
Example of the two-phase artificial variables method; ques-
tion 4 of Question Sheet Six

We begin by adding in relevant slack variables:

maximise 2x1 + x2 + 3x3

subject to x1 − 3x2 + 1
2x3 = 6

−x1 + 8x2 + 1
2x3 + s1 = 4

−3x1 + 4x2 + 1
2x3 − s2 = 1

x1, x2, x3, s1, s2 ≥ 0.

Then the first and third equations also require an artificial variable, and our first phase is
to maximise z′ = −u1 − u2.

T1 z′ z x1 x2 x3 s1 s2 u1 u2

u1 0 0 1 −3 1
2 [12]

0 0 1 0 6
s1 0 0 −1 8[ 12 ]

1
2 [8]

1 0 0 0 4
u2 0 0 −3 4[ 14 ]

1
2 [2]

0 −1 0 1 1
II 0 1 −2 −1 −3 0 0 0 0 0
I 1 0 2 −1 −1 0 1 0 0 −7

We should introduce x3 for u2. The new tableau is:

T2 z′ z x1 x2 x3 s1 s2 u1 u2

u1 0 0 4[ 54 ] −7 0 0 1[5] 1 − 5
s1 0 0 2[ 32 ] 4 0 1 1[3] 0 − 3
x3 0 0 −6 8 1 0 −2 0 − 2
II 0 1 −20 23 0 0 −6 0 − 6
I 1 0 −4 7 0 0 −1 0 − −5

The next step is to introduce x1 for u1. This gives tableau T3.

T3 z′ z x1 x2 x3 s1 s2 u1 u2

x1 0 0 1 − 7
4 0 0 1

4 [5]
− − 5

4

s1 0 0 0 15
2 [ 1

15 ]
0 1 1

2 [1]
− − 1

2

x3 0 0 0 − 5
2 1 0 − 1

2 − − 19
2

II 0 1 0 −12 0 0 −1 − − 31
I 1 0 0 0 0 0 0 − − 0

The first phase is complete, we have a basic feasible solution to the new problem, and so we
enter phase II and drop the artificial variables. The next step is to introduce s2 for s1.

T4 z x1 x2 x3 s1 s2

x1 0 1 − 11
2 0 − 1

2 0 1
s2 0 0 15 0 2 1 1
x3 0 0 5 1 1 0 10

1 0 3 0 2 0 32

Every entry in the final row is positive, so this is an optimal solution, and corresponds to
the solution x1 = 1, x2 = 0, x3 = 10 (and s1 = 0, s2 = 1), and z = 32.
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