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Introduction

In this course, we shall be interested in modelling some stochastic system by a random

quantity X with outcomes x € €2, where €2 denotes the sample, or outcome, space.

If Q is finite (or countable) then X is DISCRETE and we write P(X = x) to denote the
probability that the random quantity X is equal to the outcome z. Some examples of discrete

random quantities are as follows.

Example 1 Bernoulli: takes only two values: 0 and 1, so Q = {0,1} and
P(X=z) = p"(1-p'™"

Example 2 Geometric: series of independent trials, each trial is a “success” with probability
p and X measures the total number of trials up to and including the first success. Thus,

Q={1,2,...} and
P(X =xz) = p(l-p*

Example 3 Binomial: n independent trials, each trial is either a “success” with probability
p or a “failure” with probability 1 — p. X measures the total number of successes, so ) =

{0,1,...,n} and
P(X =xz) = ( Z )pz(l —p)" "

The random quantity X is CONTINUQUS if it can take any value in some (finite or infinite)
interval of real numbers. We denote its probability density function (pdf) by f(x). Some

examples of continuous random quantities are as follows.

Example 4 Uniform: Q = [a,b], with a <b. This distribution may be thought of as a model

for choosing a number at random between a and b. The pdf is given by

1
{ —a a<z<b,

0 otherwise.



Example 5 Ezponential: often used to model lifetimes or waiting times. 2 = [0, 00) with

0 otherwise.

flz) = {)\exp()\z) x>0,

Example 6 Normal: plays a central role in statistics, also known as the Gaussian distribu-

tion. ) = (—o00,00) and

1@ = s en{-ge—

Each of these examples denotes a FAMILY OF DISTRIBUTIONS, varying in scale/location/

shape. The family is indexed by some parameter 8 € ©; § may be univariate or multivariate.

e The Bernoulli and Geometric, Examples 1 and 2, are both indexed by the parameter
pe(0,1).

e The Binomial, Example 3, has two parameters: p € (0,1) and n, the sample size which

is a positive integer. In most cases, n is known.
e In Example 4, the Uniform has two parameters a and b where a < b are real numbers.
e The Exponential, Example 5, has a single parameter, A € (0, 00).

e Finally, in Example 6, the Normal has two: u € (—o0,00) and o2 € (0, 0).

We could choose to make this “family behaviour” explicit by writing Py(X = x) or P(X =
x| 0) for discrete distributions and fy(x) and f(x | #) in the continuous setting. In this course,
we shall use the second of these two conventions. This choice also avoids confusion when we

wish to make the random quantity over which the distribution is specified explicit.

Example 7 If X ~ N(u,0?) then X = 0Z + p where Z ~ N(0,1) and we write

Fx(elpo®) = = fa(254)

where

1 22
fz(z) = mexp{;}.
Often # may be unknown and learning about it, that is making INFERENCES about it, is
the key issue. The course begins by discussing how we can estimate € based upon a sample
x1,...,&, of observations believed to come from the underlying distribution f(x|6). That
is, we are interested in PARAMETRIC INFERENCE assuming a known particular family.



Chapter 1

Point Estimation

1.1 Introduction

Let X1,..., X, be independent and identically distributed random quantities. Each X; has
probability density function fx,(z|6) = f(x]|0) if continuous and probability mass function

P(X; = z|0) if discrete, where § € O is a parameter indexing a family of distributions.

Example 8 We are interested in whether a coin is fair. If we judge tossing a head to be a
success then each toss of the coin constitutes a Bernoulli trial with parameter p unknown.

The coin is fair if p equals one half.

We take a sample of observations x1,...,z, where each z; € € and our aim is to determine

from this data a number that can be taken to be an estimate of 6.

1.2 Estimators and estimates

It is important to distinguish between the method or rule of estimation, which is the ESTI-
MATOR, and the value to which it gives rise to in a particular case, the ESTIMATE.

Example 9 Recall Example 8. The parameter p is the probability of tossing a head on a

single toss. Suppose we observe n tosses, so X1 = x1, ..., X, = T, where
1 if ith toss is a head,
€XTs =
‘ 0 if ith toss is a tail.

The observed sample mean

n
_ 1
J::—Exi
n-
=1

s an intuitive way to estimate p. Prior to observing the data,

_ 1 &
X:E;Xi



is unknown and is thus a random quantity. It is the estimator of p.

Definition 1 (Estimator, Estimate)
The estimator for 0 is a function of the random quantities, X1,...,X,,, denoted T(X1,...,
Xn), and is thus itself a random quantity. For a specific set of observations x1,...,Tn, the

observed value of the estimator, T(x1,...,xy), is the point estimate of 0.

Our aim in this course is to find estimators: we do not choose/reject an estimator because
it gives a good/bad result in a particular case. Rather, we should choose an estimator that
gives good results in the long run. In particular, we look at properties of its SAMPLING
DISTRIBUTION. The sampling distribution is the probability distribution of the estimator
T(X1,...,Xn).

Example 10 Recall Examples 8 and 9. We observe X1 = x1,..., X, = x,. Prior to
observing the data, the probability, or likelihood, of the data taking this form is

n

P(Xy=z1,..., X0 =2a|p) = [[PXi=ui|p)

i=1
n

= [[p-p'™
i=1

= Pl p) R

_ pnz(l p)n—nil

Note that to calculate this probability, n and T are sufficient for x1,...,x,. If p is unknown,

we could regard this probability as a function of p,
Llp) = P(Xi=ua1,...,Xp=m,|p) = p""(1—p)" ", (1.1)

We could then choose p to make L(p) as large as possible, that is to mazimise the probabil-
ity, or likelihood, of observing the data. This is the method of MAXIMUM LIKELIHOOD
ESTIMATION.

1.3 Maximum likelihood estimation

The principle of maximum likelihood estimation is to choose the value of # which makes the
observed set of data most likely to occur. For ease of notation, we denote the probability
density function by f(z|0) indifferently for a discrete or continuous random quantity. The
joint probability distribution, fx, . x,(x1,...,2n|0), of the n random quantities X1, ..., X,
is , for fixed 0, a function of the observations, z1, ..., z,. If 6 is unknown but the observations

known then we may regard it as a function of 6.



Definition 2 (Likelihood function)
The joint probability distribution of X1,..., Xy,

n

L) = fxiox. (@, za]0) = []f(il0), (1.2)
i=1
regarded as a function of 0 for given observations x1,...,x, is the likelihood function.

Note that the simplification in equation (1.2) follows as the X; are independent and identi-
cally distributed.

Definition 3 (Maximum likelihood estimate/estimator)

For a given set of observations, the maximum likelihood estimate is the value 6 € © which

mazximises L(0). If each x1,...,x, leads to a unique value of 0, then the procedure defines a
function

6 = T(x1,...,2n)
and the corresponding random quantity T' (X1, ..., X,) is the mazimum likelihood estimator.

Example 11 Recall the coin tossing example, see Example 10, which utilises the Bernoulli

distribution. From equation (1.1), the likelihood function is
L(0) = L(p) = p"(1—-p)" "

Notice that L(0) = 0 = L(1) and that the likelihood is always nonnegative as it is a probability
and continuous. Thus, L(p) has a maximum in (0,1). Differentiating L(p) with respect to p

gives

L'(p) = {nz(1—p)—(n— nf)p}pni—l(l B p>n—n§—1
= n@—pp"™ L1 —pnEL

Hence, solving L'(p) = 0 for p € (0,1) gives p = T. The mazimum likelihood estimate is
p = T(x1,...,2n) = T.

The maximum likelihood estimator is

1< -
T(Xqy,..., X)) = — X, = X.
The sampling distribution of the mazimum likelihood estimator is easy to obtain as > . ; X;
~ Bin(n,p). Thus,

n

nx

P(X =z|p) = < )pm(lp)”"””,

forx=0,1/n,2/n,... 1.

We now generalise the approach this example, firstly for the case when € is univariate and

then for the multivariate case.



1.3.1 Maximum likelihood estimation when 0 is univariate

If L(6) is a twice-differentiable function of # then stationary values of 6 will be given by the

roots of

! = — =
L(G)_GH 0.

A sufficient condition that a stationary value, é, be a local maximum is that
L") <0

The maximum likelihood estimate is the point at which the global maximum is attained
which is either at a stationary value, or is at an extreme permissible value of #. An example

of this latter case can be seen in Question 2 of Question Sheet Two.
In practice, it is often simpler to work with the LOG-LIKELITHOOD,

1(0) = logL(0).

Note that, as the logarithm is a monotonically increasing function, the likelihood, L(6), and

the log-likelihood, I(6), have the same maxima.

Alternatively note that

and L(0) > 0 so that [(#) and L(6) have the same stationary points. If 6 is such
a stationary point then 1”(f) = L"(6)/L(6) so L"(f) and I”(f) share the same

sign.

The principle reason for working with the log-likelihood is that the differentiation will typ-
ically be easier as it avoids having to differentiate a product. From equation (1.2), the

likelihood function is
L) = [[f@l0.
i=1
Noting that the ‘log of a product is the sum of the logs’ then the log-likelihood is given by
> log{f(x:[0)},
i=1
so that
- YL
flz;]0)
Many distributions also involve exponentials so the taking of logs help remove these and

simplify the differentiation further. The Poisson distribution provides an example of this in

action.



Example 12 Consider X ~ Po()\). Then, P(X = z|\) = A exp(—\)/x! forx =0,1,....

Suppose x1,...,x, are a random sample from Po(X). The likelihood function is
B AT exp(— )
i=1 v

To find the mazximum likelihood estimator of A we work with the corresponding log-likelihood,

Z log { AT exp'(—)\) }
i=1 i

(Z x;)log A — nA — ilogmi!

i=1 i=1

I\

nTlog A — n\ — Zlogxi!
i=1
Differentiating with respect to \ gives
o) = % —n.
So, solving I'(\) = 0 gives A = T. Note that L(0) = 0 = L(co) and I"(\) = —nT/A2 < 0
for all X > 0, so that T is the mazimum likelihood estimate and X the mazimum likelihood

estimator for .

1.3.2 Maximum likelihood estimation when 0 is multivariate

We now consider the general case when more than one parameter is required to be estimated
simultaneously. Let 8 = {61,...,0;}, where each 6, is univariate. We wish to choose the
01, ...,0; which make the likelihood function an absolute maximum. A necessary condition

for a local turning point in the likelihood function is that

0 ol
a0, log L(0y,...,0,) = 20, = 0, foreachr=1,... k.
In this case, a sufficient condition that a solution § = 0 is a maximum is that the matrix
0%l
A = — ,
00:005 ) |,_5
so A is the k x k matrix whose (r, s)th entry is 80620 evaluated at 0 = 6, is negative definite.
That is, for all nonzero vectors y = [y; ... yx]7,
yTAy < O.

Example 13 Consider the normal distribution with 0 = {u,o?}. If the independent obser-

vations x1,...,T, are assumed to come from a N(u,c?) then the likelihood function is

| 1 )
ngeXP{_@(mi_M) }

1 1 ¢ )
Cry oy P {_F 2w } |

10

L(0) = L(u,0%)




The log-likelihood is then

2y _ n n 2 1 ¢ 2
Wp,0%) = —§1og27r—§10g0 _ﬁ;(%‘—ﬂ) .
The first order partial derivatives are
ol 1
o T > (i — p);
i=1
ol n 1 " 9
57 = 27ty 2

Solving g—i = 0 we find that, for 0> >0, i1 = %Z?Zl x; = T. Substituting this into 6?7[2 =0

gives

n 1 ~ 2
~53 + e ;(:cZ —T)° =0,

s0 that 62 = %27:1(5”1 —)2. The second order partial derivatives are

&l _n
oz o2’
0%l n 1 <
= - Z(xz - H)Q;
9(02)2 2022 (02)F &
9% 1 < 9%
Ouda? (02)? Z(xl —hn = 0c20p

Evaluating these at i =T, 6% = L 31" | (z; — T)? gives

2% __n
a,u2 p=p,02=52 N 52’
021 n 1 ~ 9 n
9(02)2 PP = 2(62)2 - (62)3 ;(zz -7)° = *2(&2)%
0% 1 <
_— = —— (x; —T) = 0.
Oudo? 0?52 (62)2 ;

A sufficient condition for L(fi,52%) to be a mazimum is that the matriz

9% 9% _n 0
2 2 52
A = %%l 6%27 = (()7 )
p=p,o2=52 2(6’2)2

0029 9(02)?
is negative definite. For any vector y = [y1 y2]T we have

2 2
JTAy = WD W

2 a2

and 6% =

so that A is negative definite. The maximum likelihood estimates are i = T
LS ((xi—T)% The corresponding mazimum likelihood estimators are X and 37" | (X;—

X)? for u and o? respectively.

11



Chapter 2

Evaluating point estimates

2.1 Bias

Definition 4 (Biased/unbiased estimator)
An estimator T(X1,...,X,) for parameter 6 has bias defined by

b(T) = E(T|0)-6.
If b(T) = 0 then T is an unbiased estimator of 0; otherwise it is biased.

Thus, if T is unbiased it is “correct in expectation”. If we know the sampling distribution,
that is the pdf of T', f(¢|6) then

uT) = / tf(t|6)dt— 6.
Example 14 If Xy,..., X, are itd U(0, ) where 0 is unknown, then the mazximum likelihood

estimator of 0 is M = max{X1,...,X,}. On Question 2 of Question Sheet Two, we find
the sampling distribution of M to be

n—1
nte— m<40
m|0) = on -
Sa(m]9) { 0 otherwise,
Hence,
9 -1
" 1
E(M|9):/m(nm )dm: (1— )9
so that b(M) = —n+r19. M is thus a biased estimator of 0: it underestimates 0 which is not

surprising as we would not expect the observed sample maximum to be the global maximum.

An unbiased estimator is "THM

In many situations, however, we do not need to know the full sampling distribution to
determine whether or not an estimator is biased. Two important examples are the sample

mean and the sample variance.

12



Example 15 The sample mean. Suppose Xi,..., X, are iid with pdf f(x|60) where pa-
rameter 0, C 0 is such that E(X;|0) = 0,. Then, the estimator T = X is unbiased as

1 n
E(E;Xi 9)
1 n
;;E(Xiw)
= lio =0
- ni:l 1 — 1-

An important example of this is when X; ~ N(u,0?), 01 = i, 02 = 0 and 6 = {pu,0?}.

E(T[0)

Example 16 The sample variance. Let the parameter 63 C 0 be such that Var(X;|0) =
05. The estimator T = %Z?:l(Xi — X)? is not an unbiased estimator for 0.

E (% i(Xi - X)? 9)

= Y B - X)),

E(T[0)

Now, from Ezample 15, E(X;|0) = E(X |0) so that E(X; — X |0) = 0 whence Var(X; —
X|0)=E(X; — X)?|6). Thus,

E(T[0) = %zn:Var(Xi—Yw)
=%iwwm®4m@jmwwmm. (2.1)

Now, Var(X;|0) = 0 and, as the X;s are iid,

= 0
Var(X|0) = Z r(X;10) = 2.
= n

1

Using the properties of covariance™ we have that

Cov(X;, X |0) = %Zcov(xi,xjw)
j=1

= Cov(Xi,Xi|9)+ZCOU(XZ-,XJ»|9)
J#i

1 - 0>

= = Var(XHG)—i—;O =

IFor random quantities X, Y and Z, constants a and b, note that Var(X) = Cov(X, X), Cov(X,Y) =
Cou(Y, X) and Cov(X,aY +bZ) = aCov(X,Y) + bCouv(X, Z).

13



Substituting these three results into (2.1) gives

ET|o) = X (922—92+9—2>

An unbiased estimator of 05 is thus #T which is

$2 = LS -X)2
=1

n—1 —

Example 17 Let Xi,...,X,, be iid N(u,0?) with u and o both unknown. From Ezamples
15 and 16 (consider 0 = {u,0°}; so 01 = p and 02 = o2) we observe that the mazimum
likelihood estimator of p, X, is unbiased whereas the mazimum likelihood estimator of o
(with p unknown), %2?21()(1' — X)2, is biased. An unbiased estimator of o is S* =
ﬁ Z?:l(Xi - Y)Q-

2.2 Mean square error

Bias is just one facet of an estimator. Consider the following two scenarios.

1. The estimator T' may be unbiased but the sampling distribution, f(¢ | 8), may be quite
disperse: there is a large probability of being far away from 6, so for any € > 0 the
probability that P(§ —e < T < 6 + €] ) is small.

2. The estimator T' may be biased but the sampling distribution, f(¢|6), may be quite
concentrated. So, for any € > 0 the probability that P( —e < T < 6 + ¢|0) is large.

In these cases, the biased estimator may be preferable to the unbiased one. We would like
to know more than whether or not an estimator is biased. In particular, we wish to capture
some idea of how concentrated the sampling distribution of the estimator 7' is around 6.

Ideally we would like
P(IT-0]<elf) = Pl—e<T <0+¢€|0)

to be large for all € > 0. This probability may be hard to evaluate, but we may make use of
Chebyshev’s inequality.

Theorem 1 (Chebyshev’s inequality)
For any random quantity X and any t > 0,

Var(X)
P(X-EX)|2t) < —5—
so that P(|X — E(X)| < t) >1 - YrX),
2In the same way as using X to denote % :L:l X; it is common notation to use S2? to denote

ﬁ Z?:l (X — X)*.

14



Proof - (For completeness; not examinable) Let R = {z : |z — E(X)| > t}. Then, for z € R,

(GER2IC.0) s (2.2)
2 = '
and
PIX-EX)| 20 = [ f@de < | @ PO pa) da (2.3)

where the inequality follows from (2.2). Since R C 2 then

The result follows by joining (2.3) and (2.4). O

Suppose that T is an unbiased estimator of 8, so that E(T'|6) = 6, then from an application
of Chebyshev’s inequality we have
Var(T|6)

P(T -6 <elf) > 1- "= = 1-

E{(T - 0)*| 6}

€2

so that if T' is an unbiased estimator of 6 then a small value of E{(T —0)? |0} implies a large
value of P(|T — 0| < €|6). A simple extension of Chebyshev’s inequality (repeat the proof
but with R = {x : |z — 0] > €}) shows that, for all T

E{(T —6)*|6}

P(T -0 <el) > 1- _

- (2.5)

Definition 5 (Mean Square Error)
The mean square error (MSE) of the estimator T is defined to be

MSE(T) = E{(T-0)?|6}.

By considering equation (2.5), we see that we may use the MSE as a measure of the con-
centration of the estimator T' = T'(X4,...,X,,) around 6. Note that if T is unbiased then
MSE(T)=Var(T|0).

If we have a choice between estimators then we might prefer to use the estimator with the
smallest MSE.

Definition 6 (Relative Efficiency)
Suppose that Ty = Th(Xq,...,X,) and To = To(X1,...,X,,) are two estimators for 6. The
efficiency of Ty relative to Ty is

MSE(Ty)

RelEﬁ(Tl, Tg) m .

15



Values of RelEff(T7,T5) close to 0 suggest a preference for the estimator T over T while
large values (> 1) of RelEff(T3,T5) suggest a preference for T;. Notice that if Ty and T5 are
unbiased estimators then

Var(Tz|0)

RelEff(T1,T2) = Var(Ty | 0)

and we choose the estimator with the smallest variance.

Example 18 Suppose X1,..., X, are iid N(u,0?). Two unbiased estimators of u are Ty =
X and Ty = median{Xy,...,X,}. We have shown that X ~ N(u,0%/n). The sample
median, Ty, is asymptotically normal with mean pu and variance wo?/2n. Consequently,
Var(median{X1,...,Xn}|0)

Var(X |0)

RelEf(T1,T2) =

no?/2n

o?/n

Thus, we prefer Ty to Ty as it is more concentrated around 0: we’d prefer to use the sample

™
5"

mean rather than the sample median as an estimator of 6 under this criterion. Note that if
we calculate the sample mean of n individuals, then we would have to calculate the median

of a sample of size n/2 for the two estimators to have the same variance.

How do we calculate the MSE, E{(T —0)? |6}, when T is biased? We use the result
that

MSE(T) = E{(T—0)*|0} = Var(T|0)+b*(T). (2.6)
To derive this result note that, as we assuming 6 is known, then
Var(T|0) = Var(T —016)
— E{(T-0)*|6} - E*(T —0]0)
= B{(T-0)*|0} —{E(T|0) - 0}
= MSE(T) - b*(T).

Example 19 Suppose that X1, ..., Xy are iid N(p,02). Letting 6 = {p, 0}, Ty = £ 30 (Xi—

1=

X)? is a biased estimator of o with

(n—1)0? 2(n—1)ot
E(Ty|0) = Y Var(T1]0) = —
Thus,
_ 2 2
b(TY) = (n—1)o 2 T
n n
Hence,
MSE(T)) = Var(Ty|0) +b*(T1)
2(n —1)o* o (2n —1)o?
R T

16



\ \ \
u-€ u L+€

Figure 2.1: The pdf of T,, ~ N(u,0?/n) for three values of n: n3 < na < nj. As n increases,

the distribution becomes more and more concentrated around .

An unbiased estimator of 02 is Ty = ﬁ Yo (X — X)? and its second-order properties are

204
n—1
Thus, MSE(T3) = Var(Ty | 0) and the relative efficiency of Ty to Ty is
MSE(Ty)
MSE(T)
20%/(n—1)
(2n — 1)o?/n?
2n?

= D=1 >1i4fn>1/3.

E(T:|0) = o Var(Ty10) =

RelEff(Th, 1) =

Although T is biased, it is more concentrated around o2 than Ts.

2.3 Consistency

Bias and MSE are criteria for a fixed sample size n. We might also be interested in large
sample properties. Let T, = T,,(X1,...,X,) be an estimator for 6 based on a sample of
size n, X1,...,X,. What can we say about T}, as n — co? It might be desirable if, roughly

speaking, the larger n is, the ‘closer’ T}, is to 6.

Example 20 The mazimum likelihood estimator for the parameter p when the X; are iid
N(p,0?) is T, = X = 23" | X; and the sampling distribution of T,, ~ N(u,0°/n) (see
Q2 of Question Sheet One). As Figure 2.1 shows, as n increases, the probability that T,, €

(1 — €, pu+ €) gets large for any € > 0: the larger n is, the ‘closer’ T, = X is to p.

Definition 7 (Consistent)

Let {T,,} denote the sequence of estimators Ty, Ts,.... The sequence is consistent for 0 if
lim P(|T, — 0| <elf) = 1 Ve>D0.

17



Thus, an estimator is consistent if it is possible to get arbitrarily close to 8 by taking the
sample size n sufficiently large. Now, from (2.5), we have a lower bound for P(|T,,—0| < €|6),
while 1 is an upper bound, so that

MSE(T,)

1> P(T, -6 <e|6) >1 -2

€

Hence, a sufficient condition for consistency of the estimator T, is that

lim MSE(T,) = 0.

If T, is an unbiased estimator of § then MSE(T,) = Var(T,|0) so that the sufficient
condition for consistency reduces to lim, o, Var(T,|0) = 0. For T,, biased, then, from
(2.6), a sufficient condition that lim,,_,.. MSE(T,) = 0 is that both

lim b(7,)=0 and lim Var(T,|0) =0.

n—oo n—oo

Example 21 For Xy,..., X, iid N(u,0?), intuition suggests that X is a consistent estima-
tor for p. We can now confirm this intuition by noting that X is an unbiased estimator of
w with

2

lim Var(X |p,0%) = lim Z = 0,

n—oo n

so that the sufficient conditions for consistency are met.

2.4 Robustness

If Xi,..., X, areiid N(u,0?) then X and median{X1,..., X,} are both unbiased estimators
of . In Example 18, we showed that X was more efficient than median{X1,..., X, }. Are
there situations where we would ever use the median? The comparison in Example 18
depends upon the judgement that the X; are iid N(u,0?). What happens if this judgement
of normality is flawed?

The sample mean and median are both examples of measures of location. If the observa-
tions x1,...,x, are believed to be different measurements of the same quantity, a measure
of location - a measure of the centre of the observations - is often used as an estimate of the
quantity.

An estimator which is fairly good (in some sense) in a wide range of situations is said to

be robust. The median is more robust than the mean to ‘outlying’ values.

Example 22 Suppose that we are interested in the ‘true’ heat of sublimation of platinum.
Our strategy might be to perform an experiment n times and record the observed temperature

of the sublimation and use this to estimate the ‘true’ heat. Our model may be

X; = pte

18



where p denotes the true heat of sublimation and the €; represent random errors (typically,
the €; are assumed to be iid N(0,0?) so that the X; are iid N(u,0?).) 26 observations are
taken and the measurements displayed in the following stem-and-leaf plot (the decimal point

is at the colon)

133 :
134 :
134 :
135:
135:
136 :
136: 6

w oo O Ot =
o O N W
N 0O W~
N o
= oo
=~ ©

High/Outliers: 141.2 143.3 146.5 147.8 148.8

For this data, we have

3563.2
= = 137.
%6 37.05,
135. 135.2
median(zy,...,Ta) = w = 135.1.

The median seems a more reasonable measure of the true heat: it is more robust than the

mean to outlying values.

2.4.1 Trimmed mean

The sample mean is more efficient than the sample median but the sample median is more
robust. The trimmed mean is an attempt to capture the efficiency of the sample mean while

also improving its robustness to outlying values.

Definition 8 (a-trimmed mean)

If x1,...,x, are a series of measurements ordered as
Ty S22 < S Za) S Zarl) S S Tna) S Tnmatl) S S Q)
and we discard o observations at both extremes then the a-trimmed mean,

1 n—«
To = % Z T (i),
1=a+1

is defined to be the mean of the remaining n — 2a values.

Note that if n is odd then the median is the "T_l—trimmed mean while for n even, the median

is the (§ — 1)-trimmed mean.

Example 23 We return to Example 22 and the sublimation of platinum. We find the 5-
trimmed mean which discards the lower 19% and upper 19% of observations. It is
2164.6

T5 = = 135.29.
5 16 35.29
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Chapter 3

Interval estimation

3.1 Principle of interval estimation

A simple point estimate 6 = T(x1,...,2,) gives us no information about how accurate
the corresponding estimator T'(Xi,...,X,,) of § is. However, sometimes, we can utilise

information from the estimator’s sampling distribution to help in this goal.

Example 24 In Subsection 2.2 we looked at the mean square error of T(X1,...,
Xn).

Example 25 Suppose that X1,..., X, are iid N(u,0?) and that o2 is known
and we are interested in estimating p. X is an unbiased estimator of u with
X ~ N(u,0?/n). Thus,

P (—1.96 < _/\/_

Equation (3.1) is a probability statement about X. Rearranging we have that

<196‘ ) = 0.95. (3.1)

P< 1967<M<X+196\/_’u, > = 0.95. (3.2)
Equation (3.2) states that the RANDOM interval (X — 1. 96\‘},X + 1. 96\‘})
contains pu with probability 0.95. For observation X = T, we say we have 95%
confidence that p is in the interval (T — 1. 96\?—,% + 1. 96\‘/7—)

Construction of intervals like that in Example 25 is the goal of this chapter.

Definition 9 (Pivot)

Suppose X1, ..., X, are random quantities whose distribution has parameter 0. A function
¢(X1; .. aXna 9)

is called a pivot if its distribution, given 0, does not depend upon 6.
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C1 C2 ¢

Figure 3.1: The probability density function f(¢) for a pivot ¢. The probability of ¢ being

between ¢; and ¢g is 1 — a.

Example 26 Suppose that Xi,..., X, are iid N(u,02). There are (at most) two parame-

ters: u and 0. Note that, given pu and o,
X —p
a/v/n

N(0,1)

and N(0,1) does not depend upon either ju or 0. Thus, f/j/% s a pivot.

If we have a pivot, ¢, for 8, we can find its pdf f(¢). Moreover, see Figure 3.1, we can think

of finding quantities ¢; and c2 such that
Py < ¢p(Xq,..., Xn,0) <c2|0} = 1—q.
If we can solve this for ¢ to get
P{gi1(X1,..., Xn,c1,¢2) <0 < ga(X1,...,Xpn,c1,02) |0} = 1—a.

then the random interval (g1 (X1, ..., Xn,c1,¢2),92(X1, ..., Xn, c1, ¢2)) contains 6 with prob-
ability 1 — a. Moreover, having observed the data, we may compute a realisation of this

interval.

Definition 10 (Confidence interval)
Suppose that the random interval (g1(X1,...,Xn,c1,¢2),92(X1,...,Xn,c1,c2)) contains 0

with probability 1 — «. A realisation of this random interval (g1(x1,...,Zn,c1,¢2), g2(x1, ...,

T, C1,02)) 18 called a 100(1 — «)% confidence interval for 6.
It is important to note the following.
1. A confidence interval is NOT random; either it does or does not contain 6.

2. Thus, we MUST NOT talk about the probability that a confidence interval contains
0.

3. In the long run, 100(1 — @)% of confidence intervals will contain 6.
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3.2 Normal theory: confidence interval for ;; when o2 is

known

We now formalise Example 25. Let X1, ..., X, be iid N(u,0?) where o2 is assumed to be
known. X is an unbiased estimator of y with sampling distribution N(u,02/n). Hence,
given both p and o2,
X—u
a/v/n

is a pivot. We may find constants ¢; and cs so that

u,02> = 1—-oa.

~ N(0,1)

w
P < —<
<Cl ofyn =7

Rearranging the inequality statement gives

— o — g
P<XCQ—</L<X01— 1, 0 = 1l—-a.
vn vn

Thus, (T — CQ%,E — C1ﬁ) is a 100(1 — @)% confidence interval for . Note that this only

works if o2 (and hence o) is known so that both T — ¢y % and T —cy % are computable once
we have observed the data. In the case when o2 is unknown, we construct an alternative

confidence interval. We will tackle this in Section 3.4.
How do we choose ¢, 37

Let Z ~ N(0,1). Typically, we choose ¢; and ¢z to form a symmetric interval around 0 so

that ¢; = —cy with ¢ = Z(1-2) where

(07

Example 27 « = 0.05 to give a 95% confidence interval for u. We have

0.05
P(Z <1.96) = 0975 = 1——~

(so zo.975 = 1.96) and the 95% confidence interval for p is
o o
T—196—,7+1.96— | .
(w NV )
Example 28 « = 0.10 to give a 90% confidence interval for u. We have

0.10
P(Z <1.645) = 095 = 1 -~

(s0 z0.95 = 1.645) and the 90% confidence interval for p is

g g
T—164>0—. 7+ 1.6450— ).
(w vt ﬁ)
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Example 29 Ifn = 20 and 0? = 10 and we observe T = 107 then a 95% confidence interval

for w is
/10 /10
107 — 1. —,1 1. — = (105.61,108.
( 07 96 50" 07+ 1.96 20) (105.61,108.39),

while a 90% confidence interval for p is

/10 /10
107 — 1.6454/ —, 1 1.6454/ — = (105.84,108.16).
( 07 645 207 07+ 1.645 20) (105.84,108.16)

3.3 Normal theory: confidence interval for o

The confidence interval for o2 derives from the unbiased estimtor

1

R — D (X - X)?
i=1

for o2.

Theorem 2 If Xi,...,X,, are iid N(u,0?) then X and S? are independent.

Proof - It is beyond the scope of this course. The result essentially follows because X and,
for each i, X; — X are independent. You may verify that Cov(X, X; — X | u,0?) = 0. i

Definition 11 (Chi-squared distribution)

If Z is a standard normal random quantity, then the distribution of U = Z2 is called the chi-
squared distribution with 1 degree of freedom. If Uy, Us, ..., U, are independent chi-squared
random quantities with 1 degree of freedom then V = 2?21 U; is called the chi-squared

distribution with n degrees of freedom and is denoted 2.
Some properties of the chi-squared distribution

1. E(x2) = n and Var(x2) = 2n. (We won’t derive these: for future reference you may
wish to note that x2 may also be viewed as a Gamma distribution with parameters
n/2 and 1/2.)

2. If X1,..., X, are iid N(u,0?) then 2.=£ . Xo=i are iid N(0,1) so that

1
o2

Z(Xi — )~ X
i—1

Theorem 3 If X1,...,X,, are iid N(u,o?) then

(n—1)8?
Q2 ™ Xo—1-
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Proof - Once again, the proof is omitted. If you want some insight into why this result is

true note that

S K= = I -T)+ (K=

- %é(xi—ffjt(f/\_/g) :

— 2
The left hand side is x2 and ((f(/—_\/%) is x?. The two components on the right hand side

are, from Theorem 2, independent. O

Note that, from this result, we have

0.2

E(S*|mo®) = —E(Gg) = o

which verifies that S? is an unbiased estimator of o2 while

ot 20*
Var(5*|p,0%) = WVGT(XEIA) =

n—1

which derives the variances used in Example 19.

2
From Theorem 3 we have that given o2, the distribution of % ~ x2_; does not depend

upon o2, so that it is a pivot for 02. We may find quantities ¢; and cy such that
Plei<x2_i<c) = l-a

and then using the pivot we have

—1)S?
P <Cl < 7(71 2)S < C2
g

W, 02> = 1l—-a.
Rearranging gives

P <(n1)52 2 _ (n—1)52

Co C1

u,JQ) = 1l—-a.

n—1)92
(n—1) )

) c1

is a random interval which contains o2 with probability 1 — o so

Hence, (%

that a realisation of this interval,

((n— D)s? (n— 1)52) ’

(6] ’ C1

where s? = = 3" | (z; — T)?, is a 100(1 — )% confidence interval for o2,
How do we choose ¢; and ¢»?
X2_, denotes the chi-squared distribution with n — 1 degrees of freedom. The chi-squared
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f(x)

C1 Co X

Figure 3.2: The probability density function for a chi-squared distribution. The probability

of being between ¢y and cg is 1 — a.

distribution is not symmetric, see Figure 3.2. The standard approach is to choose ¢; and ¢y
such that

oY
P(X%—1 <ec) = 5 = P(Xi—l > c2).

The chi-squared tables gives values xg,a where P(x?2 > xg,a) = « for the chi-squared distri-

bution with v degrees of freedom. Thus, we choose

2 .2
€1 = Xn-1,1-2> €2 = Xp-1,2

and our 100(1 — )% confidence interval for o2 is

(n—1)s? (n—1)s?
X%A,% ,Xifmfg

Example 30 If n = 11 then X?o,o_gs = 3.940 and X%0,0.05 = 18.307. A 90% confidence

interval for o2 is
10s?  10s?
18.307° 3.940 )

Example 31 In the production of synthetic fibres it is important that the fibres produced

are consistent in quality. One aspect is that the tensile strength of the fibres should not vary
too much. A sample of 8 pieces of fibre is taken and the tensile strength (in kg) of each fibre
is tested. We find that T = 150.72kg, s> = 37.75kg>. Under the assumption that X1, ..., X3
are iid N(u,0?) then 70%2 ~ X2. We construct a 95% confidence interval for a*. Note that
X$,0.975 = 1.690 and X$,0.025 = 16.013 so that a 95% confidence interval for o2 is

752 752 B (7(37.75) 7(37.75))
X$,0.025,X$,0.975 16.013 7 1.690

= (16.502,156.361)kg>.

Note that this interval is very wide.
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3.4 Normal theory: confidence interval for ; when o2 is

unknown

In Section 3.2 we constructed a 100(1 — a)% confidence interval for p of the form

_ o _ o
(F 00 Jmmr20n):
When o2 (and hence o) is unknown an alternative approach is required as we cannot compute

this interval.

Definition 12 (t-distribution)
If Z ~ N(0,1) and U ~ X2 and Z and U are independent, then the distribution of Z/\/U/n

1s called the t-distribution with n degrees of freedom.

E)/E - TR

and f/:/‘% ~ N(0,1) while \/g—z =4/ % Also X and S? are independent (see Theorem

2). Consequently,

Note that

X —up
S/v/n

We may use this as a pivot for . In particular, we may find constants ¢; and co such that

~tn—1

P(Cl<tn,1<62) = 1—«
so that
Y—M 2
P < =< , = l—a
O
Rearranging, we have
— S — S
P(X—cQﬁ<u<X—clﬁ‘,u,02) = 1l—oa.

Hence, (X — CQ%,Y —c %) is a random interval which contains p with probability 1 — a.

A realisation of this,
— s _ S
T—Co—,T—C1—=
2 T " n
is a 100(1 — )% confidence interval for .

How do we choose ¢; and ¢»?
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The t-distribution is symmetric around 0 and so we may choose ¢; = —cy. Tables for the
t-distribution give the value ¢, , where P(t, > tl,@) = « for the t-distribution with v degrees

of freedom. We choose ¢y = tn—1,2 SO that our 100(1 — @)% confidence interval for p is

(F-trs T ttns ).

Example 32 Suppose that n = 15. Note that t14,0.05 = 1.761 so that (T — 1.761\%1—5,f+

\/%) is a 90% confidence interval for u.

Example 33 Return to the synthetic fibre example, Example 31. Note that t7 .025 = 2.365.

A 95% interval for the fibre strength is
(150 72 —2.3654/ —— 377 ,150.72 + 2.3654/ —— 3775 )

(145.583,155.857)kg.

S S
T — 2.365——=, 7 + 2.365—
( V8 \/2‘3)
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Chapter 4

Hypothesis testing

4.1 Introduction

Statistical hypothesis testing is a formal means of distinguishing between probability distri-

butions on the basis of observing random quantities generated from one of the distributions.

Example 34 Suppose X1, ..., X, are iid normal with known variance and mean either equal

to po or p1. We must decide whether p = po or p = p1.

The formal framework we discuss was developed by Neyman and Pearson. The ingredients

are as follows.
NULL HYPOTHESIS, H,

This represents the status quo. Hg will be assumed to be true unless the data indicates

otherwise.

versus
ALTERNATIVE HYPOTHESIS, H;

This represents a change to the status quo. If the data suggests against Hy, we reject Hy in
favour of H;.

Example 35 In the case discussed in Example 34, Hy might state that the distribution was
N (o, 02) with Hy being that the distribution was N(u1,0?).

TEST STATISTIC

We make a decision about whether or not to reject Hy in favour of H; based on the value of

a test statistic, T'(X71,..., X,). A test statistic is just a function of the observations.
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Example 36 You have met two common examples of statistics: an estimator for a param-

eter 0 (e.g. X for parameter p when X1,..., X, are iid N(u,0?)) and a pivot for 6 (e.g.

;(/T/% for i when o2 is known and the X; are iid N(u,0?)).

We will need to know the sampling distribution of 7" in the case when Hj is true and also

when Hj is true.
CRITICAL REGION

We may determine the values of the test statistic for which we reject Hy in favour of Hj.

These values form the critical region which we now define in a slightly more formal way.

Definition 13 (Critical Region)
Let Q) denote the sample space of the test statistic T. The region C C Q for which Hy s
rejected in favour of Hy is termed the critical (or rejection) region while the region Q\ C,

where we accept Hy, is called the acceptance region.

4.2 Type I and Type 1I errors

Under this approach, two types of error may be incurred.

ACCEPT Hy REJECT Hy
Hy TRUE GOOD BAD
H, TRUE BAD GOOD

Definition 14 (Type I and Type II errors)
A type I error occurs when Hq is rejected when it is true. The probability of such an error

is denoted by o so that
a = P(Type I error) = P(Reject Hy| Hy true).

A type II error occurs when Hy is accepted when it is false. The probability of such an error
is denoted by [ so that

B = P(Type II error) = P(Accept Ho | Hy true).

Example 37 We return to Example 34 and assume p1 > po. Under Hy, X ~ N(pg,0?/n)
while under Hy, X ~ N(ui,0%/n). A large value of X may indicate that Hy rather than Hy

1s true. Intuitively, we may consider a critical region of the form

C = {(x1,...,2n):T>c}.

This critical region is shown in Figure 4.1 There are a number of immediate questions.

1. How do we pick the constant c¢?
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~ X
Accept Hy Reject Hy

critical val u:ax critical region

Figure 4.1: An illustration of the critical region C = {(z1,...,zy) : T > c}.
distribution distribution
when Hotrue\ when Hy true

Wﬁm

Ho / c \Hl X

probability of typell error probability of type | error

Figure 4.2: The errors resulting from the test with critical region C' = {(z1,...,2,) : T > ¢}

of Hy: = po versus Hy : p = pup where py > upo.
2. What if, by chance, Hy is true but we happen to get a large value of T?
8. What if, by chance, Hy is true but we happen to get a small value of T?

4. Was X the best test statistic to use anyway?

We shall consider the middle two questions first. They help answer the first question. The
answer to the fourth question will come later when we study a result known as the Neyman-

Pearson Lemma.

We’d like to make the probability of either of these errors as small as possible. A possible

scenario is shown in Figure 4.2.

o [f we INCREASE c then the probability of a type I error DECRFEASES but the proba-
bility of a type II error INCREASES.

e If we DECRFEASE c then the probability of a type I error INCREASES but the proba-
bility of a type II error DECREASES.

It turns out, in practice, that this is always the case: in order to decrease the probability
of a type I error, we must increase the probability of a type II error and vice versa. Recall
that Hy is the hypothesis which is taken to be true UNLESS the data suggests otherwise.

We usually choose to fix «, the probability of a type I error, at some small value in advance.

e.g. a=0.1,0.05,0.01,...
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« is also known as the size or SIGNIFICANCE LEVEL of the test. Given a test statistic,

fixing o determines the critical region.

Example 38 In Example 37 we considered a critical region of the form
C = {(x1,...,2n):T>c}.
Now,

a = P(Type I error) = P(Reject Hy|Hy true)
— P(X>¢|X ~ N(uo,o*/n))

- (e TR)

where Z ~ N(0,1).

Once «, the significance level, has been chosen, 3 is determined. It typically depends upon

the sample size.

Example 39 Using the critical region given in Example 38 we find

B = P(Type Il error) = P(Accept Hy| Hy true)
= P{X <c|X ~ N(ui,0?/n)}

- <)

Suppose we choose a = 0.05. Then

C— Ho
P\Z> = 005 =
(72 57)
¢~ Ho
= 1.645 =
o/\/n
o)
= 1.645—.
c o + 7

Notice that as n increases then ¢ tends towards pug. The corresponding value of 3 is

58) - o(r< e
\/ﬁ(ma - uo)>

8 = P(Z<

® <1.645 —

where P(Z < z) = ®(z). Note that as n increases then (3 decreases to zero.

Definition 15 (Power)
The probability that Hy is rejected when it is false is called the power of the test. Thus,

Power = P(Reject Hy | Hy true) = 1— 0.
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An important question In Examples 37 - 39, we worked with the test statistic X as the
test statistic and C' = {(x1,...,2,) : T > ¢} as the critical region. Can we find a different
test statistic 7 and critical region which, for the same sample size n, has the same value of
a = P(Type I error) but a SMALLER 3 = P(Type II error), equivalently, can we find the
test with the largest power?

4.3 The Neyman-Pearson lemma

Consider the test of the hypotheses
Hy:0=0y versus H;:0=0

A ‘best test’ at significance level o would be the test with the greatest power. Our quest is
to find such a test.

Suppose that Xi,..., X, have joint pdf f(x1,...,2,|0p) under Hy and f(z1,...,2,|61)
under H;. Define

flx1,...,xn |6
A1, @i 00,01) = fgxi - I@?i (4.1)

Then A(x1,...,2n;00,61) is the ratio of the likelihoods under Hy and H;. Let the critical
region C* C () be

C* = {(z1,...,2n) : Ma1,...,2n;00,01) <k} (4.2)
where k is a constant chosen to make the test have significance level «, that is
P{(X1,...,X,) € C*|Hy true} = «a.

Lemma 1 (The Neyman-Pearson lemma)
The test based on the critical region C* = {(x1,...,x,) : M1, ..., 2,;00,601) < k} has the

largest power (smallest type II error) of all tests with significance level .

Proof - You will not be required to prove this lemma. If you want to see how to prove it

then see Question Sheet Seven. |

Thus, among all tests with a given probability of a type I error, the likelihood ratio test

minimises the probability of a type II error.

4.3.1 Worked example: Normal mean, variance known

Suppose that X1, ..., X, areiid N(u,0?) random quantities with 0? known. We shall apply

the Neyman-Pearson lemma to construct the best test of the hypotheses

Hy:p=po versus Hy:p=pu
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where g1 > po. From equation (4.1) we have that

f x b 71.77/ 9
AE1, .oy T po, 1) = fgzi - :9?;
_ L(po)
L(Ml)
exp {—g07 2imy (% — p10)®

Now

)

n n n

Z(%’ — ) — Z(wi —po)? = Z(SE? — 2z + pi) — Z(mf — 2p0w; + pd)

i=1 i=1 i=1 i=1
= —2unT + nui + 2uenT — n,u%

= n(pf — ) — 2nT (k1 — peo)- (4.4)
Substituting equation (4.4) into (4.3) gives

1

A1, Tnipos 1) = exp {T‘_g (”(M% - H%) = 2nT(pu — Mo))} :

Using the Neyman-Pearson Lemma, see Lemma 1, the critical region of the most powerful

test of significance level « for the test Ho : p = poversusHy : g = py (1 > po) is

cro= {(5017 e Tn) eXP{% (n(uf — pg) — 2nT(p1 — Mo))} < k}
= {(z1,...,mn) 1 n(p] — p§) — 2nT(pu1 — po) < 20%logk}
= {(1,...,2n) : —20T (11 — po) < 20°logk +n(pg — 113) }
= {(xl,...,zn):fzilogkﬁL(MLQul)} (4.5)

n(p1 — pio)
= {(x1,...,2n):T>Kk"}. (4.6)

Note that, in equation (4.5), we have utilised the fact that g1 — po > 0. The critical region
given in equation (4.6) is identical to our intuitive interval derived in Example 37. For the

test to be of significance « we choose (see Example 39)
. o
E* = po+zi-a) ﬁv

where P(Z < z(1_a)) = 1—a. This is also written as ® ' (1—a). z(1_q) is the (1—a)-quantile

of Z, the standard normal distribution.
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4.4 A Practical Example of the Neyman-Pearson lemma

Suppose that the distribution of lifetimes of TV tubes can be adequately modelled by an

exponential distribution with mean 6 so

T

f@lo) = gesp(-%)

for z > 0 and 0 otherwise. Under usual production conditions, the mean lifetime is 2000
hours but if a fault occurs in the process, the mean lifetime drops to 1000 hours. A random

sample of 20 tube lifetimes is to taken in order to test the hypotheses
Hy : 0 =2000 wversus H;:60=1000.

Use the Neyman-Pearson lemma to find the most powerful test with significance level a.

Note that
20 1 120
L(o) = Hf(xiw) = QTOGXP <—§in>
i=1 i=1
1 207
= @7 )
Thus,
L(2000)
A 10,0 = —=
(-rh » £20; Vo, 1) L(lOOO)
50007 ©XP (— 3005

o007 ©XP (~ 1605 )

1000\ *° 20 20T
- (M) eXP(‘M*%)
1 T
_ QToexp(l_OO).

Using the Neyman-Pearson lemma, the most powerful test of significance « has critical region

1 T
cr = {(1‘1,...,!172) 535 OXP <1—00) §k}

T
= {(zl,...,zg) : 100 < 1og220k}

{(.1'1,...,.%'2) fgk/’*}

That is, a test of the form reject Hy if T < k. To find k¥, we need to know the sampling

distribution of X when X7, ..., Xy are iid exponentials with mean 6 = 2000 as

P(X < k*|6 =2000) = .
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It turns out that the sum of n independent exponential random quantities with mean 6
follows a distribution called the Gamma distribution with parameters n and %. We may use

this to deduce k*: 20k* is the a-quantile of the Gamma(20, z555) distribution.

4.5 One-sided and two-sided tests

So far, we have been concerned with testing the hypotheses
Hy:0=0¢ versus Hi:0=0.

Each of these hypotheses completely specifies the probability distribution and we can com-
pute the corresponding values of «, the probability of a type I error, and 3, the probability
of a type II error.

Example 40 In the Normal example, see Subsection 4.3.1, we wish to test the hypotheses
Hy:p=po wversus Hi:p=p

where w1 > o and o2 is known. Under Hy the distribution of each X; is completely specified
as N(po,0?) while under Hy the distribution of each X; is completely specified as N (ju1,0?).

Example 41 In the exponential example, see Section 4.4, we test the hypotheses
Hy: 0 =2000 wersus H;p:60 = 1000.

Under Hy the distribution of each X; is completely specified as the exponential with mean
2000 while under Hy the distribution of each X; is completely specified as the exponential
with mean 1000.

Definition 16 (Simple/Composite hypothesis)
If a hypothesis completely specifies the probability distribution of each X; then it is said to
be a simple hypothesis. If the hypothesis is not simple then it is said to be composite.

We shall consider examples when a hypothesis might only partially specify the value of a

parameter of a known probability distribution. There are three particular tests of interest.

1. Hy:0 =0y versus Hj:0 >0,

2. Hy:0=0¢ versus Hp:0 <6y

3.Hy:0=0y versus Hjp:0=#0q
In each case, the alternative hypothesis is not simple. In the first two cases, we have a
one-sided alternative whilst in the latter case we have a two-sided alternative. The Neyman-

Pearson lemma applies for a test of two simple hypotheses. How can we construct tests for

the above three scenarios?
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Example 42 In the Normal example, see Subsection 4.5.1, the critical region of the most

powerful test of the hypotheses
Hy:p=po wversus Hi:p=p
where 1y > po and o2 is known is
C* = {(z1,...,2,) T >c}

This region holds for all 1 > po and so is the most powerful test for every simple hypothesis
of the form Hy : pt = p1, p1 > po- The value of py only affects the power of the test. If py is
close to py then we have a small power. The power increases as py increases: see Question
4 on Question Sheet Six for an example of this. We will explore this feature further in the

next section.
Example 43 The critical region
cr = {(xlv"'azn):fgc}

for the exponential hypotheses in Section 4.4 is the most powerful test for all 6, < 6y and
not just 8g = 2000 and 6; = 1000. Question 5 on Question Sheet Siz demonstrates this.

Definition 17 (Uniformly Most Powerful Test)
Suppose that Hy is composite. A test that is most powerful for every simple hypothesis in

Hi is said to be uniformly most powerful.

Uniformly most powerful tests exist for some common one-sided alternatives.

Example 44 If the X; are iid N(u,0?) with o known, then the test (see Ezample 42)
C* = {(z1,...,2,) T >c}

1s the most powerful for every Ho : p = po versus Hy : p = p1 with py > po. For a test with

significance o we choose
o
¢ = po+ Z(ka)ﬁ-
This test is uniformly most powerful for testing the hypotheses
Ho:p=po wersus Hi:p > po,
with significance level a.

Example 45 In a similar way to Subsection 4.3.1, we may show that if the X; are iid
N(p,0?) with 0® known, then the test

C* = {(z1,...,zn) T <c}
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1s the most powerful for every Hy : p = po versus Hy @ p = p1 with py < po. For a test with

significance o we choose
o
¢ = Ho— Z(l—a)%'
This test is uniformly most powerful for testing the hypotheses
Hy:p=po wersus Hip:pu < po,

with significance level a.

Examples 44 and 45 provide uniformly most powerful tests for the two one-sided alternatives.

Note that both of these tests are not the most powerful test for the two-sided alternative.
How could we construct a test for the two-sided alternative?

One approach is to combine the critical regions for testing the two one-sided alternatives.
We shall develop this using the normal example but the approach is easily generalised for
other parametric families. We consider that X1,..., X,, are iid N(u,0?) with 02 known. We

wish to test the hypotheses
Hy:pu=po versus Hy:p# o
We combine the two one-sided tests to form a critical region of the form
C = {(x1,...,2n) : T< ko, T >k}
Notice that

o = P{X <k} U{X 2k} |X ~ N(uo,0>/n))
— P{X <ks|X ~ N(o,0*/n)} + P{X > k| X ~ N(uo, 0*/n)}

One way to select k1 and ks is to place a/2 into each tail as shown in Figure 4.3. Then we

have
o
k1 = /’LO+Z(1—%)\/ﬁv
o
k2 = po— 2-)
Thus, the test rejects for
T — o T — o

which is equivalent to



a/2 a/2

N ./

k2 Ho Ky X
Reject Reject

Figure 4.3: The critical region C = {(x1,...,2,) : T < ko, T > k1 } for testing the hypotheses
Hy : p= pg versus Hy @ # po.

Hence, under Hy,

\
Q
!

=

<

q

] N
—— —

I

Q

I

— 2
X —po 2
P - — > (o3
{( o/ ) -
It is equivalent to reject for

We accept Hy if

ke <T < ky =
Ho = 20-4)7m <T<Hot20-9)5 =
T—21-9) <Ho<Ttza-g)7% =

Recall, from Section 3.2, that (T — Z(kg)ﬁ,f + z(l,%)\/iﬁ) is a 100(1 — a)% confidence
interval for p. We see that pg lies in the confidence interval if and only if the hypothesis
test accepts Hy. Or, the confidence interval contains exactly those values of pg for which
we accept Hyp. We have shown a duality between the hypothesis test and the confidence
interval: the latter may be obtained by inverting the former and vice versa. The duality

holds not just for this example but in all cases.

4.6 Power functions

Recall, from Definition 15, that the power of a test, 1 — 8 = P(Reject Hy | Hy true). When

the alternative hypothesis is composite, the power will depend upon 6.
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Mo H

Figure 4.4: The power function, 7(u), for the uniformly most powerful test of Hy : = o
versus Hy : p > pyo.

Example 46 Recall Evample 44. If the X; are iid N(u,0?) with 0 known, then the test

cr = {(xlv"'azn>:fzc}
with
o
c = M0+Z(17a)ﬁ,

1s uniformly most powerful for testing the hypotheses
Ho:p=po wersus Hi:p > po,

with significance level c. In this case,

g

— o | —
P {X < Mo +Z(1,a)ﬁ ’X ~ N(/J/,O'2/7’L)}

- @(’Z’O/\_/_ + 20 a).

This is a function of u. The corresponding power is also a function of u, w(u) say, where

W > po. We have

m(n) = 1—@(/20/\/_4—,21 a).

Figure 4.4 shows a sketch of w(p). For p arbitrarily close to pog we have
7T(,U,0) = 1- (I)(z(lfa)) = Q.

As p increases, ® ( /f + 20— a)) decreases so that w(u) is an increasing function which

tends to 1 as p — oo. Note that as p — po it s very hard to distinguish between the two

hypotheses. Consequently, some authors talk of ‘not rejecting Hy’ rather than ‘accepting Hy’.

Definition 18 (Power function)
The power function 7(6) of a test of Hy : 0 = 6y is

w(0) = P(Reject Hy| True value of 6)
= 1— P(Type II error at ).
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Ho H

Figure 4.5: The power function, 7(u), for the test of Hy : pu = po versus Hy : p # uo.
described in Example 47

Example 47 A two-sided test of the hypotheses

Hy:p=pg wversus Hi:p+# po

where the X; are iid N(u,o?) with o? known may be constructed, at significance level

using the critical region

where

The corresponding power function is

m(u) = P(Reject Hy| True value is 1)
= P{X <ko|X ~N(u,o?*/n)}+P{X >k | X ~ N(u,o?/n)}

Ho — K Ho — [
= o (B ) e (B ).

The power function is shown in Figure 4.5. Notice that the power function is symmetric

about pg. To see this explicitly note that, for e > 0, we have

m(po +€a/vn) = B(—e—za_g)) +1—D(—€+z1_4a))
while
m(po —€eo/vn) = ®(e—2za_g)) +1—P(e+21_4g))

{1-P(—e+ Z(l,%))} +1—{1—®(—e— Z(l,%))}
(o + €o/v/n).
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As p — po then w(u) — (o) where

7T(,u,0) = (I)(—Z(lf%)) +1-— (13(2(1,g

while w(p) — 1 as both p — oo and p — —oco.
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Chapter 5

Inference for normal data

In this chapter we shall assume that our observations come from normal distributions. In
Sections 5.1 and 5.2 we consider data from a single sample before going on to compare paired

and unpaired samples.

5.1 o7 in one sample problems

We assume that X1, ..., X, areiid N(u,0?) where both y and 02 are unknown. An unbiased

point estimator of o2 is

5?2 = > (X - X)?

with
(n — 1)52 2
0_2 ~ Xn-1-

t(";ilz)sgfora

In Section 3.3, we constructed a confidence interval for 2. Using the pivo
we have that

(n—1)8? 2
— 5 < Xn-1,%2

P<X7211,1%< M,02> = l-oa

g

2 2
so that (()?2_1)3 (2" L ) is a random interval which contains o2 with probability 1 — .

b
12 X,_11-a
n-1,% n—1,1-¢

Our 100(1 — )% confidence interval for o2 is a realisation of this random interval,

(n—1)s* (n—1)s?
2 12 :
Xn-1,2 Xn-1,1-%¢

Let’s consider hypothesis testing for 02. Suppose we want to test hypotheses of the form

Hy o2 >0'(2)
Hy:0% = 03 versus H,:0%< 0(2)

Hy:0? # dd.

42



Notice that Hy is not simple as we don’t know p. We will base tests on the statistic S2.

5.1.1 Hy:0*=o0} versus H; : 0% > 0}

Relative to o3, small values of s? support Hy and large values H;. We set a critical region

of the form
¢ = {(xlv"'v'rn):SQZkl}

where k; is chosen such that

a = P(S*>k | Hy true)
—1)82 L
= P <(n 2) > (n 2) ! Hy true>
99 99
— Dk
= P (Xi_1 > (n#)
90
to give a test of significance .. Thus,
(n— 1)k 2 o,
— 7 = = ki = .
O_g anl,a 1 n — 1Xn71,a

5.1.2 Hy:0?=o02 versus H, : 0? < 0}

Relative to o3, large values of s support Hy and small values H;. We set a critical region

of the form
C = {(z1,...,25): 2 < kot

where ks is chosen such that

a = P(S?<ky| Hy true)
—1)8? -1k
= P((n 2) g(n 2) 2 Hotrue)
90 90
- p 2 < (TL — 1)]€2
Xn—l = 0_3
to give a test of significance .. Thus,
(n —1)ky 2 o,
= = ky = .
0_8 Xn—l,l—a 2 n— 1Xn—1,1—a

5.1.3 Hy:0%= 0} versus H, : 02 # o}

If s? is ‘close’ to o2 then we have evidence for Hy. If s? is too small or too large, relative to
03, then we favour H;. We combine the critical regions discussed in Subsections 5.1.1 and

5.1.2 to set a critical region of the form

C = {(z1,...,20) 18> <k, 8> > k1 }
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where ko and k; are chosen to give a test of significance «, that is so that
a = P(S%<ky|Hp true) + P(S% > ki | Hy true).

In the same way as the two-sided test in Section 4.5, we place «/2 in each tail so that

% = P(S% < ky| Ho true) = P(S2 > ki | Hy true).
Thus,
2
_ _% 2 )
ki = n— 1Xn71,%,
2
g
ka 0 X?L—l,l—ﬁ
n—1 2

Notice that we accept Hy if

2

2
a5 2 2 Jg 2
nflxn—l,l—% <s7 < nflxn—l,% =
n—1)s? n—1)s2
(oD 2 (ne)st
n-1.4 Xn-11-2

That is we accept Hp if oF is in the corresponding 100(1 — )% confidence interval for o?; a

further illustration of the duality between hypothesis testing and confidence intervals.

5.1.4 'Worked example

The weight of the contents of boxes of ‘Honey Nut Loops’ cereal is monitored by measuring
101 randomly selected boxes. The variance of the weight of the boxes was known to be 25¢2

but Eagle-eyed Joe believes this is no longer the case and so wishes to test the hypotheses
Ho:0?=25 versus H;:0%# 25

at the 5% level. The critical region is, from Subsection 5.1.3,

25 25
¢ = {(901, o mi) 180 < mxin,m,oéﬁwﬁ? = mxf(nl,%}
1 1
= {(xl, oy my01) 1 80 < 1(74'222)’32 > Z(129.561)}
= {(z1,...,m101) : s> < 18.5555,5° > 32.39025} .

Joe observes s? = 31 which does not lie in C. There is insufficient evidence to reject Hy at

the 5% level. Notice that the corresponding 95% confidence interval for o2 is

( 100s2  100s2 ) _ (100(31) 100(31))

129.561" 74.222
= (23.9270,41.7666)

2 )
X100,0.025 X100,0.975

which contains 03 = 25.

It is important to note that the decision to use a one-sided or two-sided test alternative

must be made in light of the question of interest and before the test statistic is calculated.
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e.g. You can’t observe s> > 25 and then say right, I'll test Hy : 02 = 25 versus
H, : 02 > 25 as this affects the probability statements.

5.2 p in one sample problems

We shall assume that Xi,...,X, are iid N(u,0?). An unbiased point estimator of u is
X =15 X, and the sampling distribution of X is N(u,0?/n).

5.2.1 o2 known

In Section 4.5 we have constructed hypothesis tests under this scenario. We considered

testing the hypotheses

Hy:p>po
Hy:p=po versus Hy:p < po
Hy:p# po

and used the respective critical regions
cr = {(1’1,...,55 )
Cc* = {(z1,...,20):
C {(xl,...,a;n)

&I

Z O+Z(1 a)\/_}

&I
IN

I
Ho Z(lfa)ﬁ}
Lo

&I
IN

—21-9) 7 T 2 Mo+ 21-8) 7 )
for tests with significance level a.

Example 48 A nutritionist thinks that the average person on low income gets less than
the RDA of 800mg of calcium. To test this hypothesis, a random sample of 35 people with
low income are monitored. With X; denoting the calcium intake of the ith such person, we
assume that X1, ..., Xss are iid N(u,250%) and test the hypotheses

Hy: =800 wersus Hj:p < 800.

We reject Hy if

; 250
(1-a) \/ﬁ

For a = 0.1, z(1_a) = 209 = 1.282 and we reject Hy for T < 745.826. For a = 0.05,
Z(1—a) = 20.95 = 1.645 and reject for T < 730.486. Suppose we observe T = T740. There is

T < 800 —

sufficient evidence to reject the null hypothesis at the 10% level BUT insufficient evidence
to reject Hy at the 5% level. We might ask “At what level would our observed value

have been on the reject/don’t reject borderline?” This value is termed the p-value.
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a%  2.87%

105 c 108 X

E—
Regject

Figure 5.1: Illustration of the p-value corresponding to an observed value of T = 108 in the
test Hy : = 105 versus Hy : u > 105. For all tests with significance level a% larger than
2.87% we reject Hy in favour of Hj.

5.2.2 The p-value

For any hypothesis test, rather than testing at significance level «;, we could find the p-value
of the test. The p-value enables us to determine at just what significance level our observed

value of the test statistic would have been on the reject/don’t reject borderline.

Definition 19 (p-value)

Suppose that T(X1, ..., Xy) is our test statistic for a hypothesis test and we observe T(xq, . . .,
Zn). The p-value is the probability that, if Hy is true, we observe a value that is more extreme
than T(x1,...,%y).

Example 49 Suppose that X1, ..., X1 are iid N(u,0? = 25) and we wish to test the hy-
potheses

Hy:p=105 wersus Hip:p > 105.

Our test statistic is X. Suppose we observe T = 108. The p-value for this test is

P{X >108|X ~ N(105,2.5)}

X —105 _ 108—105] X — 105
{5/m = T5VI0 ‘ 5/7/10 NN(O’”}

s (108—105}
5/v/10
= 1-®(1.90) = 0.0287.

If we have a test at the 2.87% significance level, then T = 108 is on the critical boundary.
As Figure 5.1 illustrates, for all tests with significance level larger than 2.87% we reject Hy

in favour of Hi.
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Example 50 We compute the p-value corresponding to Example 48. It is

- - X —800 _ 740—800| X —800
P{X <740| X ~ N(800,250?/35)} = P { (0, 1)}

250/v/35 ~ 250/v/35 | 250/v35
®(—1.42)
— 1-0.9222 = 0.0778.

For all tests with significance level larger than 7.78% we reject Hy in favour of Hy which

agrees with our finding in Example 48.

How do we compute the p-value in two-sided tests? Notice that we will observe a single value
which will either be in the upper or lower tail of the distribution assumed true under Hy.
Suppose we observe a value in the upper tail. We must also consider the corresponding ex-
treme value in the lower tail. The p-value will be twice that to the corresponding observation

in the one-sided test.

Example 51 Suppose that Xi,...,X1o are iid N(u,0? = 25) and we wish to test the hy-
potheses

Hy: =105 wersus Hj:pu # 105.

Our test statistic is X. Suppose we observe T = 108. This value is in the upper tail of
X ~ N(105,25/10). We consider that it would just be as likely to observe the value 102 and

p = P{X <102|X ~ N(105,2.5)} + P{X > 108 | X ~ N(105,2.5)}
= 2(0.0287) = 0.0574.

If we had a two-sided test of 5.74%, then our critical region would be
C = {(z1,...,210):T <102,T > 108}.
For all tests with significance level larger than 5.74% we reject Hy in favour of Hy.

Notice that the symmetry of the Normal distribution makes it easy to find the equivalent
extreme value in the opposite tail to the value we observed. For a general two-sided Normal
hypothesis test we note that if we observe T and Hy is true, then T is a realisation from a

N(0,1) distribution. The p-value is given by

_ X — po| T — ol Y*HON
= P{ oIVn = olva | olva N(O’”}

However, if the underlying sampling distribution is not symmetric it is harder to find the

equivalent extreme value. However, we do not need this if we only require the p-value: we
just use the observation that the p-value for the two-sided test will be double the p-value for

the corresponding observation in a one-sided test.
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Example 52 On question 3. of Question Sheet 8 you consider the test of the hypotheses
Ho:0%=10 wersus Hy:o0*# 10

The test statistic is s> and E(S?| Ho true) = 10. You observe s*> = 9.506 < 10 so s? is in
the lower tail. The p-value for this two-sided test is twice that of the p-value corresponding
to the test of the hypotheses

Hy:02=10 wersus Hp:02<10
That is

p = 2P(S? <9.506| Hy true).

5.2.3 02 unknown

If the variance o2

is unknown to us then we cannot use the approach of Subsection 5.2.1
as o is explicitly required when computing the critical values. We mirror the approach of
Section 3.4 and use the pivot

X —p

<7 = ~ ln-1,

S/\/n

the t-distribution with n — 1 degrees of freedom. We are interested in testing the hypotheses

Hy:p>po
Hy:p=pog versus Hy:p < po
Hy:p# po
and we’ll let
HX1s .o X) );/*\/%0
be our test statistic. If Hy is true then t(x1,...,z,) should be an observation from a t-

distribution with n — 1 degrees of freedom. Recall that t-tables give the value ¢, , where
P(t, >ty a) = .
Hy:p=po versus Hy : > po

If Hy is true then ¢ should be close to zero, while large values support H;. We set a critical

region of the form

c = {(ml,...,xn):t:i/_\/l%o zkl}

where k;p is chosen such that

Q
|

Y—,Uo
P >
(S/ﬁ = h

X — o
= P >
(S/\/ﬁ = h

Hy true)

X — po ~t
S/\/ﬁ n—1
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to give a test of significance .. Thus,
kl = tn—l,a-

Hy: o= po versus Hy @y < o

If Hy is true then ¢ should be close to zero, while small values support H;. We set a critical

region of the form

c - {<>t z/—j_o }

true)

X — po ~t
S/\/ﬁ n—1

where ks is chosen such that
X - ,Uo
a = P
(7 <

X — o
P <
(S/ﬁ =k

to give a test of significance . Thus,

k2 = *tnfl,a-

Hy: = po versus Hy : % o

If Hy is true then ¢ should be close to zero, while large or small values support H;. We

combine the critical regions of the two one-sided tests and set a critical region of the form

¢ = {(zla"'v'rn):tzMOSkQ;tZkl}

true)

X — o ~t
S/\/ﬁ n—1

where k1 and k9 are chosen so that

X -
Hy true) ( MO

SN
-7 <)§>*/fi <k | G ”t“) @/fi =

to give a test of significance o. We place /2 in each tail so that

<k2

“ - P<)§‘/\F

kl = tp_1.2, kg = *tnfl,%

’ 2

Example 53 The manufacturer of a new car claims that a typical car gets 26mpg. Honest
Joe believes that the manufacturer is over egging the pudding and that the true mileage is less
than 26mpg. To test the claim, Joe takes a sample of 1000 cars and denotes by X; the miles
per gallon (mpg) of the ith car. He assumes that the X; are iid N(u,0?) and he wishes to test

whether the true mean is less than the manufacturers claim. Thus, he tests the hypotheses

Ho:p=26 wversus Hp:p <26.
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Joe will reject Hy at the significance level o if

. T—26 -
s/v/1000 — O
Joe observes T = 25.9 and s* = 2.25 so that
25.9 — 2
= u = —2.108.
\/2.25/1000
Now,
—t999,0,025 = —1.962341 (usmg the R command qt (0..975, .9.9.9) to ﬁ'fld t999,0,025)
—t999,0.001 = —2.330086 (using the R command qt(0.99,999) to find tggg 0.01)

We reject Hy at the 2.5% level but not at the 1% level. The p-value is thus between 0.01
and 0.025 and may be found using R: pt (-2.108,999) = 0.0176. There is some evidence to
suggest that these cars achieve less than 26mpg, but the difference is ‘small’. This example

raises the question of
Statistical significance
Versus
Practical significance
As the sample size is so large, the sample mean T = 25.9 is probably pretty close to the
population mean. At the 2.5% level we obtained a statistically significant result to reject the

manufacturers claim that p = 26mpg but how practically significant is the difference between

25.9mpg and 26mpg?

5.3 Comparing paired samples

In many experiments, we may have paired observations.
Example 54 Blood pressure of an individual before and after exercise.

Example 55 We might match subjects by age/weight/condition and ascribe one to a test/treatment

group and the other to a control group.

Suppose we have n pairs and let (X;,Y;) denote the measurements for the ith pair. Assume
that the X;s are iid with mean px and variance og( and the Y;s are iid with mean py and
variance o%. The quantities X; and Y; are not independent. Suppose that Cov(X;,Y;) =

oxy and that the pairs (X;,Y;) are independent, so that Cov(X;,Y;) =0 for i # j.

Let D; = X; —Y;,i=1,...,n denote the ith difference. The D, are independent with

E(D;) = px —py = pp;
Var(D;) = Var(X;)+Var(y;) —2Cov(X;,Y;)
= U§(+O')2/72O'XY = 0123.
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Assume that the D; are iid N (up,0%).! Typically, we are concerned as to whether there is a

difference between the two measurements, that is we are interested in testing the hypotheses

H1:,LLD>0
Hy:pup =0 versus Hy:pup <0
Hy:pup #0
Now,
D = liD-wN(uD % /n);
ni:l T sy YD )
- — (n—1)52
2 _ 2 n—21)op .2
S, = n—lg(Dz D) so o) Xo_1-

As D and S% are independent then

D —pp
To test the hypotheses we may use the t-tests derived in Subsection 5.2.3.

5.3.1 Worked example

A paediatrician measured the blood cholesterol of her patients and was worried to note that
some had levels over 200mg/100ml. To investigate whether dietary regulation would lower
blood cholesterol, the paediatrician selected 10 patients at random. Blood tests were con-
ducted on these patients both before and after they had undertaken a two month nutritional

program. The results are shown below.

Patent |1 2 3 4 5 6 7 8 9 10
(X) Before | 210 217 208 215 202 209 207 210 221 218
(V) After [ 212 210 210 213 200 208 203 199 218 214
(D) Difference | =2 7 -2 2 2 1 4 11 3 4

For example, (x4, y4) = (215,213) and dy = x4 — y4 = 215 — 213 = 2. We observe T = 211.7,
s2 = 34.2, 7 = 208.7 and 35 = 38.9. There is lots of variability so it is difficult to tell

from these summaries whether there is a statistically significant difference. The question of

interest is whether dietary regulation lowers blood cholesterol. The paediatrician tests the

hypotheses
Hy:up =0 wversus Hi:pup >0
where D1, ..., Dig are assumed to be iid N(up,c%). The observed estimates of up and 0%
are d = 3 and si = 15.3 respectively. Under Hy, % ~ t,—1 and our critical region is
Cc = {(dl,...,dlo):t = d Ztgﬁa}
54/V10

LA nonparametric version, where we do not assume normality, is the (Wilcoxon) signed-rank test: see

http://en.wikipedia.org/wiki/Wilcoxon_signed-rank_test
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The paediatrician observes

= ; = 2.425356.

\/15.3/10
From tables, tg 0.025 = 2.26 and t9 .01 = 2.82. Hence, we reject Hy at the 2.5% level but not
at the 1% level. The p-value is thus between these values and is about 0.019. (using R: 1 -
pt(2.425356,9))

There is fairly strong evidence to suggest that this dietary program is effective in lowering

blood cholesterol level in these patients.

5.4 Investigating o for unpaired data

In many experiments, the two samples may be regarded as being independent of each other.

Example 56 In a medical study, a random sample of subjects may be assigned to a treatment
group and another independent sample to a control group. There is no pairing in the samples,

indeed the samples may be, and frequently are, of different sizes.

Assume that the sample X1, ..., X,, is drawn from a normal distribution with mean px and
variance ag(, so the X;s are ild N (ux, ag(). Additionally, assume that a second, independent,
sample Y7, ...,Y,, is drawn from a normal distribution with mean uy and variance 0%, so

the Vs are iid N(uy, 0% ). Note:
1. It is assumed that n and m need not be equal.

2. There is no notion of pairing: X; is no more related to Y; than to Y37 so that there is

no notion of individual differences.

3. Interest centres upon whether px differs from py and whether 0% differs from o%.. We

shall tackle the latter question first.

Definition 20 (F-distribution)

Let U and V' be independent chi-square random quantities with v1 and vo degrees of freedom
respectively. The distribution of

U/l/1

W
V/ 1]

is called the F-distribution with v and vy degrees of freedom, written F,, ., .

Note that:

U/lll
V/l/2

1
F,, ., then — V/va

' W~ U/n

FV27V1'
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For our unpaired data case, the sample variance of the X;s is

- —
S2 = X, — X)? 5.1
e IR (5.1)
so that
n—1
Ux = S lsie 52)
Ox

Similarly, the sample variance of the Y;s is

1 & —
S = — Y; —Y)? 5.3
e EP Ut (5.3)
with
m—1
L T (5.4
Oy

Thus, dividing (5.1) by (5.2) and using (5.3) and (5.4) we have that

5% _ (ox\Ux/(n—-1) _ o%
52 (o%>vy/<m1> 2" (55)

where, as S% and S% are independent and using Definition 20, W ~ F,,_1 y,—1.

Suppose we want to test hypotheses of the form

Hy : 0%( > 0'32/

Hy: 0% = 0% versus Hy:0% <02

Hy:0% # 0%
Let s2 = —5 " | (z; — T)? denote the observed value of S% and s2 = L5 > (y; — 7)?
denote the observed value of S5.. If Hy is true, then, from (5.5), s2 /52 should be a realisation
from the F-distribution with n —1 and m — 1 degrees of freedom. We use S% /S% as the test

statistic and under Hy,
52
_)2( ~ Fn—l,m—l-
Sy
o2 L2 .2 2
5.4.1 Hy:0%x =oy versus H; : 05 > oy

If H) is true then 0% /o3 > 1 and so, from (5.5), s2 /s> should be large. We set a critical

region of the form
C = {(x1,. ., Tny Y1y Ym) : si/sz >k}
where kp is chosen such that
P(5%/Sy > ki | Ho true) = P(Fp_1m-1>k) = «

for a test of significance a.
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5.4.2 H,:0% =0} versus H, : 0% < 0%

If Hy is true then 0% /03 < 1 and so, from (5.5), s2/s; should be small. We set a critical

region of the form
C = {(x1, .., Tny Y1y Ym) : 5923/573 < ko}
where k5 is chosen such that
P(S%/S% < ko | Hy true) = P(Fy_1m-1<k2) =

for a test of significance a.

5.4.3 Hy:o0% = 0% versus H, : 0% # 0%

If H, is true then, from (5.5), s2/s; should be either small or large. We set a critical region

of the form
C = {(@1, -, Tny Y1y Ym) : si/sz < ko, si/si >k}
where k1 and k9 are chosen such that
P(S%/S% > ki | Hy true) = P(Fy_1m1>k) = a/2
P(S%/S% < ko | Hy true) = P(Fn_1m-1<ks) = a/2
for a test of significance a.
F-tables give upper 5%, 2.5%, 1% and 0.5% of the F-distribution, denoted F},_1 1,0 for

the requisite degrees of freedom and significance level. These enable us to find the k; values.

For the ks values, we note that
P(Fn—im-1<ks) = P(Fp_1n-1>1/ks).

So, in Subsection 5.4.1, ky = Fj,_1,m—1,o. For Subsection 5.4.2, ko = 1/Fp,_1n-1. In
Subsection 543, kl = Fn—l,m—l,a/Q and k2 = 1/Fm—1,n—1,oz/2'

5.4.4 Worked example

The US National Centre for Health Statistics compiles data on the length of stay by patients
in short-term hospitals. We are interested in whether the variability of stay length is the
same for both men and women. To investigate this, we take independent samples of 41
male patient stay lengths, denoted X7, ..., X4 and 31 female patient stay lengths, denoted
Y1,...,Y31. We assume that the X;s are iid N(ux,0%) and the Y;s are iid Npuy,o0%) and
test the hypotheses

L2 2 .2 2
Hy:o0x =0y versus H;:ox # oy
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C {(.1'1,.

at the 10% level. From Subsection 5.4.3, the critical region is

-5 T41,Y1,

56.25 and 57 = 46.24 then s2 /52 = 1.22.

Jys1) : sh /sy <k, sp/sh >k}
where /{31 = F4073070_05 = 1.79 and k/’g = 1/F30,40,0,05 = 1/1.74 = 0.57. If we observe s
for male and female patients.

2

Now, 0.57 < 1.22 < 1.79 so we do not reject Hy at the 10% level (so the p-value is greater
than 0.1). There is insufficient evidence to suggest a difference in variability of stay lengths

and o} are known

2
X

5.5 Investigating the means for unpaired data when o

equal?’. We are interested in testing hypotheses of the form

As the X;s are iid N(ux,0%) then X ~ N(ux,0%/n). Similarly, since the Y;s are iid
N(py,0%) then Y ~ N(py,0%/m). Our question of interest is typically ‘are the means

Hy:px > py
Hy:pux = py versus Hy o px < py

0'2 ag
V-

08

Hy:px # py
As X and Y are independent then X —Y ~ N(ux — py,0% /n+ 0% /m). If Hy is true then
Z ~ N(0,1)

2 2
so that the observed value (which we can compute as 0% and o3 are known) (T—7)/1/ 2% + 2

should be a realisation from a standard normal distribution if Hy is true. We assess how
extreme this observation is to perform the hypothesis tests outlined above.

5.6 Pooled estimator of variance (0% and ¢} unknown)

If we accept 0% = 02 then we should estimate the common variance o%. To do this we pool
the two estimates s7 and s weighting them according to sample size.
have possibly different means to the y;.

N.B. We can’t pool the z;, y; together into one sample of size n + m as the z;

The pooled estimate of variance is the pooled sample variance,

(n—1)s3 + (m—1)s2

n+m-—2
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The corresponding pooled estimator of variance is

(n—1)S% + (m —1)S2
n+m-—2 '

2
S, =

Note that if 0% = 0% = o} then 2515% ~ x2_; and 23152 ~ x2,_,. As 5% and 5% are

independent then

n+m-—2 n—1 m—1
732 = ) S§(+ ) SXQ/ ngz+m72'

o2 p

N.B. As both Sg( and 5’32/ are unbiased estimators of o2 then Sﬁ is also an unbiased

estimator of 2.

5.7 Investigating the means for unpaired data when o%

and o} are unknown

2 _ 2
= 0Oy.

We will restrict attention to the case where we can assume that 0% = o
e.g. An F-test has not been able to conclude that 0% # o2.

In this case, X =Y ~ N(ux — py,0%(L +L)).2 We are interested in testing the hypotheses

Hy:px > py
Hy:pux = py versus Hy o px < py
Hy:px # py

If Hy is true then (X —Y)/4/02(2 + L) ~ N(0,1) and %@725’5 ~ X2 n_o so that

X-Y
T = ———~ tn+m72
Sp +

3=
3=

and t = (T —7)/ sg(% + 1) should be a realisation from a t-distribution with n 4+ m — 2
degrees of freedom. We may thus use ¢ to perform conventional ¢-tests, as described in
Subsection 5.2.3.

5.7.1 Worked example

Recall the length of stay in hospital example of Subsection 5.4.4. We have 41 male patients,
with length of stay Xi,..., X4; and 31 female patients, with length of stay Yi,...,Y3:. The
observed sample variances were s2 = 56.25 and si = 46.24. An F-test concluded that there

was no detectable difference in variability of stay lengths for male and female patients. We

2A nonparametric version, where we do not assume normality, is the Mann-Whitney U test: see
http://en.wikipedia.org/wiki/Mann-Whitney_U

56



may assume that o% = 03 = 0>. We estimate ¢ using the pooled sample variance s7 as

given by (5.6). We find that
) (41 — 1)56.25 + (31 — 1)46.24

- — 51.
®p A1+31—2 51.96

Suppose we test the hypothesis

Hy:px =py versus Hip:pux # py

and observe T = 9.075 and y = 7.114. If Hj is true then
9.075 —7.114 1.961
51.96(% + =)

should be a realisation from a t-distribution with 41 + 31 — 2 = 70 degrees of freedom. For
this two-sided test, ¢ = 1.143 corresponds to a p-value of 2{1 — pt(1.143,70)} = 0.2569.
There is insufficient evidence to suggest a difference between the mean stay lengths of males

and females.
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Chapter 6

Goodness of fit tests

6.1 The multinomial distribution

Suppose that data can be classified into k& mutually exclusive classes or categories and that
the class ¢ occurs with probability p; where Zle p; = 1. Suppose we take n observations

and let X; denote the number of observations in class 7. Then

n! :
PXy=wy,..., Xp=ap | pr,--spk) = ———pi" P (6.1)
T1+... Tk
where Zle r; =n and zl,”—'mk, is the number of ways that n objects can be grouped into k
classes, with x; in the ith class. The probability in (6.1) represents the probability density

function of the multinomial distribution, a generalisation of the binomial distribution.

6.2 Pearson’s chi-square statistic

In goodness of fit tests, we are interested in whether a given model fits the data. Consider

the following two examples.

1. Is a die fair? We may roll the die n times and count the number of each score observed.
If we let X; be the number of is observed then we have a multinomial distribution
with six classes, the ith class being that we roll an ¢ and if the die is fair then p; =

P(Roll an i) = % for each ¢ = 1,...,6: the p;s are known if the model is true.

2. Emissions of alpha particles from radioactive sources are often modelled by a Poisson
distribution. Suppose we construct intervals of 1-second length and count the number
of emissions in each interval. We observe a total of n = 12169 such intervals and are

observations are summarised in the following table.

Number of emissions‘ 0 1 2 3 4 5
Observed ‘5267 4436 1800 534 111 21
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If the model is correct then we may construct a multinomial distribution where the
1 + 1st class represents that we observe ¢ emissions in the interval of 1-second length

and p; = exp(—A), p2 = Aexp(—A), p3 = é—? exp(—A),....

If A is not given, then the p; are unknown (although we have restricted them to be
Poisson probabilities) and, in order to assess the fit of this model to the data, we must
estimate a value of A from the observed data. Typically, we use the maximum likelihood

estimate. In this case, the maximum likelihood estimate of A, 5\, is the sample mean,

< (0x5267)+ (1 x4436) + -+ (5x21) 10187
A= 12169 12169 0-8371.

The goodness of fit of a model may be assessed by comparing the observed (O) counts with
the expected counts (E) if the model was correct. Consider the two examples discussed

above.

1. If the die was fair, we’d expect to observe np; = % in each of the six classes. If the

actual observed counts differ widely from this, then we’d suspect the die wasn’t fair.

2. In the Poisson model, we’d expect to observe np; in each class, where p; is our estimated
probability of being in that class assuming the Poisson model. Once again, discrep-
ancies between the observed and expected counts are evidence against the assumed

model.

For each class i, we have an observed value O; and an expected value E;. A widely used
measure of the discrepancy between these two (and hence between the assumed model and

the data) is Pearson’s chi-square statistic:

k

X? = Zw (6.2)

The larger the value of X2, the worse the fit of the model to the data. It can be shown that if
the model is correct then the distribution of X? is approximately the chi-square distribution

with v degrees of freedom where
v = number of classes — number of parameters fitted — 1.

Intuitively, we can see the degrees of freedom by noting that we are free to obtain the
expected counts in the first £ — 1 classes but the count in the final class is fixed as the total
number of observations is n and then we lose a further degree of freedom for each parameter
we fit. In the die example, we fit no parameters as the p; are known under the assumed

model. For the Poisson model, we fit a single parameter, \.

If X? is observed to take the value z, then the p-value is

*

p* = P(X? > 2 | model is correct) ~ P(x2 > z).
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The approximation is best if we have large n and, as a rule of thumb, we group categories

together to avoid any classes with E; < 5.

6.2.1 Worked example

We return to the Poisson example. We have fitted A = 10187/12169 and

%

Eiy1 = n—exp(—A) = =E;.
7! )

By = 12169 exp(—10187/12169) = 5268.600
By = (10187/12169)E; = 4410.488

By = %/12169@ = 1846.069

E, = %/12169& = 515.132

Es = %/12169@ = 107.808

Es = %/12169&, = 18.050

E; = %/12169&; = 2518

and so on. Note that F; < 5 for all i > 7. We pool these into the sixth class to ensure
an expected count greater than 5 in all classes. This newly created sixth class corresponds
to number of emissions greater than or equal to 5 so has probability Zf;,) )‘ex%,(_)‘) and
expected count 12169 — Zle FE;. Hence, our observed and expected counts are as in the

following table.

Number of emissions ‘ 0 1 2 3 4 5+
Observed 5267 4436 1800 534 111 21
Expected 5268.600 4410.488 1846.069 515.132 107.808 20.903

Using (6.2), we calculate the observed Pearson’s chi-square statistic as

5267 — 5268.600)% (4436 — 4410.488)> (21 —20.903)?
X% = ( cee 1 — 2.0838.
5268.600 + 4410.488 et T 0003

If the Poisson model is true then 2.0838 should (approximately) be a realisation from a
chi-square distribution with 6 —1 — 1 = 4 (we have 6 cells and have fitted one parameter)
degrees of freedom. Now P(x3 > 2.0838) = 0.72 so that the model fits the data very well.
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Chapter 7

Appendix - Adding Independent

Normals

We directly show that if X ~ N(uj,0?) and Y ~ N(uz2,03) and X and Y are independent
then W = X +Y ~ N(ui + p2,07 + 03). It then follows by induction that the sum of n
independent normal random quantities is also normal. This is for completeness and mirrors
the work you did in §VIL.b Distributions of sums of MA10212 when adding standard normal

random quantities.

We shall utilise the following lemma.

Lemma 2 The following identity is true.

1 1 1 1
@ —m)?+ Sw—z—p)? = S —ps)’ +5—={w— (u + )}’
01 03 03

oy + 05
where
py = 22 Jf%(w; w), (7.1)
o1 + 03
2 2
o3 = Ugl—f?f%' (7.2)
Proof -

1 1 1 1
@ —m)?+ 5w —z—p)? = @ —m)*+ 5{(w—p) -2z}
o2 o o2

07 1
(0% + )2 — 2o + 0P (w — o) }a + oFud + 3w — 12)’
= 2 2 (7.3)
0103
2
_ ottor |f  chmtoi(w—pe) )" odui+of(w—pz)®
e o7 +03 o1 + 03

{o3p1 4 oF (w — pp)}?
(0F +03)?

(7.4)

61



where (7.4) follows from (7.3) by completing the square for z. Now,

(07 + 03){o3ud + o5 (w — p2)?} — {oF s + oF(w — p2)}? =
oro3{ut — 2p(w — p2) + (w — p2)?}
= oro5{w — (p1 + p2)}> (7.5)

Substituting (7.5) into (7.4) and using (7.1) and (7.2) gives the result. O

Theorem 4 If X ~ N(u1,0%2) and Y ~ N(uz,03) and X and Y are independent then
W =X+Y ~ N(u + p2, 0% + 03).

Proof - We consider the region R where W < w. For a given X = x, W < w provided
Y <w-—2 Thus, R={-0 <z <o00,—00<y<w-—2a} and

POW <w) = /jo /:H Fxy(,y) dy dz, (7.6)

where fxy(z,y) is the joint pdf of X and Y. Since X and Y are independent then
fxy(z,y) = fx(x)fy(y). Using this and making the change of variables y = v — z we

may write (7.6) as

rv<w) = [ [ p@pre-gaa = [ [ @ne-oda

Differentiating both sides with respect to w gives

fw(w)

/: fx (@) fy (w —z)dx

o 2TO102 i 5

where (7.7) follows since X ~ N(ui,0?) and Y ~ N(uz,03). From Lemma 2, (7.7) becomes

o) = [ ey [ (e i),

o 2MO109 203 2(02 + 02)
1 _ 2 [e’e) 1 - 2
= —————exp { {w (gl + 52)} ] / exp {@753)} dx(7.8)
2m(0f + 03) 2(o7 +03) —0 V2mo3 203
1 _ 2
= ——— exp {— {w (/2“ i '[;2)} ] (7.9)
2m (o} + 03) 2(0 +03)

where (7.9) follows from (7.8) as the integral is over the pdf of a N(u3,03) random quantity
and thus is equal to 1. We immediately identify (7.9) as the pdf of a N(u1 + u2,0% + 03)

random quantity. O
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