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Illustrating the two-phase method

Example 1 We use the two-phase method to solve the linear programming problem

MATIMISE z2=3x1 + X2

subject to x4 +x2+51=26
4:1:1—1112—52:8 (1)

21 + %3 =8

Z1,T2,51,52 = 0.

In Phase I we solve the quziliary linear programming problem

?

mazimise 2= —u1 — U2
subject to i1+ x2+s1 = 6
4.’L']_ — 9 — SS9+ Uy = 8

271 + T3 + U2 8

Z1, T2, 51,52, U1, uz > 0.

to obtain a basic feasible solution to the original problem, (1). In Phase II we solve the
original problem.

We use {s1,u1,u2} as our initial basis with basic feasible solution s1 =6, u; =8 and ug =8
with the remaining variables set to zero. To proceed, we want to write our objective function
2 as a function of the non-basic variables. To do this note that we have

4x1 —T2 — 82+ ur = 8 (2)
201 + o +uy = 8 (3)
72+ u+ug = 0 (4)

so that subtraction of each row containing an artificial variable, from the 2’ row will eliminate
the artificial variables from this equation, that is we perform (4) - (3) - (2) to obtain

Z —6x;+s9g = —16.

Note that our original objective function z = 3z1 + T2 does not contain any of the basis
variables, {s1,u1,us}, so we have z — 3z, —z2 = 0. We are ready to commence Phase I.

Phase I

We create the initial simplex tableau.

T1 ZI z I Iy S1 82 U1 U2
s [0|0] gl 1 0 0 0] 6 k) s b
ur | 00 41 0 -1 1 0 8 P\’X" b
- Y. u | 0]0] 231 0 0 0 1 8 S
onsw\&s:m‘{ {Tr[o[1[-3 -1 0 0 0 0 0 % 2-3%, -2, = O
. !1""3” 1 T 1[0 =6 0 0 1 0 0]-16 7 o -bx+s,=-!b

B

2y
-

”3 We proceed as usual for the simpler method using 2’ as the objective but performing row
operations on the row labelled IT which corresponds to the objective function z to ensure that
it is always expressed as a function of non-basic variables only. From the bottom row, we see
that introducing z, into the basis will increase 2’ and 61 = min{6, 8/4,8/2} = 2 so that we
push out uy. We perform row operations on T to wntroduce x1 into the basis, obtaining the
tableau Ty
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LN R Y

Tg z zZ | I T2 51 S22 U1 Uz

s [0]0[ 0 5/4 1 1/4 - 0] 4

n| ool 1 —1/4 0o -14 — of 2

wl|olo] o 372 o 12 - 1| 4
Foctim. 2 oo ,,\\.Awg( - IT[0[1] 0 —7/4 0 —3/4 — 0] 6
I e Yo, vario Ve T 1[0 0 =32 0 —1/2 0] 4

Note that we do not calculate the values corresponding to ui as we do not intend to reintroduce
this variable. We now remove uz and can introduce either xa or sz. We introduce x2 and,
performing row operations on Tz, obtain the tableau Tj.

T3 z zZ | T To S1 S2 Uy U2 | ‘\\

51| 0]0] 0 0 1 —1/6 — —| 2/3 q <O awanb b‘é\"‘(
z1| 0|0 1 0 0 -1/6 - - 8/3

| o0lo] o 1 0 1/3 — —| 83

IT| 01 0 0o 0 -1/6 — —|32/3

rf\ 110 0o 0 0 0o - - 0 ¢

We have now moved u, and uy out of the basis. We have 2’ = 0 and have a basic feasible
solution (x1,2,51,52)T = (8/3,8/3,2/3,0)T .}

Phase IT

We can reduce T3 to remove reference to the Phase I variables.

T - . an!
T - ('&"*'-;G%' E\’L“'E‘\z T3 |z |51 T2 51 59
] s55(0] 0 0 1 —i/6] 2/3
AW \W PP Ls ) M2 slo] 1 0 o -1/6| 83
22 |0 0 1 0 1/3| 8/3
CATUL SownorY [T 0 0 0 —1/6]32/3
e

) Introducing sp into the basis will improve the objective. We remove zy from the basis to

obtain the tableau Ty.

N&';.-_ 1 Ao:“ \w‘ Ty | 2 | 1 Iz 81 82
ss]0] 0 )2 1 0] 2
s o Ve i ér wdw gz l0| 1 12 0 of 4
ME D s2]0] 0 3 0o 1| 8
) S, 1| 0o 1/2 0 0|12

Aok Y

Reading the bottom row we have z = 12 — %mg. The basic feasible solution (x1,x2, 81, 82)T =
(4,0,2,8)T is optimal with z = 12,

11t can be readily checked that we have not made a mistake in our algebra by checking that (1) is satisfied
at this solution: % + % +% =6, 4% - % = 8 and 2% + % =8. Also z = 3% +% = % which verifies our final
equation. ’



