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Illustrating the two-phase method

Example 1 We use the two-phase method to solve the linear programming problem

mazimise z = 311 + 2
J L i O subject to x1+x2+51 =26 ()\Ow PA L \‘_ Sme)\ ww)\
pj_"" Y~ O =1 4z —Tg — 859 =8

2100 i +2=8  oh uren c 4_5

Z1,%2,51,52 > 0.

In Phase I we solve the auziliary linear programming problem
_ P ! — .
| maaj‘zmzse Z' = —u1 — U2 g oV : NXV\XW L 3 w\% . .\\,s
[ 0 0O O subject to 1+ T2 + 81 6 e
Y-t0o~ t ©O 4z) —x2 —s2+ur = 8 (o\rwm.

-+
21 +x2+us = 8 [
11000 | 21,59, 51,80, u1,u3 2 0. = (x.,xL,S,,Sl,\A,,U\l\

to obtain a basic feasible solution to the original problem, (1). In Phase II we solve the
original problem.

We use {s1,u1,us} as our initial basis with basic feasible solution s1 =6, u1 =8 and up = 8
with the remaining variables set to zero. To proceed, we want to write our objective function
2’ as a function of the non-basic variables. To do this note that we have

dzy — X9 — 8o+ u1 = 8 (2)
2z1 + 22 +uy = 8 (3)
Z4+ur+uy = 0 (4)

so that subtraction of each row containing an artificial variable, from the 2’ row will eliminate
the artificial variables from this equation, that is we perform (4) - (3) - (2) to obtain

2 —6xy+sy = —16.

Note that our original objective function z = 3z1 + x2 does not contain any of the basis
variables, {s1,u1,u2}, so we have z — 3x1 — x2 = 0. We are ready to commence Phase 1.

Phase I

We create the inttial simplex tableau.

Ty | 2"z | ¢ =z s1 sz wur ug
sy | 00 1ty 1 1 0 0 0 6 \Y\.\\;\m\ bo\'jk.;\ \'b
(:Iz.]—l 0 -1 1 0 8
U1 0 0 ] h‘ 1; - b
up | 010 20y} 1 0 0 0 1 8 - = =
WA 5\,‘,}% MH 0TI =3 -1T 0 0 0 0] 0 33-3x,-%,20
ﬂm,, 1{0[=6 0 0 T 0 0[-16 ¥a'-bx +sy=-1b

We pmz,end as usual for the simplez method using 2’ as the objective but performing row
operations on the row labelled I1 which corresponds to the objective function z to ensure that
it is always expressed as a function of non-basic variables only. From the boltom row, we see
that introducing &, into the basis will increase 2/ and 6, = min{6,8/4.8/2} = 2 so that we
push out ur. We perform row operations on Ty to introduce x1 into the basis, obtaining the
tablean T,
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T2 Z' z 1 xIo S1 89 Ul Ug
s1| 00 0 5/4 1 1/4 - 0 4
z1 | 0|0 1 —-1/4 0 -1/4 - 0 2
us | 010 0 3/2 0 1/2 - 1 4
<« II| 0|1 0 -7/4 0 -3/4 - 0 6
Iftjol 0o =32 0 -1/2 - 0| —4

not calculate the values corresponding to uy as we do not intend to reintroduce

this variable. We now remove us and can introduce either xo or s3. We introduce xo and,

performing row

operations on Ty, obtain the tableau T3.

| 2| z|xzy =22 s Sy UL Ug

s1]0]0] 0 0 1 —-1/6 — —| 2/3 wed+'=0.

| 0l0] 1 0 o0 -1/6 — —| 8/3 AL *
zlolol o 1 o 13 - -—| 83 SoweN !
II[o0|1] 0 0 o0 —-1/6 — —|32/3 / AR LIAT

IT1]/o] 0 o0 o 0 - - o0&

We have now moved u1 and ugy out of the basis. We have 2z’ = 0 and have a basic feasible

solution (x1,x2,51,52)T = (8/3,8/3,2/3,0)

Phase II

KEY POINT ¢ (AR (hHEQLL THIS
— e ——

e

-

We can reduce T to remove reference to the Phase I variables.

3- (=26 8'0)2n

ARG T BRSIS Tsum M),

Introducing s, into the basis will improve the objective.

-\ =
: ;b‘l \2 Ts |z | 21 =z s1 S92 _,:\l=l2 Q_E,P[ESU"\‘@ ﬁz
510 0 0 1 -—1/6| 2/3 N ‘+ ({N xye Q."\z R OE!
|0l 1 0 0 -1/6| 8/3 e L= !
2 [0] 0 1 0 1/3g| 8/3 N gras L&, X *15-
1] 0 0 0 -1/6]32/3

We remove xzo from the basis to

obtain the tableau Ty.

MNOTE T WO0W0 RS pn RAVED

z 1 T2 S1  S2
. P EPRUEL HROT s1/0] 0 1/2 1 0| 2
el bmegffr sy T . z |0 1 1/2 0 0| 4
AR £ s2{0/ 0 3 0 1] 8
1[0 172 0 o012

T4

Reading the bottom row we have z =12 — %zz. The basic feasible solution (1,2, 51,82)T =
(4,0,2,8)T is optimal with z = 12.

11t can be readily checked that we have not made a mistake in our algebra by checking that (1) is satisfied
at this solution: % + % + % =6, 4% - % =8 and 2% + g— = 8. Also z = 3% + % = :"3—2 which verifies our final

equation.



