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This paper is motivated by modeling the procedure of formation of a composite material con-
stituted of solid fibers and of a solidifying matrix. The solidification process for the matrix
depends on the temperature and on the reticulation rate which thereby influence the mechanical
properties of the matrix. The mechanical properties are described by a viscoelastic medium
equation of Kelvin—Voigt type with rapidly oscillating periodic coefficients depending on the
temperature and the reticulation rate. That is modeled as an initial boundary value problem
with time-dependent elasticity and viscosity tensors to account for the solidification, and the
mechanical and/or thermal forcing. First we prove the existence and uniqueness of the solution
for the problem and obtain a priori estimates. Then we derive the homogenized problem,
characterize its coefficients including explicit memory terms, and prove that it admits a unique
solution. Finally, we prove error bounds for the asymptotic solution, and establish some related
regularity properties of the homogenized solution.
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1. Introduction

We are motivated by modeling and analyzing the behavior of a composite material
made of solid fibers included in a resin (solidifying matrix) which becomes solid when
it is heated up (which is known as a reaction of reticulation). We formulate and
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rigorously analyze a homogenization problem for a relevant viscoelastic initial
boundary value problem with time-dependent coefficients, derive homogenized
equations and establish error bounds, executing thereby a part of the program
announced in Ref. 1. The solidification process depends on the temperature and on
the reticulation rate, described by the heat equation coupled to a kinetic equation.
For a composite material which has a periodic geometry with a small period € > 0
corresponding to the distance between neighboring fibers, a homogenization tech-
nique applied to this problem in Refs. 20 and 21 reduces it to a homogenized problem
with constant coefficients. Certain error bounds have been proved for the difference
between the exact solution and the solution of the homogenized problem. In par-
ticular, an error bound on the difference between the exact temperature T, (z, t) and
the homogenized temperature Ty(z, t) has been obtained.”®*!

In the present paper, the temperature evaluated at the first stage, as well as the
reticulation rate depending on it, are assumed to influence the mechanical properties of
the composite material. Namely, the mechanical properties are described by a vis-
coelastic medium equation (Kelvin—Voigt model) with rapidly oscillating periodic
coefficients depending on the temperature and the reticulation rate, that is, on the
solution of the above heat transfer problem.””?" Specifically, the deformation of a
viscoelastic medium under the thermal influence is described by the following problem:

AN 0 T i, b e, ouf B
p(g) T o, (Bij 8xj) dx; (Aij O A

(z,8) € 2% (0,7),  (1.1)

up (z,t) =0, (x,t) € 9Q x (0,7),

up (z,0) = u7 (z,0) =0, z €.

Here Q is the physical domain; uETE(x,t) is the unknown displacement vector field,
uf (z,t) = (uT 4 (2,1))1<k<n; 07 and @7, denote the first and the second time deriva-
tives of uETE, respectively; the summation over the repeating indices is assumed. The
volume density p(§) is a scalar function which is one-periodic. The smooth vector
function f (z, t) is given, and could describe forces due to an external mechanical loading
or to thermal effects. The linear elastic tensor AZT and the viscosity tensor ijT are
matrix-valued entities:
N Kl . K ..
AT = (Ah<rizn, B} = (Bij)1<hi<n; L,j=1,...,n,

which are functions of 7., where T (z, t) is the solution of the heat transfer problem,’

and they depend periodically on £.

The viscoelastic properties thereby depend on the temperature: for example, for
low temperatures the viscosity tensor B may play more significant role than A while
for higher temperatures this may be other way round. Hence this temperature
depending Kelvin—Voigt model simulates the thermo-chemo-viscoelastic process in a
composite material. In this model first the thermo-chemical problem®”*! should be
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solved, and then its solution is used in the viscoelastic equation (1.1). There is a high
interest in combined models of this type, see for example a recent paper” where a visco-
plastic model is considered taking into account a nonlinear hardening effect. Our
model (1.1) however takes into account the dependence of the viscoelastic properties on
the temperature.

Let us replace T. by T}, (the solution of the homogenized heat problem) in the
coefficients A;; and B;; of problem (1.1) and denote by u7, asolution of this problem.
This new problem with the unknown u7, can be regarded as a particular case of a
time-dependent problem for the Kelvin—Voigt equation. The elastic and viscous
tensors are thereby assumed to depend on the homogenized temperature 7, (and
hence on z and t) in order to reflect the partial solidification of the medium when the
temperature decreases. We will hence further consider the following viscoelasticity
initial boundary value problem with time-dependent coefficients.

O (2D 35) g (e 2) 55) = s 12

j
u® =0 on 09, (1.3)

ui:o = u\i:o =0. (1'4)

Here the linear elastic tensor A;;(z, t,£) and the viscosity tensor B;;(x,t, £) are matrix-
valued entities: Az’j(m7 2 5) = (Afjl(xv L f))lﬁk,lgm B’ij(ma 2 f) = (Bf]l(:m 2 g))lﬁkﬁlgm
which are periodic with respect to . When the point £ = z/e belongs to a fiber,
Af;(x,g 1), Bf}(x,% ,t) and p(%) are respectively the elasticity, the viscosity and the
density coefficients of the fiber, otherwise their values describe the related physical
properties of the resin. Since the temperature and the reticulation rate change with z
and t, so do A;; and B,;.

A scalar case with time-independent coefficients was studied in Ref. 13 using the
Laplace transform methods, with a “fading long-term memory effect” observed. This
effect for viscoelasticity (with time-independent coefficients) has been first discovered
by Sanchez-Palencia in Ref. 26, Chap. 6. A more detailed result involving the weak
convergence of the displacement field of a body to the displacement field of a hom-
ogenized material with fading memory has been obtained by Francfort and Suquet in
Ref. 16; moreover Ref. 16 studied also homogenization of the viscous dissipation term
in the heat equation, although the coefficients were still time-independent.

One of the aims of the present paper is to rigorously establish that the memory
effect takes in fact place in a general situation of time-dependent vector problem. In
this case the Laplace transform methods cease to be applicable, and we develop
instead a version of the method of asymptotic expansions, supplemented by its rig-
orous justification, including establishing the error bounds. Mathematically, the
memory effect is a particular example of more general “nonlocal” effects emerging
as a result of homogenization. Various aspects of the latter have been extensively
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studied and documented in the literature, see e.g. Refs. 3, 4, 6, 8—12, 15, 17, 23b,
24, 27. The present problem nevertheless, from the mathematical point of view, bears
essential specifics. Addressing those requires developing certain nontrivial modifi-
cations of both the general theory of systems of viscoelasticity type with variable
coeflicients and of the nonlocal homogenization theory with relevant novel error
bounds, addressed in this paper.

One of the main results of the paper is in establishing the structure of the
homogenized equation corresponding to (1.2). Namely, we show that under appro-
priate technical assumptions it has the following form:

P(at) — oy t) = fla 1), (1.5)
8.’172‘
where
~ o0 " ov
oi(z,t) = Bij($»t)a_xj(xat) +Aij($7t)a—xj(l“’t)
tr. 00 ~ ov

E.. n_——_ ! _ ! !, 1.6
+/0<Z](x,t,t)axl(:c,t)—i—D(:ctt)a (,t))dt (1.6)

ij» Bij;, Dij, and E;; are “homogenized”
characteristics explicitly expressible in terms of solutions of appropriate “unit cell”

Here 7 is the mean value of density p, and A,., B;;, D;

problems, see Secs. 3.1 and 3.2. In particular, the “memory” (or “nonlocal”) terms are
those containing the integro-differential operators with the kernels lA)i and E”7
explicitly given by (3.27b). The central error bounds on the difference between the
exact solution and the homogenized solution are established in Theorem 3.3.

We will adopt following notational conventions throughout the paper. In (1.2)
and, henceforth, the summation with respect to repeated indices is implied. A matrix
followed by a vector implies a standard multiplication of the matrix by a vector,
being a vector; @ = [0,1]" denotes the reference periodicity cell; C'3’(Q) stands for
the subspace of infinitely smooth functions C'*(R") whose elements are periodic with
respect to @, i.e. one-periodic with respect to each of its n variables; H #(Q) and
Li(Q) denote the closures of C'(Q) in the norms of the standard spaces H'(Q) and
L?(Q), respectively. For any functional space X, we denote the space X" by X, and
for any tensor M = M/ € M,2,,2(R) (the set of n? x n? real matrices), we denote
by Zys(u,v)q the blhnear form

T s (u, v), /Mﬁ“j g“l gvkd Vu,ve HY(Q).

Similarly, we define Z,,(u,v)q for all u,v € H;#(Q) by the same formula with
replaced by Q.

We start by analyzing the general problem (Sec. 2). Namely, we use a version of
the Galerkin’s method (see e.g. Ref. 14) to prove that for all € > 0, Eq. (1.2) together
with boundary condition (1.3) and general initial conditions specified below, admits a
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unique solution, and we obtain a priori estimates for the solution. Then, in Sec. 3, we
develop a modification of the traditional techniques of the method of asymptotic
expansions (see, e.g. Refs. 5, 7 and 26) to derive the homogenized equation and to
characterize its coefficients. Afterwards we establish that the homogenized problem
admits a unique solution v and study the convergence of the exact solution to the
approximate solution as € tends to zero, obtaining tight error bounds on the differ-
ence between them, Theorem 3.3. Finally we study related regularity properties of
the homogenized solutions (Sec. 4). We derive sufficient conditions for the regularity
for a specific case but under rather generic assumptions on the viscosity and elasticity
coefficients, allowing them to be microscopically spatially discontinuous as, for
example, in a matrix-inclusion composite. We remark in passing that error bounds for
elliptic problems with less regular coefficients have recently been obtained, see e.g.
Ref. 28.

2. Existence and Uniqueness for Original Problem

Let Q2 be a bounded domain of R" (n > 2) with a Lipschitz boundary, 7 a positive real
number, and let 2, :=Q x (0,7). Let for all4,j =1,...,nand all z € Q,£ € Q, and
t € (0,7) the tensors A;;(x,t,£) and By;(x,t,£) belong to M,, ,(R), being measurable
functions of their arguments, periodic in £&. We will set £ = 2/ for any positive £ and
will regard A;; and B;; as functions on ()., depending on € as a parameter, assuming
Ajj(z,t,€) and Byj(x,t,§) have sufficient regularity for this to make sense, as will be
specified further later in the paper. At the moment we assume that:

(H1) Foralle > 0andi,j=1,...,n, both 4;; and its time derivative Azy belong to
L>(§,; M, ,(R)). Moreover, there exists a positive constant v independent of
e, z and t, such that |4~ ) < v~ and ||Aij||Lx(QT> <v L

(H2) For all € > 0 the tensors B and B belong to L>(€2; M, 2 ¢ (R)), where
M2 2 o (R) is the set of symmetric (elasticity) tensors such that ijlv =
Bﬁclj = B and such that [|Bj|lz~,) < v~!. Additionally, B is uniformly
elliptic, i.e. for all symmetric matrices n = (nlj) € R™"_ for almost all (x,t) €
Q,andalle >0

k k Kl T\ k1 1k k
vnin; < Bjj (%t,E)Umj < v lnin;.

(H3) The Q-periodic function p belongs to L>(Q;R) and is uniformly positive, i.e.
there exists a constant p; such that

1< p(€) <py, forall € Q.

In assumptions (H1) and (H2) we employed the L>°(£2,)-norm of an n X n matrix-
valued function, which can be defined, for example, as the L>-norm on €2 for the
matrix Euclidean norm.
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We consider deformation of a viscoelastic medium with thermal effects, with
rapidly oscillating properties in €2, described by the initial boundary value problem:

z\.. O T\ Ous 0 ous\
p(2)i —8—%<Bij<$7tyg) 8—%) o <A (2:t.2) 5 ) — ft),  (2.1)
u® =0 on 09, (2.2)
u\er,:o =¥ u\izo =1 (2.3)

The following theorem establishes the existence, uniqueness and a priori estimates for

a weak solution to the above initial boundary value problem:

Theorem 2.1. Let f € L*(0,7;H1(Q)),p € H{(Q),v € L2(Q) and let assump-
tions (H1)—(H3) hold. Then, for alle > 0, problem (2.1)—(2.3) admits a unique weak
solution u® in HY(0,7; HY(Q)), and there exists a constant C; depending only on
v, T, p1, and 2 such that

llullo, = llwllperm @) + 195220 mm @) + 105 L0120
< Cy(Ifllp2omm-1(0)) + H‘PHH}](Q) + 19l (0))- (2.4)
Proof. Let us(z,t) € H'(0,7;H{()) be a weak solution of (2.1)—(2.3), i.e
ut(z,0) = p(x), z€, (2.5)

and, for any z € Hl(O 7;H{(Q)) such that z(z,7) = 0,

// <” nhe g::g + 4y ( )gi ) '38; /Qp(f)w(m - 2(z,0)dx
// “6 (@,t) - 2(z,t) + f(z,t) - 2(z ,t))dxdt:O. (2.6)

(In (2.6) and henceforth we adopt the notational convention of writing the action of

f€ Hon zc H{ as an integral of their product whenever convenient.)

In order to prove the results of the theorem we use the Galerkin’s method (see
Ref. 14, Sec. 7). We denote by (w;);cy- an orthogonal basis of H{(2), where N*
stands for set of positive integers. For any fixed m € N* we introduce an approximate
problem which consists in finding a function w;,(¢) defined by:

m

m de zxv OStSTa

where (d’,(t))1<i< satisfy the following system of ordinary differential equations: for
j=1....m

(pufn( ) )Q +IB( m( ) )Q +IA( "L( ) j)Q = (f(t)’wj)ﬂv (27)

with ,,, and 1),,, being respectively the orthogonal projections in H!(£2) of ¢ and 1) on
the finite-dimensional space Span (wy, ws, . .., w,,), with (-, -)q denoting the standard

inner product in L2(f2) (as well as the action of H~1(Q) on H{(Q)).
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Using (H3) we conclude that the matrix (\/pw;, \/pw;)1<; j<, is invertible, so the
system (2.7)—(2.8) admits a unique solution u5, in H2(0,7; H{(Q)).

We derive next a priori estimates for u, and 4,. To this end, we multiply (2.7) by
d?.(t) and sum with respect to j = 1,...,m. Thus we obtain

(Pl (t) 0, U (1)) + T g (1, (1), U () = (F (), U (8))2 — Za (i, (t), 0y () )2

Since u$, € H?(0,7; H{(Q)), we can re-express the last identity in the following form:

S (VIO ) + Taiin i) = (Fi5)a — Taluin ii)e (29)

We aim next at estimating all the terms in the right-hand side of (2.9) in terms of
T5(+, ). We first use the fact that for u € H{(Q), the assumption (H2) and the
standard Korn inequality (see e.g. Refs. 22—24) ensure the equivalence of

VI (u,u)q to the H! norm, i.e.

v 2 - 2
5”“”}15(51) < Ip(u,u)q < n’v 1||“||H3](sz)- (2.10)

Use (H1)—(H2) and the Poincaré—Friedrichs inequality for the terms on the right-
hand side of (2.9) and apply (2.10). Thus we check that there exists a constant ¢y, e.g.
c; = 4max{(1+ C(Q)?)v~1,2n*v~*} where C(2) > 0 is the constant appearing in
the Poincaré—Friedrichs inequality, such that

O (Wpiiliom ) + Zotiin s < e (Zotuiyuida + M) @11)

We deduce from (2.11) that

d - € 2 € € 2
VB Ol0) < e (Zp(uin®), uin®),, + 1FOl)- (212)
On the other hand, multiplying (2.7) by dfn(t) and summing them up for
7j=1,...,m, we obtain
(Pl (t), wm(t))a + L (U (t), wm(t))a + L a(un(t), un(t)a = (f(t), un(t))e-

By using the symmetry properties of B;; (Assumption H2), we can write the last
identity in the following form:

d

dt ((pum(t) um(t))Q + 1IB( m(t)aufn(t))ﬂ)

2
= Bl i) + 5 T (a0 w0
- IA (ufn(t)v ufn(t))ﬂ + (f(t)a ufn(t))Q

In the same manner as previously, in order to estimate the right-hand side of the last
identity via Zg(-, -)q, we use (H1) and (2.10) to justify that there exists a constant ¢,



1610 Z. Abdessamad et al.

(e.g. ¢ = max{5,3n%v =2 + (1+ C()?)r1}), such that

d

 (CIXORTRO )RS = MURORER N

< I )R + o2 (To (w8, uia®) , + 1FO v )-

Multiply then the last inequality by a real v > 0 and add it to (2.12) to arrive at

S ~ o
B < (Wi Oy + L (0, 0) 1O ). (213

where, for example, ¢c; = v+ (¢; + v¢y) and

(1) = /P () L) + 213( m (), um () + (Pt (t), up (1))
Lemma 2.1. For 0 <~ < W’ there exists a constant cy, depending only on v
and vy, such that, for 0 <t <1, the following inequality holds:

IV O o) + 3 T (001 e < (8,00 / o). @10)

Proof. By using assumptions (H1) and (H3), the Poincaré—Friedrichs inequality
and (2.10), it is easy to see that for 0 < v < v/(4p,C(R2)?) we have

S IVBEDN o) + L5005, (), wEa(0) — (o5 (1), ()l > 0.
Thus we deduce that
$,(0) > 5 VA5 () ey + 2 Ta (w5 (0) 05 (1)) (215)

Furthermore, we fix ~ in ]O’W[ in inequality (2.13) and, using (2.15), find a
constant ¢; = c3 max{ ,2} such that

dS;t( ) <o, (5,0 + 1F O 0))-

Then, by the Gronwall’s inequality (e.g. Ref. 14, Sec. B2.j), we deduce that

S.

L(t) < et (SV(O) +/0 |f(t)||%{1(mdt), t e 0,7].

Finally, comparing the last inequality with (2.15), we obtain (2.14) with e.g.
cy = 2e57, |

Now we will use inequality (2.14) to establish a priori estimates for u;,. Indeed, we
estimate the term on the left of (2.14) from below by using (2.10) and thus we check
that for all ¢ € [0, 7] we have

[l o) + el o) < Cs(||f||L2(o,T;H—1(Q)) + el o) + ||¢||L2(Q))- (2.16)
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On the other hand, by integrating (2.11) with respect to ¢ and by using (2.16), we
verify the following estimate:

sl 30y < e (113 0mmso + el + 1Wl3ee))- 217)

From estimates (2.16) and (2.17), we conclude that the sequences (u},),,en+ and
(15, men- are bounded in L°°(0,7; H{(Q)) and L2(0,7; H{(Q)) N L>®(0,7;L2(Q)),
respectively, uniformly in m (and ¢). Therefore we can extract a subsequence
(u}, 1 )m’en+ such that, when m’ — oo, we have:

uSy —ut e L0, H(Q)) and  af, —af € L2(0,7; HE(Q) N L0, 7; L)),

where — denotes the weak-star convergence. Lastly, we integrate identity (2.7) over
[0, 7] (integrating the first term once by parts in ¢) and pass to the limit as m’ — oo
using the above convergence results. So we prove that u® satisfy (2.5) and (2.6). In
the same way we pass to the limit in estimates (2.16) and (2.17) and prove that u®
satisfy the estimate (2.4) of the theorem. Thus we have proved that there exists a
function u® belonging to H!(0,7;H}(Q)) and satisfying the weak formulation of
problem (2.1) and (2.3).

In order to prove that the above solution is unique, it suffices to show that problem
(2.5) and (2.6) with f = ¢ =1 = 0 has no nontrivial solutions. To verify this, we fix
0 < s < 7 and substitute

S
/ uc(z,r)dr, when 0 <t <s,
U(;E,t) = t

0, when s <t <,

into the identity (2.6), adopting in this case the form
— /OT/quEi)dm dt + /OTIB(iLE,v)th + /OTIA(us,v)th =0, u®(z,0)=0.
After integration by parts in the first and the second terms, we obtain
S IV ()3 + /Oszg(uf,uf)dt < /0 (IZ5(u% v)al + I (v ). (218)

Now, by using (2.10), we estimate the right-hand side of (2.18) via Zp(+,)q and
obtain inequality

4n?s

1 s .
p VA Ol + (1= 257 [ Zatuuyaat <.

Finally, we choose 7 = 7 small enough so that 7; < % The latter estimate implies
that for any s in [0,7;], we have [[u®(s)||r2@) = 0. Finally, if 7y <7, we apply
repeatedly the same argument on the smaller intervals within [0, 7] to deduce that
u® =0. O



1612 Z. Abdessamad et al.

3. Asymptotic Expansion of the Solution

In this section, we consider the above model of a viscoelastic deformation of an
e-periodic composite material, treating now € as a small parameter. The functions
p(&), Ajj(x,t,&), and B;;(x,t,§) are Q-periodic with respect to ¢ (e.g. with the unit
periodicity cell @). We assume that these functions satisfy hypotheses fully analogous
to (H1)—(H3), as clarified later. We describe the asymptotic behavior of the solution
of problem (1.2)—(1.4) when ¢ is small.

According to the traditional asymptotic expansion method, a formal asymptotic
solution to the problem (2.1)—(2.3) is sought in the following two-scale form:

ut(x,t) ~ vz, t) + 5]\/'(;1;, t, g) +e%u® (:1:, t, g) + (3.1)

Here v(z,t) is the leading term, N(z,t,%) is the “corrector”’-term found from
appropriate “unit cell” problem, and N(x,t,&),u®(z,t,&) are assumed to be
@-periodic in €. Near the boundary 9€2 the asymptotic expansion (3.1) is expected to
be supplemented by a usual “boundary layer” (cf. e.g. Ref. 5, Chap. 9).

Substituting the ansatz (3.1) into (2.1) and collecting formally the terms with
equal powers of €, we obtain a sequence of initial boundary value problems which will
be stated explicitly later on. A key role in the subsequent asymptotic constructions will
be played by various versions of the following “cell” problem, which we first study here
in some generality. For any x € Q, we seek u(z, -, -) € H'(0,7;H) such that

0 ot 0 ou
- a_& (Bij(xa t7 g) a_gj) - a_é-l (Aij(xa t) 5) a_é-]) = 9(1;7 t7 f)v (32)
Here H is Hilbert space defined by
M= {u € HL(Q); (ul(&)e = 0}, (3.4)

equipped with the norm
”uHH = ||v£u||(L2(Q))n~

Henceforth, the angular brackets with subscript £ denote the mean of the appropriate
function with respect to &:

(w(®)e = /Q u(€)de. (3.5)

We will also make use of space H;&(Q) which is by definition a (dual) space of linear
continuous functionals g on HY(Q), with their values upon action on u € H(Q)
denoted (g, u). For g € H;l(Q), (9)¢ is defined as (g, 1), where 1 is the identical unity
for all the components, with the latter definition being consistent with (3.5) for more

regular g, e.g. g € L2(Q).
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Theorem 3.1. Assume that for allz € Q the functions ¢ and g belong respectively to
H and L*(0,7;H,'(Q)). Let g(x,t,-) satisfy (g)¢ = 0. Let also for any = € 0 the
straightforward modifications of assumptions (H1)—(H2) hold, namely with x
replaced by £,Q by Q, and Q. by Q, = Q X (0,7). Then the problem (3.2)—(3.3)
admits for any T a unique (weak) solution u(z,-,-) in H'(0,7;H). Moreover, there
exists a constant Cy which depends only on v and T such that, for any z in €,

[ullz< .m0 + [@llz20,r20 < Calllgllrzorm-1@) + 181l)- (3.6)

The proof of Theorem 2.1 is fully analogous to that of Theorem 1.1. Namely, for
the existence we use the Galerkin approximations techniques in H (exploiting the
invertibility of the matrix analogous in the new variables to Zz(w;,w;)), and the
uniqueness follows immediately from a straightforward modification of the Gron-
wall’s inequality. We do not reproduce the proof here.

We next study regularity properties of the solutions to the problem (3.2)—(3.3).
Mathematically, the latter is subsequently required for constructing the “higher-
order” terms in the asymptotic expansion and for eventually obtaining the error
bounds. Physically, the dependence of the viscoelastic coefficients A,; and B;; on =
and t results from the dependence of these coefficients on the temperature. Conse-
quently, the regularity of the temperature in z and ¢ studied e.g. in Ref. 7 determines
the regularity of A;; and B;; on z and ¢, which allows us to study the regularity of the
solution of problem (3.2) and (3.3). With this aim we state and proof the following
lemma.

Lemma 3.1. Let u(x,-,-) € HY(0,7;H) be the unique solution of problem (3.2)
and (3.3) and assume that A;j, B;; € CP(Q,;L>(Q)),¢ € C*(Q;H) and g€ CP
(2 HY(Q)), for some p > 1. Then we have

u, i € CP(Q5H).

Proof. The proof is by induction in p, i.e. via a version of a “bootstrap” argument.
Theorem 3.1 implies that for any z in Q there exists a unique solution u(z,-,-) in
H([0,7];H) and it satisfies (3.6). It is easy to see first that u(z,-,-) is in fact in
C([0,7];H), cf. Ref. 14, Sec. 5.9.2. For example, fixing = and introducing a small A,

t+h
/ u(x, s, -)ds
t
1/2

t+h
(/ ||a<x,s,->||%ds) h2
t

< ch? 50 ash—0

HU(Z’, t+ ha ) - ’U;(J}, t7 )HH =

H

IN

with appropriate constant c.

Let next the assumptions of the lemma hold for p = 1 and let us prove that then
u,t € C1(Q,;H). Initially we will use only the fact that ¢ € C(Q;H) and g€ C
(QHNQ)).
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For any fixed value of zin Q and for any vector h € R™ such that = + h € Q, we
have u(z + h,-,-) € C([0,7]; H). We subtract Eq. (3.2) written down for x from the
same equation with z replaced by x + h and integrate the result over @ x [0, 7]. Thus
we verify that for any z € H'(0, 7; H#(Q)), the function u” defined by

u"(t,8) = u(z + h,t,§) —u(z,t,€), (€ €[0,7]xQ

/OT /Q ) 8812: o, dedt + / / B, aig: o 92 gedt / / ededt,

h
U‘to—gﬁ

satisfies

where ¢"(z,£) = ¢(z + h,§) — ¢(z, &), and

Pt ©) = oo+ 1,09 + 5 (Ao 1t = Ayt ) 5 2+ 1,10
~alo.t.6)+ g (Bl + . = By(o.) 3¢ (0 + 0.9

From (3.6) we obtain
[u" |00 < Colll™ o + 19" 201 -1(@))-

The continuity of functions A,;, B;;, ¢, and gon ), implies that the term on the right-
hand side of the last inequality tends to zero as h vanishes, and consequently, ||u" ||y
converges to zero as h — 0 for any ¢in [0, 7]. Then, using the fact that u € C([0, 7]; H)
for any zin Q, we deduce that, for any (x,t) € Q,, the following relation holds:

||’LL($ + h7t + C» 5) - U(Jf,t,f)”ﬂ - 07 when (h7 C) - (070) in Rn+1'

So u € C(Q,;H) and now we will prove that 1 belongs to C(£,;H). To this end, we
fix (x,t) in 2, and write (3.2) in the form:

_852( (@ ,5)%) — Gla.1,9).

Here,

Gla,1,6) == (Am L6) ) Tyl t,9).

g

By using (H1) and (H2) and the Korn inequality which is valid for any «in H!(Q) we
conclude that the H-norm and /Zp(-,-)o are equivalent. Therefore, there exists a
constant ¢ depending only on v and the space dimension n, such that

[l < ellGlla-1@)



Memory Effect in Homogenization of Viscoelastic Kelvin— Voigt Model 1615

Since the last inequality holds for all (x,t) € Q., we use the same techniques as above
to prove that for small parameters (h,¢) € R"*!, such that (z + h,t+ () in Q, we
have

Hu(a: + h7t+ Ca 5) - L.L(:Ij,t, E)HH < C”g(m + hat + Cv E) - g(mata g)HH*l

Taking into account that u, g, A;;, and B,; are continuous on Q. one can show that
G belongs to C(Q,; H1(Q)) and so 4 € C’( Q.;H). Thus we have proved that for a
given g € C(Q; H1(Q)) and ¢ € C(Q;H), the function u, solution of problem (3.2)
and (3.3), and its time derivative @ both belong to C(Q,;H).

Next formally differentiate Eq. (3.2) with respect to ¢ and use the fact that func-
tions A;;, B;; € CY(Q,;L®(Q)), ¢ € CY(Q;H), and g€ C(Q;HH(Q)) to verify
that u satisfies the same type of problem as (3.2) and (3.3) with the right-hand side
belonging to C(Q,; H~(Q)) and the initial condition (0) in C(Q;H). Therefore the
above result implies that the second time derivative of u denoted i is in fact in
C(Q;H).

Now we will study the differentiability of u with respect to z. To this end, we fix a
positive integer | < n and differentiate formally Eq. (3.2) with respect to x;. As

above, we check that there exists a function @ such that @,u € C(€,;H), satisfying

the following:
T ou ou
Bi»—JrA,»»—) dédt = // zd&dt
Jo (g o) e grad

u(z,0,8) = (q: §)

. _ ) 0B i o (04, o
Wlthg = (g + 3{ (aw’] 8_5) +0_§i(011] O—g)
By using (3.6) and the same techniques as above, we check that for a small scalar
parameter ¢ and for all z € Q, we have

= @llz~ 0y < Co (T = @)(O) e + s lz20.rm-vi0 )

where u(z,t,&) = w; (e1)1<i<n is the canonical basis of R", and

0 (Bij(m+6el7t7€) — Byj(a,t,€) 0u
9%, Y 0;

gs(z) = (x + Sept, f)) gt,6)

+ 0 <Aij(x+6el’t’€) - U({E t f) Ou
0, 6 ag]

g((L‘ + 5el7ta 5) - g($5t7 6)
5 .

Then, taking into account that u and 7 belong to C(Q,;H) and using the assumption
of the lemma (for p = 1), we prove that g—gZ exists and is equal to w. Thus we have
OZ , g;‘l € C(Q,;H) and thereby complete the proof of the assertion of the lemma for
p=1.

(x + bey, t, f))




1616  Z. Abdessamad et al.

The remainder of the proof repeats the above argument with minor modifications.
Namely, assume that the statement of the lemma is valid for some positive integer
p and suppose that ¢ € CPH1(Q;H),g € CP*(Q;HY(Q)), and Ay, B;; € CP*1
(Q,;L>(Q)). Then the differentiation of (3.2) with respect to ¢ 1mphes that «
satisfies (3.2) with the right-hand side in C?(Q,; H! (Q)) Similarly, differentiating

(3.2) with respect to z;,l =1,...,n, we check that is a solution of (3.2) with the

right-hand side belonging to C’p( H-YQ)). Thus the induction assumption
implies that 4, i, ggj ,g;‘ € or(Q, ’H) and we deduce the result of the lemma for
p + 1, completing the proof. O

3.1. The main unit cell problem

Substituting the ansatz (3.1) into (2.1) and taking into account that v is indepen-
dent of &, the identification of the terms corresponding to order £~! leads to the
following equation:

0 02N ) ON
_a_&( i(@, ’5)35]315( : é)) % ( (@, 1,6 5, (x,t,g)):F(x,t,g), (3.7)

where

0 v 0 Ov
F(a,t =—2RB t t — A, t,§) —(x,1). .
(CIZ, af) agl zk(z 6) O ), (:I,‘ ) + afz 1k(x7 af) 8$k (.’13, ) (3 8)
Equation (3.7) has to be supplemented by the initial condition
N(.’B,O7€) =0, (39)

to comply with the first initial condition in (2.3). This leads to a version of the main
“unit cell” problem, typical for homogenization problems. By Theorem 3.1 its sol-
ution N(z,t,&), periodic in ¢, exists for any given v(z,t) such that dv/dz,(zx,-) €
H'(0,7) for all z € Q and k= 1,...,n. The solution N(x,t,§) exists and is unique
up to a function depending only on z and ¢ (i.e. a constant with respect to &). To
select a unique solution, we require that N has zero mean value with respect to &.
Henceforth, we apply this selection criterium whenever a boundary value problem
with periodic conditions is stated, cf. Theorem 3.1. The following lemma establishes
the structure of function N.

Lemma 3.2. The following representation holds:

t . ¢
NG t§) = [ Nt =0, 7 )i+ [ Aot =t (o

Lk Lk
(3.10)
Here ./\/kA(:v,t, $,€) and NkB(m,t, $,€) are periodic with respect to & solutions of the
following initial boundary value problems:

N,

_% (B”(.%‘ s+, 5) 86] ($7tvsa§)> _% (A”(ZE s+, f) ag\g (x7t787£)> -

(3.11)
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) N, ) NP
_8_51' (BU("E S+t 5) 86] (zvt,sv£)> _8_§z< Zj(x s+t 5) 8§j (.’E,t,s,f)) = 07
(3.12)
Nk'A(:r’7O7S?§) :gﬁ(xvsag)v Nk‘,B(J:vaS?E) :ng($7S,§). (313)
In turn, git(xz,s,€), g2 (x,5,€) solve the following cell problems:
e (Bulen O 5ol ) = S Ao (314
0 0
- ot (Bot@ 0 3o w0 ) = 5 Bules) (3.15)

Proof. We check here the “formal” part of the proof of Lemma 2.2. The existence
and uniqueness of the solutions of these boundary value problems will be established
later. From (3.10), we obtain

ON [0 ., N N
7—/0 a/\/k (35775—75,75’5)87%(33,”&
t
0 A T v / l
s [ SN

(z,t) + N (2,0, g)ﬁ(m,t). (3.16)

+Nk(m0t€)ak ) ) ) 8.73k

Substitute (3.10) and (3.16) into (3.7). Using (3.11)—(3.13) we conclude that the left-
hand side of (3.7) equals

5t (Butet01 5 oF ) o (ot) =5 (Butet 5 ol ) (et @D

Finally, using (3.14) and (3.15), we conclude that (3.17) transforms into the right-
hand side of (3.7) given by (3.8). Obviously (3.10) satisfies also (3.9). O

Notice that according to (3.15), for any fixed z and t, g],f are “standard” unit cell
solutions corresponding to the elliptic operator with coefficients B;;(x,,£) in hom-
ogenization for the “classical” elliptic operators with periodic coefficients (cf. e.g.
Refs. 5 and 29), whereas g7 does not have such a direct “standard” analogue.

Lemma 3.3. (i) Let the modification of assumptions (H1) and (H2) stated in
Theorem 3.1 hold. Then for anyk =1,...,n, Eq. (3.14) admits a unique solution such
that for all (z,t) € Q., g € H™. Moreover, there ezists a constant Cy which depends
only on v and n such that

wo + g8 lln < Cs, Y (@,t) € Q. (3.18)

lgi|
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(ii) Let p € N* and A;;, B;; € C? (2, L°(Q)). Then, for anyk=1,....,n
g e CP(Q H). (3.19)
Proof. We fix k and consider z and s as parameters, i.e. gﬁ depends only on &.
(i) Let g7 (€) be a weak solution of (3.14), i.e
0p* g 0
O B, Wk g _ [ 9"
Q o, ’ afj 3§z
Make use of the equivalence between \/Zp(-,-)o and the H-norm mentioned
before. We check that the term on the left-hand side of (3.20) is a symmetric and
positive definite bilinear form on ", while the right-hand side is a continuous linear

form on H". Thus, the Lax—Milgram lemma implies the existence and uniqueness of
the solution g# € H" of (3.20) and we obtain the following estimate:

yn < 2n0 72, (3.21)

Aydé, Y ¢e(HY(Q)" (3.20)

g

In order to study the existence of the time derivative of gf, we use the same
argument as in the proof of Lemma 3.1 to conclude that g;j € H™ exists and is bounded
in the H"-norm by a constant depending only on v. Thus we arrive at (3.18).

(ii) The proof of (3.19) is by induction in p and is similar to that in Lemma 3.1. First,
we prove that the continuity of 4;; on Q. implies the continuity, of g i inzand t. Second,
we check that if A;; € CPH(Q L>°(Q)), the function % ’“, exists in H" for all
' = (zq,...,2,,1t) € QT, and satisfies (3.20) with a right-hand sidein CP(Q,; L>(Q)).
Thus we deduce that gk € OP(,;H") and obtain (3.19). O

Remark 3.1. Since the functions gk and g¥ satisfy the equations of the same type,
(3.14) and (3.15), respectively, the results of Lemma 3.1 are equally valid for the
function gF. Likewise, the solutions of the problem (3.11)—(3.13), N'f and A%, also
exist and are as regular as the solutions of (3.14) and (3.15).

3.2. Derivation of homogenized equation

The third term of ansatz (3.1), u®(z,t,&), solves the equation which results from
equating the terms of order €° after substituting (3.1) into (2.1). This equation is of

the form
0 (2) 0 au
Here
9 ov 0N 0 v  ON
Fla,t.8) = 5 (B (x,t 5)(axj +a_§j>> * on (A (.t f)(axj +a_gj>)

+ J <A (z,1,€) N>+a <B (@,6.8) 5

ON
7%, 7, £ ) +f=pv.  (3.23)

J
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The homogenized equation for v is obtained following a standard recipe as a necessary
condition for the existence of u(®(z,t,¢) as a solution of problem (3.22) and (3.23)
with the initial condition

u®(z,0,£) = 0. (3.24)

Indeed, cf. Theorem 3.1, in order for u(® (z, ¢, £) satisfying (3.22) to exist, the function
F(x,t,£) should have zero mean value with respect to £ over Q:

(F(z,t,8))e = 0. (3.25)
Substituting (3.23) into (3.25) and using (3.10) and (3.16), we obtain:

po(x,t) — aiai(x,t) = f(x,1), (3.26)

where p = (p)¢ and

~

v . 0
oi(a,t) = By(a, ) 5—(@.8) + Ay(e,t) 5 (@)

Oz j
t .

+/ ELJ(JI,t,t/)ﬁ(JI,t/)+DU(1‘,t7t/)ﬁ
. p) p)

Zj

(x,t’)) dt'. (3.27)
L
Importantly, the homogenized relations (3.26) and (3.27) display the “memory
effect” due to the integral terms in (3.27).

In (3.27) the following notation has been adopted

. 893fl
A”(Z‘,t) = Az‘j(xvt»s) +sz(xata€)a—€k ;
‘ (3.27a)
~ dg7
By = { By, t,8) | 0l +—H—
%)/,
(here Bl-j is the “conventional” homogenized tensor for B;;, cf. Ref. 5), and
B
Ei]’(ma ta t/) = <Aik(x7 t, g) a@& (.77, t— tl, tl, €)>
3 g
2N} »
+<sz(mata€) ('“)fkat (J},t —t at 76) 57
(3.27b)
N N4
Di]'(xa t7 tl) = <Aik(x7 t7 E) % (1‘, t— tlv tlv €)>
& .
82'/\/‘.‘]4 ! /!
+<Bik(xvt7£) (‘%kat (.’E,t —t 7t ,5) f'
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The above memory terms are consistent with those derived for a particular case of
scalar problems with time-independent coefficients in e.g. Ref. 13, which are known to
be generally present, see Ref. 13, Sec. 4 for some explicit examples.

3.3. Existence and uniqueness of the homogenized solution

In this section, we study the existence and uniqueness of the homogenized solution v,
which satisfies the following problem formally derived above:

80'2' .
. (z,t) = f(x,1), Viponior = 0, v, =17, =0, (3.28)

/[3;13(.%, t) -

together with the constitutive relations (3.27) with “memory”.

Theorem 3.2. Let f € L0, H Y(Q)) such that there exists a constant 7% < T,
such that f(x,t) =0 for allt < 7*, and assume that (H1)—(H3) hold. Then problem
(3.28) admits a unique solution v € H'(0,7; H{(2)).

Proof. For any v in H'(0,7;H{(2)), we define the vectorial function h* by
+ .
) . v ~ v .
hi(x,t) = /0 (Eij(x,t,t/)a—%(%t/) + Dij(xvt,t/)a—xj(xyt/)> ', i=1,...,n,

and introduce the linear mapping £ : H'(0,7; H{(Q)) — H(0,7; H{(Q)) by the
relation £(v) = o, where ¥ satisfies the following problem:

Pi— ai (E (1) gf) ai (A (x, )%’) :f(a:,t)—i—g];f (z,t),  (3.29)

J J
=0 on 09, (3.30)
Ulizo =0, ey =0. (3.31)

We start the proof by showing that the homogenized coefficients p p7 ij» and B
satisfy the same conditions as those imposed on the coefficients p, A;;, and B;; of the
original problem. It is easily checked that p satisfies assumption (H3)
For the symmetry of BU, first we use (3.27a) to verify that BZG B,,; for all
1 <4,j,m,s <n. Second, we use the weak formulation of (3.15) (see (3.20) and

Ref. 24, p. 151) to justify that V1 <i,j,m,s <n

B} =(BEZY (g7 + D) Z{" (9P + &1))e, (3.32)
where
s _110 S 5
Zk (gj+§j-[) '_5 8—&(9]‘ +£j ps) 8£p(g] +§j ks)

Making use of the relation BjY = B in (3.32), we get EZLS =B
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Let n = (n7") € R™", such that 57 = n',. Taking (H2) into account, we obtain
from (3.32) the following inequality:

—~ms
vl < By nin < 207! (1 +n max |ngg-l")77T77T~ (3.33)

Thus, by using (3.21) in the last inequality, we prove that Eij are uniformly bounded
and uniformly elliptic. (Notice in passing that the above properties of symmetry,
uniform ellipticity and boundedness for the homogenized tensor are known to hold for
“classical” elliptic problems of linear elasticity, e.g. Ref. 5, according to which recipe
B is associated with B, as mentioned above.) Similarly, it suffices to use (3.18) in the
definitions of Aij and the time derivatives of Aij and Eij to prove that they are uni-
formly bounded on H" by a constant ¢ depending only on v. Thus we have proved that,
under the assumptions of the theorem, the homogenized coefficients satisfy assump-
tions (H1)—(H3) (although the constants in the upper bounds may not be the same).

Now we can apply Theorem 1.1 to problem (3.29)—(3.31) for v with a given v. In
particular, if f = 0, then

ol a0 rm2 ) < CillhYllz207120))-

- A B
By (3.18) the functions N1, NV £ and their time derivatives N}, , N}, are uniformly
bounded, and so the latter inequality implies that there exists a constant Cj
depending only on v, p;, 7, and  (this constant C; tends to zero when 7 — 0), such
that

9l a0 mmn2 ) < Collvllao,rmr0))- (3.34)

Let 7 = 7; > 0 be small enough for Cj to satisfy C3 < 1, implying that for any
given fthe mapping L is a contraction. Then the Banach fixed point theorem implies
that £ has a unique fixed point v = @, which is the solution of problem (3.28) on Q. .
Since for ¢ € [0, 7], we have v(t) € H} (), we can then repeat the above argument to
extend our solution to the time interval [, 27;], and so on. After a finite number of
steps we construct a solution existing on the interval [0, 7]. To prove uniqueness, it is
enough to take into account that o = v in (3.34) and deduce that for C3 < 1, the zero
function is the unique solution of problem (3.28) with f = 0. O

3.4. Justification of the asymptotics

If v solves the homogenized problem (3.28), then, by its derivation, the solvability
condition for Eq. (3.22) for u(® is satisfied. Hence there exists a solution u®(z,t, )
of (3.22).

Consider the following representation for the exact solution:

ut(z,t) = v(z,t) + €N<x, t,g) +e2u® (:1:, t, g) +ré(z,t). (3.35)

Our aim is to obtain an estimate for the “remainder” r¢(x,t) for € sufficiently small.
In order to justify the asymptotic expansion of u® we will impose additional
regularity assumptions on the viscoelastic coeflicients. Namely, we will assume that
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A;; and B;; are both smooth with respect to x and ¢, and periodic and piecewise
smooth with respect to £&. More precisely, we will assume that there exist disjoint
periodic subdomains D,, C R*,m =1,..., L, such that R* =UZ_ D, and that
each D,, is in Holder class C#(D,,) of periodic functions, with 0 < 3 < 1. We hence
require the physical characteristics of the composite media to be smooth (e.g. con-
stant) in ¢ in each subdomain D,, assumed itself having a sufficiently smooth
boundary, but possibly discontinuous across their boundaries.

Now by first assuming that v(x,t), N(z,t,¢) and u®(z,t, &) are smooth with
respect to z and ¢ in 2, and piecewise smooth with respect to &, we will prove the
convergence of u° to v when the parameter ¢ tends to zero and establish the relevant
error bounds. In the next section we will describe sufficient conditions which ensure
the validity of these assumptions on v(z,t), N(z,t,&) and u® (z,t,¢).

Theorem 3.3. We assume that:

(H4) v, v € C3(Q,);N,N € C2(Q,;K);u®, 0 € C1(Q,;K); and form =1,...,
L, we have A;j, Bij € C?(Q,;CY(D,,)), with 0 < A < 1.

i)
Then there exists a constant C independent of € such that

[u® = (v+eN)|[ (o rmyo) + 107 — (0 + €N)||L2(0.T;H5(Q)) < Cel’?,
[0 = vl L= (0.riw2(@)) + 165 = Ol Lo, rm20)) < Cel/2.
Henceforth, we denote for a fixed 0 < ( < 1

K:={ueCD,,),m=1,...,L}.

Proof. Let x.(z) be a differentiable function whose support belongs to the
e-neighborhood of the boundary of €, such that x.|opn =1, |x.] <1, and
||Eg—§;||c(9) < ¢, with a constant ¢ independent of €. (Such a “cut-off function” y,
exists, see e.g. Refs. 5 and 29.) Set

@5z, t) = v(z, ) + (1 — x.(2)) (eN(% tg) L2 (x tf))

noticing that 45 thereby satisfies the boundary condition (2.2).

By using (H4) we notice that for allm = 1,..., L we have: A;;, B;;, N, N,u®, and
u® belong to C1(Q, x D,,), hence one can use the chain rule: a%iw(:ls, x/e) =
[% w(x, &) ey + 5*1[8% w(x,§)]¢—y/e, for any of the above functions. Thus, we
substitute 7€ := u® — @5 into the original equation (2.1).

According to the derivation of the terms of expansion (3.35), the terms of the order
e~ and £° will vanish. As a result, taking into account (2.1)—(2.3), (3.28), and the
zero initial conditions for N and u(?), we obtain the following problem for #¢(z, ¢):

ze 0 T 8%5 0 x\ Ore 1 ahZ ah3
A S (A A R TR (Y g om2 on?
pi mi( (2t %) 8%) 8%( s(zt.%) axj) H Gt (330)
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7 =0 ondQ, #(z,0)=0, (3.37)
7(x,0) = e(x.(x) — 1)]\7(37,0,;) +e%(x. — 1)u®@ (x,O,g) on ). (3.38)

Here,

(A (@t g)giv(m t,€)+ B (a:,t,ﬁ)a—Z(a:,t,é)ﬂ B

J i =2

hl(x,t) = g[ 0

re[ 2 ( (o0 G .0+ Byt G (.0)) |

ot (D) 4200 a0 2))

h2(z,t) == &> [AZ-]- (az,t, g) 381;2 (x,t,€) + B;; (

z

f) ou 2

z

@9

and

hi(z,t) = —Aij(x,t,f) 0 [Xg(x)(aN—l—52u(2>)(x,t,§)}

3 ax]

- By (:1:, t, g) % [Xe(x)(sN + £24,2) (a:, t,g)]

Now, using (H4), we establish the following estimate:
||h;||L2(0,T;L2(Q)) + th'le(O,‘r;Lz(Q)) < ce, (339)

with ¢ denoting, henceforth, a constant whose precise value is insignificant and may
change from line to line.

Further, taking into account the above described properties of y., we obtain (cf.
e.g. Refs. 5 and 29)

B3N 20,y < e, [1F€(0) lmrq) + I1F5(0)]n2 (o) < ce. (3.40)
0

Thus, applying Theorem 2.1 to problem (3.36)—(3.38) and using estimates (3.39)
and (3.40), we obtain the following inequality:

17z~ orenyion) + 17 oo rme) + 17z < et
Finally, we take into account that
|35 = (v +eN) ||~ ormiq) + 1u2 = (0 + Nl 20 a0y < e/
and
185 — vll e o,rm2) + 1 — Dl e o rme) < ce

to arrive at the claimed estimates. O
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4. Sufficient Condition for Regularity

In this section, we study the regularity properties of the terms of asymptotic
expansion (3.1). In particular, we are interested in sufficient conditions for v to satisfy
the assumptions of Theorem 3.3 above. The appearance of a long memory “integral
term” in the homogenized equations (3.26) and (3.27) presents additional technical
complications for the study of the regularity of v, N, and ©®. To simplify the mat-
ters, we prove here that the required regularity holds at least in a particular case. We
expect that, essentially, the following argument can be adjusted to the general case,
at the expense of conceptually rather straightforward although technically involved
modifications. Namely, we consider the case when the elastic and viscous charac-

teristics are proportional, i.e. there exists a constant x > 0 such that
A;; = kB ,j=1,...,n. (4.1)

1] ijs

In this case (2.1) takes the form

p(g)if - 81 (B (x t, )aij (W° + Ku® )) = f(z,1).

Moreover, the main corrector of the asymptotic expansion (3.1) is in this case given
by

t
NGt = [ e lat! 5 0ok wo)at) .

where, for any z in Q, the function g(z,-,-) € H'(0,7; H") satisfies the equation

_ 8752 (Bij(%t,f) 8@) =0 Bj.(x,t,€). (4.2)

The latter can be verified by direct inspection of (3.7)—(3.9) when (4.1) is held.
Combined with expressions (3.27a) and (3.27b) for the homogenized coefficients
A, B;;, Dy, and E”, the latter formulae imply via (3.11)—(3.15):

Z]? L]7 1]7
N L dg; . ~
Bjj=r lAz‘j = <Bij + Bikaﬁi> » Bij=D;;=0.

Substituting these into (3.26) and (3.27), we conclude that the homogenized
equation takes the form

Doz, t) — ai (B (2,t) ai (v—i-m))) = f(a, 1), (4.3)

J

with the memory term vanishing. (Remind in passing that the memory term does not
generally vanish, see Ref. 13, Sec. 4.)

Lemma 4.1. Let m € N* such that m > %, and let €2 be an open bounded set of R"
with C*"*2 boundary. Assume that By € C™1(Q;L>(Q)) and f*) € L2(0,;
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H2m=26(0)), k= 0,...,m (here f* is the k-th time derivative of f), such that there
exists a constant T° < T, such that f(x,t) =0 for allt < 7*. Then

v, € C™BI(Q,).

Proof. Let vbe a solution of (4.3) supplemented by boundary and initial conditions
as in (3.28). By Theorem 3.2, v exists and is unique in H'(0, 7; H{(Q2)). Throughout
the proof we will use the following notation: v := v 4+ kv and f’ := f+ kpv. Thus v
satisfies

. 0 [+ 00 =
si— (B, M) =F, =0, z€dQ, @ =0. 4.4
The lemma is known to hold in the case when the coefficients R-j are independent
of time (see e.g. Ref. 14).
We will use the Galerkin’s method. Let B;; € C™*!(€,) and f<k) cL?
(0,7, H2™=26(Q)), k = 0, ..., m. We will then show that

o™ e L2(0,7; H?™272%(Q)), k=0,...,m+1, (4.5)
and there exists a constant C depending only on m, 7, €2, and v, such that
m+1 m (k)
S 8P 2o rsprzma-2ray) < C Y NF Y pa(o.rserzn-2))- (4.6)
k=0 k=0

First, notice that Lemma 3.3 implies that if B;; € C m+1(Q Q) then the function
gy, solving (4.2) belongs to C™+1((2,), thus we have B;; € C"*+1(Q,).

(i) Let f € L2(0,7;L%(Q)) and B;; € C'(£,), and let us prove that (4.5) and (4.6)
hold for m = 0. Let ¥ € L2(0,7; H{(Q2)) N C(]0, 7]; L2(2)) be a weak solution of (4.4),

ie.

(@37 z)o +I§(5a z)q = (f, z)q, V2 € H(l)(Q) in D'(0,7) and 9(0) = 0. (4.7)

Hence o € HY(0,7; H}(Q)) and also f € L2(0,7; L2()).
Thus, by using (H1), we prove that for all integer p > 1 there exists a unique

function:
P
() =Y dy(tywi(z) € H'(0,7; Hy(R)),
i=1
solving the approximate Galerkin’s problem: for j=1,...,p,

(/ﬁ ép(t)ij)ﬂ +I§(7~}p(t)awj)9 = (f(t),wj)ﬂ in D/(O,T) and T}p(o) =0. (48)

Here (w;);>0 is an orthogonal basis of H(€2).
Multiplying (4.8) by df; and summing over j = 1,...,p, we obtain

(/ﬁ{}pa ép)&l +I§(/Dp7 {.}p)ﬂ = (fa ’i}p)Q-
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Then, by using (2.10) and Gronwall’s lemma (cf. proof of Theorem 2.1), we deduce
that there exists a constant ¢ which depends only on v, 7, p;, and €2, such that
101l L0110y + 19, |20 1200 < el fllrz0r12(0))- (4.9)

The last estimate allows us to pass to the limit as p — oo in a standard way and to
check that &€ L>(0,7;HY(Q)), v € L2(0,7;L2(Q)) and satisfy (4.7). Thus, for
almost all ¢ € [0,7] we have f(t) — pi(t) € L2(R) and according to an elliptic regu-
larity result (Ref. 14, Sec. 6.3.2, Theorem 4), we obtain from (4.7)

lllE20) < el ez + 10lle@ + 19l (@)-
Finally, we integrate the last inequality over [0, 7] and employ (4.9) to obtain
190 22 0.msm20)) + N0llz20,r200)) < CIFlp20.mm2@))s

which completes the proof of (4.5) and (4.6) for m = 0.
_ (i) Assume that (4.5) and (4.6) are valid for m >0 and let Bj; € Ccm2(Q,),
f(k) € L2(0,7; H?>"+272k(Q)), k= 0,...,m + 1. Differentiate (4.7) with respect to ¢
and then check that v satisfies (4.7) with the right-hand side defined by:

_ 0 (4 00

F=f+nrpv+—/By—).

f+npv+axi ( i 8@)
Relations (4.5) and (4.6) of order m imply that for £k =0,...,m + 1, the function
7® belongs to L2(0,r; H2m+2-25(Q)). Then, we deduce that F* belongs to L?
(0, 7; H2m=2k(Q)), k = 0, ..., m. Further, from (4.4) at t = 0, we deduce that 7(0) = 0.
Thus by applying the induction assumption we get

o™ e L2(0,7; H>™H2%(Q)), k=1,...,m+2.

Taking into account (4.6), we obtain

m+2 m+1

~ 7(k
S 158 2o ey < €D MFD 2o rmmer-may)- (4.10)
k=1 k=0

According to (Ref. 14, Sec. 6.3.2), we have
0l zma) < eIl f lzmeaio) + ||§||H27n+2(9) + H77||i2(9))-

Finally, we integrate the last inequality over [0, 7] and use (4.10) to assert the fol-
lowing estimate:

m+2 m+1

~ 7(k
S 158 2o ey < €D NFD | 2(ormmer-m(ay)-
k=0 k=0

Thus (4.5) and (4.6) are proved. Finally, we use these results to prove the lemma.
Indeed, since Eq. (4.3) is accompanied by trivial initial conditions (v(0) = ©(0) = 0),
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we have 9(0) = 0. It results from (4.5) and (4.6) that under the assumptions of the
lemma we have

v, 0 € H™(0, 7, H*™2(Q)),
and therefore we deduce the assertion of the lemma by the Sobolev embedding. O

Remark 4.1. Lemma 4.1 gives the following condition for the inclusions v, ¥ €
C3(€2,) which are assumed in (H4): relations (4.1) and inclusions A,;, B;; € C#+4
(2, L>(Q)), and for all k=0,1,2,3, f* € L2(0,7; H~2#(Q2)). Henceforth, we
assume that these inclusions are valid.

Lemma 4.2. Let D,, CR",m =1,..., L be disjoint periodic subdomains such that
each D,, is of class C1P with 0 < 3 <1 and R™ = UL_,D,.. We also assume that
B,;(z,t,€) are one-periodic with respect to &, such that B;; € C*(Q,;C%(D,,)),0 <
A<1lm=1,...,L. Then

N,N € C*(Q;K), u®,a® e C(Q,;:K).

Proof. By taking account of (4.1) in (3.7) we check that for all (z,t) € Q. the
function N € H#(Q) satisfies the following equation

— % (Bl-j(x,t, &) % (N + mN)) = % (Bij(x, t, 5)% (0+ m))). (4.11)
Let D C R" be a bounded subdomain such that @ € D. By the periodicity property of
N and Bj;, we can study (4.11) in D.

By assumption, for all (z,t) in Q. we have Bj(xz,t,-) € C'D,,),m=1,...,L.
Then according to Ref. 19 (see also Ref. 25) we conclude that for all (z,t) € Q,
for any 6 > 0 and for all 0 < A\; < rr.lin{)\,ﬁ}, multiplying N + &N by e (="
and integrating in 7, we have: N, N € C'"(D,, N Ds),m =1,..., L, where Ds =
{£ € D; dist(§,0D) > 6}. In particular, VN and VEN are bounded.

Let us recall that the earlier assumption B;; € CHEH+(Q; L>(Q)) implies that N,
N e C*(Q,; H(Q)) (see Lemma 3.1). Thus we use the continuity of B;; on z and ¢
with respect to the C%*(D,,)-norm and that v, v € C'(£,), and we employ the same
techniques as in the proof of Lemma 3.1 to prove that N, N € C(Q.; 0N (D,, N Dy))
and that VN, VN € C(Q,; L™(Dy)).

Similarly, we differentiate separately (4.11) with respect to zand t and we use that
By; € C1(Q,;C%\(D,,)) to check that there exists a constant 0 < Ay < 1, such that
N,N,,N, belong to C(Q,;C'(D,, NDy)) and that VN, V. N,, VN, belong to
C(Q,; L*(Dy)), having denoted for brevity V,N by N,.

In the same way, by differentiating separately (4.11) two times with respect to ¢
and z and using that B;; € C?(Q,;C%(D,,)) we check that there exists a constant
0 < A3 < 1, such that the third time derivative N® of N and N,,, N,, belong to
C(Q,;C(D,, N Dy)) form =1,..., L, and that V.N®), V.N,,, V¢ N,, belong to
(0,5 L=(Dy)).
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Thus we fix § so that Q C Ds. We deduce from the results above that N, N
C*(Q,;C¥(D,,)) for all m=1,...,L, and that VN, VgN € C%(Q,; L>(Dy)),
(here v = minj ;<3 \;).

Now we will similarly study the problem of u(?) in Dy that will be denoted by D'.
To be done, we use (4.1) to check that (3.22) changes to

0 0 a8,
B . — (@ (2) — YOi
o, (sz(m,t, £) 7€, (u® + ku )) R(z,t,&) + 2%, (z,t,€) (4.12)

with

d o ON d dv  ON

— B =+ A== s
and
ON ON

We use the assumptions of the lemma and the above results concerning N to check
that R € C1(Q,; L>(D’)) and S € C1(Q,;C%(D,,)),m =1,...,p, with 0 < ¢ < 1.
First, we use Ref. 19 in (4.12) and the continuity of the right-hand side of (4.12) with
respect to z and ¢ to conclude that there exists a constant 0 < A\, < 1, such that for all
6>0,u?u® e C(Q,;CM(D,, NDf)),m=1,...,p, and that Vu®, V.a? €
C(Q,; L>(Dj)). Second, we differentiate separately (4.12) with respect to z and ¢,
and we use the same argument as above to conclude that for allm =1,..., p;u (zz),
at? i® e C(Q,;C(D,, N D})),0 < As <1, and that for all §>0 we have:
Veul, Veal? Vi e C(Q,; Lo(DY)).

Finally it is enough to choose a suitable § so that D contains @ and we define
¢ = min{y, \y, A5} to obtain the result of the lemma. O

We thereby conclude that under assumptions of Lemmas 4.1 and 4.2, the pro-
portionality condition (4.1) is sufficient to justify the validity of the assumptions
made in Theorem 3.3 and consequently it ensures the results of Theorem 3.3. Note
finally that in (H4) we require that Bj; belong to C2(€,; C*(D,,)), ensuring
B;; € CYQ, x D,,).
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