@R
� R�1 sin H

@

@H
;

@

@x2
¼ sin H

@

@R
þ R�1 cos H

@

@H
; ð97Þ

introducing

~/ :¼ /;1 ¼ �C1m1 cos HJ1ðm1RÞ; ð98Þ

~w :¼ w;2 ¼ �C2m2 sin HJ1ðm2RÞ; ð99Þ

we re-write (95) as

f̂1 ¼ ~/;1 þ ~w;2; f̂2 ¼ ~/;2 � ~w;1: ð100Þ

We further obtain via direct manipulation, employing
functional relations for Bessel functions (Gradshtein and
Ryzhik, 1994),

f̂1¼�
C1m2

1

2
J0ðm1RÞ� C2m2

2

2
J0ðm2RÞþXðRÞcos2H; ð101Þ

f̂2 ¼ XðRÞ sin 2H ð102Þ

where

XðRÞ :¼ C1m2
1

2
J2ðm1RÞ � C2m2

2

2
J2ðm2RÞ:

Hence to satisfy (94) we require

C1m2
1

2
J2ðm1aÞ � C2m2

2

2
J2ðm2aÞ ¼ 0; ð103Þ



11 This is seen in a standard way, e.g. by taking the dot product of (A.3)
and (A.5) with uð0Þ , integrating over the respective domains and using (A.4)
and the strict positivity of C1 together with the non-negativeness of C2.
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C1m2
1

2
J0ðm1aÞ þ C2m2

2

2
J0ðm2aÞ ¼ �1: ð104Þ

The latter has solution

C1 ¼
�2 J2ðm2aÞ
m2

1DðK; k0Þ
; C2 ¼

�2 J2ðm1aÞ
m2

2DðK; k0Þ
;

with

DðK; k0Þ :¼ J2ðm1aÞJ0ðm2aÞ þ J0ðm1aÞJ2ðm2aÞ:

Note that constants Ci; i ¼ 1; 2, depend on both l0 and k0

via (96).
We evaluate jðKÞ :¼ q0

R
B2ðaÞ

~f1ðyÞdy similarly to that of
hðKÞ, via (101) and (91). As a result,

jðKÞ ¼ �pa2q0 � C1pm1aq0 J1ðm1aÞ � C2pm2aq0 J1ðm2aÞ:
ð105Þ

We can now see that varying the elastic modulus k0 one
can shift the set of zeros for DðK; k0Þ so that e.g. the corre-
sponding pole of jðKÞ lies in the domain of hðKÞ satisfying
(84). Indeed, using for example the trigonometric
asymptotics of the Bessel functions for large K > 0 (e.g.
Gradshtein and Ryzhik, 1994),

DðK; k0Þ �
� 4

pa m1m2ð Þ1=2 cosðm1a� p=4Þ cosðm2a� p=4Þ;

with the asymptotics of the zeros due to cosðm1a� p=4Þ
controllable by choice of k0 via (96). This would allow to
achieve simultaneously both inequalities in (84), as de-
sired. Since for n3 ¼ 0 via (86) K0 ¼ K, this ensures the ab-
sence of any propagating modes in any direction
orthogonal to the fibers for the chosen K.

On the other hand, for a chosen K > 0 satisfying (84) let
0 < K0 < K be such that hðK0Þ > 0. (This is always possible
since for hðK0Þ :¼ K0h~gi, from e.g. (87), hð0Þ ¼ 0 and
h0ð0Þ > 0.) Then, for k2aðkÞ fixed according to (86) (for
example for n3 ¼ 1), by (65) and (80) the matrix k2

~c with
components

k2~cip ¼ k2an2
3q
�1
0 di3dp3hðK0Þ ð106Þ

is independent of k. Then the matrix k2
~c� b in (63) will

cease to be positive definite (i.e. will have one negative
eigenvalue), since via (106), (64) and (86)

k2~c33 � b33 ¼ �K0hðK0Þ �Khqi < 0:

Since k2
~c� b is independent of k and has one negative and

two positive eigenvalues (and hence has negative determi-
nant), and ~CðnÞ is strictly positive, the dispersion relation
(63) will have a solution k > 0, i.e. a propagating mode.

This qualitative argument ensures the simultaneous
existence of propagating and ‘‘non-propagating” directions.
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Appendix A. Formal derivation of the limit problem (23)
and (24)

This appendix derives the limit equations (23) and (24)
via two-scale asymptotic expansions in the form (14) (cf.
Kamotski and Smyshlyaev, 2006), for the case of scalar
spectral problems in unbounded domains. The asymptotic
solution to (13) is sought in the form of a two-scale ansatz
(14), where uð0Þðx; y; tÞ; uð1Þðx; y; tÞ and uð2Þðx; y; tÞ are re-
quired to depend periodically on the ‘‘fast” variable y.
The exact solution ueðx; tÞ satisfies the continuity condi-
tions (11) at the inclusions’ boundary, specializing via
(10) to

ueðx; tÞj1 ¼ ueðx; tÞj0; x 2 Ce; ðA:1Þ

and

C1
ijpque

p;qnjj1 ¼ ðe2C0
ijpque

p;qnj þ C2
ijpque

p;qnjÞj0; x 2 Ce; ðA:2Þ

(remind that n stands for unit normal to Ce selected as out-
ward for the inclusion phase Xe

0, and hence inward for the
matrix Xe

1).
The ansatz (14) is substituted into Eq. (13), separately in

the matrix and the inclusion phases, and the interface con-
ditions (A.1) and (A.2).

By equating first the terms of order e�2 in (13) and of or-
der e�1 in (A.2),

�divyðC1eyðuð0ÞÞðx; y; tÞÞ ¼ 0; y 2 Q 1; ðA:3Þ

C1
ijpq

@uð0Þp

@yq
ny

j ðx; y; tÞ ¼ C2
ijpq

@uð0Þp

@yq
ny

j ðx; y; tÞ; y 2 C; ðA:4Þ

�divyðC2eyðuð0ÞÞðx; y; tÞÞ ¼ 0; y 2 Q 0 ðA:5Þ

(with ny being the inward unit normal for Q1). This is a
homogeneous problem in Q with periodic boundary condi-
tions. Since Q 1 is connected and C1 strictly positive defi-
nite, its solution is an arbitrary constant in Q 1 (i.e.
independent of y)11 which implies (15). The balance of the
terms of order e0 in (A.1) implies (18).

The relations (15) together with (A.5), (A.4) and (18) im-
ply then the following restrictions on v:

�divyðC2eyðvÞðx; y; tÞÞ ¼ 0; y 2 Q 0; ðA:6Þ

C2
ijpq

@vp

@yq
ny

j ðx; y; tÞ ¼ 0; y 2 C; ðA:7Þ

vðx; y; tÞ ¼ 0; y 2 C; ðA:8Þ

which yields (16)–(18). Taking dot product of (A.6) with v
and integrating over Q0 in y, upon further integration by
parts and using non-negativeness and symmetry of C2 re-
sults in (20).

Equating next the terms of order e�1 in (13) and of order
e0 in (A.2), using also (A.8), and (20)–(22), we arrive at:
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� @

@yj
C1

ijpq
@uð1Þp

@yq

 !
¼ @

@yj
ðC1

ijpqðyÞÞ
@uð0Þp

@xq
; y 2 Q 1 ðA:9Þ

� @

@yj
C2

ijpq
@uð1Þp

@yq

 !
¼ @

@yj
ðC2

ijpqðyÞÞ
@uð0Þp

@xq
; y 2 Q 0 ðA:10Þ

C1
ijpq

@uð1Þp

@yq

�����
1

ny
j �C2

ijpq

@uð1Þp

@yq

�����
0

ny
j ¼�C1

ijpq

@u0
p

@xq
ny

j þC2
ijpq

@u0
p

@xq
ny

j ; y2C;

ðA:11Þ

together with the periodicity conditions in y. This is a version
of a standard ‘‘corrector” problem, in particular, for C2 > 0
for ‘‘classical” (two-phase) homogenization, and for C2 ¼ 0
for ‘‘porous” (or ‘‘perforated”) periodic domains. As a result,

uð1Þp ðx; y; tÞ ¼ Npr
s ðyÞ

@u0
r ðx; tÞ
@xs

; ðA:12Þ

where Npr
s are the solutions of the linear elastic ‘‘unit cell”

problems with periodic boundary conditions (cf. e.g. Bak-
hvalov and Panasenko, 1989, Section 4.4; Jikov et al.,
1994, Sections 3.1 and 13), which reads (in the weak form):Z

Q
CijpqðyÞ

@Npr
s

@yq
þ dprdqs

 !
@w
@yj

dy ¼ 0; for any w 2 C1perðQÞ:

ðA:13Þ

Here CðyÞ :¼ v0ðyÞC
1 þ ð1� v0ðyÞÞC

2 with v0 denoting the
characteristic function of Q 0. The above procedure deter-
mines Npr

s up to a constant within Q1, which is specified
arbitrarily, e.g. by the condition that the average of Npr

s over
Q1 is zero. In Q 0 it is specified up to an arbitrary non-trivial
solution of (A.6)–(A.8), if any, and we assume that one of
those is selected.12

Equate finally the terms of order e0 in (13). In the ma-
trix, taking into account (15) and (A.12):

@

@yj
C1

ijpq
@uð2Þp

@yq

 !
¼q1€u0

i �C1
ijpqu0

p;qj�C1
ijpqNpr

s;qu0
r;sj

�ðC1
ijpqNpr

s Þ;ju0
r;sq� fiðx;y;tÞ; y2Q1: ðA:14Þ

Similarly, in the inclusion,

@

@yj
C2

ijpq
@uð2Þp

@yq

 !
¼q0ð€u0

i þ€viÞ�
@

@yj
C0

ijpq
@vp

@yq

 !
�C2

ijpqu0
p;qj

�C2
ijpq

@2vp

@xj@xq
�C2

ijpqNpr
s;qu0

r;sj

�ðC2
ijpqNpr

s Þ;ju0
r;sq� fiðx;y;tÞ; y2Q0: ðA:15Þ
12 Notice that a necessary condition for the solvability of (A.10) is for the
right-hand sides to be ‘‘orthogonal” (in appropriate sense) to any solution of
the homogeneous system, i.e. to any constant vector and any solution of
(A.6)–(A.8) (equivalently, to any w 2 V , see (19)). Those are satisfied
automatically, as seen by multiplying (A.9) and (A.10) by an arbitrary
constant vector and w 2 V , integrating by parts and using (A.11). Establishing
the sufficiency of the solvability condition requires a more advanced analysis
though, developing for example appropriate versions of Poincaré and/or
Korn’s inequalities. We postpone this for future publications, announcing
here that the solvability can be proved for general right-hand sides, not only in
the limit cases of classical homogenization and perforated domains but also,
at least, for the examples considered in this paper (Section 5) and for the case
of C2

ijpq ¼ dijdpq , i.e. of vanishing shear modulus in the inclusion.
Eqs. (A.14) and (A.15) have to be supplemented by bound-
ary conditions which result from equating in (A.2) the
terms of order e1, yielding:

C1
ijpq

@uð2Þp

@yq

�����
1

ny
j � C2

ijpq
@uð2Þp

@yq

�����
0

ny
j

¼ �C1
ijpqNpr

s u0
r;sqny

j þ C2
ijpqNpr

s u0
r;sqny

j þ C0
ijpq

@vp

@yq
ny

j : ðA:16Þ

Treating (A.14)–(A.16) as a boundary-value problem for
uð2Þ in y for any fixed x and t, the Green’s formula together
with the periodicity boundary conditions in y imply:Z

Q

@

@yj
CijpqðyÞ

@uð2Þp

@yq

 !
dy

¼ �
Z

C
C1

ijpq
@uð2Þp

@yq

�����
1

ny
j � C2

ijpq
@uð2Þp

@yq

�����
0

ny
j

 !
dy:

Substituting into these the right-hand sides of (A.14)–
(A.16) yields:

hqi€u0
i � hCijpqiu0

p;qj þ q0h€vii � u0
r;sj

Z
Q

CijpqðyÞNpr
s;qðyÞdy

� u0
r;sq

Z
Q
ðCijpqðyÞNpr

s ðyÞÞ;jdy �
Z

Q0

@

@yj
C0

ijpq
@vp

@yq

 !
dy

�
Z

Q0

C2
ijpq

@2vp

@xj@xq
dy ¼

Z
C
ðC1

ijpq � C2
ijpqÞN

pr
s ðyÞu0

r;sqðxÞn
y
j

�

�C0
ijpq

@vp

@yq
ny

j

!
dy þ

Z
Q

fiðx; y; tÞdy:

Applying the integration by parts to the right-hand side
surface integrals we arrive at the limiting equation (23),
where

Chom
ijpq :¼ CijrsðyÞðdprdqs þ Nrp

q;sðyÞÞ
D E

y
: ðA:17Þ

This is a well-known representation of the entries of the
homogenized linear elastic tensor Chom, equivalent to (26)
(see e.g. Bakhvalov and Panasenko, 1989, Section 4.4).

On the other hand, multiply (A.15) by an arbitrary func-
tion wðyÞ ¼ ðwiÞðyÞ satisfying (16)–(18), i.e. w 2 V , see
(19), and integrate over Q 0. Upon integration by parts
and employing again (20)–(22), the last two terms contain-
ing C2 will vanish, yielding the integral identityZ

Q0

q0ð€u0
i þ €viÞwiþC0

ijpq
@vp

@yq

@wi

@yj
�C2

ijpqu0
p;qjwi

"

�C2
ijpq

@2vp

@xj@xq
wi

#
dy¼

Z
Q0

fiðx;y; tÞwidy; 8w 2 V : ðA:18Þ

This is equivalent to the second limit equation (24).
Finally, notice that (Cooper, 2008)

C2
ijpq

@2vp

@xj@xq
¼ @

@yq
yrC

2
ijpq

@2vp

@xj@xr

 !
; ðA:19Þ

having used (20)–(22). Since the expression inside the
brackets in (A.19) vanishes on C, it admits a periodic
extension provided Q0 is isolated. This yields, integrating
by parts and again using (20)–(22),
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Z
Q0

C2
ijpq

@2vp

@xj@xq
dy¼

Z
Q0

C2
ijpq

@2vp

@xj@xq
widy¼ 0; 8w2V : ðA:20Þ

This implies that in the limit system (23) and (24) the
terms containing C2exðvÞ vanishing identically provided
the inclusions are isolated. The vanishing in (24) of the
term divxðC2e0ðx; tÞÞ is, via (27), equivalent toZ

Q0

C2
ijpq

@2u0
p

@xj@xq
widy ¼ 0; 8 w 2 V : ðA:21Þ

The latter can be seen by e.g. multiplying the left-hand side
of (A.21) by an arbitrary test function wðxÞ, integration by
parts in x and then applying (A.20) with v replaced by
ww.
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