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We study electromagnetic plane wave diffraction by a hollow circular cone with thin walls modelled by
the so-called impedance-sheet boundary conditions. By means of Kontorovich—Lebedev integral repre-
sentations for the Debye potentials and a ‘partial’ separation of variables, the problem is reduced to cou-
pled functional difference (FD) equations for the relevant spectral functions. For a circular cone, the FD
equations are then further reduced to integral equations, which are subsequently shown to be Fredholm-
type equations via a semi-inversion by use of Dixon’s resolvent. We then solve the integral equations
numerically using an appropriate quadrature method. Certain useful further integral representations for
the solution of ‘Watson—Bessel’ and Sommerfeld types are developed, which gives a theoretical basis for
subsequent calculation of the far-field (high-frequency) asymptotics for the diffracted field. Based on this
asymptotics, the radar cross section in the domain, which is free from both the reflected and the surface
waves, has been computed numerically.

Keywords diffraction; semi-transparent cone; functional difference equations; the far-field asymptotics;
numerical evaluation of the vertex diffracted wave.

1. Introduction and problem’s formulation

Diffraction by a conical surface is one of most important canonical problems in the diffraction theory.
By the present time, an essential progress has been achieved in diffraction by cones with ideal or perfect
boundary conditions, both in acoustical and in electromagnetic settings (seleelegn,1957; Jones,
1964,1997;Borovikov, 1966;Cheeger & Taylar1982;Smyshlyaey1989a,b;1990,1993;Babichet al.,
1995,1996,2000,2004,Babich,2006;Blume & Uschkerat1995;Blume & Krebs,1998; Kamotskii,

1999; Klyubina, 2002; Bonneret al,, 2005; Shanin,2005; Klinkenbusch 2007; Skeltonet al,, 2010)

Since 1997 Bernard,1997), there has been a growing number of publications dealing with diffraction

by cones with non-perfect (impedance-type) boundary conditBem@rd & Lyalinoy 2001a,b2004;

Antipov, 2002; Lyalinov, 2003,2009,2010; Lyalinov & Zhu, 2007). The present paper develops the
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FiG. 1. A semi-transparent cone illuminated by an electromagnetic wave.

latter line by studying a particular problem of diffraction by a hollow circular cone with impedance-
sheet boundary conditions.

While the problem we are considering is physically well motivated, from the mathematical view-
point it is particularly attractive as containing various earlier studied models, both with ideal and non-
ideal boundaries, as particular or limiting cases. At the same time, one has to deal with some novep
effects of coupling, which provides in total a good test ground for advancing appropriate technical tools,§
both analytical and numerical, as we are aiming in this work. One particular technical novelty intro- »
duced in this work for problems involving conical scatterers with non-ideal boundary conditions is the =
reduction of the Kontorovich-Lebedev (KL) integral representation to a ‘Watson—-Bessel’ (WB) one, B
with its subsequent transformation to Sommerfeld-type integral representations. This provides a theo§
retical basis for the evaluation of the far field or high-frequency diffracted field, also executed in the
present paper for a particular domain of observation directions.

Specifically, we consider a conical surface, in particular but non necessarily with a circular cross
section, of a small thicknedsdividing the space into an ‘exterior’ paf2; (¢ < 61 for the circular
cone’s case) and an ‘interior’ paf2; (0 > 61) (see Fig.l). We assume that a plane wave is incident
from the exterior and completely illuminafethe conical surfac&. Of interest are both the scattered
field in the exterior part and the transmitted field in the interior part. (Note that one could also consider
an incidence from the interior part. In particular, if the observation point is in the exterior part, one
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Lin this case, the diffraction phenomena can be analysed in a simpler way, although a more general case can also be studied.
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canuse the ‘reciprocity principle’ to reduce the problem to the one above with the incidence from the
exterior.)

The time-harmonic wave field (with suppressed fac®r®t where is the angular frequency) is
characterised by vector functioBgx) (electric field) andH(x) (magnetic field times the intrinsic free
space impedancg = (uo/¢0)*/?), solving time-harmonic Maxwell's equations

ikH=VAE, iKE=—VAH, (1)

k = & (eou0)*/?, both in the exterior domai®; andin the interior domain2s.

The cone’s ‘surface’ is assumed to be a thin material layer of thickhesgich is much smaller
than the wavelength in vacuum, with an appropriately scaled high permittivit§possibly complex to
account for conductivity). By the use of standard asymptotic analgsisi¢r & Volakis,1995;Buldyrev
& Lyalinov, 2001), it is known that the thin surface can be replaced by an asymptotically equivalent zero-
thickness surface with appropriate jump conditions across it (in the present problem, the ‘limit’ surface
Sis, in particular, the circular cong= 6,), as reviewed in the next subsection.

1.1 The scaling and the asymptotically equivalent jump conditions
First, sinceh « 1 = 2z /K,
kh« 1.

Next, let the dielectric permittivity of the layer be much higher than that of the vacutym
le] > eo.

We assume that the magnetic permeabjlitgf the dielectric is coincident with (or marginally different
from) that for the vacuumug, which is usually the case for many materials encountered in practice,

although the analysis can in principle be adapted to the case of the contrasting magnetic permeabilities

too.
Assume finally that the following dimensionless parameatdescribing the ratio of the two under-
lying small parameters is of order 1:

o= (‘1—0) (kh)™! = O(1). @)

Fromthe physical point of view, the imaginary part of the complex permittivigccounts for the
conductivity of imperfect dielectrics, namety= eq+io /&, where the realsy ands > 0 are dielectric
permittivity and conductivity, respectively. Obviously, Re= 0 with Ren = 0 corresponding to a non-
conducting (‘ideal’) dielectric and Rg > 0 relating to an energy absorbing conducting surface sheet.
So we assume to be generally complex with Re> 0, which is reasonable from physical and justified
from mathematical points of view, as below.

Then the asymptotic jump conditions (Senior & Volakis995;Buldyrev & Lyalinov, 2001) happen
to look somewhat similar to the Leontovich impedance-type boundary conditions and are expressible in
terms of the above parametgrwhich is the so-called surface sheet impedance.

2We adopt here the time-harmonic factof@ ratherthan ét with j beingthe imaginary unit. The tradition in the literature
is in this respect split about equal, while both approaches are obviously equivalent, e.g. by formally idengfying

3Theformula (2.51) inSenior & Volakis(1995) is consistent with selecting:= i(kh(e/eg — 1))~1, which is asymptotically
equivalent to2) for |¢| > &g.
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They read
[E—(E-nn] =0, 3)
—(E-nmn = —y[n AH]. (4)

Here,n is the unit normal vector to the conical surfa8€in the present problem, we seletto point
into the cone, i.e. inside the interior domdi) and the square bracket$ flenote henceforth the jump
of the function inside the brackets, which may be discontinuous across the surface:

[f]:= flx) — f2(x). (5)

Here,x is an appropriate point on the surfaBend f 1(x) and f 2(x) arethe limiting values off atx in
the domains for whichm is the outward normal (for the present setting, the exterior do®ajrand for
whichn is the inward normal (the interior domai®y in our case), respectively.

A way of deriving the jump conditions3j and @), cf. the above-cited references, is, e.g. by first

| WoJj papeojumod

considering the incidence of a plane wave at a flat layer, and then noting that, to the leading asymptotiG
order, these jump conditions have the same form as for the planar layer (which implies that the effecté

of the curvature of the conical surface are described by higher-order teris;-a$, and are in our
case neglected).

1.2 The limiting scattering problem

The usual spherical coordinat@sd, ¢) are related to the Cartesian coordinates X, X3) via
X1 =rsind cosp, Xz =rsindsing, X3=r cosy. (6)

The origin O of both coordinate systems coincides with the cone’s vertex angsthagis points along
the cone’s axis outside the cone.

A normalized plane wave®, HY is incident from the exterior of the cone and is characterized by
the angles of incidenag (0 < 6y < 61), 9o, andthe angle of polarizatiof:

= (990 S|nﬂ + e(po COSﬂ)e_lkr COS@(w,a}O)’ (7)

= (&9, COSf} — €, SiN )X cosh(,0) (8)

Here,wg = (0o, 9o) is the unit vector in the direction opposite to the direction of incidence or, equiv-
alently, wo is a point (the end point of vectanp) on the unit spheré&? centredat the vertexO cor-
responding to the direction from which the plane wave is inciGediit vectorsey, ande,, aretan-
gent to S? at wp and point in the direction of increase &f and g, respectively. Similarly, the point

o = (0, p) € S correspondso the direction of observation. The arguméb, wo) in cosh (v, wg) =

cost) costp + sind sindp cos(p — ¢g) is the geodesic distance d® betweenthe pointsw and wo

4Remarkthat, in view of the zero jump conditior8), in the left-hand side of the boundary conditiat), (the limiting values
from the interior or from the exterior of the conical surface can be used with no difference.

5Owingto the symmetry of the cone, the angle of incidepg&anin principle be set to zero, i.@g = 0; however, we preserve
it in what follows for generality.

BFor the axisymmetric incidence, one gs= 0.
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(or, what is the same, the angle between the veatoandwp). In the case of other types of sources
rather than the incident plane wavg 8), Maxwell's equations (1) may also have inhomogeneity terms
on the right-hand sides.

The total (incident plus scattered) field has to satisfy Maxwell's equatirie both the interior and
the exterior domains and the jump conditioB¥-(4) across the conical surface. Additionally, Meixner-
type conditions of absence of sources at the cone’s tip have to be imposed. Traditionally, we require for
this the ‘finiteness of energy’ near the cone’s tip, i.e. the convergence of the integral

/ (EP + HI)AV < oo, )
Vs

whereV; is a ball centred at the tip of a small positive radiislt is also convenient to impose a
‘vanishing flux’ version of Meixner’s conditions:

/je,~(E/\ﬁ+E/\H)dS—> 0, whené -0, j=1,2, (10)
S

0

wheresg, j =1,2,are parts within2; of the sphere of a small radidcentred at the tipg; is the unit
vector in the radial direction pointing outside the sphere and the bar denotes the complex conjugate.

Finally, the ‘scattered’ field should satisfy appropriate outgoing radiation-type conditions when
r — oo (or some form of ‘limiting-absorption’ conditions). In the case of ‘finite sources’ rather
than of an incident plane wave, traditional Sommerfeld-fypeliationconditions are required to hold
(e.g.Bowmanet al.,1987, (1.20)). We shall use their weaker integral form

/,— [E4+& AH|?2dS— 0, R— oo, (11)
Sk

/sg H—e AEPPdS— 0, R— oo, (12)

wheresg, j =1,2,are the parts, withi2, of the sphere of a large radilscentred at the tip.

Then the problem can be shown to be well posed and in particular the uniqueness of its solution can
be established, initially for absorbing boundaries (i.e#Re 0, k real positive). Namely, the following
uniqueness statement holds

ProPOSITION1 LetRern > 0,Imk = 0, Rek > 0, and let a classical solution satisfy the homogeneous
problem (1), 8), (4), (9), (10), 11) and (2). Then it is identically zero.

The proof is given in the Appendix A.

The plane wave incidence can be ‘defined’ as the limit of a point source problem when the source
moves away to infinity (cfSmyshlyaey 1989a,b;Babich et al., 2000; Klyubina, 2002; Bernard &
Lyalinov, 2004). The Propositiofh ensures, in particular, that the classical solution of the electromag-
netic diffraction problem for the point source illumination is unique. Then, after the mentioned limiting
procedure, the solution for the plane wave incidence is also expected to be unique. From the mathemat-
ical viewpoint, the limiting procedure itself requires of course a justification. Having the latter at hand,

7In the electromagnetic theory, these are often called Silvétie¥radiation conditions.
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onecan ensure well-posedness of the scattering problem for the illumination by the plane wave for real

positivek. We also propose another possible way of a well-posed formulation of the diffraction problem,
which is based on a kind of the limiting absorption principle having an advantage of appealing to the

plane wave incidence directly, as follows.
Namely, even for the plane wave incidence, if initiafly= Im k > 0 (i.e. the medium is absorbing,

k = ko + ix with a small positivec), Ren > 0, and for some directions of incidence (which include the

case of full illumination of a convex cone), the uniqueness can also be established. More precisely, let

the scattered field satisfy the estimates at inffhity
|[E| <exp(—axkR), a>0, R— oo, (13)
[H| <exp(—axR), a> 0, R— oo, (14)

uniformly with respect to (w.r.t.) the angle variablés ¢), then one can assert the following proposition.

PrROPOSITION2 Letx :=Imk > 0 and Rey > 0. Then a classical solution of homogeneous problem

(1), 3), @), (9), (10), (13) and (4) is identically zero.

The proof is rather straightforward and can be based on the following identity (cf. the Appendix A

and in particular (139%)

2Im k/ (EJ? + |H®dV + 2Im k/ (IE|? + [H|®)dV
Q()i,R QriR

+/ (nl,E/\ﬁ>ds+/ (n1, E A H)dS
00} g Y]

1
4R
+/ (ny, E Aﬁ)dS+/ (n2, EAH)dS=0. (15)
092 002

Here,nl,z10 arethe normal vectors external to the doma'@é’z, which are the parts of21 > inside
S andoutsideSs; (A, B) := Z?:l A Bj is the scalar product of (possibly complex) vectdrs? =

(A, A). Lettingd — 0 andR — oo, then exploiting 9), (10), (13) and (4) and taking into account the
boundary conditions (3) and), we arrive at

Reao/g (ER + HIDAV + Re(k)/g (EP + [H2)dV

+Re(y) (/ In1 A [H]| 2ds) =0, (16)
S
sothatE = H = 0 provided Imk > 0, Reyn > 0. |

8For some situations described above, these conditions are certainly valid for the illumination by a plane wave.
9 As was pointed out to us by J.-M. L. Bernard, the derivationld)(and (139) can be presented in a form valid for both real
and complex values d¢: to this end, Maxwell’s equationd ) have to be first multiplied by, respectivelyj H and—i E, adding
up the outcomes and then intergating, ¢89), which leads tol(5).
1owe adopt henceforth a shorthand notation using the comma wherever appropriate for listing similar objegts, tands
for ‘n1 andny’, etc.
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The solution for a range of values gfandk (including those non-absorbing), as well as for other
directions of incidence can be defined via analytic continuation, including for positivé @al by
a limiting absorption-type procedure). The subsequent construction using the KL transform, further
supplemented by ‘Bessel-Watson'’s integral’-type transformations of the KL integral, see below, ensures
the existence of such an analytic continuation. Therefore, the above representations are valid for the real
wave numbers and give the unique solution understood in the sense of the limiting absorption.

This completes the formulation of the problem, and we describe next the anticipated high-frequency/
far-field pattern of the total field.

1.3 The far-field pattern

One can see that the nature of the jump conditi@)s(é) is such that, away from the conical tip,

the (high frequency) incident wave partly reflects with appropriate reflection coefficient back into the
exterior domain in accordance with the reflection law of geometrical optics (GO) and partly transmits
through this surfacithout refraction i.e. without changing the direction after crossing the surface

with an appropriate transmission coefficient.

Apart from this, in a usual fashion, a wave with a spherical front diffracted by the vertex of the
cone is generated and is of particular interest. Developing and implementing a method for evaluating
the corresponding diffraction coefficients in the domain not illuminated by the reflected or transmitted
rays is one of the main goals of the present study.

A detailed study of several other issues, including the derivation of the other components in the far-
field (high-frequency) asymptotics, will be postponed for further publications. This includes important
problems of dealing with the effects of the waves reflected from the surface backinaswell as
transmitted inta2, aswell as of the ‘surface waves of the Rayleigh type’ initiated in the vicinity of the
conical surface. An experience gained from studying the scalar problem of diffraction by an impedance
cone indicates that the surface waves do exist (Lyalig603,2009,2010). Their possible type (elec-
tric or magnetic) is anticipated to be specified by the sign of the imaginary part of the surface sheet
impedance;. Another important issue in the diffraction by conical surfaces is dealing with the effect
of the so-callecsingular directiongcf. Babichet al.,2000,2004), which correspond to the surface of
termination of the rays reflected from the cone. In these directions, the diffraction coefficients become
singular as typical for a special transitional boundary-layer asymptotic behaviour. A uniform asymp-
totics of the reflected and scattered fields should be constructed in this caBalch,2006). On the
other hand, the vertex-diffracted wave in the interior don2gnis likely to develop a special singularity
on approaching the ‘forward’ direction, i.e. the direction of a continued propagation of the transmitted
wave intoQ,. The wave field in the vicinity of a limit transmitted ray, i.e. the ray going straight through
the vertex, is expected to have a complex behaviour due to the interference of the transmitted (or incident
in the case of a non-full ilumination of the cone) wave and of various ‘secondary’ waves originated due
to the interaction with the conical point.

The structure of the rest of the paper is the following. Next section expresses the solutions in terms
of the Debye potentials and derives appropriate jump conditions on the conical surface for the poten-
tials. SectiorB expresses the potentials in terms of KL integrals and derives boundary-value problem for
related spectral functions. Sectidnin the case of a circular cone, reduces the problem for the spectral
functions to a system of functional difference (FD) equations in the complex plane and reduces it further
to a system of integral equations whose Fredholm properties are then established. Sdetielops
a further transformation of the KL integrals into those of WB type with their subsequent transforma-
tion into Sommerfeld-type integrals, studies regularity properties of the Sommerfeld transformant and
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appliesthese to deriving complex integral representations for the diffraction coefficients in terms of the
spectral functions. Sectio describes a numerical algorithm for evaluation of the diffraction coeffi-
cients (in the part of the exterior domain free from the reflected wave) and presents and discusses the
computational results.

2. The strategy for evaluating the diffraction coefficients for the semi-transparent cone

We exploit a key observation that the nature of the above-formulated scattering problem, and in par-
ticular of the ‘impedance-type’ jump condition8)&(4), is such that a considerable part of the ap-
proach recently developed for the cones with ‘true’ Leontovich-type impedance boundary conditions
(e.g.Bernard,1997;Bernard & Lyalinoy 2004) goes through with appropriate technical modifications
(and often with more involved algebra). On the other hand, this has motivated us to develop certaing
technical novelties in the generic approach (in particular developing a WB transformation of the KL §
integrals with subsequent reduction to Sommerfeld-type integrals), which has, in our opinion, certainS
advantages compared to, e.g. the approadeimard & Lyalinov(2004) and is indeed believed to be
applicable to a wider set of problems.

umoq

2.1 The Debye potentials

As well as, e.g. irmyshlyae\(1993) andBernard & Lyalinov(2004), the present problem can also be
reformulated in terms of the Debye potentials,ando; in the exterior domain as before, but addition-
ally alsou, andv; in the interior domain:

E=VANA(eguy))+ikV A (reoy),

_ 17)
H=VA(VATeav)) —ikVA(reu),

in Q1 and,similarly,
E=VANA(eaU))+ikV A (reo),

_ (18)
H=VA(VAreav2)—ikVA(eu),

in Q5.
The above Debye potentials are required to satisfy the Helmholtz equation?; iand Qo,
respectiely:

AUy + k2U1 =0, dovi+ kzl)l =0, inQ,

T102Z ‘2 |udy uo Areigi ‘yreg jo Alsianiun re 610°sjeuinolpiojxorewewl wol

Aup + KUy =0, dvp+ k22 =0, inQy, (19)

automaticallyensuring thereby that the wave fiel@s, H) satisfy Maxwell's equations (1) both if24
andin Q5.
In this paper, the following convention is adopted for the scattered potenTiaIsduf, j=1,2:

u; = Uup + Ui, v1 =00+ Ui, Uy = Ug, V2 = 1)3. (20)

The ‘incident’ Debye potentialsip andog in Q1 arethe same as in the case of an impedance cone
(Bernard & Lyalinoy 2004) or indeed as in the case of a perfectly conducting cemg¢hlyaey1993).
We give their expressions later in the paper in terms of the so-called spectral functions.
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As usual, additional conditions have to be imposed to ensure that the scattered parts satisfy appro-

priate radiation (or limited absorption) conditions and Meixner’s conditions.
Sufficient conditions for the wave field to satisfy the requirement of local integrab@jtare the
estimates

[El<Cr™ HI <Cr™ m> -3/2 (21)
for small enough uniformly w.r.t. angular variables. Let us then assume that
lujl <CrP, pjl<CrP, j=1,2 (22)

uniformly w.r.t. (8, ¢), with (22) surviving formal differentiation in as well aso = (9, ¢).** Thenwe
have that, as — 0, e.g.

Er ~ d2(ruj) + K?ruj ~ p(p+ 1)CrP-t
andconclude from (21) that
eitherp> —-1/2 or p=-1. (23)

Now we turn to the radiation conditions for the scattered field potemjﬁﬂmdv?, j=1,2.12For
simplicity, we assume that the plane incident wave illuminates the conical surface ‘completely’.

Consider a unit sphere centred at the vertex of the cone. The conical sBrfeparates the sphere
into two partsM; andM; correspondingo 21 andQ», respectively, with the boundatyWe introduce
the length of the geodesics (broken for the reflected wave, se®alsohet al. (2000) andBernard &
Lyalinov (2004), for definitions 0f’ (w, wp)) on the unit sphere

0’ (w, wo) = r‘r)lrll (', o) + 0 (o, @')), (24)

whered (', wo) is the (geodesic) distance between the pairtsinde’ onthe unit sphere. The domain
M1 canin turn be subdivided into two partél! = {#, ¢ : §'(w, wp) > =}, the angular domain where
only the spherical wave from the vertex propagates to infinity, Mgfd= {0, ¢ : 0 (w, o) < m}, the
subdomain containing in addition the rays reflected from the cone’s surface. The common beundary
of M; and M/ is the curve of the so-called singular directions (corresponding to the directions where
the reflected wave terminates, Blabichet al.,2000).

In the subdomaim2] of Q; correspondingo M/, i.e. to those directions satisfyif)

0'(w, wo) > =, (25)
the conditions at infinity are required to have the form
14
U3 (1.2, 00) = Doy (0. 00) S (14 O(1/kr)). k1 - oo, (26)
eikr
vf(r,w,wo) = Dvl(a), wo)m(l-F O(l/kr)), (27)

1IMore precisely, we assume that, ew. = Uj(o)r P + o(r P) with Uj smoothaway from the interface defined below, and
|6r“6£ui| < Ca/gr'_“ uniformly in My andM».

128y the scattered fields, we understand ‘total less incident’ fields in the exterior dappaamdthe total field in the interior
domainQ,.

131n some of our publications, this domain is also called ‘oasis’.
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where Dy, ,, (w, wp) aresmooth functions oty satisfying (25), away from the singular directiosis
where they can blow up.
In the subdomaim;’ correspondingo M7, i.e. to

0(w, o) < 0' (0, w0) < =, (28)

the potentials should, together with (26), also contain, asymptotically for kargepart corresponding
to the wave reflected from the cone and the surface waves. The singular directions form thesfface
in Q1 correspondingo o, i.e.

0'(w, wo) = 7. (29)
REMARK 1 In the same manner, in the domai? for those directions satisfying
7 > 0, wo) = ' (@, wo), (30)

we also anticipate to extract from the scattered field potentils$, beside the transmitted wave and
the surface wave, a part related to the spherical wave scattered by the vertex

jkr
ugph(r, , wg) = Dy, (w, wo) ::Jikr (1+ O(1/kr)), kr — oo, (31)
ikr
03P"(r, @, @0) = Dy, (@, o) —er (1+ O(1/kn)), (32)

whereDy, ,,(w, wp) aresome smooth functions.

The total field inQ25 is the sum of the transmitted and spherical diffracted waves. The contribution
of the surface waves is negligible outside a small neighbourhood of the conical surface. A vicinity of the
forward directiorf (w, wg) ~ = is anticipated to display a complex interference behaviou?4rwith a
special asymptotic pattern.

Finally, the potentialsif, »$, u5 andv3 have to satisfy appropriate jump conditions acr&#o
ensure that the conditions (3)—(4) are satisfied. Those are described next.

2.2 Jump conditions for the Debye potentials

Like the actual field€ andH, the Debye potentials ando (which areus, »1 in Q1 anduy, vz in

Q0) are expected to have jumps acr@&sWe adopt for those jumps the notation (5), specializing to

[u] := up + u§ — u3, where the values for botiy = up + u$ anduz = u3 areevaluated at the same

point on the surfac& of a cone, which does not need having a circular, though a smooth, cross section.
As in the case of impedance boundary conditioBsrfiard & Lyalinoy 2004), it is convenient

to introduce an orthogonal right-handed vector bagjs, es, wheren is the unit vector normal t&

pointing into 22, &s is the unit vector tangent t8 and orthogonal t& (hencein the case of a circular

conen = & andes = g,). Denoting byd/én andd/ds, the derivatives along ands, respectively,

introduce also the ‘spherical’ normal and tangent derivatlyésn andd/ét, respectively, by 6/om :=

ro/on,o/ot :==ro/os.

14Thosewould correspond to introducing the spherical coordinates (m, t) near the boundaryon the associated spherical
domainM: m being the geodesic distanceltalong the sphere artdbeing the arclength of the “projection” point énFor the
circular conep/am = 8/06, 6/6t = sin"165/8¢.
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Then,as a result of substitution o17) and (.8) into 3)—(4), we obtain via routine manipulation

[02(ru)+k?ru] =0, (33)
JNGI)) 1 _
[—.ka—m +a(r o (r u))] =0, (34)
n [—ikj—rl:1 —a(r 1o (rv))} =(02(r up)+k?ruy)ls, (35)
n[arz(rv)+k2rv] = —ik%ls ~+ 0t (r‘lar (ru)ls. (36)

REMARK 2 Note that, owing to the continuity of the quantities in the square bracke83)r(34),u
andoj onthe right-hand sides oB86) and 86) could be equivalently replaced by andos.

We arrive as a result at the following proposition.

PROPOSITION3 Let the potentialsi ando be classical solutions (i.e. fro@?(Q;j \ O), j = 1,2) of
(19) and 83)—(36), and satisfy2R), (23) and 26), (27) in the domain25). Then the electromagnetic
wave field (7), (18) is the classical solution of Maxwell’s equatiod$ $atisfying 8), (4), (21) and
having the leading terms of the asymptotics

ikr
[El};—zné—I‘g(”)}, Kr — oo, 37)
Hiy kr | H(w)

in the subdomaim2; of Q; correspondindo (25), with some vector functior&(w) andH(w) smooth
in Mj.

The proof of Propositior3 is straightforward by substitution of the representatiarig,((18) into
Maxwell's equations and into the boundary and other conditions. The routine detadigdred. [

REMARK 3 As long as there is a way of extracting ‘spherical wave’ paft€, »>"" from the Debye
potentialsuj andoj, both in the rest of2; andin Q», cf. (31) and (32), the corresponding spherical

wave component&s™", H3™" of the electromagnetic field are accordingly specified via (17), (18). The
electromagnetic spherical wave By, e.g. provided 30) is valid (i.e. not too close to the forward
direction), is then found to be described by

E" . &N [ &)
{ngh =2t o [ K (38)

By definition, &, H, €2, H2 arethe diffraction coefficients of the spherical wave that are of main
interest in numerous applications.

All the four Debye potentialgj, vj, ] = 1,2, can be related to the so-called spectral functiqns
Ov,» Ou, @ndg,,, €.9. via the KL transform (see, eBernard & Lyalinoy 2004), as we review next.
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3. Boundary-value problem for the spectral functions
3.1 Kontorovich-Lebedev integral representations and the spectral functions

Following the pattern oBernard & Lyalinov(2004), in the case of an impedance cone we seek repre-
sentations for the scattered parts of the Debye poterrnt‘]":;lbsjS in the form of KL integrals

10 ysinzy Ky (- |kr)
Ja J)__[([lwv 1/4 m U] Uj(a),a)o,v)dv

g, o 12). =12 (39)
It turns out that the integrals converge exponentially provided
0 (0, wo) > /2 + larg—ik)|, forj =1, (40)
O(w, wo) > m/2 + |larg—ik)|, forj =2, (41)
larg(—ik)| < /2, (42)

o = (0,9), w0 = (fo, o), and provided the sought so-called ‘spectral functiamg’,; satisfythe
growth conditions imposed below (sef9j—(51)).
In (39), K, (2) is the modified Bessel function (the Macdonald function)

K, (Z) 2 —InU/ZH(Z)( |Z)

Jo Ans1aniun 1e Blo speulnolployxo-rewrew Woly papeojumoq

whereH,? is the Hankel function; in particulak 1 (—ikr) = . / ;ikr ek,

Oneof the aims is to reformulate the problem for the Debye potentials as a problem for the spectral o
functions, thereby separating in a sense the radial variable. To ensure the convergence of the mtegrals
(39), the wavenumbeéq has first to be taken to have a sufficiently large imaginary part and the ranges
of w may have to be restricted appropriately too. The condité)) Of convergence i®; is the same
as in (Bernard & Lyalinoy2004) and inQ; it is given by @1). Varying the argument &, the integrals
can be made convergent everywhere (assumgig such that the cone is fully illuminated). Then the
solutions are expected to be analytically continued Wrincluding in particular for real values &t

REMARK 4 An alternative is to seek the representationdgrando; in terms of ‘Watson's’ integral
over a deformed conto@y, see Sectiol below, with the ‘standard’ Bessel functiods(z) insteadof

the modified Bessel functioris,, with both approaches apparently equivalent. Both approaches have
their advantages and limitations and may be supplementing each other for various applications, e.g. for
evaluating of the diffraction coefficients in various domains, as we discuss below in Sgction

1702 ‘Z udy uo Areiqi ‘yreg Jo

For the potentials of the incident plane wave (7)—(8), we have (cf.Bexnard & Lyalinoy 2004)

-2 [2( [ vsinzv K, (—ikr)
0,00_"2/2 0
R (/Ioo v2—1/4 J/=ikr Gu (0, @0, V)Y

K]_/z( Ikl’) 0

+I —Ik gu 1)( > COO, 1/2)) > J = 13 29 (43)
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where
90(@, w0, v) = =Lyt (@, @o),
0 - (44)
g, (@, wo, v) = =L, U, (@, wo),
with
: Py—1/2(= c0sH (@, w))
' = - 45
u, (o, wo) Acosz) , (45)
Ly:=|(sing 0 + cosp 0 (46)
v 009 sinfpdpo
0 . 0
L, = — = — ). 47
v (COSﬁ 0o Smﬁsiné’oa(po) “7)
Theintegrals in 43) converge under the conditions
O(w, wo) > m/2+ |arg(—ik)|, |arg(—ik)| < /2. (48)

As already remarked above, the alternative approach based on the Bessel functions is free from
this limitation, and the corresponding (Watson's) integrals will converge forkidahlso provides the
above-mentioned analytic continuation.

The spectral functiongy;, 9,;, ] = 1,2, are to be determined, which are meromorphic functions
of the complex variable even inv (i.e. Qujvj (@, wo, =v) = Quj »; (@, wo, v)). Our main aim in the
present section is to formulate the problem for the spectral functions in an appropriate functional class,
so that it ensures that the potentials constructed38y ¢orrespond to the classical solution of the
problem for the potentials as stated in Secabove.

3.2 Properties of the spectral functions

Guided by the precedent in diffraction by both perfectly conducting and impedance cones, the spectral
functions are first required to satisfy the following growth conditions wih@n | — oc:

|Qup,00 (@, @0, v)| < Co in Mg, (49)

| cos(m)l’
|U|1/2
0 A 2
| cos(¥' (w, wo))|
o[22

| cos(d (o, wp))|’

|Gug.01 (@, w0, v)| < C n M7, (50)

|Guz,0 (@, @0, V)| < Co n My, (51)

with the same functiond’ andéd asabove. In 49), (50) and b1), the constarEy is independent of,
wo andv (hencejn particular, it is uniform w.r.t. real part of). The spectral functiongy; ,; arealso
required to be regular in a vertical strip containing the imaginary axis, i.e. in

II3pem ={v:|Rev| < 3/24+m}, m> —-3/2. (52)

Another natural requirement, also by analogy with the diffraction by an impedance cone (Bernard &
Lyalinov, 2004), is for the boundary values of the spectral functigns, j =1,2,to be regular

S)
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in the strip
II14s ={v 1 |Rev| < 1+4},

with some small positivé.

It can be demonstrated (see also discussiodBeémard & Lyalinov(2004), Remarks 5, 6) that the
regularity properties given above imply the following regularity conditions for certain boundary value
combinations of the spectral functions:

[gu]l(v) regularin|Rev| <1+, (53)

0 [9,](v) .
v+1/2) (gul(v) 155 n 1/2) regularin0< —Rev < 1+, (54)

0 [9]) .
v—-1/2) (gul(v) + ’75 - 1/2) regularin0< Rev < 1+, (55)
%[gu](v) regularin|Rev| < 1+ 4, (56)

(note that (56) follows from53) assuming appropriate regularitytin
10 Gufy ) . B
w+ 1/2)([90](1)) +7 vl regularin0< —Rev < 1+, (57)
o =12{[9]0) - n-lim regularin 0< Rev < 1+ 4. (58)
otv—1/2

We shall demonstrate in particular that imposing these conditions is precisely what is necessary fo
ensuring the boundary conditions for the potentials.

It is verified in a traditional manner (see, elpnes,1964) that, provided the spectral functions
satisfy the equations

(Lo +v2=1/8)gy, =0, j=1,2, 59)
(Do +v2—1/8g, =0, =12,

and,in particular, forv = 1/2,
DoOuj (@, 00,1/2) =0, j=1,2, (60)

thenu; ando; automaticallysatisfy the Helmholtz equations.

Furthermore, analogously to the case of an impedance cone (Bernard & Ly&0@) as well as
to the case of a perfectly conducting cone (Smyshlya893, p. 685; see aldonner(2003), pp. 165-
170, for a detailed discussion), we requig,,; (@, wo, 1/2) to satisfy the Cauchy—Riemann equations

TT02Z ‘2 ludy uo Areigr ‘yreg jo AlsIanitin e 610" sfeuinolplojxo-fewrewi wolj papeojumoq

aglJJ (CU, Q, 1/2) . 1 agl)] (CO, o, 1/2)

o0 sing op ’
G (@, 0,1/2) 1 0gu(@,@0,1/2) Lo (61)
o0 ~ sing o > 1=5

(these conditions ensure the absence of sources at the cone’s tip to comply with Meixner’s condition as
well as of the in-going waves, other than the incident waves, to satisfy the radiation/limited absorption
conditions).
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3.3 Boundaryconditions for the spectral functions

Guided further by the analogy with the diffraction by an impedance cone, we will argue that the spectral
functions have also to satisfy the following jump conditions. The latter are verified below by a direct
substitution of the KL integral representations (39) into the jump conditidB5~(36) for the Debye
potentials and read

5 {0+ 6) 0+ 1 = (4 6) 0 - D = [ 2]

_ in 0 ([B]v+1D  [9]0 —1)
—‘Ea( vz o v—1/2)’ 2
i L v (g + )
S1010 + D ~[a]0 — 1) =y =
it o (G A9 0 +D  (gu +9) -1
R E( vilz L v-1p2 N )
[Qu](v + 1) = [qu](v — 1) =0, (64)
v o9y 10 ([9u](v +1)  [gu]0 —DY
u2—1/4[am}+55( v+ 12 T v—12 )_0’ (65)
and(formally following from the above)
| ma2] = Lleal.
g 5 (66)
— (9.2 + 98(1/2))'| =- 5 (a2 +dan) .
[9u(1/2)] =0, (67)
0 0
| ra.0/2] = -Zlaa/2) ©8)

Thenon-locality inv of the jump conditions (62)—(68) for the spectral functions is a consequence of a
lack of separation of variables in the radial and the spherical components in the related jump conditions
(33)—(36) for the Debye potentialsandv. For this reason, the separation of the (spherical) spectral
functions from the (radial) modified Bessel (Macdonald’s) functi#sis achieved via employing
appropriate functional relations fés, togethemwith the above-listed regularity properties of the spectral
functions. This is what leads to the non-localitypinas we clarify below.

We recall again that apart from the (non-locabinjump conditions §2)—(68), the sought spectral
functions have also to satisfy the regularity conditiob3){(56). In fact, the latter imply some further
regularity properties, which are used in what follows.

Note first that, as a consequence 88), gu, |I is also regular in the same strifRev| < 1+ 4), and
hence, owing to&4), inverting the difference operator, one concludes that, globallyarC,

[Qu](v) = 0. (69)

Now we are ready to formulate the main statement of this section.
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PROPOSITION4 Let the spectral functionguj,vj (w, wp,v), ] = 1,2, satisfy, in the classical sense,
(59), 60) and the jump conditions (62)—(68) in the class of meromorphic even functiansaifsfy-

691

ing (49)—(58). Then the potentials (39) are classical solutions of the boundary-value problem for the

potentials (including Meixner’s condition2%) and (23) and the conditions at infinit®g) and (27)),

provided the inequalities (25) andQ)—(42) are valid.

3.4 \Verification of the jump and other conditions

As mentioned before, verification of the equations for the potentials is standaldnef1964). Hence,

we turn to the boundary and other conditions.

3.4.1 The jump conditions It is convenient to introduce the following notation:
z .= —ikr,
Q = /z2u,
AU) := JZ(3?(ru) + K2ru) = —ikz(Q" + Q'/z— (14 1/(42%)Q),
B'([u]) := vzau(r & (r[u]) = —ika ((21/(22) +[2]),

C'(omul) = v/Z [j—rﬂ .

Then,using the modified Bessel equation and the functional relations for the Macdonald functions

K/(2) + (1/2)K.(2) — (L +v?/Z)K,(2) =0

Kv(z) . Kv+1(z) - Ku—l(z)
z 2v ’

1
K, (2) = _E(Ku—l(z) + Ky+1(2)),

we obtain

Aud) = Ao 2v sinzv gy, (@, wo, v) (Z)

- AOT / SinzvGu(@, w0, v)(Kuy1(2) — Ky—1(2))dv,
iR

2 /2
A":_E\/;'

In a similar manner,

—ik .
B/([U]) = AOTI |:at /R S|n7Z'U[gv](CU,a)0, U) (_ v+ 1/2 v — 1/2

—27iK12(2)3t[9](w, wo, 1/2)} ,

C'([omu]) = —ikAg (/R %KV(Z) [W} J

+ i K1/2(2) |: ] (w, wo, 1/2))

Kv+1(z) _ Kv—l(z)) dv

(70)

(71)

(72)

(73)

TT02Z ‘2 ludy uo Areigr ‘yreg jo Alsianiun ye 610°sfeuinolplojxo-fewrewi wolj papeojumoq


http://imamat.oxfordjournals.org/

692 M. A. LYALINOV ET AL.
We then substitute the KL integral39) in the boundary conditior8b) to obtain

vsinzv
—’Y/iRm [ (Qu+ gy )](V)

+/m sinzy (gul + 98) (v)‘| (Kv1(2) = Ky—1(2)) dv

K, (2)dv

2
_’7/ sinzv 6 (6] )' ( u+1(Z)+ Kv—l(z))dv
iR

v+1/2  v-1/2

—imy ([—gu} (1/2)' (9] (1/2)’ ) K1/2(2) = (74)

Introducingthe new variables of integration+ 1 — v,v — 1 — v, we have

_”/iR % [ (Qu + gu)} )
sinz(v — 1) 2 [0,]0v — 1)
e ((9“1 +0) 0 =1~ —1/2) K @

sinz (v + 1) 2 [0]0 + 1)
L o 2

K, (2)dv

—iz (|:_9ui| 1/ + - [gv](l/Z)) K12(2) =

We then intend to deform the above ‘shifted’ integration conto®sH 1 back into the imaginary

axis. The spectral functior‘g‘iv areregular in the strigRev| < 1 + ¢ for some small positive.

When deforming the integration contours, the poles of the integrands are captured. Via the Cauchy
residue theorem, the polesiat= +1/2 contribute to the non-integral terms. However, there will be no
contributions from the poles at pointg == +1/2 since we required that (se&4) and b5))

2 9
(=129l + 15125 %) 75)
is regular in the strip < Rev < 1+ ¢ and, in the same manner,
o [9
(4172 (G (o)) = 151257 (76)

isregular in the strip < —Rev < 14 4.
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After the contour deformations, the boundary condition (35) is now verified f&2hdnd 66)

v sinzv
—ﬂ/iR V2_1/4 [ (Qu+ gu):| (K, (2)dv

_/iR Sin27rv [(gul 4 gu) b 1)‘ 0 [gv](v—l/Z] K, (2)dv

sinTy 0 0 (9]0 +1)
+/i7'\’, 2 [ (gU1+gu) (U+1)‘I +775T1/2] K, (2)dv

inn ([aimg} (1/2) - %[gu](l/z)) K12(2) = 0. (77)

The other three jump conditions irB8)—(36) are demonstrated in the same manner, which is omitted
here.

3.4.2 Conditions at the tip The estimates (22) (together with3)) ensure the validity of Meixner’s
conditions (9) andX0) for the wave fields. These estimates are in turn verified by the use of the regularity :
properties of the spectral functions in the stfip., 3,2, m > —3/2, by reducing the KL integrals to those
depending on the Bessel function and by appropriate deformation of the integration contours (see, e.
Bernard,1997).

‘i:é £.10°s[euInolpIojxo-Tewe W Woly papeojumod

3.4.3 Conditions at infinity The behaviour at infinityZ6) and 27) is easily verified by making use
of the asymptotics of the modified Bessel functions in the integrands of the KL integrals provided the :
latter remain convergent, which is ensured in turn as long as the condi#ibnar{d 42) are met> On
thisway, we further obtain the formulae for the diffraction coefficients3)(as follows.

Indeed, we consider the subdomairtsyf wherethere are no waves reflected by the conical surface
(which corresponds to the spherical subdomdi). For this subdomain, the modified Bessel functions
in the representation (39) can be replaced by their asymptotics

ikr
K, (—ikr) = \/g\/% (1+ 0 (%)) . kr — oo (78)

Sinced’ (w, wo) > =, the integrals remain convergent, &9j, and one has

TT0Z ‘2 Iudy uo Areiqr ‘yreg Jo Asisaun

ekr 2 vsinzv 1
S Sy __ - i
(u]_: D]_) — ikr k |:/’R U2 — 1/4gU1,01(w’ o, U)dl) + Iz gul,vl(ws o, 1/2):| (1+O (kr)) . (79)

I5Notethat the study of the far field in the supplementary domadifsand M is more delicate and is not fully considered here.
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Substitutingthis into (17), we have, in the spherical coordinate®, ¢) (see (6)),

eikr eikr eikr
Ep=—2n—&, E,=-21—&, E = o( :

kr kr (kr)?2
. [ Ve agy, (@, @o, v) 1 09y, (w, wo,v) (80)
& = |:7r /R V2 —1/4 ( a0 + Sing o0 dv

. agul(wa CUOa 1/2) 1 agl)l(w5 600, 1/2) i
+| ( 00 * Sino L) 1+0 kr )]~

£, = — [L/ ve ( 1 0gu (@, @o,v)  0Gy, (@, wo, V)) v
iR

T v2 —1/4 \ sinf op 00
. 1 agul (CU, o, 1/2) agl)]_ ((U, o, 1/2) 1
- 1+0(—)).
+I (sinH op 00 + kr
Introducing the notation
fun @2 00) = = | (00, ) — Gy 1y (@, 00, 1/2) (81)
- - 5 A A ) s sV v — ) s s )
ug,01 (@, (00 T Jin 02 _ 1/4gu1,1 1@, (o OQuy,01 (@, w0

theelectromagnetic diffraction coefficients are then determine®BY, (vhere
E(w) := Vg fuy (@, w0) + Vo Ty, A,

(82)
H(w) = Vy Ty, (0, wo) — Vo, fu; Ao,

in the domainM;. Here, the spherical gradient operalgs is defined asv,, = eydyp + (1/sind)e,d,.
Notethat, as expected, the above expressions for the diffraction coefficients are formally indistinguish-
able from those in the case of perfectly conducting cones, with the ideal spectral furgsiems gy
replaceddy gy, andg,,, respectively §myshlyaey1993).

In the exterior supplementary domam;, as well as in the interior domaiMy, the diffraction
coefficients are anticipated to be represented in a more general integral form, which requires an addi-
tional analysis. Remark that in the case of a perfectly conducting cone, the diffraction coefficients are
expressible by means of the Abel-Poisson summagabichet al.,2000).

4. Finite Difference equations for a circular semi-transparent cone

In the case of a circular cone, one can try separating further the angular variables in the standard spherical
coordinates(@, ¢) (see (6)) for the spectral functions. However, contrary to the case of a perfectly
conducting cone, the corresponding reductions lead to a problem for FD equations of the second order,
which then can be transformed to integral equations of the second kind.

In full analogy with the case of an impedance cone, we represent the spectral fuggtion®, wo,
v), j = 1,2, in the form of a Fourier series (= (0, ¢), wo = (6o, po), @ = 61 is the cone’s surface):

o0 PN ((—1)i+1coss)
i -1/2

Qujoj (@ @0,v) = > 1" Ry 0, (v,1, 0) U—Inl/ j+1 ’

n=—00 Pv—l/z((_l)J+ Cos1)

=12, (83)
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(cf Bernard& Lyalinov, 2004), where the coefficient®,;, R,;, ] = 1,2, are to be determined,
P, IrIl/z(x) is the associated Legendre function (see, &@dshteyn & Ryzhik1980; Abramowitz &
Stegun 1972). For the incident wave, the associated spectral funcg@gpsirethe same as iBernard

& Lyalinov (2004),

+00
98,0 (0, wo, V) = Z ing~ne RS’D (v, N, wo) —— (84)

oo P,_1 /2( cosh1)

in I'v+In+1/2) __in —In| in
P cosd L P coshp)e' "0
—4costv I'(v — n| + 1/2) v— 1/2( 1) (= u, v)( 1/2( o) ),
whereL, andL, aregiven by @6) and 47).

The function (83) satisfy automatically the (59). Substituting these further @Xp-(65) results in
(cf. alsoBernard,1997;Bernard & Lyalinoy 2004):

RS,D (Un n) CUO)

5 (R0 + 1) = Ry (v = 1) = 70(0) Ry (v) = 701 () Re 0)

n ([Ru](v +1)

[R()](U - 1) 0
B 2sin6, v+1/2 + v—1/2 ) - Gy), (85)

5 (RIC+1) = [RI0 = 1) =1 w()Ry ()

™! (R, +1) Ry,w-1) 0
23in01( b1z T 1/2 )_G"(”)’
[RI + 1) = [Ri](» — 1) =—(R}v + 1) — RI(v — 1)), (86)
| 0 (RIG+D | [RI6-DY
VIR 0) = 0 )R, 0) =~ (PR TIE D) po). qe)

il) 891 V— 1/2(C0591)

—1/4 p 1 (costr)

Here,w(v) =

GE) 1= 5(RIw + 1) = RS = 1) = i (1) R)
ny (Rf?(v+1) N R,?(v—l))

2sinL \ v+1/2 v—1/2

GO i= 5 (R + 1) — RO — 1)) = L ()R

_ npt (RIv+1) " R —1)
2sindy \ v+1/2 v—1/2 )
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il) 891 v— 1/2( costy)
U4P“%(mwg

- n (Rev+) Re-1
F) -—w'(”)Rv(v)+25in61( vi12 -1/ )

In (85)—(87), the square bracketliave a slightly different meaning than before: the incident field
components are excluded from the ‘definition’dn, i.e. the ‘jump’ designated by the square brackets
is the difference between the values of the scattered fields (i.e. total less incidgnaidtotal in 25).
This jump convention has only been adopted within this section for convenience and is hoped not to
cause confusion. To simplify the notation, we also do not display henceforth the dependenaadn
wo in the arguments oR,,, andRY .

Thesolution of the functional equations is sought in the class of meromorphic functions, which are
regular in the strigRey| < 1+ 4, vanish exponentially as — ico, and are even, i.€Ry; ,; (v) =
Ruj.o; (—v). More accurate growth estimates ﬂagj,,)j whenv — ioco follow from the corresponding

estimates fogy; ,; (@, o, v)||, j = 1,2 (see also49)-(51)):

wi (v) =

|Ryj.0; )] < Calp™ M2V @) j =12, (88)

The system of FD relations85)—(87) for functionsR; ,,; (v) with the above-described regularity
and growth conditions has also to be supplemented by additional relations following@&)ro(68).
From (67), one has, with the above-adopted jump condition,

Ru; (1/2) = Ry, (1/2) = —R}(L/2). (89)
Thesecond equation in (66) leads to
Ruy(1/2) = ~i- R (172). (90)

Fromthe first equation inG6) using also%0), we obtain
Ru,(1/2) =i— i R,)2(1/2) (91)

Finally, using in particular (89) an®0) allows one to verify that (68) is automatically valid.
The derived system of FD relations (85)—(87) contains four unknown funcBapsR,;, j = 1,2.
In the next subsection, we reduce it to a system of ‘two’ functions.

4.1 Preliminary reduction of the system of FD equati¢85)—(87)

Applying Fourier transform of the theory of S-integraughilin, 1973) to 86) (see als®abichet al.
(2008)), one has

[R(v) = —RY). (92)

Next, to deal with (87), use@) and introduce notation

1
Rul,vl = é({Ru,u} + [RU,D])a

L (Ruw) = [RuLD. (93)

Ruz,0, = 2
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where{Ry,,} := Ru;,0; + Ru,.0,- As aresult, §7) yields

wi (v)

w) + wi (V)
w®) — wi ()

1 _ 1 50
2(RI0) = =3[R s~ ROO) (94)

Our next aim is to reducedb) to equations depending only on

pu) = S(RIO),
P ) =[RI0). (95)

To this end, we use first (92) and (93) in the upper equatio%). (After simple manipulations, we
arrive at the following FD equation:

pulv +1) = pu(v = 1)

_ _2i (nwu<v>pu(v) iy P+ | - l)) - wS(v)) , (96)

2siné ( v+1/2 v—1/2
where

WL(v) == w®) — wi(v), 97)
P8 = G0) = Z (R + 1) = R — 1)) + Z(w(v) + wi () RIW)

i 1
= 2 (R + 1) = R — 1) + S RY)

n (Rev+1) Rw@-1
+”2sin91( vt12 T w12 )

In the same fashion, exploiting (94) in the second equatioB5) (esults in
P +1)—p,(v =1

= -2 (n‘lvwv)pv(v)m-l n (” u D e “(”_1))—%%)), (98)

osni\ v+12 |« v—172
where
00) = G0 4 47RO,
s (gt D)
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i . 2
= SR+ - RE-1)+5- ) Ro)

() — wj(v)

1n7t (RRv+1)  Rw-1)
T 22sn\ vr12 T v=12 )

For further reduction of the difference equations (96) a@8) (it is useful to note that fron89) to
(91), we have

_ N p(/2)
pu(l/2) = —i n 2 (100)
and
[R](1/2)=—R%(1/2),
(R}(1/2)= —i% RO(1/2), (101)

whichfollows from the previous analysis by straightforward manipulations that are omitted.
The system of FD equation8§) and 08) can be written in a compact matrix form

AW +1) = A(=0)p(v — 1) = =2iWo()p(v) + 2iy°(v), (102)

wherep (v) = (pu(»), p, ()T andy ) = (OW), 2T,

1 0 in 1 0 n
Av) = -
®) (0 1) sindrv + 12 (—n—l 0) :

nWu(v) 0
Wo(v) = ( 1 )
0 n W, (V)

Provided we solve the matrix difference equatid®2) in the corresponding class of functions, the
spectral functions for the potentials are found \d8)(

The matrixA(v) is non-diagonal. With the aim of inverting the difference operator on the left-hand
side of (L02) for its subsequent reduction to an integral equation, it is convenient to introduce new
unknownsp. (v) by

P+ () == pu) + (n/Dpo(v),
p—) = pu(v) = (/N)py(v), (103)

(see alsBernard,1997;Bernard & Lyalinoy 2004). DenotingR(v) := (p4(v), p—(v))T, we finally
obtain in this way the FD equation

lz(a(v)R(v +1) —a(-v)Rv — 1)) = WO)R) — FOv), (104)

aoy =1 © n 1 (1 0
W =\o 1) snovr1z\o —1)

with
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1 (an(V) + 77 W, () pWu () — W, (V))
2 b

WO) = 1
’ W) — 77 Wo ) W) + 7 2W, ()

FOw) = (W2w) — iny ), yd) +iny2w)T,
andalso

14 2xn/|n|
Tnn/lnlp_(l/z)' (105)

Now the matrixa(v) is diagonal andX04) is reduced next to an integral equation which is our ultimate
goal.

p+(1/2) =

4.2 Reduction to integral equations

Reduction of FD equations to integral equations is quite a traditional tool (seeBexmgard,1997;
Bernard & Lyalinoy 2004;Buslaev & Fedotoy2001;Lyalinov & Zhu, 2003). To this end, first, we
introduce an auxiliary functio? (v, A) (Bernard,1997), which is an even meromorphic solution of the
equation inv depending on real parametdr

A A
(1 + — 1/2) Yo +1, 4)= (1j: Tl/2) P(—v +1, A). (106)

This function is found explicitly:

¥ (v, A)
P YR\ T T YA (O)) r4)
_In 2 gVt 2 3"t . (o
- ) I 1+1 +1+ 1+A r 1 1 +1 1+A
272 \” 2 2 a\” 2
r(4):= sign(% + A) (seeBernard,1997;Bernard& Lyalinov, 2004, for details of the derivation and
the properties o (v, 4)).
Since the subsequent analysis is also quite close to that for an impedance circulaBewmed,

1997;Bernard & Lyalinoy 2004), we display below only the final equations. Introduce a new unknown
function by

px(W) =¥, A1) x£(v), (108)
A+ = *n/sinf1. Then the resulting system of integral equations of the second kind reads, for
imaginaryv:
1—r(4
120U a2res o 4/, 44))
(X+(V)): -z 2
x-) cos 1—r(4-
A\, azes @/, )
+ 1 /ioo l[/(f’ A+)¥/(T7 A_)W]_]_(T) ([I(T! A—)W(T9 A_)W]_Z(T) (X+(T))
2 )=ico \ p(z, A1) ¥ (2, A)Wor(z) W(r, A_)P (2, A4)Wor(z) ] \x=(2)
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x —_—
cosrt +cCcostv 2 J_ix

sintrdr 1 /ioo (s”(r,A_ow(r)—ian(r)))
W (z, A0 (@) +iny,)(0)

sinzt dr

X ——— — (109)
COosrtt 4 COSmtv

whereWj (v) are the entries of the matriw/(v), and
res 2(1/%¥ (v, 4))
1
- _ 12
- e gf 1—I—l l:l:l+l+/1 r 1 1 1:|:l l—I—A .
2 4\2 2 2 4\2 2

Thefirst term on the right-hand side af@9) is a solution of a simple homogeneous equation

xv+1)—xyv-1)=0

and has poles at = +1/2, whereas the produ€i — r (4))¥ (v, 4)/ coszv is regular in the strip
11145, which was assumed. This term dependslid9) on the unknown constapt (1/2)if r (44) < 0
(n < 0)andomp_(1/2)if r(4-) < 0, (n > 0). Both these constants should be known to determine the
sought wave field. They are related to each otherlidp].

Letn > 0,r(44) > 0. We need to derive one additional linear relation connegtingl/2) with
p—(1/2).0Onehas¥(1/2, A_) =0)

1
pr(1/2)— [gz/(l/z, TRE: /R tan(ee) (Waa(e) ¥ (z, 44) % (z, 4_)72(c)
- Waa(e) ¥ (e, 4Pz, A_)xﬂr))dr] p_(1/2)

1
= ¥(1/2, 4y) [5 /R tan(er)(Wan() ¥ (r, 4.)¥ (z, 42k (0)

+Wao(2) ¥ (z, A-) ¥ (z, A-) x1(2))de
=5 | P A0 = P anGr e . (110)
2 Jir

wherey? = (x2, )T, x* = (x}, x1)T, are solutions 0f{09) corresponding to inhomogeneity terms
SP(v) = (0, —zres 2(1/¥ (v, 4-))/ coszv)'

for »2 and St(v), coinciding with the last term at the right-hand side d09), for y1. Actually, we
should in total solve the matrix integral equations

(1-Byl=9, j=1,23, (111)

for three different right-hand sides (as explained below), wBeiethe integral operator in the second
summand at the right-hand side 4DQ). The corresponding solutions, »2, are then substituted into
(110).
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In the casen < 0 (r(4-) > 0), the required additional (to (105)) linear relation takes the form

1
p—(1/2) — [av(l/z, 495 /R tan(zz)(Wai(1) ¥ (z, 41) ¥ (z, 44)x3 ()
+ Wao(2) ¥ (z, 44) ¥ (z, A_>x§(r>)dr] p+(1/2)
1 1
=¥(1/2, 4-) |§ / tan(zz)(Wai(2) ¥ (z, 44) ¥ (z, A1) x1(x)
iR

1
F Woole) (e, 44)P (e, A) 2 (0)de — / ¥ (z, A (p0(r)
iR

+i171//l?(r)) tan(nrﬂr] , (112)

S’w) = (=wres 2(1/¥ (v, 44))/ cos(m), 0)".
Thesolution of the integral equation (109) is then represented in the form
20) = 21 0) +p-(1/2)2°(), n>0, (113)
or
20) = ') +p+(1/2°w), n<o. (114)
The next section deals with the Fredholm property (which is crucial to ensure numerical solvability)
of the operator in111) or (L09).
4.3 Fredholm properties of the integral equations

The basic idea of reduction of integral equations to those of the Fredholm type is fairly general and is
known as ‘semi-inversion’. Namely, a general linear equation (including an integral equation)

Ax = f
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is sought to be represented in the form
(A1 + K)x = f,
whereA; is an invertible operator with a bounded inverse & compact. Then the left regularization
(I +AMK)x = A
gives a classical equation of the second kind with compact ope&q‘tﬁ(. It is remarkable that in our

problem, the semi-inversion can be executed explicitly by use of Dixon’s resolvent, analogously to the
scalar problem (Bernard997; see alsBernard & Lyalinoy 2004).
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Demonstratiorof this fact is traditional by taking into account that the matiiXv) has the asymp-
totics (v — ico)

W) =N+ 0@, (115)

n+n"t/An—n7/4
N = ,

n—n"t/An+n""/4
sinceW,(v) = 2+ O(w™Y), W,(v) = 2 + O(v™1), by an explicit asymptotic analysis ¥, (v) and
W, (v) (see (97) and99)). The constant matriX in (115) has the eigenvalugés = y~1/2 andi, = 25
with positive real parts, provided Re> 0. This ensures the existence of the splitting into a boundedly
invertible and compact operators it09), quite analogously tBernard & Lyalinov(2004).

Before proceeding with the above, we introduce some notationr(Lgt:= coszvR(v), where

RW) = (Y, 49)x+ (), (v, 4_)x_(v))" is a 2D vector. Then the integral equation (109) can be
written as follows:

r=QR(1/2)— %Mr + 9, (116)
whereR(1/2) = (p (1/2), p—(1/2)),
T res /w0, 40P, A1) 0
- 0 —x (1_2r_)re51/2(1/’1/(v, AP, A_) ’

ry+ :=r(4+), M isa matrix integral operator
Mi11 Mz
M = ,
M21 M2

1
M11(-)=/0 Wll(r)lp(v,A+)T(T,A_)(_)d( 1 )

(1/coszv 4+ 1/cosx7) cosz T

(1/cosmv 4+ 1/cosnt) CoSz T

Mlz(-) _ /Ol le(‘L')SU(U, A+)T(‘L’, A_) ()d( 1 ) ’

YW ()P (v, A) W (2, Ay) 1
Ma2() = / (1/cosmv + 1/cosrt) )d (COSn"L’

1
M21('):/0 W21(r)5”(v,A_)Y’(r,/u)(‘)d( 1 )

(1/coszv + 1/cosrt) cosrt

and<SY is a known function depending upon the incident field. It is obvious that the upper diagonal entry
in Qis zeroifry =1 (r— = —1) and vice versa: the lower diagonal entry is zena.it= 1 (r; = —1).

n
We also assume th& = 0 providedA. = 0, (AjE = isine )
1
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It is convenient to introduce new variables= 1/coszv, y = 1/coszt. The equation is then
considered inL (0, 1) in the new variables: ib € (0,ic0), thenx e (0,1). Note that|R.(v)| <

alv|® .
L, and thereforejr] < consk@—%)/7=1]og¢(x)|, x — 0+, whereasp is chosen so
| cosv (61 — Bo)|
that

T
l<p<pii=z=—m.
R (S

Soit is reasonable to consider that L (0, 1) aswell as e Lp(0,1).
Ouraim is to extract the invertible part of the integral operator with a bounded inverse, so that the
remaining integral operator would be compact.ig(0, 1). We consider the matrix operator

dy
X+y

1
Mn() = N /0 0 (117)

We note thatM;x are‘compact perturbations’ oMy because¢he matrix operatoM — My hasthe
entries

Mik_MNik:v iak:1’27

with the kernels such that

1 1 gy p/q
/O dy /0 WWI(‘% A)¥(z, A)Vvik(T)|x:1/COS7rv,y:1/c05m — Nik[ < oo,

g 10 Ausianiun 1e B1o"sjeuInolpiojxo rewew! woij papeojumod

1 1
—+—-=1,
P q
which is a sufficient condition for the compactness of the corresponding operator (Kantorovich and

Akilov, 1982, see (12), Chapter 11, Section 3). Indeed, the latter follows from the asymptotic behaviour &
of (v, 4), v — oo, like v? for y = n/sind; > 1,(n > 0)% andWix(v) = Nix + O(1/v) as
Imv — oo and from a simple lemma:

LEMMA 1 Lety > 1 andp, q be as defined above. Then

5 5 y q p/q
/ dy(/ (:2%/) -1 d—x) <00 , & <1.
0 0

(x+y)d
Proofof the Lemma follows e.g. from a sequence of estimates

5 & y | p/a
| ;:/ dy / (Iogx) 1 dx
0 o [\logy (x+y)9
5 5y | y q p/q
= / dyy_l / (]_+ %) -1 d—‘[ .
0 0 logy (r +1)d

18 Forn =0, the equations decouple and can be studied in a simpler manner.
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LetN = [y] + 1, where [y] is the integer part of , then

s 5y | N q p/q
I </ dyy! / (1+ OgT) -1 de
0 0 logy (r + 1)

p/q
g Iy [ g [K ! [log z|9de
</ dyllogy|~Py~* / 20 0
0 0 = Ilogy (t+1)
s
<c [ dyy oyl < co.p> 1
0
O
As a result, {16) can be written in the form
1
r = QR(1/2) — =Mnr + Kr + &, (118)
T

whereK is a compact operator

M11— Mny; Mo — Mny,
K =
M21 — Mn,; Ma2 — Mn,,

o 1 T .
Anotherobservation is that the operat()r + — MN) canbe explicitly inverted (the matriN can
T

be diagonalized with the eigenvalugs = 5~1/2 and 1, = 25 having positive real parts provided
Ren > 0), and the inverse is boundedlin (0, 1). Namely, we exploit the so-called Dixon’s resolvent
(see, e.gTitchmarsh 1937).

We note that the functions froinp(0,1) on0 < x < 1 are also froni1(0, 1), and we use Dixon’s
resolvent inL1(0,1). Recall that the resolvent kerngl is known to satisfy the following equation
(Rei >0):

1 dy 1
- r,(y,z =rnix,z - —.
/0 v )x+y *.2) X+z

As a result, we obtain the following proposition:

PrRoOPOSITIONS Let Rep > 0. Then the operator in the integral equatioht1() or (L09) is a Fredholm
one (i.e. represented as a sum of boundedly invertible and compact operators).

REMARK 5 One can expect that the homogeneous equafi@B)( i.e. withS® = 0, has only trivial
solution provided Re > 0 (cf. Bernard & Lyalinoy 2004). Since the operator in (118) can be reduced
to that of the Fredholm type, we can conclude that the solutiofI8) exists and is unique inp(0, 1)

andtherefore inL1(0, 1). Indeed, if the homogeneous integral equation had a non-trivial solution, we
would construct a corresponding non-trivial solution of the original boundary-value problem, which

would contradict to the uniqueness in Propositton

. . . 1 . . .
This means, in particular, that the operatbr B), as well as(l + — MN), is boundedly invertible

T
and one can apply an appropriate numerical procedure to solve it. We can expect that such a procedure

will be convergent and stable.

TT02Z ‘2 ludy uo Areigr ‘yreg jo Alsianiun ye 610°sfeuinolplojxo-fewrewi wolj papeojumoq


http://imamat.oxfordjournals.org/

SCATTERING OF A PLANE ELECTROMAGNETIC WAVE BY A HOLLOW CIRCULAR CONE 705

5. KL and WB integrals for the potentials. Sommerfeld integral representations

As mentioned earlier, the analytic continuation of the KL integral representation for the potentials for

realk requires the use of the WB integral representation. On the other hand, this kind of representation

will enable us to study the analytic properties of the Sommerfeld tranformant in the Sommerfeld integral

representations for the potentials. The latter representations are most convenient for the evaluation of the
far-field asymptotics. So the integral representations (39) can be transformed thereby to a new form that

has certain advantages, in particular, for real wave number®. This form gives the desired ‘analytic
continuation’ of 39) valid within restrictions (40)—(42).
We exploit the functional relation betweéf, (z) andthe Bessel functiond, (see,e.g.Gradshteyn
& Ryzhik, 1980)
sinwr)K, (2) = %(exp(iwr/Z)J_v(i 2) — exp(—ivz/2)3,(i2), —-x <Argz< %

andthe evenness of the spectral functions javhich transforms the KL integral89) into those of the
so-called WB-type integrals:

. op) 2 [2 / ve mv/2 3 (kr) ( d
P e S B [ Y T v)dy
> 0j KWzl " o, v2—1/4 "kt Quj,v; (@, o,

tix Kl/z(_—lkr)

A/ —Iikr
The contourCy = (€7 0, d?c0) comprisesthe positive real axis and all the singularities of the
spectral functions located in some strip along the positive real@xjs,= (—ioco, ico), is the traditional
contour in KL integrals (39) (see alégalinov, 2004).

It is worth noting that, provided the conditiondQ)—(42) hold, the integration conto@; may
coincidewith C; > andthe representation (119) is then equivalent to KL integrals. Howevet; fer
[0, z/2), the WB integrals in (119) converge exponentially for fidadwithout the limitations 40)—
(42), in particular, for reak > 0. This follows from the asymptotics of the Bessel functidn&z) ~
(kr/2)"/I'(v +1) (v > oo, kr is fixed) and from the estimate , e.g. fpe= 1,

G, (@, 00, 1/2)] L ge@n2. (119)

ve—in’v/z

57779101 (@, w0, V) Iy (kr)| < Cexp[—|v|log|v|cosg — |v|(sing (ark — 7 /2 — ¢)
ve—1/4

+ | sing|d'(w, wo) — cosp[1 + log(Klr/2)D], j =1,

on the contourCy as|v| — oo. Similar estimates are valid foy = 2. This ensures thatl(9),
always converging fopp > 0, provides the analytic continuation of the KL integral (39). Remark that
an alternative approach for KL integrals has been considerddgg1980).

5.1 Sommerfeld integral representations
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It turns out that the Sommerfeld integral representations are well adapted for the asymptotic evaluation

of the potentials at infinity. Exploit the integral representation

. va _ a—iva
/e—lkr co&xe'—eda’ (120)
7

K, (—ikr) = >

wherey = y4 U y_ isthe double-loop Sommerfeld contour (FR).(see alsMaliuzhinets,1958).

4sinzv
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FiIG. 2. Sommerfeld double-loop contoprand the steepest descent paths.

Substituting this representation into KL integrals (39) and interchanging the order of integration
(which can be justified), we arrive at the formulae

1 1 i
Uj,vj) = ﬁZ_m/y e Cosa@uj,nj (a, 0, wp)da, (121)
where
iv2r | [ vau v (@, wo,v) @ — glve
D, .. — _ 1°Y]
UJ,UJ(anwawO) k ’/;loo U2—1/4 2 dU
. eia/Z _ e—ia/Z
+ 17 Quj o (w, wo, 1/2)f . (122)

It is obvious that, in view of the estimates (49)—(51), the Fourier-type integrals in (122) give the
representations of the analytic functions, which are regular &£8eafid b1)) in the strips

My = (o :|Real < f'(@, w0)}, | =1, (123)
1y = {a : |Rea| < O(w,w0)}, |=2. (124)

Via integration by parts, we also have

1 1 H d @ i-0j aa C(),CO
Wj,vj)) = ——=5 /e_'kr cosa __—_ (—u,, i 0)) da, (125)
Y

(—ikr)3/2 2xi da sina
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i w _ _i 2 /Vng,Uj(w,CUO,U) i gva _ g—iva g
da sina - K v2—-1/4  da 2sina Y

iR

_ d eia/2 _ e—ia/2
+i7 Qu; v; (@, @o, 1/2) R P —
= éuj ,Vj (a9 w, COO)'

Thelatter form is more convenient when studying surface waves. The Sommerfeld transfoﬁmjaﬂts
vanish exponentially like exp-(m + 3/2)|Im a]), (m > —3/2) as|Im a| — oo. Whena is real and

viewed as time, the transformants solve hyperbolic equations with appropriate boundary and initia

conditions (Smyshlyaew993).

5.2 Regularity domains for the Sommerfeld transformants

We turn to discussion of the regularity qit,j 0 (@, @, 0), Py o, (a, w, wg) andtheir analytic continu-
ations to a larger domain. We focus mainly on the casel, with j = 2 studied analogously.

Provided the spectral functiag, ,, admitsthe estimate49) in M; and(50) in M7’ from the proper-
ties of the Fourier integrals, one has tkia.twl(a, o, wg), Puy,v, (0, ®, wo) areregular inily, asf) <«
andin the strip7, 1, (¢ > 0 is small) wher®’ > r, i.e. in the strip wider thanz2. Actually, the width
of the regularity strip is specified by location of the singularitie®Qf ,, (@, ®, o), Puy .o, (¢, ©, o)
onthe real axis (Buldyrev & Lyalinoy2001). In particular, when the observation point is in the domain
M; notilluminated by the rays reflected from the cone, there are no singularities in théZstrip

Considerthe domainD¢c = {a € C : Ima < —C} for some positive constai@. (Note that for
this constant, one can get the estimate from bef®w; |Im ¢y, |, where sinty = 27, sing, = 1/@2#n),
0 <Regyy <7/2)

Let D¢ bethe domain symmetric w.r.t. the origin. We wish to prove

LEMMA 2 Letgy, (v, m, wg) satisfythe following estimate o€y for any¢ € [0, z /2] as|v| — +oo

1Guy.0, (v, @, w0)| < consté, (126)

Thenthe functiondy, ,, (a, @, wo) (<15u1,,,l (a, w, wp)) admits analytic continuation as a regular function
to the domairD = 17;, U D¢ U DE. 17

In other words, the singularities of the transformants are located in the démdn To prove this,

we turn to the representation9) and exploit the Sommerfeld integral representation for the Bessel

functions
1 . . .
J, (kr) — _/ e—lkr COSaelwr/Z—lva da, (127)
2z J,_

wherey_ is the lower loop of the contouyr (Fig. 2). Then interchange the order of integration in (119),
which can be justified. This gives

1 1
/—ikr 2iz

/ e O (4 o, wo)da, (128)

Y-

(Ui, Di)(ra w, CUO) =

1"Theestimate (126) is indeed true, which follows from the analysis of the spectral functions.
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where

i~/ 27 v »
Y/lJ].,l)]_(aa Cl), CUO) = 2 k / U2 _ 1/4gU1,1)1(Ua CU, a)o)e |V¢de
Cy

N do/2 _ gmia/2
+ ZTﬂgul,ul(w, o, 1/2)f~

The contourCy, ¢ € [0, 7/2), comprises all the singularities of the meromorphic functin,,
(v, w, wp) in the right complex half-plands can be taken real positivey € Mj. Recall that these
singularities are in a strip parallel to the real axis.

There exists a consta@, such that? (a, w, wp) is regular in the domai¢, and this holds for any
Cs, ¢ € [0, x/2) in the formula (129).

Leta € 115 N Dc. Transform the representatiob?) to the form

(129)

iv2r v i
qul,vl(as w, COO) = K / 1)2 — 1/4gul,1)1(va , wO)e Ivadl)
Cs

\/Z eia/Z _ e—ia/Z

+ TngULUl (C(), wOa 1/2) 2 > (130)

wherethe contour can be deformed int@y—_o taking into account the estimates for the integrands.

Therefore, taking into account the symmetry of the contout v U y_ in (121) (see alsol@8)), we
have

2¢U1,Ul(a9 , COO)

= Pup0. (0, @, w0) = Quy,0, (v, @, wp)€™""*dv

2i/ 21 / v
k v2—1/4
Co

eion/2 _ e—ia/2

+ (-')7[ gU]_,l)]_ (Cl), CUO) 1/2) 2

(131)

Thefunctionsdy, ,, (&, », wo) admitcontinuation as a regular function into the doméaig U Dc and
by use of the oddness @4, ,, (¢, @, wp) alsointo D = 71; U Dc U D¢.

REMARK 6 In the domainD = /7,5, U D¢, we have the representation

1
Dy, 0, (a, @, 0) = 5 Pur.og (a, w, wo)

in/ 21 v iva
= K / U2 gU]_,Ul (Ua w, wo)el dv
Cs

—1/4

\/E ei01/2 _ e—ia/2
+ 2 A Gy (@, 00,1/2) 5

5 (132)
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5.3 Diffraction coefficients for real k- O

The Sommerfeld integrals give the representations for the potentials also for positive real vddues of
which is of the main interest in electromagnetic scattering (Beretiad, 2008). Provided the obser-
vation point is in the domaiM; notilluminated by the reflected ra@(w, wp) > w, kK > 0, the real
singularities of the Sommerfeld transformants are located outside the segmemnt][ef the real axis.

We can apply the saddle-point techniquesl®l) and obtain for the spherical wave propagating from
the vertexkr — o0)

ekr 1
(u3, v} (Kr, @, wg) = Dy, v, (@, wo) kT (1+ o (E)) , (133)

2
Dul,nl(W, COO) = _\/;@ul,m (+7T; w, 600)3 or
(134)

+oo ), sinzv .
DU]_,D]_ (Cl), CUO) = _2 / z—gU]_,l)]_(a)a o, \))d]) + I gU]_,l)l(a): o, 1/2) .
i VE—1/4

The actual electromagnetic diffraction coefficients are then deduced fi@3) ¢o (134) in the same
manner as in (80)—(82). Note that, contrary 1), the expressions (133) and (134) were deduced for
positive real wave numbers.

The integral in {34) diverges forw € M; andwe need to derive alternative expressions for
the diffraction coefficients. One could use the analytic continuatio@gf,, (a, @, wg) W.r.t. a in
order to derive an expression for the diffraction coefficients, however, this will not be considered
here.

We observe that the diffraction coefficient is connected with the value of the analytic function
Dyy,01(a, ©, wo) ata = x. In the case ofv € My, this function is regular in the vicinity of . When
the observation point belongs to the domain illuminated by the rays reflected from the cone, there ar
real branch points in the striff; . andother singularities in73,,>. While deforming the Sommer-
feld contour into the steepest descent paths @BP (Fig. 2), these singularities (not shown in FR).
can be captured and therefore contribute to the asymptotics giving the reflected wave expression (t
branch points at-d’) and the surface waves (the complex singularities@i,,) (cf. Lyalinov, 2003,
2009,2010;Bernard & Lyalinoy 2001a). However, if these singularities are not in a close vicinity of _
the saddle pointsz, one can expect that the contributions from the saddle points to the high-frequency ~
(far-field) asymptotics can be isolated, although the integrals representing the diffraction Coefﬁcients§
(134) should be appropriately modified. P

g Jo Aus1anun 1e B10's[euInolpIojxo Tewew Wolj papeojuMod
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6. Numerical computation of diffraction coefficients forw € M;

In this section, we execute a numerical procedure for computation of the diffraction coefficients for
domainw € Mj. Itis similar to that reported ihyalinov & Zhu (2007) andBernardet al. (2008)) with
appropriate modifications wherever necessary.

The diffraction coefficient€y, £, definedin (37) and 80) contain the spectral functions, ,, (@,
wo, v) along the imaginary axis. The Fourier coefficients of the spectral functRns, (v, n, o), are
related to the functiong. (v), which are to be found from the integral equations (109).
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Therefore the first step consists in solving the integral equatid®¥®f. From the numerical view-
point, however, it is expedient to resolve integral equationspier introduced below. Taking into
account the evenness of both sidesldfq) and the asymptotic behaviourmf(v) as Imy — +oo:

—Imv (01—06p)

pr(v) =i"e p+(v),

we arrive at the following integral equations fer (v):
(1-B)pl =98, j=1,23, (135)
wherethe operatoB is defined as
Bp = M- diag(P(v, 44), ¥ (v, 4_))

sinz 7 dr
COStv + COSz T

% / diag(#(z, A_), ¥z, A4 )W(z)e ™ 005z
iR+
and the right-hand sides read
St = —™ =) diag(P(v, A1), ¥ (v, 4-))

. ~ sintzd
x [ diag((e, A-), V(z, 44))e" M OO FO) DT
iR+ Ccostv + COSm T

S =M O-)diag(¥(v, A4), ¥ (v, 4_)S*(v), n> 0,

S = M- diag(¥(v, 44), ¥ (v, 4-))S*(v), n <O0.

Similarly to the relation betweem. (v) andp.(v), one hag0(v) = ine™!M»(©1—0o) FO(y)),
To solve the integral equation$35) numerically, we transform the semi-infinite range of the upper
imaginary axis into a finite one via the transformation [gfalinov & Zhu, 2007)

ip | 1-xX
VvV =
0—0y 1+X’

0<x«1,

wherep is a large positive parameter, i.p.>> 1. The multiplication factop offers an additional degree
of freedom in choosing the mapping of the finite domaig & < 1 onto the positive imaginary axis in
thev-plane.

We then apply a quadrature method to the resultant equations, i.e. approximate the integrals con-
tained in the operatd and the right-hand sid8! via a Gauss—Legendre scheme\ofabscissae” (see
e.g.Presset al.,2007) to enforce the equations precisely at thdsabscissa points and then solve the
respective matrix equations by standard procedures.

After having solved the system of integral equations (135), the sought fungfioing are found
according to

p-(1/2)p5(v), n>0
pe) =pr() + 10, n=0, (136)
p+(1/2)p3 (), n<0
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The second step lies mainly in evaluating the integrals on the right-hand sid&8)fExploiting
the evenness of the integrands, the integrals can be transformed into the form

1 (1 —e277)
n(0s—0) Jr, 2+ 1/4

G(w,wo,v)e TdT, v=ir, T=(b—06)r,

wherefs = 26, — 6y — = denoteghe smallest of the singular anglé3(w, wg, v) depends upon the
spectragy, », (w, wo, v) and grows at most algebraically as— ico. The properties of the above inte-
grand make a quadrature scheme of Gauss—Laguerre typ@iesget al.,2007) the natural choice for
calculating these integrals.

In order to find the required numbét of abscissae in the Gauss—Laguerre scheme, we consider a
perfectly conducting cone since the Fourier coefficients of the spectra are then available in an explicitg
form, namely

wj (v)

Ry, (v, N, w0) = =R, N, w0), Ry, (v, N, wg) = — RD( n, wo), (137)

andas a result, the convergence study is decoupled from solving the integral equa86hs (
We then study the dependence of the radar cross segtigrfor the axial incidence, i.&p = ¢g =
0,=0

— lim (4 |r2'E‘P(“’)'2 — 4ri2E, 2 E° =E° 138
O-¢’M_r—>oo 4 IE{JT =arn |¢|’ o — " €po ( )

on the abscissae numbs&t and the co-latitud® fixing ¢ = 0. The relative deviations af, m W.r.t.
gy,40 for M = 5,10and 20 are displayed in FiguBe The accuracy increases with, but deteriorates
with 6. The latter has its origins in non-uniformity of the asymptotic diffraction coefficie€8@y, (vhich
‘blow up’ asé approaches the singular directions. Based on this siddy;: 20 has been taken as a
compromise between the accuracy and the computation time.

The choice of the abscissae numb&rthe number of modeN, resultingfrom limiting the range of
summation in the Fourier series for the spec83) to— Ny, < n < Np, and the multiplication factop
is based on a similar study. Here, the radar cross section of a semi-transparent cone-With+ i0.5
and an opening angl® = 135 with non-axial incidenceéy = 10°) is studied and the results are
shown in Figuret. We also inspect here the relative deviations of the radar cross section, as well as the=
computational cost, as a function of the above three parameters involved in the numerical solution of theNN
integral equations (135), with the radar cross sections obtained using parameters denoted as ‘Case ﬁ
(see Tablel) serving as reference values. The resfishavn in Figure4 suggest that the parameters
denoted as ‘Case 3’ (see Talilg namelyN = 100,Ny, = 50andp = 20, can be regarded as sufficient
for practical purposes; hence, they have been taken for calculating the results presented irbligdres
6 below.

After having studied the convergence behaviour numerically, we turn our attention to the radar cross
section as a function of the surface sheet impedanSeme results corresponding to the axial incidence
are given in Figuré. It is noted that the curve correspondingte- O (solid line) has been computed in

dy uo Areiqii ‘yreg Jo Ausiaaiun 1e 610°sjeuinolplojxo Tewew wolj papeo) UMOG

1

18Notethat, on both Figure8 and4, the relative error ‘drops’ for specific angles: this may be a purely numerical effect due to,
e.g. an ‘accidental’ crossing of the scalar curvesofpiy for differentM, although this has not been studied by us in detail.
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10™"
0 PEC cone (0, = 150°) at axial incidence
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Fic. 3. Relative deviations af, v as a function of the abscissae numiveand the co-latitudé for a perfectly conducting cone
at axial incidence.
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FiG. 4. Relative deviations af,, as a function of the parameteXs Ny and p and the co-latitudé for a semi-transparent cone at
non-axial incidence.

terms of the exact Fourier coefficients of the spectra given above; the respective reBaltsobiet al.
(1996) (cf. alsdBlume & Krebs,1998;Klinkenbusch 2007), have been included for comparison pur-
poses and confirm our numerical results in this case (an ideal metallic cone). With increasing magnitude
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TABL

E 1 Parameters related to Figuré'®

Case N p N Total CPU time(s)
1 20 10 25 0.83
2 50 15 35 3.37
3 100 20 50 21.76
4 150 25 70 88.50
Axial incidence. 6, = 150°
10°
- n=0.0
i o n = 0.0 (Babich et al., 1996)
bk n=0.01 g
F — — — — 1=01+i05
- -n=5
=107 /
~ = ya
) N a
= o 7
00— i
107 3 - /"/'
;'Ig"l"’\‘“T”I /7;/: | IR IR TR |
0 20 40 60 80 100
0 (degree)

FIG. 5. Normalised (w.r.tzz) radar cross-section as a function of the surface sheet impedaawe the co-latitudé@ at axial

incidence.

of 5, the cone becomes more transparent to the electromagnetic wave, weakening the intensity of th

diffracted spherical waves

ase M] and reducing the radar cross section.

In addition, the radar cross section reduces continuously towards the axis of the cofie=wiih

Such a behaviour could be physically interpreted in the following way. As implied by the Meixner-type
conditions in Sectiorl.2, no source is located at the tip of the cone. On the other hand, the diffracted
spherical waves in the far fiel@T) looks as if it originated precisely at the tip of the cone. This apparent

TT02Z ‘2 ludy uadirelgi] ‘yreg jo Alsianiun ye 610°sfeuinolplojxo-fewrewi wolj papeojumoq

contradiction can be resolved by noting that the sources of the diffracted waves are located on the
shadow boundaries of the GO, the energy hence ‘diffuses’ transversely, i.e. along the wavefronts of
spherical waves from the sources at the shadow boundaries into the domain correspondind/t

and the ‘shining tip’ is in reality, to follow Sommerfeld, ‘an optical delusion’. The fact that the shadow

boundaries coincide in the present problem with the singular directions explains the typical decrease of

the diffracted waves away

19The total CPU time was estimated using a Fortran 95 intrinsic procedure run on a notebook (Pentium 11l Mobile CUP 1066

MHz, 504 MB RAM).

from the shadow boundaries (see als6)Fig.
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(a) 0,=150°, 1 =0.1+i0.5; 0,=10°, ¢,=p=0°

(b) 8,=150°, n=0.1 +i0.5; 6,=10° o, =f=0°

180 0

FIG. 6. Normalized (w.r.t/lz) radar cross section of co- (a) and cross-polarization (b) as a function of the azimutlp amglehe
co-latituded for a semi-transparent cone at non-axial incidence.
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To gain a more complete overview of the diffraction behaviour, we display the (normalized) radar
cross sections of both co- and cross-polarization in Figwéh oy defined as

. Eg(w)|?
op = lim 471!’2M =47r/12|50|2.
00 EXE

As made clear by Figuréa, o, is smaller aty = 180 than that aip = 0°. This is to do with the
different singular angles: gt = 0°, it is equal tofs, the smallest of singular angles, whilegat= 180,
it attains its maximum value.

At p = 907, g, the ‘co-polarized’ radar cross section, disappears completely, for on this plane,
the unit vectore, coincides with the unit vectosy, of the Cartesian system, thus is perpendicular to
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€y, = €, alongwhich the electric vector of the incident wave oscillates. This fact also explainsyhy
theradar cross section of cross-polarization, attains its maximum value on this plane (éb)-ig.

7. Conclusions

In the present work, we have studied a particular physical problem: that of diffraction of an electro-
magnetic plane wave by a circular cone with thin semi-transparent walls. We exploited the techniques
recently developedgmyshlyaey1993;Babichet al.,2000;Bernard,1997;Bernard & Lyalinoy 2004;
Lyalinov, 2003) and advanced and applied them appropriately to the problem at hand. On this way, we
constructed appropriate integral representations for the classical solution of the problem and studledJ
the analytic properties of the integral transformants. We also investigated the problems for the Fourlelé
coefficients of the spectral functions and gave the integral expressions for the diffraction coefficients.g g
Furthermore, the diffraction coefficients in the domain corresponding¢oM; have been computed, §
and numerical results for the radar cross sections for both co- and cross-polarization have been pres
sented. In some sense, the present paper provides a theoretical basis for further detailed investigatioRs
of the far-field asymptotics. In particular, in our future publications, we hope to report the study of the 3
Rayleigh-type surface waves, the numerical procedure for the diffraction coefficients outside the domain_g
M3, the asymptotics of the wave field in the singular directions, as well as some other topics not fully £
discussed in the present paper.
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Appendix A. The proof of uniqueness, Ink = 0

Here, we give the proof of Propositidni.e. of the uniqueness of the classical solution for the diffraction
problem when the wave field satisfies the radiation conditiafy &nd (2).

Let Q(g,R bethe subdomain of2; betweertwo spheressg and$S; centredat the vertex of the cone,
assuming further thaR — oo andé — 0. Let Crs be the part of the conical surfac® between
these two spheres. We multiply the first Maxwell’s equationlinlfy the complex conjugate of iend
the second one by the complex conjugatetbfand then sum the resultant equations. Integrating the
resulting equality ovng’R, we obtain

k/j (|Ej|2+|Hj|2)dV—i/j ((VAEj,Hj) = (VAHj,Ej))dV =0, (139)
‘QrS,R

5,R

j = 1,2. Take the imaginary part 0l@9) and make use of the identity

2Im[i ((V AEj,Hj) = (V AHj,Ej))] =div(Ej AHj +Ej AH)),
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arriving at

/J_ div(Ej AHj + Ej AHj)dV = 0.

J,R

Applying the divergence theorem, we obtain
/ ~ ([nj,Ej AHj) + (nj,Ej AHj))dS =0,
02 r

whehrea.ngR =GCsRrU Sg u S,JQ j = 1,2,andnj is the unit normal outward te.ngR. Equivalently,
we have

Re{(/_+/_+/ )(<n,-,E,-Aﬁj>+<nj,Ej/\Hj>)ds]=o, j=12 (140)
s Jst Jor

Sumup the above equalities fgr= 1 andj = 2, exploiting then the continuity3] of n A E;j across
Cs,r andthe cyclic property of the triple scalar product. We obtain

2Re/(—9(,Ej/\ﬁj)dS+/ (Q/\Ej,ﬁj)dS—l—/
S SR

(nAE, [H]) dS] =0. (1412)
Cry

Taking into account Meixner’s conditiond@), we take the limis — 0 in (141) and then exploit
(4) toyield
(nAE,[Hllc = =nin A (M AH)), [HDIc = nin A[HIE,

After simple re-arrangements, the equality (141) readg (R®, Imk = 0)

0< Ren/ |nA[ﬁ]|2dS=—Re(/ |ﬁ|2ds+/ H, & /\E—H)dS). (142)
Cr Sr SR

Theinequality (142) implies

/ IH|?dS< —Re (/ (ﬁ,e(/\E—H)dS)
SR SR

. 1/2 1/2
g(/ |H|2dS) (/ e /\E—H|2dS) , (143)
SR SR

1/2
IH; L2(SR)Il < (/SR lee AE— HIZdS) : (144)

or equivalently

In view of the radiation condition1Q), the right-hand side inlé4) vanishes aR — oo, therefore
IIH; L2(SR)|| — 0. From @42), we hence conclude thain [H] = 0 identically onCr andhence orts.
Therefore, from the boundary conditions (4), we conclude

NAEils=0, nAEzs=0. (145)

TT02Z ‘2 ludy uo Areigr ‘yreg jo Alsianiun ye 610°sfeuinolplojxo-fewrewi wolj papeojumoq


http://imamat.oxfordjournals.org/

SCATTERING OF A PLANE ELECTROMAGNETIC WAVE BY A HOLLOW CIRCULAR CONE 719

We finally observe that the conditions (145) mean that the wave flejdslj, ] = 1,2, solve
the diffraction problem in the conical domains with perfectly conducting boundary conditions on the
surface and the radiation conditions at infinity. Such a problem is known to have only identically
zero solution (e.gJones,1997) so we conclude thd&; = 0,H; = 0, which completes the
proof. ]
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