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Abstract: We find the almost sure rate of exponential growth of particles, D(γ, κ), which
are found simultaneously with spatial positions near γt and type positions near κ

√
t at

large times t in the high temperature phase of a typed branching diffusion initially studied
in Harris and Williams [8]. A combination of both martingale and large deviation results
are used to prove this result where, in particular, we also develop some almost sure path
large deviation results which hold for a broad class of one-dimensional branching diffusions.

1. Introduction

We shall start this introductory section by describing the family of typed branching
diffusions that form the primary study of this paper. Next, some results concerned with
the almost sure rate of growth of particles in the spatial dimension only shall be considered
before progressing onto the main result which gives the almost sure rates of growth for
particles which have both large spatial and large type positions at large times. As a
corollary, we gain the almost sure asymptotic shape of the branching diffusion when we
view the evolution of particles in the space-type plane and scale appropriately. In all the
situations considered, we will see that the ‘almost sure’ and ‘expected’ rates of growth
coincide exactly on the areas where particles are increasing in numbers. At various places,
we will make use of the work found in Harris and Williams [8], Harris [9] and Git [6],[7].

(1.1) The Branching Model. The typed branching diffusion we consider in this paper
has particles which independently move in space according to a Brownian motion with
variance controlled by the particle’s type process. The type of each particle evolves as an
Ornstein-Uhlenbeck process and this type also controls the rate at which births occur. This
model was initially studied in Harris and Williams[8], a paper which forms the foundations
for this work.

For time t ≥ 0,

N(t) is the number of particles alive,
Xk(t) in R is the spatial position of the kth-born particle,
Yk(t) in R is the ‘type’ of the kth-born particle,(

N(t);X1(t), . . . , XN(t);Y1(t), . . . , YN(t)

)
is the current state of the particle system.
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The type moves on the real line as an Ornstein-Uhlenbeck process associated with
the differential operator (generator)

Qθ :=
θ

2

(
∂2

∂y2
− y

∂

∂y

)
where θ is a positive real parameter considered as the temperature of the system. The
spatial motion of a particle of type y is a driftless Brownian motion with variance

A(y) := ay2, where a ≥ 0.

The breeding of a type y particle occurs at a rate

R(y) := ry2 + ρ, where r, ρ ≥ 0,

and we have one child born at these times (binary splitting). A child inherits its parent’s
current type and spatial position then moves off independently of all others. Particles live
forever (once born!).

The model has a very different behaviour for low temperature parameter values and
throughout this paper we consider only values above the critical temperature, that is θ > 8r.
All the above parameters of the model are considered as fixed for the rest of this paper,
unless otherwise stated. We use P x,y and E x,y with x, y ∈ R to represent probability and
expectation when the Markov process starts with an initial state (N ;X,Y) = (1;x; y).

The model was first suggested in the paper by Champneys et al.[4] which studied a
typed branching Brownian motion where the type of each particle moved as a two state
Markov chain. Analogous martingale techniques were, of course, also fundamental in the
probabilistic study of the two-type model. Amongst many others, we are particularly
indebted to an initial paper by McKean[12], work of Biggins[1,2,3] and the martingales
techniques in Neveu[14] concerning standard branching Brownian motions for inspiration
in this work. Branching Brownian motions have been long studied and the reader will find
many other very important references in the above papers.

The family of models we mainly consider in this paper have some features of funda-
mental significance, in particular, quadratic breeding is a critical rate in terms of explosions
in the population of particles in a branching Brownian motion (see, for example, Itô and
McKean[10]). The Orstein-Uhlenbeck type motion has exactly the right drift to help
counteract the quadratic breeding rates: for large enough temperatures, there is enough
ergodicity to keep the particles well behaved but, for low temperatures, the large breeding
rate outweighs the pull back toward the origin and the particles behave very differently.
These features make the models both interesting in their own right, as well as difficult to
study. We hope to consider the low-temperature regime in future works. Although the
models in this paper are quite specific, many of the ideas and similar methods will be
applicable to yield analogous results in a variety of other typed branching diffusions where
a spatial Brownian motion and breeding rates are controlled by a type process moving as
an finite state Markov chain or sufficiently ergodic Markov process. We emphasise that
study of this family of models motivated some much more general path large deviation
results for branching diffusions that are presented in section 4.
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(1.2) The asymptotic growth rate of particles along spatial rays.

We shall first present a result concerned with the growth rates of particles with large
spatial positions at large times. This shall prove to be a useful stepping stone towards
a result concerned with growth rates of particles which gain both large spatial and large
type positions.

Firstly, suppose we wish to find the almost sure rate of growth in numbers of particles
along rays in space-time. For γ ≥ 0, define

(1.3) Nt(γ) :=
N(t)∑
k=1

I {Xk(t) ≤ −γt}

The limit giving the expected rate of growth,

(1.4) lim
t→∞

t−1 logE(Nt(γ))

can be shown to exist and its value can be calculated to be

(1.5) ∆(γ) = ρ+
θ

4
− 1

4

√
θ(θ − 8r) (1 + 4γ2/(θa)).

An outline for this calculation is given in the next section. A discussion of this result
involving large deviation theory for occupation densities is also presented in Harris and
Williams[8].

It is now tempting to guess that the asymptotic speed of the spatially left-most par-
ticle, c̃(θ), is given by

(1.6)

c̃(θ) : = sup{γ : ∆(γ) > 0}

=

√
2a
(
r + ρ+

2(2r + ρ)2

θ − 8r

)
In this particular situation, this guess that ‘expectation’ and ‘particle’ wave-speeds agree
was actually proved rigorously a martingale change of measure technique in Harris and
Williams[8]. In this paper, we extend this connection and prove that the ‘expected’ and
‘almost sure’ rates of growth of particles actually agree.

(1.7) Theorem. Under each Px,y law, the limit

D(γ) := lim
t
t−1 logNt(γ)

exists almost surely and is given by

D(γ) =
{

∆(γ) if 0 ≤ γ < c̃(θ),
−∞ if γ ≥ c̃(θ).

To prove this result, we will make use of some fundamental ‘additive’ martingales for the
model and a related convergence theorem found in Harris [9].

We gain the asymptotic speed of the spatially most extreme particle as a corollary to
this theorem, a result first proved in Harris and Williams[8] by using a martingale change
of measure technique:

(1.8) Corollary.
lim
t→∞

t−1 sup
k≤N(t)

Xk(t) = c̃(θ)
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(1.9) The asymptotic shape and growth of the branching diffusion.

Next, we wish to give the almost sure rate of growth of particles which are in the
vicinity of γt in space and near

√
κ2t in type position at large times t.

For γ, κ ≥ 0, consider

(1.10) Nt(γ, κ) :=
N(t)∑
k=1

I
{
Xk(t) ≤ −γt, Y 2

k (t) ≥ κ2t
}
.

It can be shown that the limit

(1.11) lim
t→∞

t−1 log E (Nt(γ, κ))

exists and takes the value

(1.12) ∆(γ, κ) = ρ+
(θ − κ2)

4
− 1

4θa

√
θ(θ − 8r)(4aθγ2 + a2(θ + κ2)2)

An outline of this expectation calculation is given in the next section.
Once again, this ‘almost sure’ rate agrees with the ‘expected’ rate of growth of particles

exactly where there is growth in expected particle numbers.

(1.13) Theorem. Under each Px,y law, the limit

D(γ, κ) := lim
t→∞

t−1 logNt(γ, κ)

exists almost surely and is given by

(1.14) D(γ, κ) =
{

∆(γ, κ) if ∆(γ, κ) > 0,
−∞ otherwise.

To prove the upper bound on the growth rate, we will require knowledge of the exact
rate of convergence of some other ‘additive’ martingales. To prove the trickier lower bound
we will exhibit an explicit mechanism by which the branching diffusion can build up at least
the required exponential number of particles near to γt in space and

√
κ2t in type position

by large times t. This mechanism involves certain particles spending almost all of their
time building up in sufficient numbers whilst gaining a proportion of the required spatial
position, then a small number of this group of particles will succeed in making a very rapid
ascent out to the required final position. To prove this mechanism, we combine knowledge
of the growth rate ∆(γ) with some large deviation results concerning the probability of any
particles in the branching diffusion managing to follow various steeply ascending paths.
These large deviation results (see sections 3 and 4) give a very clear insight into typical
particle paths that can be observed within the branching diffusion, revealing either the
growth rate in the number of particles following close to given a path or the probability
that any particle manages to follow the path over a large time period.
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After proving theorem 1.13, it becomes straightforward to retrieve the following the-
orem:

(1.15) Theorem. For any F ⊂ R2, define

Nt(F ) :=
N(t)∑
k=1

I
{(

Xk(t)
t

,
Yk(t)√

t

)
∈ F

}
.

If B ⊂ R2 is any open set and C ⊂ R2 is any closed set, then almost surely under any Px,y

lim inf
t→∞

1
t

logNt(B) ≥ sup
(γ,κ)∈B

D(γ, κ),

lim sup
t→∞

1
t

logNt(C) ≤ sup
(γ,κ)∈C

D(γ, κ).

with the growth rate given by

D(γ, κ) =
{

∆(γ, κ) if ∆(γ, κ) > 0,
−∞ otherwise.

where

∆(γ, κ) = ρ+
(θ − κ2)

4
− 1

4θa

√
θ(θ − 8r)(4aθγ2 + a2(θ + κ2)2)

Although we consider theorem to be the main result of the paper, we emphasize again
that the path large deviation results presented in section 4 are applicable in more general
branching diffusion setups.

As a simple corollary, we now know the almost sure asymptotic shape of the region
that the particles in the branching diffusion will occupy after any long period of time.

(1.16) Corollary. Let B ⊂ R2 be any open set. Under each Px,y law,

NB(t) →
{

0 if S ∩B = ∅,
+∞ if S ∩B 6= ∅, almost surely,

where S ⊂ R2 is the closed set given by

S : =
{
(γ, κ) ∈ R2

∣∣∆(γ, κ) ≥ 0
}
.

The next section discusses how the various expectation calculations may be performed.
In the process, we shall start to gain valuable intuition into how particles within the
branching diffusion behave as well as giving hints on the important martingales and large
deviation techniques that we will eventually use to prove the ‘almost sure’ growth rate
results. In section 3, we will give some large deviation heuristics for the particles within
the branching diffusion which give a very good insight into certain particles’ behaviour.
These large deviation results are made precise in section 4 after we develop some almost
sure path results which hold for a broad class of one-dimensional branching diffusions.
Martingale results and a discussion of some of their uses are given in section 5, with proofs
in section 6. Finally, the proofs of the results stated in this section are found in section 7.
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2. Some expectation calculations

In this section, we outline how the expectation calculations referred to in the previ-
ous section can be performed by using the ‘many-to-one particle’ lemma and changes of
measure for drifting Brownian motions and Ornstein-Uhlenbeck processes. See Harris and
Williams[8] for further details of these techniques, or see Rogers and Williams[15],[16] for
the more general theory.

First, we give some key definitions. Let

(2.1) λmin := −
√
θ − 8r

4a
.

Let λ ∈ R, with the following convention which we always use for λ:

(2.2) λmin < λ < 0.

Also, define

(2.3) µλ :=
1
2

√
θ(θ − 8r − 4aλ2), ψ±λ :=

1
4
± µλ

2θ
Eλ := ρ+ θψ−λ

(Note that λmin is the point beyond which ψ−λ is no longer a real number.)
For simplicity of notation, we will assume throughout that we have one particle start-

ing at the origin in both space and type at time zero, unless otherwise stated. Using the
one particle picture and changing measure to alter the drift of Brownian motion, we see
that

E
N(t)∑
k=1

f
(
Xk(t), Yk(t)

)
= E θ

2 ,0

{
exp

(∫ t

0

R(ηs) ds
)
f(ξt, ηt)

}
= E θ

2 ,0

{
exp

(
−λξt +

∫ t

0

{
R(ηs) +

λ2

2
A(ηs)

}
ds

)
f(ξt, ηt). e

λξt−λ2
2

∫ t

0
A(ηs) ds

}
= E θ

2 ,λ

{
exp

(
−λξt +

∫ t

0

{
R(ηs) +

λ2

2
A(ηs)

}
ds

)
f(ξt, ηt)

}
where ξt = B

(∫ t
0
A(ηs) ds

)
and under Pµ,λ, B is a Brownian motion with drift λ and η is

an Ornstein Uhlenbeck process with variance θ and drift µ. To perform a further change
of measure on the OU process to get rid of the time integrals in the exponential of the
expectation, we recall that

dPµλ,·

dP θ
2 ,·

∣∣∣∣∣
Ft

= M
µλ,

θ
2

t := exp
(
ψ−λ η

2
t − Eλt+

∫ t

0

{
R(ηs) +

1
2
λ2A(ηs)

}
ds

)
and then

(2.4)
E
N(t)∑
k=1

f
(
Xk(t), Yk(t)

)
= E θ

2 ,λ

{
exp

(
−λξt − ψ−λ η

2
t + Eλt

)
f(ξt, ηt).M

µλ,
θ
2

t

}
= Eµλ,λ

{
exp

(
−λξt − ψ−λ η

2
t + Eλt

)
f(ξt, ηt)

}
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(2.5) The expected rate of growth along spatial rays. We now give the outline of
some calculations to find the rate of growth of particles near −γt in space at time t. Using
the formula from (2.4), we find

E
N(t)∑
k=1

I {Xk(t) ∼ −γt} = Eµλ,λ

(
e−λξt−ψ−λ η

2
t +EλtI {ξt ∼ −γt}

)
∼ e(Eλ+λγ)tEµλ,λ

(
e−ψ

−
λ
η2

t ; ξt ∼ −γt
)

We can now define

(2.6) ∆(γ) := inf
λ∈(λmin,0)

{E(λ) + λγ}

and this infimum is attained at λγ when E′(λγ) = −γ, hence

(2.7) λγ = −

√
(θ − 8r)γ2

θa2 + 4aγ2

and then
∆(γ) = ρ+

(
θ −

√
a−1(θ − 8r)(4γ2 + θa)

)
/4.

Of course, choosing this minimizing λγ value also means that we have maximized the ex-

pectation Eµλ,λ

(
e−ψ

−
λ
η2

t ; ξt ∼ −γt
)
. To confirm that this maximal value is of a reasonable

size (in particular, we don’t want any exponentially small value) is now easy. Under Pµλ,λ,
η is an OU with an invariant measure given by the probability density, φλ, of a normal
distribution with mean zero and variance θ/(2µλ) and, also, ξt = B

(∫ t
0
A(ηs) ds

)
where

B is a BM with drift λ. Almost surely under Pµλ,λ,

ξt
t
→ λ

∫
R
A(y)φλ(y) dy =

λaθ

2µλ
= E′(λ)

and so when we use the optimal λγ value we get exactly the desired drift since E′(λγ) = −γ.
Then,

Eµλγ ,λγ

(
e
−ψ−

λγ
η2

t ; ξt ∼ −γt
)
→ lim

t→∞
Eµλγ ,λγ

(
e
−ψ−

λγ
η2

t

)
=
∫

R
e
−ψ−

λγ
y2

φλγ (y) dy

Hence, we have obtained the exact rate of exponential growth for the expectation,

(2.8) lim
t→∞

t−1 logE(Nt(γ)) = ∆(γ).

The changes of measure used above are actually suggesting a lot about the dominant
particles that are found in the vicinity of a given ray in space. To help get a clearer intuitive
picture of the evolution of the branching diffusion see Harris and Williams[8] where there
are discussions involving large deviations for the occupation density of the type process
(as well as a dual calculation which is closer to the above arguments).
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(2.9) The expected asymptotic shape. We give a rough outline of calculations that
yield the correct exponential growth in the expected number of particles both near −γt in
space and

√
κ2t in type at large times t. Once again, using the formula from (2.4),

E
N(t)∑
k=1

I
{
Xk(t) ∼ −γt ;Yk(t)2 ≥ κ2t

}
= Eµλ,λ

(
e−λξt−ψ−λ η

2
t +EλtI

{
ξt ∼ −γt ; η2

t ≥ κ2t
})

∼ e(Eλ+λγ−κ2ψ−
λ )tPµλ,λ

(
ξt ∼ −γt ; η2

t ≥ κ2t
)

Now, continuing with our approximate calculations,

Pµλ,λ

(
ξt ∼ −γt ; η2

t ≥ κ2t
)

= Pµλ,λ

(
η2
t ≥ κ2t

)
Pµλ,λ

(
ξt ∼ −γt

∣∣η2
t ≥ κ2t

)
∼ e−

µλ
θ κ2tPµλ,λ

(
ξt ∼ −γt

∣∣η2
t ≥ κ2t

)
and recall ψ−λ + µλ/θ = ψ+

λ , yielding

(2.10)
E
N(t)∑
k=1

I
{
Xk(t) ∼ −γt ;Yk(t)2 ≥ κ2t

}
∼

e(Eλ+λγ−κ2ψ+
λ )tPµλ,λ

(
ξt ∼ −γt

∣∣η2
t ≥ κ2t

)
.

Define

(2.11)
∆(γ, κ) := inf

λ∈(λmin,0)

{
Eλ + λγ − κ2ψ+

λ

}
= ρ+ (θ − κ2)/4−

√
θ(θ − 8r)(4aθγ2 + a2(θ + κ2)2)/4θa

where the infimum is attained with a λ value of

(2.12) λ(γ, κ) = −

√
γ2θ(θ − 8r)

a2(κ2 + θ)2 + 4aγ2θ
∈ (λmin, 0)

Then equation (2.10) certainly leads to the inequality

lim sup
t→∞

t−1 log
N(t)∑
k=1

I
{
Xk(t) ∼ −γt ;Yk(t)2 ≥ κ2t

}
≤ ∆(γ, κ)

It is clear from (2.10) that when minimizing Eλ+λγ−κ2ψ+
λ , we simultaneously maximize

the probability Pµλ,λ

(
ξt ∼ −γt

∣∣η2
t ≥ κ2t

)
. In fact, this probability must reach a value well

away from 0 when we choose the optimal parameter for λ.
It can be shown that

Pµ
λ
,λ

(
ξt ∼ −γt ; η2

t ≥ κ2t
)
∼ exp

(
−
µλ
θ
κ2t
)
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using large deviations arguments. Indeed, the adaptations of the following heuristics are
discussed more fully in the next section as they will guide our later proof of the almost
sure rate of growth of particles.

We immediately gain the required upper bound since

Pµ
λ
,λ

(
ξt ∼ −γt ; η2

t ≥ κ2t
)
≤ Pµ

λ
,λ

(
η2
t ≥ κ2t

)
∼ exp

(
−
µλ
θ
κ2t
)

For the lower bound, we break paths into two sections: normal ergodic behaviour over
large time period [0, t] followed by a rapid ascent out to type position κ

√
t over a much

shorter period [t, t+ τ ].

(i) Ergodic behaviour. Over a large time t, the occupation density of η will most likely
have settled close to the invariant measure. Hence for large t, almost surely under Pλ,µλ

,∫ t

0

η2
s ds ∼ t

(
θ

2µλ

)
(ii) Rapid ascent. Over a large fixed time τ , but where t >> τ , the probability that η
starts close to the origin and ends near to κ

√
t having followed close to the path y over

the entire time period τ is roughly given by

exp
(
− 1

2θ

∫ τ

0

{ẏ(s) + µλy(s)}2 ds
)

under the Pλ,µλ
law. See, for example, Varadhan[18]. Considering the path

y(s) = κ
√
t

{
sinhµλs
sinhµλτ

}
gives

∫ τ
0
y(s)2 ds ≈ κ2t/2µλ with the probability of this path being roughly exp

(
−(µλ/θ)κ2t

)
.

Combining these two types of behaviour, we can find paths with final positions

ηt+τ ∼ κ
√
t, ξt+τ ∼ λa

∫ t+τ

0

η2
s ds ≈ λa

(
θ

2µλ
+

κ2

2µλ

)
t

and, moreover, when using the optimal λ value of λ(γ, κ), this actually gives ξt+τ ∼ γt.
Further, one of these paths occurs with a probability of roughly exp

(
−(µλ/θ)κ2t

)
and

note that t + τ ∼ t since t � τ , whence the probability Pµ
λ
,λ

(
ξt ∼ −γt ; η2

t ≥ κ2t
)

must
be at least as large as required.

A tightening up of this argument proves, as required, that

(2.13) lim
t→∞

t−1 log E

N(t)∑
k=1

I
{
Xk(t) ≤ −γt;Yk(t)2 ≥ κ2t

} = ∆(γ, κ).

If we scale all spatial coordinates by t−1 and all type coordinates by (
√
t)−1 at time t,

the expected asymptotic shape can be considered to be the region S := {(γ, κ) : ∆(γ, κ) ≥
0} where, on average, we have growth in the numbers of (scaled) particles.
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3. Large deviation heuristics

In this section we try to present an intuitive picture that better explains why the
almost-sure asymptotic exponential growth of Nt(γ, κ) is at least of size ∆(γ, κ) whenever
∆(γ, κ) > 0. This intuitive large deviation picture will later be used as a basis for our
proof of a lower bound for the almost sure growth rate. Martingales will be used to prove
the same rate also gives an almost sure upper bound.

Our interest is in the number of particles, Nt(γ, κ), that have space-type positions
near to (γt, κ

√
t) at a large time t. Consider the case when κ 6= 0, so we require particles

at a large distance from the type origin. However, when θ > 8r the attraction to the
type origin is much stronger than the quadratic growth rate and it is very unlikely that
any particle satisfies Y 2

k (t) > εt for a prolonged period of time. The majority of particles
that contribute to N·(γ, κ) at time t will fail to contribute to N·(γ, κ) at times soon after;
particles come and go very quickly from the wave front near (γt, κ

√
t). There will be many

possible trajectories these particles have traveled along to get to a position (γt, κ
√
t) by

large time t, but we need to find the form of a trajectory that a dominant number of
particles will follow. It turn out that such dominant particles will more than likely have
had a history made up of two distinct phases:
(i) the long tread taking up almost all of the available time. During [0, t], their type

has the modified occupation measure which allows them to drift spatially with speed
γθ/(θ + κ2). This is followed by

(ii) the short climb when, over a fixed time [t, t + τ ] (where τ � t is a fixed number)
some particles make a rapid ascent to type position κ

√
t whilst additionally gaining

{γκ2/(θ + κ2)}t in spatial positioning. These particles will then stay near (γt, κ
√
t)

for only a short period of time before their type decays back to 0 again.
[Note: If κ = 0, only the first phase is applicable.]

(3.1) The long tread. Consider particles that are found near αt in space at large time
t, earlier expected numbers calculations have already suggested that there will be of order

exp (∆(α)t)

of such particles where

∆(α) = ρ+
(
θ −

√
a−1(θ − 8r)(4α2 + θa)

)
/4

The particles alive at this time will subsequently evolve independently. We refer the reader
to the heuristics in Harris and Williams [8], based on large-deviations of the occupation
density for the type process. Roughly speaking, the quadratic breeding enables a large
number of particles to behave as if their type positions moved as Ornstein-Uhlenbeck
processes with a weaker drift of µλα

back towards the type origin, which then increases the
spatial variance and so facilitates exp (∆(α)t) of these also gaining a final spatial position
of αt. The ancestors of the majority of particles that contribute to Nt(α) will have also
contributed to Ns(α) at earlier times s ≤ t, that is, the vast majority of those particles
near αt in space at large time t will have got there by steadily drifting spatially with speed
α. We can track these particles because they contributed most to the martingale Z−λα

(t)
and we later prove that ∆(α) is indeed the almost sure growth rate when α < c̃(θ) via
martingale methods.
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(3.2) The Short Climb. We will now suggest why the probability a single particle
starting near to the origin manages to make the rapid ascent to have at least one descendant
in the vicinity of (βt, κ

√
t) during a small interval of time just before fixed time of length

τ turns out to be roughly
exp (−Θ(β, κ)t)

as t gets very large, where

Θ(β, κ) :=
κ2

4
+

√
θ(θ − 8r)(a2κ4 + 4aθβ2)

4aθ

Suppose we start the branching diffusion with a single particle at (0, 0), we wish to
know the probability that there is at least one particle at a fixed time τ that has a spatial
position near βt having followed close to the path x(s) for 0 ≤ s ≤ τ and a type position
near κ

√
t having closely followed the path y(s) for 0 ≤ s ≤ τ for t arbitrarily large.

We recall from large deviation theory that the probability that a single particle man-
ages to closely follow both the type path y(s) and the spatial path x(s) for 0 ≤ s ≤ τ is
roughly given by

exp

(
− 1

2θ

∫ τ

0

{
ẏ(s) +

θ

2
y(s)

}2

ds− 1
2

∫ τ

0

ẋ(s)2

ay(s)2
ds

)

when x(0) = 0, x(τ) = βt, y(0) = 0, y(τ) = κ
√
t and t is very large. This probability

will typically be very small, but if such paths are followed by particles in the branching
diffusion, we have to also take account of the large breeding rates that are found far from
the type origin.

If we let X(s) represent the numbers of particles in the branching diffusion that are
alive at time s and have traveled ‘close’ to the path

(
x(u), y(u)

)
for 0 ≤ u ≤ s, then we

can get a rough idea of how X might behave by considering the following:

(3.3) A birth-death process. Let M be a time-dependent birth-death process where at
time s particles either give birth to single offspring with breeding rate λs given by

λs = ρ+ ry(s)2

or particles die with death rate µs given by

µs =
1
2θ

{
ẏ(s) +

θ

2
y(s)

}2

+
1
2
ẋ(s)2

ay(s)2

The effective death rate up to time t is defined by ρt :=
∫ t
0
(µs − λs) ds , so here

ρt = J(x, y, t) :=
∫ t

0

{
1
2θ

(
ẏ(s) +

θ

2
y(s)

)2

+
1
2
ẋ(s)2

ay(s)2
− ry(s)2 − ρ

}
ds

11



The distribution for total number of offspring surviving, M(τ), for the time-dependent
birth-death process is well known. Defining

Wτ := e−ρτ

{
1 +

∫ τ

0

µs e
ρs ds

}
, ξτ := 1− e−ρτW−1

τ , ητ := 1−W−1
τ

we have

P(M(τ) = 0) = ξτ , P(M(τ) = n) = (1− ξτ )(1− ητ )ηn−1
τ n = 1, 2, . . . ,

with EM(τ) = e−ρτ and E(M(τ)|M(τ) ≥ 1) = Wτ .
In our particular case, we have

E
(
M(τ)

)
= exp (−J(x, y, τ))

Define the largest effective death rate prior to time τ by

L(x, y, τ) := sup
s∈[0,τ ]

J(x, y, s) ≥ 0.

If we are in a case when L(x, y, τ) is very large (suggesting a high chance of extinction),
then

P
(
M(τ) ≥ 1

)
∼ Kτexp (−L(x, y, τ)),

where K−1
τ :=

∫ τ
0
µsexp (−{L(x, y, τ)− ρs}) ds and, if there is at least one particle alive,

we expect to have

E(M(τ)|M(τ) ≥ 1) ∼ K−1
τ exp (L(x, y, τ)− J(x, y, τ))

Thus, we would guess the probability any particles in the branching diffusion manage
to make the difficult, rapid ascent along path (x, y) to finish up near (βt, κ

√
t) can, very

roughly, be estimated by exp (−L(x, y, τ)).
We further guess that the chance any particles manage to stay near position (βt, κ

√
t)

during a very small interval of time close to τ should roughly look like

exp
(
− inf
x,y

L(x, y, τ)
)

where we permit all possible paths x and y satisfying x(0) = 0, x(τ) = βt and y(0) =
0, y(τ) = κ

√
t for the fixed time τ .

(3.4) Finding the optimal path and probability. We proceed to calculate

inf
x,y

L(x, y, τ)

over paths x and y satisfying x(0) = 0, x(τ) = βt and y(0) = 0, y(τ) = κ
√
t for the fixed

time τ .

12



We first note that

(3.5) inf
x,y

L(x, y, τ) = inf
x,y

sup
s∈[0,τ ]

J(x, y, s) ≥ inf
x,y

J(x, y, τ)

and we now proceed to calculate infx,y J(x, y, τ).
We can easily optimize over the choice of function x given y, finding that

ẋ(s) ∝ λay(s)2 ⇒ x(s) = λa

∫ τ

0

y(u)2 du

where
λ =

βτ

a
∫ τ
0
y(s)2 ds

yielding
1
2

∫ τ

0

ẋ(s)2

ay(s)2
ds =

β2t2

2a
∫ τ
0
y(s)2 ds

This is as anticipated since, when following the path y in type space, the spatial
position of a particle is following a Brownian motion with total amount of variance over
period τ given by

a

∫ τ

0

y(s)2 ds

and so the probability that a particle following the path y in type space will also be found
near to βt in space at time τ is roughly

exp

(
−β2t2

2a
∫ τ
0
y(s)2 ds

)

Then we are left to find

inf
y

{∫ τ

0

(
1
2θ

(
ẏ(s) +

θ

2
y(s)

)2

+
β2t2

2a
∫ τ
0
y(s)2 ds

− ry(s)2
)
ds

}

= inf
y

sup
λ

{∫ τ

0

(
1
2θ

(
ẏ(s) +

θ

2
y(s)

)2

− ry(s)2 − 1
2
aλ2y(s)2

)
ds+ λβt

}
≥ sup

λ
inf
y

{∫ τ

0

(
1
2θ

(
ẏ(s) +

θ

2
y(s)

)2

− ry(s)2 − 1
2
aλ2y(s)2

)
ds+ λβt

}
Some further Euler-Lagrange optimization now gives the optimal path as

(3.6) yλ(s) = κ
√
t

{
sinhµλs
sinhµλτ

}
(0 ≤ s ≤ τ)

where

µλ =

√
θ(θ − 8r − 4aλ2)

2

13



and then

sup
λ

inf
y

{∫ τ

0

(
1
2θ

(
ẏ(s) +

θ

2
y(s)

)2

− ry(s)2 − 1
2
aλ2y(s)2

)
ds+ λβt

}
= sup

λ

{
λβt+ κ2t

(
1
4

+
µλ
2θ

cothµλτ
)}

The optimal choice λ̂ satisfies

βt

aλ̂
= κ2t

(
cothµλ̂τ

2µλ̂
− τ

2 sinh2 µλ̂τ

)
=
∫ τ

0

yλ̂(s)
2 ds

and it is now easy to check that the supremum and infimum could have been freely inter-
changed, maintaining equality in the previous expression.

Then, with the optimal spatial path

(3.7) xλ(s) := λa

∫ s

0

yλ(u)2 du = βt

{
sinh 2µλs− 2µλs
sinh 2µλτ − 2µλτ

}
and then defining x̂ := xλ̂, ŷ := yλ̂ we have

inf
x,y

J(x, y, τ) = J (x̂, ŷ, τ)

= t sup
λ

{
λβ + κ2

(
1
4

+
µλ
2θ

cothµλτ
)}

− ρτ

= t

{
λ̂β + κ2

(
1
4

+
µλ̂
2θ

cothµλ̂τ
)}

− ρτ

Finally, it is easy to check that J(x̂, ŷ, τ) = L(x̂, ŷ, τ), whence we have infx,y J(x, y, τ) ≥
infx,y L(x, y, τ) and, combining with (3.5), we have found that

inf
x,y

L(x, y, τ) = J (x̂, ŷ, τ) .

(3.8) A note on the optimal paths: As τ →∞, we have

sup
λ

{
λβ + κ2

(
1
4

+
µλ
2θ

cothµλτ
)}

↑ sup
λ

{
λβ + κ2ψ+

λ

}
= λβ + κ2ψ+

λ

where

λ =

√
β2θ(θ − 8r)
a2κ4 + 4aθβ2

= λ

({
κ2 + θ

κ2

}
β, κ

)
, µλ =

κ2
√
θ(θ − 8r)

2
√
κ4 + 4θβ2/a

Θ(β, κ) :=
κ2

4
+

√
θ(θ − 8r)(a2κ4 + 4aθβ2)

4aθ
= λβ + κ2ψ+

λ

14



Then, for all τ > 0, we have

exp
(
− inf
x,y

J(x, y, τ)
)
≥ exp (−Θ(β, κ)t+ ρτ)

and writing x := xλ, y := yλ we further note that, for all ε > 0 and δ > 0, there exist τ̃ > 0
and η > 0 such that for all t > 0 and τ > τ̃

exp
(
− inf
x,y

J(x, y, τ)
)
≥ exp (−J(x, y, τ))

= exp
(
−t
{
λβ + κ2

(
1
4

+
µλ
2θ

cothµλτ
)}

+ ρτ

)
≥ exp (−t {Θ(β, κ) + ε})

and (when, say, κ > 0) for all s ∈ [τ − η, τ ]

y(s) ≥ κ
√
t(1− δ), x(s) ≥ βt(1− δ)

so that the paths stay close to the required positions for a certain fixed length of time.

(3.9) The Successful Deviant Particles. Then the number of particles that are near
(αt, 0) at time large time t which then proceed to have at least one descendant alive near
position ((α+β)t, κ

√
t) during the small time interval [t+τ−η, t+τ ] will be approximately

Poisson with mean
exp ({∆(α)−Θ(β, κ)} t)

The actual number found will be remain sufficiently close to this large mean with a very
high probability, so we will eventually keep finding large enough numbers of particles close
to the required positions.

Optimizing over α+ β = γ, some simple calculus reveals that with

α = γθ/(θ + κ2), β = γκ2/(θ + κ2)

we have ∆(α)−Θ(β, κ) ≤ ∆(α)−Θ(β, κ) = ∆(γ, κ). [Note: In agreement with the optimal
parameter found in the expectation calculations of section 2, we note that λα = λ(γ, κ)
from equations (2.7) and (2.12).]

Finally, we have the number of particles found in the vicinity of (γt, κ
√
t) to be roughly

of order
exp (∆(γ, κ) t)

for all sufficiently large times t, hence we get a lower bound on the exponential growth
rate of ∆(γ, κ), in agreement with the growth rate of expected number of particles.

In the next section, we put these large deviation heuristics on a rigorous footing.

4. Large Deviation Results
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In this section we first present some path large deviation results for a fairly broad class
of one-dimensional branching diffusions. These results are then extended to a class of two-
dimensional ‘typed’ branching diffusions, which will include the main model considered in
this paper. The section is concluded with a discussion of how one of these large deviation
results can be applied to estimate a probability required in the proof of the asymptotic
growth rate of theorem 1.15.

(4.1) Large deviations for a one-dimensional branching diffusion process.

Let T ∈ N be an indexing parameter of a family of diffusion processes ZTs≤t which
satisfy

dZTs =
1√
T
σ(ZT , s)dBs + µ(ZT , s)ds.

The results below come under the scope of the Freidlin-Wentzell theory. We let σ and µ
depend on the entire path of the process. As long as for some increasing function in time
lt,

σ(Zs≤t, t) ≤ lt(1 + sup
s≤t

Zs),

µ(Zs≤t, t) ≤ lt(1 + sup
s≤t

Zs),

a strong unique solution to the above SDE exists. Freidlin and Wentzell [20],[21] considered
bounded σ and µ and showed that under these conditions ZT admits a large-deviations
principle with a rate function

I(z, t) =
1
2

∫ t

0

{żs − µ(z, s)}2/σ(z, s)2ds.

We will need σ and µ to be unbounded. For large-deviations results for jumpless diffusion
processes with unbounded coefficients, we refer the reader to Strook [17]. In this paper,
we use Liptzer [11] as our source for large-deviations limit theorems for semi-martingales,
so we state the conditions we require for the next theorem to hold.

Let z be a path in C[0, t] with I(z, t) <∞. Define the cumulant function

G(λ, z, t) = λµ(Z, t) +
1
2
λ2σ2(Z, t),

with its Legendre-transform

H(y, Z, t) = sup
λ
{λy −G(λ,Z, t)}.

We need the following non-degeneracy conditions:
(i) The function λy(Z, t) exists in some open neighbourhood of z and

y =
∂

∂λ
G(λy, Z, t).
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(ii) For all N there exist δ and r such that if |y| < N and Z ∈ B(z, δ) then |λy(s)| ≤ r
for all s ≤ t.

(iii) If Z ∈ B(z, δ) then H(y, Z, s) = λyy −G(λy, Z, s) for all s ≤ t.
All these conditions will be assumed to hold throughout this section, or can be verified

to hold in the application in mind discussed at the end of this section. We observe that
when σ and µ are just a function of the current position of Z, thenH(y, Z, t) = (y−µ)2/2σ2

and λy = (y − µ)/σ2. We then get the following result:

(4.2) Theorem. Let ZT be as above and let the rate function for C1 functions be

I(z, t) =
1
2

∫ t

0

{żs − µ(zs, s)}2/σ(zs, s)2 ds.

Then for every open set B and closed set C in C[0, t] equipped with the supremum topology,

lim inf
T→∞

T−1 logP (ZTs ∈ B) ≥ − inf
z∈B

I(z, t),

lim sup
T→∞

T−1 logP (ZTs ∈ C) ≤ − inf
z∈C

I(z, t).

In fact, from now on, let us assume that σ and µ are time-independent piece-wise
differentiable and increase at most linearly (as this is all we will need later on). Let us
include branching in our calculations. We let NT

t denote the set of particles alive at time
t. Each particle i ∈ NT

s at position ZTi (s) will split into two particles at an exponential
rate T · r(ZTi (s), s). We define the expectation rate function

J(z, t) = I(z, t)−
∫ t

0

r(zs, s)ds.

(4.3) Theorem. For every set B ⊂ C[0, t], let NT
t (B) be the set of particles whose paths

satisfy ZTi (s ≤ t) ∈ B. Then

lim inf
T→∞

T−1 logE(NT
t (B)) ≥ − inf

z∈B
J(z, t),

lim sup
T→∞

T−1 logE(NT
t (C)) ≤ − inf

z∈C
J(z, t).

(4.4) Proof.

We first observe that all particles share the same law. If r is constant, we can separate
the diffusion and breeding and get

E(NT
t (B)) = E{

∑
i∈NT

t

1(ZTi (s ≤ t) ∈ B)},

= E{E(
∑
i∈NT

t

1(ZTi (s ≤ t) ∈ B)|NT
t )},

= E(NT
t )PTt (B),

= ertTPTt (B).
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We apply result 4.2 to PTt (B) and we are done. Suppose now that r is a piece-wise constant
function (e.g. r(x) = bx2c). We prove the lower bound using a gluing argument, and omit
the details of the upper bound proof. Suppose we have a differentiable path z. Our aim is
to show that for any open neighbourhood B(z, c) of z we have

lim inf
T→∞

T−1 logE(NT
t (Bc)) ≥ −J(z, t).

We do not even need to prove this for all z ∈ C1[0, t] as any dense subset in C[0, t] will
do. Thus, without loss of generality, we may assume that z is a piece-wise linear function
with a gradient which is never 0. Divide [0, t] into 0 = t0 < . . . < tn+1 = t such that on
each interval s ∈ Ij = (tj , tj+1) we have r(z(s)) = rj is constant. For all c > 0 there exists
a set Uj ⊂ Ij s.t. if s ∈ Uj we have r([z(s) − c, z(s) + c]) = rj . As c ↓ 0, we have Uj ↑ Ij
in the Lesbegue-measure sense that λ(Ij \ Uj) = O(c). The constant is proportional to
minj≤n ż(tj)−1. We define the tube

Vj = {(x, y) : x ∈ Uj , |y − z(x)| ≤ c}.

For a particle starting anywhere on the left of tube Vj , we can ask how many descendants
do we expect it to have which will stay inside Vj . Since inside the tube the breeding rate
is constant, we can apply result 4.3 for constant rates. For a descendent which is at the
right of tube Vj , we can ask what is the probability that it itself (excluding any breeding)
will manage to hit the left of tube Vj+1 while staying in B(z, c). We can apply result 4.2
to answer this question. We get that the

lim inf
T→∞

T−1 logE(NT
t (Bc)) ≥ −J(z, t)−O(c)

The correction term is due to the lack of breeding on ∪j≤nIj \Uj . We let c ↓ 0 to complete
the argument. We left some details out, but we hope that the reader is now comfortable
enough with the gluing concept to be able to fill in the missing details.

|z(s)− z(tz)| ≤ ε/4, and such that result 4.3 holds by time t− (if tz 6= 0 pick t− < tz
and pick t− = tz = 0 otherwise). Finally, if r is a continuous function, bound it above and
below by two piece-wise constant functions r− and r+. We construct the three diffusion
processes on the same probability space such that N− ≤ N ≤ N+. As we get finer and
finer approximations of r so that r± → r, the lower bound follows. �

Let tz = inf{t : J(z, t) > 0}. Define the rate function K(z, t) as

K(z, t) :=
{
J(z, t) if t ≤ tz,
∞ otherwise.

We will now show that when K(z, t) is negative, it measures the rate of growth of particles
following near the path z up to time t.

(4.5) Theorem. Almost surely,

lim inf
T→∞

T−1 logNT
t (B) ≥ − inf

z∈B
K(z, t),

lim sup
T→∞

T−1 logNT
t (C) ≤ − inf

z∈C
K(z, t).
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Assuming σ, µ and r are constant, this is a dyadic branching Brownian motion. Result
4.5 has been proved in Git [7]. Actually a stronger lower-bound statement was proved,
namely that for every ε > 0,

P (T−1 logNT
t (B) ≤ − inf

z∈B
K(z, t)− ε) → 0 exponentially in T.

Before proving result 4.5 for general σ, µ and r, we state and prove a related result.

(4.6) Theorem. Let L(z, t) = sups≤t J(z, s).

lim inf
T→∞

T−1 log P(NT
t (B) ≥ 1) ≥ − inf

z∈B
L(z, t),

lim sup
T→∞

T−1 log P(NT
t (C) ≥ 1) ≤ − inf

z∈C
L(z, t).

We comment that L(z, t) ≥ J(z, 0) = 0 and we will be interested in L when it is a
strictly positive function.

(4.7) Proof of the upper bound of result 4.6 for general σ, µ and r.

We prove the upper bound for a compact set C. If there exists z ∈ C such that
L(z, t) = 0 then there is nothing to prove. Hence for all z ∈ C there exists a time
sz ∈ (0, t] which satisfies L(z, t) = J(z, sz) > 0. For every ε > 0 there exists δz > 0 such
that for all y ∈ B(z, εz) we have J(y, sz) > J(z, sz)(1− ε). These balls form an open cover
of C and hence a finite sub-cover exists whose closure we denote as C1, . . . , Cn. For each
of these closed balls we have at time sz

P (NT
si

(Ci) ≥ 1) ≤ E(NT
si

(C)).

The RHS bound decays exponentially like infz J(z, si) ≥ L(zi, t)(1 − ε). On the other
hand, if there are no particles inside Ci at time si, there are certainly no particles in Ci
at time t. Hence in the limit, the probability of finding a particle in C ⊂ ∪iCi decays
with the smallest rate mini L(zi, t)(1− ε). Taking the limit as ε ↓ 0 yields the result. For
general closed sets, the upper bound follows by the lower semi-continuity property of the
rate function J . �

(4.8) Proof of the lower bound of result 4.6 for constant σ, µ and r.

We prove the lower bound for an arbitrary open neighbourhood B of any piece-wise
linear function z. Decompose [0, t] into several intervals 0 = t0 < . . . < tn = t such that ż is
constant on each [tj , tj+1]. Looking at J̇(z, s) = (ż−µ)2/2σ2− r which is also constant on
[tj , tj+1] we realise that J attains its supremum at some ti. We will prove the lower bound
using induction on i but first we need two definitions. Let J(z, t1, t2) = J(z, t2)− J(z, t1).
If for all t ∈ [t1, t2] we have J(z, t1, t) ≤ 0 then we define K(z, t1, t2) to be the same as
J(z, t1, t2). For each i, let ji be such that

max
j≤i

J(z, tj) = J(z, tji) = L(z, ti).
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Our induction hypothesis is that for any B, an open neighbourhood of z we have

lim inf
T→∞

T−1 logP (NT
ti (B) ≥ 1) ≥ −L(z, ti).

Further, we state that conditional on NT
tji

(B) ≥ 1,

P (T−1 logNT
ti (B) < −J(z, tij , ti)− ε|NT

tji
(B) ≥ 1) → 0 exponentially in T.

When i = 0 the induction hypothesis holds trivially. Suppose it holds until time ti. If
ji = ji+1, then J(z, tji , t) is non-positive for all t ≤ ti+1. Conditional on there being a
particle in B at time tji we can apply result 4.5 on [tji , ti+1] to deduce that the induction
hypothesis holds. If ji+1 = i + 1 we know (by Chauvin et al. [5]) that given there is a
particle at ti in B, the probability of there being a descendent of the particle in B by time
ti+1 decays with a rate which is at most J(z, ti, ti+1). We take three steps to calculate
P (NT

ti+1
> 1).

(i) Condition on there being a particle in B at time tji , which happens with probability
of at least e−T (J(z,tji

)+ε).
(ii) Restrict ourselves further to the event that there are at least e−T (J(z,tij

,ti)+ε) particles
in B by time ti.

(iii) Perform NT
ti (B) independent experiments with each particle in B at time ti trying to

produce an offspring in B at time ti+1.
Everything works out. The probability of observing a particle in B by time ti+1

behaves like e−TJ(z,ti+1) (we let ε ↓ 0 in the three steps). The induction hypothesis holds.
�

(4.9) Proof of the upper bound of result 4.5 for general σ, µ and r.

Fix n. Let ATn be the event that T−1 logNT
t (C) > −K(z, t) + 1/n. From the upper

bound of result 4.3 we must have that P (ATn ) decays exponentially in T . Using Borel-
Cantelli Lemma in T we deduce that if

An =
{
ω : lim sup

T→∞
T−1 logNT

t (C) > − inf
C
K(z, t) + 1/n

}
.

then P (An) = 0. Taking the union over n we deduce that

A =
{
ω : lim sup

T→∞
T−1 logNT

t (C) > − inf
C
K(z, t)

}
,

is a set of probability zero, which was what we wanted. �

(4.10) Proof of results 4.5 and 4.6 for general σ, µ and r.

(i) If the functions σ and µ are piece-wise constants (so for example, µ(x) = bxc), apply
the results in Git [7] repeatedly over regions where σ and µ and are constants and
then “glue” the pieces together.
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(ii) The difficult part of the proof is to extend these results to continuous σ and µ, which
we prove later.

(iii) If r is piece-wise constant while σ and µ are continuous. Glue together regions over
which r is constant to get the result.

(iv) Finally, if r is continuous, bound it above and below by two piece-wise constant
functions. Run two other diffusion processes on the same probability space with the
breeding rates bounding the true r. The number of particles is monotonic in r and as
the two approximations converge to r, so does the number of particles found in any
region. Since this particle-wise convergence is so powerful we may, and do, apply it
to r which varies continuously in both space and time.

The two proofs extending the lower bound of results 4.5 and 4.6 from piece-wise constant
µ and σ to continuous functions are nearly-identical. Hence we demonstrate the most
difficult part which is the lower bound extension of result 4.5. We aim to show that for
every z such that K(z, t) < 0, and for every ball B(z, 2c) around z we have

lim inf
T→∞

NT
t (B(z, 2c)) ≥ −K(z, t).

Let ||σ̂ − σ||∞ ≤ ε and ||µ̂ − µ||∞ ≤ ε be piece-wise constant functions approximating σ
and µ. Since we can still “glue” regions together, WLOG we assume that σ̂ and µ̂ are
constant. We construct an approximate diffusion process on the same probability space
Y T satisfying

dY Tt =
1√
T
σ̂(Y Tt )dBt + µ̂(Y Tt )dt.

We ask ourselves, how big is DT
t = supi∈NT

t
|Y Ti (t) − ZTi (t)|. We construct both Y T

and ZT such that both are driven by the same diffusion process. The difference process
XT = ZT − Y T will satisfy

dXT
t =

1√
T
a(XT

t , Z
T
t )dBt + b(XT

t , Z
T
t )dt.

Regardless of what is the path of ZT (indeed, not only do we not need it to obey a large-
deviations principle, it can be even deterministic) the upper bound of result 4.2 means we
get a large deviations function for XT (possibly conditioned on the path of ZT ). We thus
estimate PTε , the probability that the right-most particle of XT is above level ct.

lim sup
T→∞

T−1 logPTε ≤ rt− inf
{

1
2

∫ t

0

{ẋs − b(xs, zs)}2/a(xs, zs)2ds : x(t) = ct

}
Since ||a||, ||b|| ≤ ε, for all x and z we have

1
2

∫ t

0

{ẋs − b(xs, zs)}2/a(xs, zs)2ds ≥
t

2ε2
1
t

∫ t

0

(ẋ− b(x, z))2

≥ t

2ε2

(
1
t

∫ t

0

ẋ− b(x, z)ds
)2

≥ t

2ε2
(c− ε)2.
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Suppose we wanted to find particles in a tube B(z, 2c) of radius 2c around the function
z. We would pick a small enough ε and a good piece-wise constant approximations σ̂ and
µ̂. Depending on z, we then dissect the line [0, t] into intervals [tj , tj+1] so that σ̂, µ̂ :
B(z, 2c)|[tj ,tj+1] are constant. We run the approximate process Y T to find N̂T

t (B(z, c))
particles of the Y T diffusion inside the narrower tube which satisfy

lim inf
T→∞

T−1 log N̂T
t (B(z, c)) ≥ −K̂(z, t).

We say that things have gone wrong if at any time tj we discovered that

sup
i∈N̂T

tj

|XT
i (tj)| > (c/t)tj .

The joint distribution of ZT and XT are not independent. We will want to know that
even when we condition on an unlikely event happening to ZT , the probability of things
going wrong decays exponentially. This is true since we can pick an ε small enough so
that (c − ε)2/2ε2 is much larger than any fixed decay rate associated with ZT . By the
Borel-Cantelli Lemma, almost surely, things will not go wrong eventually. We have that
the particles in N̂T

t (B(z, c)) satisfy |ZTi (tj)− z(tj)| < 2c. We now wish to show that these
particle are in B(z, 2c) for all t. We can force the dissection of [0, t] to be as fine as we
wish. Define A ⊂ C[0, t] as follows:

A := {y ∈ C[0, 1] \B(z, 2c) : |y(tj)− z(tj)| < 2c for all tj}

Let Ā be the closure of A. We pick a dissection of [0, t] which is fine enough such that
J(Ā, t) > K(z, t) + 2δ and get using the upper bound that almost surely

lim supT−1 logNT
t (Ā) ≤ −K(z, t)− δ.

By letting ε→ 0 and observing that K̂ → K, we conclude that once |K̂(z, t)−K(z, t)| < δ,
most of N̂T

t (B(z, c)) not only stayed inside B(z, 2c) at times tj but also for all t. We are
done. �

(4.11) Large deviations for higher dimensions.

It is possible to extend results 4.3, 4.5 and 4.6 to higher dimensions but for the
application we have in hand, we do not need really need to work in complete generality.
This is because we can think of the type of the particles as a one-dimensional diffusion
process while the position of each particle is simply “marking time” so to speak. We have
a branching diffusion process in two dimensions (WT , ZT ) which satisfies

dZTt =
1√
T
σ(ZTt )dBTt + µ(ZTt )dt

dWT
t =

1√
T
σ̂(ZTt , Y

T
t )dB̂Tt + µ̂(ZTt , Y

T
t )dt

22



Further, we have that the breeding rate is given by T · r(ZTt ) and that B̂t and Bt are
independent for all particles. It follows that the branching diffusion family ZT satisfies
the conditions of results 4.3, 4.5 and 4.6 with rate function J(z, t). Conditional on the
path of ZT , the WT position of each particle follows a diffusion process which satisfies the
conditions of result 4.2 with rate function Î(z, w, t). We get the following result which is
equivalent to result 4.3.

(4.12) Theorem. Let B and C be open (closed) sets in C[0, t]2.

lim inf
T→∞

T−1 logE(NT
t (B)) ≥ − inf

B
(J(z, t) + Î(w, z, t))

lim sup
T→∞

T−1 logE(NT
t (C)) ≤ − inf

C
(J(z, t) + Î(w, z, t))

(4.13) Proof.

We utilise the independence of W given Z and NT
t , just as we did in the proof of

result 4.3 for constant breeding rates. So for example, to estimate E(NT
t (B)), we write

πzN
T
t (B) to denote the number of particles whose projection onto the z coordinates is in

πzB.

E(NT
t (B)) = E

 ∑
i∈πzNT

t (B)

1{(W,Z)Ti (s ≤ t) ∈ B}


= E

E
 ∑
i∈πzNT

t (B)

1{(W,Z)Ti (s ≤ t) ∈ B}|NT
s≤t, Z

T
i


= E[πzNT

t (B)] · P [(W,Z)Ti (s ≤ t) ∈ B|i ∈ πzNT
t (B)]

The large-deviations behaviour of E[πzNT
t (B)] is given in result 4.3. Unfortunately, there

may be variations in the paths inside B which ZT took, which will affect the large-
deviations behaviour of P [(W,Z)Ti (s ≤ t) ∈ B|i ∈ πzN

T
t (B)]. If we wanted to prove

the lower bound, it is sufficient to prove it for an arbitrary small open balls of all differen-
tiable z. Then, since µ and σ are continuous functions in Z, as B becomes smaller, we can
bound the large deviations behaviour of P [(W,Z)Ti (s ≤ t) ∈ B|i ∈ πzNT

t (B)] from below.
Similarly, if we wanted to prove the upper bound, we would take a finite open cover of a
compact set C. We omit the details. �

We define J(w, z, t) = J(z, t) + Î(w, z, t), L(w, z, t) = sups≤t J(w, z, s) ≥ 0 and the
rate function K(w, z, t) by

K(w, z, t) :=
{
J(w, z, t) if L(w, z, t) = 0,
∞ otherwise.

We state the following result, which is not trivial to prove, but all the machinery to
prove it has been introduced already.

23



(4.14) Theorem. Almost surely

lim inf
T→∞

T−1 logNT
t (B) ≥ − inf

B
K(w, z, t)

lim sup
T→∞

T−1 logNT
t (C) ≤ − inf

C
K(w, z, t)

Further,
lim inf
T→∞

T−1 logP (NT
t (B) ≥ 1) ≥ − inf

B
L(w, z, t)

lim sup
T→∞

T−1 logP (NT
t (C) ≥ 1) ≤ − inf

C
L(w, z, t)

To prove the upper bounds, we refer the reader to the upper bounds proofs of results
4.5 and 4.6.

(4.15) Proof of the lower bound.

We wish to prove the lower bounds for arbitrary open neighbourhood B of (w, z).
(i) Suppose Jz(z, s) is increasing on [0, t]. We estimate P (πzNT

t (B) ≥ 1) using result 4.6
applied to ZT . We then estimate the probability that this particle is in B using result
4.2 applied to WT .

(ii) Suppose J(z, s) is decreasing on [0, t]. We bound below πzN
T
t (B) by a breeding

process of rate −J̇(z, t)(1 − ε). This allows us to apply results 4.5 and 4.6 to WT ,
while thinking of πzNT

t (B) as a time-dependent breeding process.
(iii) Suppose J̇ changes signs on [0, t]? We just get our hands messy with glue. �

(4.16) Application of the large deviation results.

We now sketch how results 4.12 and 4.14 can help us make the heuristics presented
in section 3 precise. Suppose we start with a particle whose type at time t is greater than
0. By a coupling argument, its type position will always be greater or equal to a particle
whose type position at time t is exactly 0. We run the particle from t until t+ τ . Define
Zts = Yt+s/

√
t. We get

Zts = Z0 + t−
1
2Bs − 1

2

∫ s

0

Ztudu.

Similarly, looking at the Brownian displacement of each particle since time t, we see that
for each particle, for all s ∈ [t, t+ τ ]

Xt+s −Xt =
∫ s

0

√
atZtudBu.

Setting W t
s = 1

t (Xt+s −Xt) we finally get

dZts = t−
1
2 dBs − 1

2Z
t
sds,

dW t
s = t−

1
2
√
aZtsdB̂s.
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The instantaneous breeding rate is ρ+ rt{Zt}2 so it grows linearly in t. The effective
death rate in section 3.3 is always positive for the optimal functions (x, y) along the whole
path (see section 3.8 and equations (3.6), (3.7)). This means that J(x, y, s) is an increasing
function in s so that L(x, y, t) = J(x, y, t) and we wish estimate the probability of the
particle which started at t being in an open neighbourhood of (x, y) by time t + τ using
result 4.14. However, the spatial diffusion has a small problem, namely, that we have

σ̂2(x(0), y(0)) = ay(0)2 = 0.

This means that the lower bound of result 4.2 does not hold initially for the spatial diffusion.
Let ε > 0. The type-diffusion satisfies all the conditions of result 4.5 and 4.6 on [0, ε]. Let
P t[0,ε] be the probability of finding a particle near y(ε). Using result 4.6 we know that

lim
t→∞

t−1 logP t[0,ε] ≥ −J(y, ε)

Using the symmetry of the spatial diffusion, the probability that the spatial position of a
particle changes by a positive amount during [0, ε] is exactly 1

2 . Let P t[ε,τ ] be the probability
for a particle which starts at (x(ε), y(ε)) to be near (x, y) on [ε, τ ]. We now apply the lower
bound of result 4.14 to get that

lim
t→∞

t−1 logP t[ε,τ ] ≥ −J(x, y, ε, τ)

We observe that J(x, y, ε, τ) + J(y, ε) ≤ J(x, y, ε, τ) + J(x, y, ε) = J(x, y, τ). Lets imagine
a particle:
(i) Its type is near y on [0, ε].
(ii) Its position at time ε is greater than its position at time 0.
(iii) Its type is near y on [ε, τ ].
(iv) Its position is at least x(τ)− x(ε).
The probability of finding such an ideal particle decays by at most J(x, y, τ). Since
limε↓0 x(ε) = 0, we are done.

Note: The reader may wonder why we do not apply results 4.12 and 4.14 for the whole
path without resorting to the martingale techniques. The answer is that it is possible, but
requires even more machinery. This is because what we are looking for are paths with
non-typical

∫ t
0
Y 2
s ds rather than non-typical Yt position. This is equivalent to analysing

the large deviations of the branching integral-diffusion process
∫
Y 2. We refer the reader

to the last chapter of Git [6] for such a large-deviations analysis. The martingale methods
we use provide a neat and precise alternative to a more direct large deviation analysis
although, of course, it is exactly the same ‘deviant’ particles that the martingale limits
end up ‘picking out’.
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5. Martingale results

We rely heavily on martingales to prove the results in the last section. We state key
martingale theorems separately in this section.

We remember from Harris and Williams[8] that Eλ (also written E(λ)) and ∆(γ) are
Legendre conjugates with

(5.1) ∆(γ) = inf
λ<0

{E(λ) + λγ}, E(λ) = sup
γ>0

{∆(γ)− γλ},

If, for λmin < λ < 0, we write γλ for the γ value which achieves the supremum on the
right-hand side of (5.1), then the functions ı λ 7→ γλ from (−λmin, 0) to (0,∞), and ı
γ 7→ λγ from (0,∞) to (−λmin, 0)

are inverses of each other and, of course, λγ is the λ value which achieves the infimum on
the left-hand side of (5.1). In addition, we note that

(5.2) γλ = −E′(λ) =

√
θa2λ2

θ − 8r − 4aλ2
,

that E(λ) and ∆(γ) are convex functions and that

c̃(θ) = sup{γ : ∆(γ) > 0} = inf{−E(λ)/λ : λmin < λ < 0}(5.3)
= inf{c−λ : λmin < λ < 0} = c−

λ̃(θ)
,

where

(5.4) c−λ := −Eλ/λ, and λ̃(θ) := −

√
2(θ − 8r)(θρ+ 2ρ2 + rθ)

a(θ + 4ρ)2
∈ (λmin, 0).

and a formula for c̃(θ) is given in equation (1.6).

(5.5)The ‘ground-state’ martingales. In Harris and Williams[8], we proved the almost
sure speed of the spatially left-most particle by making use of the following martingales:

(5.6) Lemma. Let λ ∈ (λmin, 0). For t ≥ 0, define

(5.7) Z−λ (t) :=
N(t)∑
k=1

exp
(
ψ−λ Yk(t)

2 + λ
[
Xk(t) + c−λ t

])
.

This defines a martingale Z−λ (under each P x,y measure).

Notice that these martingales immediately give the upper bound D(γ) ≤ ∆(γ). Also,
since the martingale is non-negative it must converge. It is easy to check that the function
c− is convex on (λmin, 0), and achieves its minimum at the unique point λ̃(θ). In Harris
and Williams[8], we used this simple geometric fact and an idea of Neveu[14] in proving
the following:
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(5.8) Theorem. The martingale Z−λ is uniformly integrable and has an almost sure
strictly positive limit if λ ∈

(
λ̃(θ), 0

)
.

(5.9) The ‘excited-state’ martingales and an important convergence theorem.
There are further families of martingales related to this problem that prove very useful in
various situations. Define

hn,λ(y) :=

√
µ

1
2
λ

θ
1
2n!2n

Hn

(√
µλ
θ
y

)
,

where Hn is the nth Hermite polynomial so that

Hn(z) = (−1)nez
2 dn

dzn

(
e−z

2
)

so in particular, H0(z) ≡ 1, H1(z) = 2z, H2(z) = 4z2 − 2, etc.
See Harris [9] if you need convincing of the following martingale properties:

(5.10) Lemma. Let λ ∈
(
λmin, 0

)
. For each n ∈ {0, 1, . . .} and t ∈ [0,∞)

Zn,λ(t) :=
N(t)∑
k=1

enµλthn,λ(Yk(t))eψ
−
λ
Yk(t)2+λXk(t)−Eλt

defines a martingale Zn,λ for each Px,y starting law.

It was the study of these ‘excited-state’ martingales over the parameter range (λ̃(θ), 0)
(where the ‘ground-state’ martingale is uniformly integrable) in Harris[9] that facilitated
the proof of the following convergence theorem by making use of Hermite martingale
expansions.

(5.11) Theorem. Let λ ∈
(
λ̃(θ), 0

)
and α < 1/4. For each Px,y starting law and every

continuous bounded function f : R 7→ R, we have

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λ
(
Xk(t)+c−

λ
t
)
a.s.→ f0 Z

−
λ (∞).

where

(5.12) f0 :=
∫

R
f(y)eαy

2
Ψ0,λ(y)φ(y) dy

In this paper, we require a corollary to this theorem which specifies more precisely
which particles contribute to the final limit.

(5.13) Corollary. For λ̃(θ) < λ < 0 and α < 1/4. For each Px,y starting law and every
continuous bounded function f : R 7→ R, we have for every ε > 0

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−EλtI {|Xk(t)/t+ γλ| < ε} → f0 Z
−
λ (∞)

where γλ = −E′(λ) and f0 is given at equation (5.12).
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This last result will enable us to show that the almost sure growth rate is at least as
large as the expected growth rate, D(γ) ≥ ∆(γ). It is easy to see from 5.13 that when
Z−λ (∞) > 0, there must exist at least one particle near to γλt in space. Further, because
of the decay rate of each term in the sum over particles in 5.13, it is straightforward to
improve this to get the required exponential numbers of particles, exp (∆(γ)t), near γλt
for large times (as long as Z−λ (∞) > 0).

(5.14) Other useful martingales and rates of convergence to zero. Defining

E+
λ := ρ+ θψ+

λ , c+λ := −E+
λ /λ,

we recall the following family of martingales:

(5.15) Lemma. Let λ ∈
(
λmin, 0

)
. For t ∈ [0,∞)

Z+
λ (t) :=

N(t)∑
k=1

eψ
+
λ
Yk(t)2+λXk(t)−E+

λ
t

defines a martingale Z+
λ for each Px,y starting law.

We will prove the following results concerning the rate at which various martingales
converge to zero. The result for the Z+

λ martingales will be crucial to gain the asymptotic
shape bounds for the branching diffusion.

(5.16) Theorem. For every starting law, Px,y:
(a) if λ ∈ (λmin, 0) then

logZ±λ (t)
t

→ λ(c±λ − c∗λ) a.s.

where

c∗λ :=
{
c̃(θ) if λmin < λ ≤ λ̃(θ),
c−λ if λ̃(θ) ≤ λ < 0.

(b) if λ ∈
(
λmin, λ̃(θ)

)
and n ∈ {1, 2, · · ·} then for all ε > 0

e−εt e−λ
(
c−

λ
−c̃(θ)

)
tZn,λ(t)e−nµλt → 0 a.s.

The rate of convergence of the Z+
λ martingale in part (a) of 5.16 will immediately give

the upper bound on the almost sure growth rate, D(γ, κ) ≤ ∆(γ, κ). We also comment
that if 5.13 was true for all α < ψ+

λ , then we could have gained this upper bound at that
point. Although the result 5.13 is only proved when α < 1/4 where we can utilise suitable
Hermite expansions, we conjecture that it may well hold beyond this point for all values
α < ψ+

λ .

(5.17) Corollary. For every starting law, Px,y,
(a) if λ ∈ (λmin, 0) then Z+

λ (t) → 0 almost surely.
(b) if λ ∈

(
λmin, λ̃(θ)

)
and n ∈ {0, 1, . . .} then e−nµλtZn,λ(t) → 0 almost surely.
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(5.18) Martingales at the ‘critical’ parameter value. Although we will not offer a
proof in this paper, it should be found that the ‘usual’ situation occurs where the critical
martingale tends to zero,

Z−
λ̃(θ)

(t) → 0 a.s.

but the ‘derivative’ martingale has a strictly positive limit,

lim
t→∞

{
∂Z−λ
∂λ

(t)
∣∣∣∣
λ=λ̃(θ)

}
> 0 a.s.

See Neveu[14] for this type of behaviour in the standard branching Brownian motion case.

6. Proof of the martingale results.

(6.1) Proof of corollary 5.13.

Let ε > 0 be small, µ := λ − ε, λ, µ ∈ (λ̃(θ), 0), f be a positive, continuous bounded
function, α < 1/4 and recall γµ > γλ. Then observe that

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−EλtI {Xk(t) < −γµt}

≤ e(Eµ−Eλ−εγµ)t

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+µXk(t)−EµtI {Xk(t) < −γµt}

≤

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+µXk(t)−Eµt

 e−(Eλ−Eµ+(λ−µ)γµ)t

Recall that Eλ is convex with E′′λ ≥ 0 and E′λ = γλ, so from the Taylor expansion

Eλ − Eµ + (µ− λ)E′λ = (µ− λ)2/2E′′λ + o
(
(µ− λ)2

)
Then taking ε > 0 small enough so that Eλ −Eµ + (λ− µ)γµ > 0 and using theorem 5.11
we find that for any δ > 0

lim sup
t→∞

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−EλtI {Xk(t) < −(γλ + δ)t} = 0

Similarly, we can show

lim sup
t→∞

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−EλtI {Xk(t) > −(γλ − δ)t} = 0
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and hence combining with convergence theorem 5.11 we have

f0 Z
−
λ (∞) = lim

t

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−Eλt

= lim
t

N(t)∑
k=1

f (Yk(t)) eαYk(t)2+λXk(t)−EλtI {|Xk(t)/t+ γλ| < δ}

since the only contribution to the limit comes from the particles near −γλt in space. �

(6.2) Proof of theorem 5.16

(a) Remember each Z±λ is a positive martingale. Remembering a useful technique brought
to our attention in Neveu[14], let p ∈ (0, 1), then by Jensen’s inequality, Z±λ (t)p is a
supermartingale and since for u, v > 0 we have

(u+ v)p ≤ up + vp

then

Z±λ (t)p =

∣∣∣∣∣∣
N(t)∑
k=1

eψ
±
λ
Yk(t)2+λ

(
Xk(t)+c±

λ
t
)∣∣∣∣∣∣
p

≤

N(t)∑
k=1

epψ
±
λ
Yk(t)2+pλ

(
Xk(t)+c−

pλ
t
) epλ

(
c±

λ
−c−

pλ

)
t.

For any ε > 0, Doob’s supermartingale inequality says

P
(

sup
s≤u≤s+t

Z±λ (u)p > εp
)
≤

EZ±λ (s)p

εp

≤ ε−p

E
N(s)∑
k=1

epψ
±
λ
Yk(s)2+pλ

(
Xk(s)+c−

pλ
s
) epλ(c±

λ
−c−

pλ
)s

Then

P
(

sup
s≤u≤s+t

eδuZ±λ (u) > ε

)
≤ P

(
sup

s≤u≤s+t
Z±λ (u)p > e−pδ(s+t)εp

)

≤ ε−pepδt

E
N(s)∑
k=1

epψ
±
λ
Yk(s)2+pλ

(
Xk(s)+c−

pλ
s
) ep

(
λ(c±

λ
−c−

pλ
)+δ
)
s

Now, if we can choose p ∈ (0, 1) such that λ(c±λ − c−pλ) + δ < 0 and pψ±λ < ψ+
pλ, we

must have eδuZ±λ (u) → 0 almost surely by using a familiar Borel-Cantelli argument. (The
condition pψ±λ < ψ+

pλ guarantees that the expectation in the last line above tends to a

30



finite limiting value, hence stays bounded over all times s, as can be checked by using
formula (2.4), for example.)

For all 0 ≤ p < 1 we find pψ±λ < ψ+
pλ. Considering the graph of c±λ we quickly see that

for λ ∈ [λ̃(θ), 0) taking p as close to 1 as we like gives the best rate. For λ ∈ [λmin, λ̃(θ))
we can choose p so that pλ = λ̃(θ) to yield the best rate.

Recall, we already know Z−λ (∞) > 0 when λ ∈ (λ̃(θ), 0) from theorem 5.8. Then, so
far we have proved the following:

(6.3) For every starting law, Px,y, and for all ε > 0, if λ ∈ (λmin, 0) then

e−εt e−λ(c±
λ
−c∗λ)tZ±λ (t) → 0 a.s.

where

c∗λ :=
{
c̃(θ) if λmin < λ ≤ λ̃(θ),
c−λ if λ̃(θ) ≤ λ < 0.

It is clear that this gives the required upper bound of

lim sup
t→∞

logZ±λ (t)
t

≤ λ(c±λ − c∗λ).

Now, for any ε > 0, if λ ∈
(
λmin, λ̃(θ)

]
then

eεt
N(t)∑
k=1

eψ
±
λ
Yk(t)2+λ(Xk(t)+c̃(θ)t) ≥ eλ(Lt+c̃(θ)t)+εt →∞ a.s.

since we know that Lt := infk≤N(t)Xk(t) satisfies L(t)/t → −c̃(θ) a.s. Otherwise, with
λ ∈ (λ̃(θ), 0),

eεt
N(t)∑
k=1

eψ
+
λ
Yk(t)2+λ(Xk(t)+c−

λ
t) ≥ eεtZ−λ (t) →∞ a.s.

since here Z−λ (∞) > 0 a.s. Thus, in all cases,

lim inf
t→∞

logZ±λ (t)
t

≥ λ(c±λ − c∗λ).

and we have completed the proof of the first part of theorem 5.16.

(b) For the ‘excited-state’ martingales we can make a comparison to the ‘ground-state’ mar-
tingales as follows. Fix n ∈ {1, 2, . . .} and let λ ∈

[
λmin, λ̃(θ)

)
. Now Ψn(y) = hn(y) eψ

−
λ
y2

where hn is a polynomial of degree n. Hence we can find a constant such that |hn(y)| ≤
C |y|n for all y ∈ R. Define Rt := supk≤N(t) Yk(t), then

|Zn,λ(t)| =

∣∣∣∣∣∣
N(t)∑
k=1

Ψn

(
Yk(t)

)
eλ
(
Xk(t)+c−

λ
t
)
+nµλt

∣∣∣∣∣∣
≤ enµλt

N(t)∑
k=1

∣∣hn(Yk(t))∣∣ eψ−λ Yk(t)2+λ
(
Xk(t)+c−

λ
t
)

≤ C |Rt|n enµλtZ−λ (t).
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We now derive a simple bound on the growth of Rt. Since Z−0 is a convergent martingale,
we require

lim sup
t

{
ψ−0 R

2
t − E0t

}
< +∞

hence

lim sup
t

R2
t

t
≤ E0

ψ−0
.

Combining the above with 5.16(a) now gives the required result. �

7. Proof of the main results.

(7.1) Proof of theorem 1.7.

Let λ ∈ (λmin, 0), then

N(t)∑
k=1

I {Xk(t) ≤ −γt} ≤
N(t)∑
k=1

eλ(Xk(t)+γt)

≤
N(t)∑
k=1

eψ
−
λ
Yk(t)2+λXk(t)+λγt = e(Eλ+λγ)tZ−λ (t).

Taking the infimum over λ,

∆(γ) = inf
λ∈(λmin,0)

{Eλ + λγ} ,

and recalling that the infimum is achieved with parameter λγ ∈ (λmin, 0) then

N(t)∑
k=1

I {Xk(t) ≤ −γt} ≤ e∆(γ)tZ−λγ
(t).

Now, if γ > c̃(θ), corresponding to λγ ∈
(
λmin, λ̃(θ)

)
and having ∆(γ) < 0, we know

from theorem 5.8 that Zλγ
(∞) = 0 almost surely. [Note: Although not proved here, we

should find that Z−
λ̃(θ)

(∞) = 0 a.s. as well.] Then,

γ > c̃(θ) ⇒
N(t)∑
k=1

I {Xk(t) ≤ −γt} = 0 eventually, a.s.

Otherwise, if γ ∈
(
0, c̃(θ)

)
, corresponding to λγ ∈ (λ̃(θ), 0) and having ∆(γ) > 0, theorem

5.8 tells us that Z−λγ
(∞) > 0 almost surely, hence

lim sup
t→∞

t−1 log
N(t)∑
k=1

I {Xk(t) ≤ −γt} ≤ ∆(γ).
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Now, let ε > 0 be small, λ̃(θ) < λ < 0 and µ = λ− ε. We recall now that Eλ is convex
so ∂2Eλ

∂λ2 ≥ 0 and γµ > γλ.

N(t)∑
k=1

eλXk(t)−EλtI {−(γλ + ε)t ≤ Xk(t) ≤ −(γλ − ε)t}

≤
N(t)∑
k=1

eλ(−(γλ+ε)t)−EλtI {−(γλ + ε)t ≤ Xk(t) ≤ −(γλ − ε)t}

= e(−λγλ−Eλ−λε)t
N(t)∑
k=1

I {−(γλ + ε)t ≤ Xk(t) ≤ −(γλ − ε)t}

≤ e(−λγλ−Eλ−λε)t
N(t)∑
k=1

I {Xk(t) ≤ −(γλ − ε)t}

Then

t−1 log
N(t)∑
k=1

eλXk(t)−EλtI {|Xk(t)/t+ γλ| < ε} ≤ −λγλ − Eλ − λε

+ t−1 log
N(t)∑
k=1

I {Xk(t) ≤ −(γλ − ε)t}

Letting t → ∞, using corollary 5.13 and remembering that for λ̃(θ) < λ ≤ 0 we have
Z−λ (∞) > 0 a.s., we find

0 ≤ −λγλ − Eλ − λε+ lim inf
t→∞

t−1 log
N(t)∑
k=1

I {Xk(t) ≤ −(γλ − ε)t}

and as ε > 0 can be arbitrarily small we have

lim inf
t→∞

t−1 log
N(t)∑
k=1

I {Xk(t) ≤ −γλt} ≥ Eλ + λγλ.

Equivalently,

lim inf
t→∞

t−1 log
N(t)∑
k=1

I {Xk(t) ≤ −γt} ≥ Eλγ
+ λγγ = ∆(γ)

and hence the limsup and liminf agree as required. �

We note that these proofs will easily adapt to cover a multi-type branching Brownian
motion where the types evolve as a finite state Markov chain, such as found in Champneys
et al.[4], where it will also be possible to prove the analogous convergence theorem required
when we have a finite type space by adapting the proof of theorem 5.11 found in Harris[9].
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In the standard branching Brownian motion case things are even simpler to adapt
(where, of course, there is no need for any convergence result akin to theorem 5.11). All
the information necessary is contained in the martingales

∑
exp

(
λXk(t)− (λ2/2 + r)t

)
studied by Neveu[14] and, as first came to our attention during discussions with J.Warren,
the martingale with parameter λ can only be capable of ‘counting’ particles near γλt in
space at large times t, so when this martingale is uniformly integrable particles must
perpetually be found with the corresponding speed. Of course, in this case more precise
results, in the spirit of Watanabe[19], also exist.

(7.2) Proof of theorem 1.13: the upper bound.

Simply observe that for λ ∈ (λmin, 0),
N(t)∑
k=1

I
{
Yk(t)2 ≥ κ2t;Xk(t) ≤ −γt

}
≤
N(t)∑
k=1

I
{
Yk(t)2 ≥ κ2t;Xk(t) ≤ −γt

}
eψ

+
λ

(Yk(t)2−κ2t)+λ(Xk(t)+γt)

≤ e−λ(c+
λ
−c−

λ
)tZ+

λ (t) e(Eλ+λγ−κ2ψ+
λ

)t

≤ e−λ(c+
λ
−c∗λ)tZ+

λ (t) e(Eλ+λγ−κ2ψ+
λ

)t

Recall that
∆(γ, κ) := inf

λ∈(λ̃(θ),0)

{
Eλ + λγ − κ2ψ+

λ

}
where it is easy to check that the infimum is achieved at

λ(γ, κ) = −

√
γ2θ(θ − 8r)

a2(κ2 + θ)2 + 4aγ2θ

In cases where ∆(γ, κ) < 0, we can use the optimal value for λ and theorem 5.16 to
see that

N(t)∑
k=1

I
{
Yk(t)2 ≥ κ2t;Xk(t) ≤ −γt

}
→ 0

almost surely. Hence,

D(γ, κ) = −∞ a.s. if ∆(γ, κ) < 0.

Otherwise, we have ∆(γ, κ) ≥ 0 (which in fact guarantees that γ ∈
(
0, c̃(θ)

]
and hence

λ(γ, κ) ∈ [λ̃(θ), 0)), and since

D(γ, κ) ≤ lim sup
t→∞

{
t−1 log e−λ(c+

λ
−c∗λ)tZ+

λ (t)
}

+ (Eλ + λγ − κ2ψ+
λ )

we can again make use of theorem 5.16 and the minimizing λ value, λ(γ, κ), to get the
bound

D(γ, κ) ≤ ∆(γ, κ) a.s.

as desired. �
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(7.3) Proof of theorem 1.13: the lower bound

Consider α, β > 0 and y0 > 0 as fixed. Define

Γ(t) := {i ≤ N(t) : Xi(t) ≥ αt, Yi(t) ∈ [0, y0]}

Then earlier results tell us that

log |Γ(t)|
t

→ ∆(α) a.s.

as t→∞.
Let

Z(t) :=
∑

i∈Γα(t)

I {Ai(t)}

where, for any given constants η, δ > 0 and τ > η, Ai(t) is the event that there exists a
particle k alive at time t + τ which has descended from the particle i alive at time t and
has

Xk(t+ s)−Xk(t) ≥ βt(1− δ), Yk(t+ s)2 ≥ κ2t(1− δ)

for all s ∈ [τ − η, τ ].

(7.4)Lemma. Given ε, δ, y0 > 0, ∃η > 0, τ > η, T > 0 such that with

pt(y) = P0,y
(
∃k ≤ N(τ) s.t. Xk(τ − s) ≥ βt(1− δ), Yk(τ − s)2 ≥ κ2t(1− δ), ∀s ∈ [0, η]

)
we have

exp (−t{Θ(β, κ) + ε}) ≤ pt(y) ≤
(
e
ψ+

λ
y2+E+

λ
τ
)

exp (−t Θ(β, κ) )

for ∀y ∈ [0, y0] and ∀t > T .

Proof. The upper bound is by making a simple over estimate of the probability by using
the Z+

λ martingales. The lower bound is a simple corollary to the large deviation results
from section 4.16 using the path (x, y) and its properties mentioned in sub-section 3.8. �

Now, conditionally on Ft, the events Ai(t) are all independent with

Pi(t) := P
(
Ai(t)

∣∣Ft) = pt
(
Yi(t)

)
and then

E(Zt|Ft) =
∑

i∈Γα(t)

Pi(t) =: Q(t),

var (Zt|Ft) =
∑

i∈Γα(t)

Pi(t)
(
1− Pi(t)

)
≤ Q(t)
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Using Chebychev’s inequality, for all ε′ > 0,

P
(∣∣∣∣ZtQt − 1

∣∣∣∣ > ε′
∣∣∣∣Ft) ≤ var (Zt|Ft)

ε′2Q(t)2
≤ 1
ε′2Q(t)

Lemma 7.4 gives pt(y) ≈ exp (−Θ(β, κ)) and then we find that for all ε > 0 and δ > 0,
we can choose η > 0, τ > η and find a T <∞ such that

logQ(t)
t

∈ [∆(α)−Θ(β, κ)− ε,∆(α)−Θ(β, κ) + ε] ∀t > T

Using the optimal parameters α = α and β = β where α+ β = γ and if ∆(γ, κ) > 0,
we have ∆(α)−Θ(β, κ) = ∆(γ, κ) > 0. Letting tn := nη for each n ∈ N, the Borel-Cantelli
lemma now reveals that only finitely many of the events∣∣∣∣ ZtnQ(tn)

− 1
∣∣∣∣ > ε′

occur almost surely. Then, almost surely there exists T > 0 such that for all t > T , if we
choose n so t ∈ [τ + tn, τ + tn+1] then

N(t)∑
k=1

I
{
Xk(t) ≥ γtn+1(1− δ), Yk(t)2 ≥ κ2tn+1(1− δ)

}
≥ Ztn+1 ≥ (1− ε′)Q(tn+1)

≥ (1− ε′)exp (tn+1{∆(γ, κ)− ε})

Since tn+1/t→ 1 as t→∞ and ε, ε′ > 0 and δ > 0 can all be made arbitrarily small, this
gives us the required lower bound on the growth rate of particles near (γt, κ

√
t) as ∆(γ, κ).

�
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154.

[9] Harris, S.C. (1999) Convergence of a ‘Gibbs-Boltzmann’ random measure for a typed
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