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Abstract

Using the foundations laid down in Hardy and Harris [8], we present new spine proofs of
the LP-convergence of some key additive martingales for three distinct models of branching
diffusions, including branching Brownian motion. The spine techniques we develop give
clear and simple arguments in the spirit of the conceptual spine proofs found in Kyprianou
[19] and Lyons et al [22, 21, 18], and they should also extend to more general classes of
branching diffusions. Importantly, the techniques in this paper also pave the way for the
path large-deviation results for branching diffusions found in Hardy and Harris [9, 10].

1 Overview

In this article we use a change of measure together with spine techniques to analyze the LP-
convergence properties (for p > 1) of the strictly-positive martingales for three different models
of branching diffusions. It is a common feature of these diffusion models, where there is actually
a family of such martingales {Z A AE ]R}, that for all A within an open interval about 0 the
martingale Z is convergent in L£P for some p > 1; for A outside of this interval the limit of Z is
almost surely null. For values of A at the boundary of this interval, the so-called critical values,
it has been conjectured (and in some models proven) that the martingales have a null limit —
we give a proof for the simpler first model but not for the others since they require different
techniques using ‘derivative’ martingales — see Kyprianou [19] or Harris [13] for examples.

The first model is branching Brownian motion (BBM), for which a proof of £P-convergence
was originally given by Neveu [24] using classical techniques based on the branching decomposi-
tion. After introducing the martingale and the measure change via a pathwise construction, in
section 2.1 we give a summary of the underlying space and filtrations that we shall use through-
out for our spine techniques and show how we can think of the central two measures as being
projections of two other measures defined on the larger filtrations, related via a Radon-Nikodym
derivative; a foundation article [8] contains fuller details, but in order to make this article self-
contained we aim to give enough information here. We actually deal with two variants of BBM:
first sections deal with the case of binary-splitting where the fissions produce only two particles,
and in section 2.4 we extend the model to allow the fissions to produce a random number of
offspring.

The second model we look at is a finite-type branching diffusion and is a generalization of a
2-type model treated in the paper by Champneys et al [2]. Again, we deal separately with the
cases of binary-splitting and random family sizes, and in this second case allow the distribution
of the family sizes to be type-dependent.

The third model has a continuous-type-space where the type of each particle moves indepen-
dently as an Orstein-Uhlenbeck process on R. This branching diffusion was first introduced in
Harris and Williams [11] and has also been investigated in Harris [12], Harris and Git [14] and
Kyprianou and Englander [7].



Proofs for each of these models each run along similar lines, and it is a credit to the spine
approach that this is possible. More classical techniques based on the expectation semigroup
are simply not able to generalize easily, since they often require either some a priori bounds
on the semigroup or involve difficult estimates — for example, in Harris and Williams [11] their
important bound of a non-linear term is made possible only by the existence of a good £2 theory
for their operator, and this is not generally available.

Briefly, to prove that the martingale converges in LP for some p > 1 we use Doob’s theorem,
and therefore need only to show that the martingale is bounded in LP. The spine decomposition
is an excellent tool here for showing boundedness of the martingale since it reduces difficult
calculations over the whole collection of branching particles to just the single spine process.
When LP-convergence does not hold the martingale limit is almost-surely null, and we prove
this by showing that the martingale is almost-surely not bounded in a new measure — this
approach relies on a measure-theoretic result given below and has become standard in the spine
methodology since the important work of Lyons et al [22, 21, 18]. We show unboundedness of the
martingale just by considering the contribution of the spine, which is shown to be unbounded.

There are a number of reasons why we may be interested in knowing about the £P convergence
of a martingale: in Neveu’s original article [24] it was a means to proving £!-convergence, whilst
Harris and Git [14] and Asmussen and Hering [1] have used it to deduce the almost-sure rate of
convergence of the martingale to its limit. Of equal importance are the techniques that we use
here, and similar ideas have been used in proving a lower bound for a number of problems in
the large-deviations theory of branching diffusions — we have used the spine decomposition with
Doob’s submartingale inequality to get an upper-bound for the growth of the martingale under
the new measure which then leads to a lower-bound on the probability that one of the diffusing
particles follows an unexpected path — see Hardy and Harris [9] for a spine-based proof of the
large deviations principle for branching Brownian motion, and see Hardy and Harris [10] for a
proof of a lower bound in the model that we consider in section 4.

2 Branching Brownian motion

Consider a branching Brownian motion (BBM) with constant branching rate r, which is the
branching process whereby particles diffuse independently according to a (driftless) Brownian
motion and at any moment undergo fission at a rate r to produce two particles. We suppose
that the probabilities of this are {PI rT € R} so that P” is a measure defined on the natural
filtration (F;)¢>0 such that it is the law of the process initiated from a single particle positioned
at x.

Suppose that the configuration of this branching Brownian motion at time ¢ is given by the
R-valued point process Xy := {X,(t) : u € N;} where N, is the set of individuals alive at time
t. It is well known that for any A € R,

Zx(t) == Z e TteAXu (=52 (1)
u€E Nt

defines a strictly-positive P-martingale, so Z(00) := limy_, o, Z(t) is almost surely finite under
each P*.

We are going to use a change of measure together with the so-called spine decomposition to
determine the conditions under which this martingale is £?(P)-convergent for some p > 1. To
this end we suppose that Q) is a measure on the same filtration (F;);>¢ which makes the process
X; equivalent to the following pathwise construction that can also be found in the recent paper
of J.Harris, S.C.Harris and Kyprianou [15]:

Definition 2.1 Under Qf the point process X; evolves as follows:



e starting from position x, the original ancestor diffuses according to a Brownian motion on

R with drift A;
e at rate 2r the particle undergoes fission producing two particles;
e with equal probability, one of these two particles is selected;
e this chosen particle repeats stochastically the behaviour of the parent;

e the other particle initiates, from its birth position, an independent copy of a P branching
Brownian motion with branching rate r.

In this construction, the individuals that are selected to have a drift of A make up a (random)
line of descent which has come to be referred to as the spine. Work carried out by Chauvin and
Rouault [5], more recent work by Kyprianou [19] and similar work by Lyons et al [21, 18, 22]
has shown that

Theorem 2.2 The change of measure is given by:

Q5| 7 .
ap: |, =70 ¢ Al @

The paper by Kyprianou [19] used this change of measure and other spine techniques to give
necessary and sufficient conditions for the £!-convergence of this martingale. In fact Kyprianou
deals with a slightly more general version of the BBM model in which particle fissions may
produce a random number of offspring (but always at least one), with that number chosen
independently of a particle’s position and distributed according to some given distribution on
the integers; we look at this more general model in section 2.4. If we were only to consider the
binary-splitting case, the result as stated in Kyprianou is:

Theorem 2.3 Let \ = V2r. Further convergence properties of the martingale Zy are deter-
mined by the critical value X\ in that:

o if ’)\| > X\ then Zx(00) = 0 almost surely;
o if A < X then Zy(00) > 0 almost-surely and Zx(t) — Zx(c0) in L1(P).

Without loss of generality we throughout suppose that A < 0, since the cases are symmetrical.
The next theorem on LP-convergence of the martingale for p > 1 was originally proven in Neveu
[24] by classical techniques, and clearly represents an extension to Kyprianou’s above result:

Theorem 2.4 For each x € R, and for each p € [1,2]:

1. The martingale Zy is LP(P%)-convergent if pA\2/2 < r.

2. Almost surely under P®, Zx(c0) = 0 when A\2/2 > r.
Remark: Actually Neveu’s [24] result was based on a birth rate of » = 1, but the generalization
to any r > 0 is trivial. We shall give a spine-based proof of this theorem in Section 2.3.

2.1 The underlying space and filtrations

For a clear understanding of the spine techniques that we shall use in all our models, we need
a more precise description of spines than the pathwise construction given in definition 2.1. We
give fuller details in Hardy and Harris [8], but to make this article self-contained we now briefly
lay out the principal elements. The reader who is familiar with the work of Lyons et al, or



with Kyprianou’s paper [19] will notice significant differences in our approach via our use of the
filtrations on the single underlying space.

All three models that we consider in this article shall be built on the same underlying space
of sample trees with spines, and the measures will all be constructed in analogous ways. Here
we lay out the details for the current model of branching Brownian motion, and leave it to the
reader to bridge the details when it comes to the other models — [8] contains all the details in a
more abstract setting that will cover every model considered in this article.

The set of Ulam-Harris labels is to be equated with the set 2 of finite sequences of strictly-

positive integers:
Q:={0}uJmn,
neN

where we take N = {1,27 .. } For two words u,v € 2, uv denotes the concatenated word
(u = Qu = u), and therefore 2 contains elements like ‘213’ (or ‘@213’), which we read as ‘the
individual being the 3rd child of the 1st child of the 2nd child of the initial ancestor ()’. For two
labels v, u € ) the notation v < w means that v is an ancestor of u, and |u| denotes the length
of u. The set of all ancestors of u is equally given by

{v:v<u}:{U:HwEquchthatvw:u}.

Collections of labels, ie. subsets of €2, will therefore be groups of individuals. In particular,
a subset 7 C Q will be called a Galton- Watson tree if:

1. 0 er,
2. if u,v € Q, then uv € 7 implies u € 7,

3. for all u € 7, there exists A, € 0,1,2,... such that uj € 7 if and only if 1 < j <1+ A,,
(where j € N).

We note that in general the underlying trees will not be a binary tree — each node will have
1+ A, branches coming from it. In the binary-branching models that we look at it will actually
be the probability measures that exclude A, > 1, but we use this more general case to lay out
the details of the underlying spaces.

The set of all Galton-Watson trees will be called T. Typically we use the name 7 for a
particular tree, and whenever possible we will use the letters u or v or w to refer to the labels
in 7, which we may also refer to as nodes of T or individuals in T or just as particles.

Each individual should have a location in R at each moment of its lifetime. Since a Galton-
Watson tree 7 € T in itself can express only the family structure of the individuals in our
branching random walk, in order to give them these extra features we suppose that each indi-
vidual v € 7 has a mark (X, 0,,) associated with it which we read as:

e 0, € Rt is the lifetime of u, which determines the fission time of particle u as S, :=
Y v<u Ov (With Sy := 0p). The times S,, may also be referred to as the death times;

o X, : [Sy — 0w, Su) — R gives the location of u at time t € [S, — ou, Su)-

To avoid ambiguity, it is always necessary to decide whether a particle is in existence or not at
its death time.

Remark 2.5 Our convention throughout will be that a particle u dies ‘just before’ its death time
Sy (which explains why we have defined X,, : [Sy — 0w, Su) — - for example). Thus at the time
Sy the particle u has disappeared, replaced by its 2 children which are both alive and ready to
go.



We denote a single marked tree by (7, X, o) or (7, M) for shorthand, and the set of all marked
Galton-Watson trees by 7:

o 7T := {(T,X,U):TETand for each u € 7,0, € RT, X, : [Sy — 00, Su) —>R}.

e For each (7, X,0) € T, the set of particles that are alive at time ¢ is defined as Ny := {u €
T:Su—au§t<5u}.

For any given marked tree (7, M) € 7 we can identify distinguished lines of descent from the
initial ancestor: 0, u1,us,us,... € 7, in which ug is a child of wuy, which itself is a child of u;
which is a child of the original ancestor (). We’ll call such a subset of 7 a spine, and will refer to
it as &:

e a spine ¢ is a subset of nodes {(7], UL, Ug, U3, - - } in the tree 7 that make up a unique line
of descent. We use &; to refer to the unique node in £ that that is alive at time t.

In a more formal definition, which can for example be found in the paper by Rouault and Liu
[20], a spine is thought of as a point on O7 the boundary of the tree — in fact the boundary
is defined as the set of all infinite lines of descent. This explains the notation £ € 07 in the
following definition: we augment the space 7 of marked trees to become

o 7T = {(7’7 M,&) : (r,M) € T and € € 87’} is the set of marked trees with distinguished
spines.

It is natural to speak of the position of the spine at time t which think of just as the position of
the unique node that is in the spine and alive at time t:

e we define the time-¢ position of the spine as & := X, (t), where u € £ N N,.

By using the notation &; to refer to both the node in the tree and that node’s spatial position
we are introducing potential ambiguity, but in practice the context will make clear which we
intend. However, in case of needing to emphasize, we shall give the node a longer name:

e node;((7,M,§)) := u if u € £ is the node in the spine alive at time ¢,

which may also be written as node;(§).

As the spine &; diffuses, at the fission times S, for u € £ it gives birth to some offspring,
one of which continues the spine whilst the others go off to create subtrees like copies of the
BBM. These times on the spine are especially important for the later spine decomposition of
the martingale 7, and we therefore give them a name:

e the sequence of random times {Su tu €€ } are known as the fission times on the spine;

Finally, it will later be important to know how many fission times there have been in the spine,
or what is the same, to know which generation of the family tree the node & is in (where the
original ancestor ) is considered to be the Oth generation)

Definition 2.6 We define the counting function
ng = ‘nodet(§)|,

or equivalently,
ng = |{u tu €€ and Sy gt}|,

which tells us which generation the spine node is in, or equivalently how many fission times there
have been on the spine. For example, if & = (@,ul,UQ) then both O and u, have died and so
ny = 2.



The collection of all marked trees with a distinguished spine (7, €) is given the label 7. On
this space we define four filtrations of key importance that encapsulate different knowledge, but
see Hardy and Harris [8] for more precise details:

o T, knows everything that has happened to all the branching particles up to the time ¢, but
does not know which one is the spine;

e F, knows everything that F; knows and also knows which line of descent is the spine (it
is in fact the finest filtration);

e G; knows only about the spine’s motion in J up to time ¢, but does not actually know
which line of descent in the family tree makes up the spine;

e G, knows about the spine’s motion and also knows which nodes it is composed of. Further-
more it knows about the fission times of these nodes and how many children were born at
each time.

Having now defined the underlying space for our probabilities, we remind ourselves of the prob-
ability measures:

Definition 2.7 For each x € R, let P* be the measure on (7~', Foo) such that the filtered prob-
ability space (T, Foo, (Fi)1>0, P') makes the R-valued point process X, = {Xu(t) Tu € Nt} the
canonical model for BBM.

For details of how the measures P* are formally constructed on the underlying space of trees,
we refer the reader to the work of Neveu [23] and Chauvin [4, 3].

All spine approaches rely on building a measure P* under which the spine is a single ge-
nealogical line of descent chosen uniformly from the underlying tree. If we are given a sample
tree (1, M) for the branching process it can be verified that a uniform choice of which line of
descent makes up the spine € implies that if w € 7 then

Prob(u € &) = [] . (3)
1+ A,

v<u

(In the binary-branching case we shall necessarily have Prob(A, = 1) = 1.) This observation (3)
is the key to our method for extending the measures, and for this we make use of the following
representation found in Lyons [21].

Theorem 2.8 If f is a F;-measurable function then we can write:

=Y fultg=u (4)

u€EN,
where f, is Fy-measurable.
We use this representation to extend the measures P*.

Definition 2.9 Given the measure P* on ('f, Foo) we extend it to the probability measure pP®
on (T, Foo) by defining

/}f dp* ::/T il 1+1AU dpe, (5)

uEN; v<u

for each f € mF, with representation like (4).



The previous approach to spines, exemplified in Lyons [21], used the idea of fibres to get a mea-
sure analogous to our P that could measure the spine. However, a weakness in this approach was
that the corresponding measure did not have a finite mass and therefore could not be normalized
to become a probability measure like our P. Our new idea of using the down-weighting term of
(3) in the definition of P is crucial in ensuring that we do not get an infinite-mass measure, and
leads to the very useful situation in which all measure changes in our formulation are carried
out by martingales.

Theorem 2.10 This measure P* really is an extension of P* in that P = P|r_.
Proof: If f € mJF; then the representation (4) is trivial and therefore by definition
~ 1
4P = ( ) ar.
o= (5 D

However, it can be shown that >,y [], <, ﬁ = 1 by retracing the sum back through the
lines of ancestors to the original ancestor ), factoring out the product terms as each generation

is passed. Thus
[ fdP = / fdP.
T T

The spine diffusion &, is F;-measurable, and it is immediate that

Theorem 2.11 Under P* the spine diffusion & is a Brownian motion that starts at x.

2.2 New measures for BBM

Having now seen the construction of the underlying space and the measure 15‘””, we can define a
measure Q) via a Radon-Nikodym derivative with respect to P:

Definition 2.12 Q) is a measure on (T, Fao) defined as:

d T
d%i\ = e*)@ Qntefrte)\@f%)\?t. (6)
Fi
From this definition it is clear that the martingale term M3 A g going to give the spine

process & a drift of A under Q. The other term e~ "*2™ is actually a martingale term that will
increase the rate of the Poisson process n; of fission times on the spine from r to 2r; this can be
seen also in Kyprianou [19].

Theorem 2.13 If we define QF := @ﬂy:oo, then QF is a measure on Foo and

dQx| _ 21

dp= £ ZA(Oy

so that under Q% (and therefore also under Qﬁ) the branching-diffusion point process X; has
ezactly the pathwise construction given in definition 2.1.

There are at least two ways to prove this result: Kyprianou [19] bases his proof on a decom-
position of the measure P as a product of measures for the spine’s motion, the fission-counting
process n;, and measures on the sub-trees born from the spine. Because of our using filtrations
the way we do, we have an alternative.



Proof of Theorem 2.13: It is clear from the definition of the conditional expectation that
the change of measure (6) projects onto the sub-algebra F; as a conditional expectation:

d@§ — e p(e—rthteAf,—%/\%U_—t)_
dP? | £,
Bearing in mind that 2" =[], _,, 2, if we use the representation (4) we get
Periam P F) = Pert 3 MO T 20 1| )

uENg v<u

_ 677‘1‘/ Z eAXu(t)fé)?t X H 2 X p(gt = 'U,|ft)

u€Ny v<u
_ -t AXo, (8)— 2 A%t 9 1
e S ono- bt Tax ] |
UE N v<u v<u
— et Z e)\Xu(t)—%Azt = Z,(t).
u€E Nt
Here, the result f’({t = u|F;) =[] <, 5 is the case of (3) for binary-splitting. Thus
Ao B —rtons Ai—LA% _Ia(®)
P 2 N F) = .
e (e e | F) Z:(0)

2.3 Proof of Theorem 2.4

Just before we proceed to the proof we recall a naturally occurring eigenvalue that will also
appear in later models.

Definition 2.14 For each A € R we define E) := %)\2 +r.

Then Z, can be re-written as

Z,\(t) — Z eAXu(t)—EAt’
uEN

and simple algebra reveals

p /2 <r & pEy—E, > 0.

2.3.1 Proof of part 1:

We are going to prove that for every p € (1,2] the martingale Zy is £P(P)-convergent if pE) —
E,» > 0. Furthermore, since P*(Z(t)) = e** P%(Z,(t)) we do not lose generality if we suppose
that z = 0, and from now on this is implicit and we do not use the superscript on the measures.

From the change of measure in Theorem 2.2 or Theorem 2.13 it is clear that
P(Z\(t)") = P(Zx(t)'' Zx(1)) = Qu(Zx(8)7),

where ¢ := p — 1. Our aim is to prove that Qx(Zx(¢)?) is bounded for ¢ € R, since then Z%(¢)
must be bounded in £P(P) and Doob’s theorem will then imply that Z is convergent in LP(P).

As we mentioned, the algebra G, gives us the very important spine-decomposition of the
martingale Zy:

OA(Z2(1)[Gos) = 3 e BaSt | Pt
k=1



where the sum is taken to equal 0 if n; = 0. Full details of this can be found in [8], but
the intuition is quite clear: since the particles that do not make up the spine grow to become
independent copies of X; distributed as if under P, the fact that Z is a P-martingale on these
subtrees implies that their contributions to the above decomposition are just equal to their
immediate contribution on being born at time Sy at location s, . Remark: We emphasize that
here we must use the measure @A, since Q) cannot measure the algebra Goo ¢ Foo.

We continue with the conditional form of Jensen’s inequality, which says that for ¢ € (0, 1]:

Qx (Z0(1)"G0) < Q1 (Z1(1)[G0) " (7)

The spine decomposition is a sum, and from Neveu’s original proof we use the following simple
inequality:
Proposition 2.15 If g € (0,1] and u,v > 0 then (u+v)? < u? + v,
to obtain,

n

D (Z2(8)[Goo)? < 3 Mok —aENSH 4 gaAei—alint,

k=1

Taking Qy-expectations of this and using (7),

Nt

QA(2A(1)1) = Qr(2Za(H)7) < Qa (Z s ISk 4 quE’*qE*t)

k=1

QA (Z eq)\ﬁsk*qE/\Sk) + QA (quft*qut)’ (8)
k=1

and the proof of LP-boundedness will be complete once we show that this RHS is bounded in ¢.

As written, (8) is made up of two terms, and since they play a central role from here on we
name them explicitly: on the far right we have the spine term Q (eq’\&’qE*t)7 the other being
the sum term Q, (3}1, e9Assk —1Ea5k),

The spine term: Changing from P to Q, gives the spine a drift of \, and therefore the change-
of-measure for just the spine’s motion (i.e. on the algebra G;) is carried out by the martingale
M — 5 A%t
@)\ (eqkﬁtquAt) — ﬁ(eqkﬁtquAt « eAgtféA%)?
— e~ (PEA—=Ep))t p(emsﬁ%(mft)?
_ e_(pEA_EpA)t’ 9)

. . C1(pA)2t 5 .
since the second-line term P&~ 2 (PN g also a P-martingale.

The sum term: Under the measure Q » we know that the fission times S, on the spine occur
as a Poisson process of rate 2r. Appealing to standard results from Poisson theory (see [16] for
example) we can therefore write the sum term as an integral:

g t
@A (Z edXEsy, _qEASk) — Q/\ (/ 9 eINes—aEns ds).
k=1 0



In this integral all the terms are positive and so Fubini’s theorem can be used, which along with
the equality (9) above gives

N

t
@/\(Zeqkfsk—qEASk) :/ ZTQ)\(eq’\és_qE*S) ds

k=1 0

t
:2r/ e~ (PEx=Ep)s
0

2
O S
P
Thus we have found an explicit upper-bound:
2r
P(Z\(t)P) < — [1 . —(PEA—EPW] ~(PEA=Ep)t 11
(2a0y) < 1 e te (1)

If pEy — Epx > 0 this clearly implies that P(Z(¢)P) will remain bounded as ¢ — oo, which
together with Doob’s theorem will complete the proof of the first part of Theorem 2.4. (|

2.3.2 Proof of Part 2:

The following proof was first given by Kyprianou [19], in the more general case of a BBM where
fissions may produce a random number of offspring (but always at least one). The second part of
the following theorem is the key element in using the measure change (2) to determine properties
of the martingale Zy:

Theorem 2.16 Suppose that P and Q are two probability measures on a space (Q,]-'DO) with
filtration (Fi)e>o0, such that for some positive martingale Zy,

d
o _
dP |,
The limit Zo = limsup,_, ., Z: therefore exists and is finite almost surely under P. Further-
more, for any F € Foo
Q(F) :/ Zoo dP 4+ Q(F N{Zs = o0}), (12)
F

and consequently P(Zs = 0) =1 if and only if Q(Z = c0) = 1.

A proof of the decomposition (12) can be found in Durrett [6], at page 241. In order to show
that the martingale limit of our Zy(¢) is null we therefore intend to show that

Qax <limsup Zx\(t) = oo) =1.
t—o0
Because one of the individuals u € Ny must be the spine, it is immediate that
Z\(t) = Z AXu®)=Ext o AG—Ext _ A—3A*t—rt
uEN,
Under the measure Qy the spine has a linear drift equal to A, whence under (@A,
A3 =Tt _ eAB,,-&-(%)\z—r)t)

where B; is a Qx-Brownian motion. Thus A2 > 2r will force lim SUpP;_, o, Za(t) = oo almost

surely under Q.
O

10



2.4 Random family sizes

In the binary-branching model of BBM that we just considered, at each fission time two particles
are produced. Kyprianou [19] deals with a model in which at a fission time an individual « may
split into a 1 + A particles where A is an integer-valued random variable chosen independently
of the position X, (¢) of the individual u, with general distribution:

P(A=1i)=pi, i€{0,1,...},

giving an average size of m := P(A) = Y ;2 ip;. This introduction of random family sizes
implies a small change in the form of the branching martingale:

Theorem 2.17 For any X € R,

142
Z\(t) = E: o TMtAX (D)= FA _ }: AXu(t)—Ext
u€N, u€EN,

is a P-martingale, where E)y = %)\2 +rm.

We remind the reader that the filtration (g})tzo includes knowledge of the sizes of the families
produced by all fissions on the spine:

G = 0(Gr,nodes(§) : s <t, Ay 1 u < &).

In the binary-splitting model it was always the case that A, = 1 and so we didn’t really notice
this extra information in Goo, but here it is important in the spine decomposition.

The most significant alteration for the measure change is that the distribution of the family
sizes produced by fissions on the spine (but not off it) is tilted:

Theorem 2.18 If we define the measure Q3 via

dQ|  Zu(1)

-z
= = 7\ (t
dPz 7 Z)\(O) € A( )7

then it follows that under Q3 the point process X; evolves as follows:

e starting from position x, the original ancestor diffuses according to a Brownian motion on

R with drift X;

e at an accelerated rate (1 4+ m)r the particle undergoes fission producing 1 + A particles,
where the distribution of A is still independent of the spine’s motion but is size-biased:

~ (i + Dpi

WA= =" {01}

o with equal probability, one of these offspring particles is selected;

e this chosen particle repeats stochastically the behaviour of the parent with the size-biased
offspring distribution;

e the other particles initiate, from their birth position, an independent copy of a P° branching
Brownian motion with branching rate r and family-size distribution given by A (which is
without the size-biasing).

11



This phenomena of size-biasing was noted in the Lyons et al papers, and is a common feature
of such measure changes in the spine approach.

As we have seen, the measures P and Q) on the F., can be extended to P and @)\ on -7300;
or equivalently, we can define P and Q) as the projections onto F, of the measures P and Q)
defined on F...

The theorem on the £P-convergence of Z) is now slightly modified to take into account the
random distribution of the family sizes:

Theorem 2.19 For each x € R, and for each p € [1,2]:
1. The martingale Zy is LP(P%)-convergent if pA?/2 < rm and P(AP) < co.
2. Almost surely under P, Zx(00) = 0 when \?/2 > rm.

The proof is not very different from the binary-splitting case since the spine decomposition is
different only in the sum term:

OA(Z2(1)[Goe) = 3 AyeXéon—ErSi 4 AG—BAL
k=1

and therefore we go rather more quickly here. As before we can use Jensen’s inequality and
Proposition 2.15 to arrive at

QA(ZA(1)7) = Qu(ZA(1)7) < @,\( Al e s maExSk eq’\gf*qE*t).
k=1

The spine term can be dealt with as at (9), and the sum term can be written as an integral,
but in order to deal with the random number of offspring we first use conditioning (without
knowledge of the family sizes) to replace the term A% with an expectation:

Qx (Z A4 A5y —aEA Sk |gt) = Z Qa (Aq)qugsk —aEx Sy by independence,
k=1 k=1
ny
— @A(AQ) Zelp\fsk—qusk. (13)
k=1

The term Qy (flq) is guaranteed to be finite if P(AP) is:
Lemma 2.20 If P(AP) < oo then Qx(A9) < oco.
Proof:

. | 1 . >N P(AP) + P(A9)  2P(AP)
AT = q e Py, ap;) = .
@ (A7) ;Zerlp m+1(§2p+;”)> m+1 STl

O

Taking expectations of both sides of (13), converting the sum to an integral and then using
Fubini’s theorem gives:

¢ t
@ Azeqkésk—qusk :Q A4 /27‘@ eI —aExs ) g
(& )= [ o)

t
= 27’@)\(1‘1q>/ e~ (PEA—Ep)s qg by (9).
0

12



Thus the condition P(AP) < oo in the first part of Theorem 2.19 means that Qx(Zx(¢)?) will be
bounded if pEy — Ep) > 0, and it can be shown that with Ey = %)\2 + rm,

pEyN—Epy >0 & p)\2/2 < rm,

completing the proof. The proof of the second part of Theorem 9 does not need to be changed.
O

3 A typed branching diffusion

We move on to consider a second model of a branching diffusion in which diffusing typed particles
branch at random times. The diffusion coefficient and birth rate of each particle will depend
on its current type, which will be any one of a finite number and will change in time according
to an independent Markov chain. Precisely, the finite-set I := {1,...,n} is to be the space of
types, so that J := R x [ is the underlying space for all the branching particles. We suppose
that under the probabilities {]5“4 : (z,y) € J} defined on (Fi)i>0, the natural filtration with a
spine, the process evolves according to the following description:

The spine process (&, n:) in J is such that, under Py its type-location n; starts at y € I and
is an irreducible, time-reversible Markov chain on I with Q-matrix 6@ (0 is a strictly positive
constant) and invariant measure 7 = (7, . .., T, ); its spatial-location & € R moves as a Brownian
motion, starting from = € R, with zero drift and diffusion coefficient a(y) > 0 whenever 7, is in
state y:

d¢; = a(nt)% dB;, B; a P-Brownian motion. (14)

The formal generator of this process (&, ;) is:

1 0*F . .
HE(2,9) = 5a(y) 53 +0D_ Q. ))F(w.j),  (F:J—R). (15)
Jjel

We often use matrix calculations, and it is convenient to gather the diffusion coefficients together
in a diagonal matrix A := diag[a(1),...,a(n)].

The branching diffusion. Under P*Y, the projection of P*™¥ onto the natural filtration
without spines, each branching particle (X, (t),Y,(t)) moves like the above description, and
undergoes fission — to produce a number of children at its own current position and of its own
current type — at a rate r(y), where y represents the particle’s current type. We gather together
the birth rates in a diagonal matrix R := diag[r(1),...,r(n)].

It should be noted that the condition of time-reversibility on the Markov chain is not absolutely
necessary, and is really just a simplifying assumption that gives us an easier £2 theory for the
matrices and eigenvectors. If we were to drop this assumption we would still have an £2 theory
since we are working with finite vectors, but it would not be so immediate and our aim is really
to show how the spine techniques work — lessening the geometric complexity of the model serves
a good purpose.

In the next sections we are assuming that fission times produce two particles, and then later
extend this to a model in which the number of offspring is determined by a type-dependent
distribution.

13



3.1 The martingale

Via generators it is possible to show that for any A € R, any function (vector) vy : I — R and
any number Fy € R, the expression

N(t)
Zy(t) =Y oa(Ya(t) XX (16)
k=1
will be a martingale if and only if vy and E) satisfy:
Lo
(524 +0Q + R)vx = B, (17)

which is to say that vy must be an eigenvector of the matrix %)\QA + 0Q + R, with eigenvalue
E.

Definition 3.1 For two vectors u,v on I, we define
n
<u, U>ﬂ_ = Zuivim,
i=1

which gives us a Hilbert space which we refer to as L2(1). We suppose that the eigenvector vy
is normalized so that |[vxl|, := (vx,vx)_=1.

The fact that the Markov chain is time-reversible implies that the matrix %)\QA +60Q + R is
self-adjoint with respect to this inner product. This in itself is enough to guarantee the existence
of eigenvectors in £2(r), but the fact that we are dealing with a finite-state Markov chain means
that we also have the Perron-Frobenius theory to hand, which allows us to suppose that v is
a strictly positive eigenvector whose eigenvalue F is real and the farthest to the right of all
the other eigenvalues — see Seneta [25] for details. This implies a useful representation for the
eigenvalue:

Theorem 3.2
Eyx= sup (((A\*/2)A+6Q + R)v,v)

vl =1

(18)

71"
since it is the rightmost eigenvalue.

A proof can be found in Kreyzig [17]. From this it is not difficult to show that E} is a strictly-
convex function of A, which incidentally is also a feature of the third model that we look at
later. Interestingly, it will be seen in our proofs that it is the geometry of the eigenvalue Ey
that determines the interval that gives rise to martingales Z,(t) that are £P-convergent.

Corollary 3.3 As a function of A, E) is strictly-convex and infinitely differentiable with
Es\ = )\<A’U)\,’U)\>ﬂ_. (19)

If we define the speed function
C) ‘= —E)\//\, (20)

then on (—00,0) the function cy has just one minimum at a single point 5\(9), and is strictly
increasing to +00 as A | —oo or as A T 0.
Furthermore, and importantly for our later proofs of LP-convergence of the martingale, for

each A € (A\(0),0] there is some p > 1 such that pEx — Epx > 0; on the other hand, if A < A(0)
there is no such p > 1.

14



We refer to the function c) as the speed function since it relates to the asymptotic speed of the
travelling waves associated with the martingale Z)(t); see Harris [13] or Champneys et al [2] for
details of the relationship between branching-diffusion martingales and travelling waves.

Since Z,(t) is a strictly-positive martingale it is immediate that Zy(co) := lims—o Zx (1)
exists and is finite almost-surely under P*¥. We shall prove

Theorem 3.4 Suppose that A < 0.

1. For every p € (1,2] the martingale Z is LP-bounded provided that pEx — Epx > 0. In fact
this inequality holds for some p € (1,2] if and only if X € (\(0),0] (see Lemma 3.3).

2. Almost surely (under P), Zx(c0) =0 if A < A(6).

Remark: Both parts together imply that the martingale converges in £ only if A € (A(6),0].
The question of what happens at the critical A = A(6) is not considered, but based on the work
by Harris [13] or Kyprianou [19] for BBM, we conjecture (but do not prove) that the martingale
limit Zy(o00) is null for A at the critical value.

Our spine approach means that we should like to make a change of measure with Z,(t) as the
Radon-Nikodym derivative, as we did for BBM at Theorem 2.13. Here a pathwise construction
could me made like the one laid out in Definition 2.1, but we have seen the better alternative:

Definition 3.5 For each A < 0 we define a measure Q5 on (T, Fa) via

Q3" 1 JE R(n.)dson J& B(no) ds A6~ Ext

dP = Wé 1) e 5y () elo BT A (21)
wy | 2 ua(y)e

f‘{,

This Radon—leodym derivative is going to introduce drift to the spine via the martingale
term vy (1) elo B(ns) ds A&~ Ext as we see in the following section. The other martingale term
e~ 1o B(n:)dsone g 5 well-known martingale for the Cox process n; that will increase the rate
at which fission times occur on the spine — see Kyprianou [19] for more details; the terms
vx(y)te™?* are just normalizing constants. A proof like that for Theorem 2.13 with the condi-
tional expectation works here to give:

Theorem 3.6 If we define Q%Y := Q}Y|£., then QY is a measure on Fo, and

d@i’y _ Z)\(t) _ Z)\(t)
dP=v |, Z)(0)  ua(y)er®

3.2 The spine process (&,7,) under Q,

In the BBM model it was clear to see that the spine process §; received a drift under the measure
Q; something similar happens here:

Lemma 3.7 Under Qy the spine process (&,m:) has generator:

1 82F
HAF (2,y) = 50(y) 53 >\—+Z9QAZJJ 4, (22)
jeI
where Qx is an honest Q-matrix:
L 1)>\(j) p o .
40517 - RN
0Q(i,4) + 5a(i) — Ex +r(i) ifi=]

with invariant measure m = v?\ﬂ.
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Thus under Q, the Q-matrix (generator) of 7, is changed, and the process & € R is given an
instantaneous drift of a(n;)A. The form of this above generator can be obtained from the theory
of Doob’s h-transforms, due to the fact that on the algebra G; the change of measure is given
by:
iny 1 [t R(
_ Jo R(ns)ds )\fthAt. 23
apeu g, = e A ‘ %)

The long-term behaviour under Q, of the spine diffusion & can now be retrieved from the
generator (22) and the properties of E) stated in Lemma 3.3:

Corollary 3.8 The long-term drift of the spine is given explicitly as
tlim t~t¢ = E\.

Proof: From the generator stated at (22) we can write:

a=B<AEmJ®>+AAZm9®,

where B(t) is a Qx-Brownian motion. Then by the ergodic theorem and the fact that 7y = vim:
G > A aly)may) =AY a@)vi)r(y) = A(Avx,vx) = Ej.
yel yel

O

Direct calculation from (20) gives E{ = —c) — Ac}, and therefore t =1 (&; + cxt) — —Acy, whence
o & + eyt drifts off to +oo if A € (A(6),0],
o & + cpt drifts off to —oo if A < A(6).

This second fact will be important in showing that the martingale limit is null when A < 5\(9)

Before moving on to our proof of Theorem 3.4, and just to drive home the point we state the
pathwise construction under Q5:

e starting from position z, the original ancestor diffuses according to the generator (22);
e at rate 2R(n;) the particle undergoes fission producing two particles;

e with equal probability, one of these two particles is selected to form the next node of the
spine;

e this chosen particle repeats stochastically the behaviour of the parent;

e the other particle initiates, from its birth position, an independent copy of a P* branching
Brownian motion with branching rate R(-).

16



3.3 Proof of Theorem 3.4

Proof of Part 1 of Theorem 3.4: Suppose p € (1, 2], then with ¢ := p—1 a slight modification
of the BBM proof arrives at

PPY(ZA()) = QY (Za (1)) = QY (2x(1)7)
< @iy ( Z U)\(nsu)qeqx\isu—qEASu) + @f\y (v)\ (m)qeqx\ft—qEAt)
u<&
and the proof of £P-boundedness will be complete once we show that this RHS expectation is

bounded in ¢.

The spine term. It is always useful to first focus on the spine term, since we can change the
measure with (23) to get

. . J§ B(n2) ds A& —Ext
Qf\’y (U/\(m)qqugrqu) _ pry (Uk(nt)qquthExt % or(ne) e :))\(y)e)\xe )

— A Up/\(ll) % e~ (PEx=Epa)t @0,y

) (o). (24)

Up
Bearing in mind that n; is a finite-state irreducible Markov chain and therefore ergodic, and
given my(y) = va(y)?7(y), the following result is immediate,

Lemma 3.9 In the finite-type model, for any \,p € R, the expectation

=0,y ( VA
@ (52 0n)
is positive, bounded and convergent with
~ b 4
lim O’y<—>‘ )z—/\-w = (v}, v
Jim Q) o (n¢) o ox = (V4 PA)

With boundedness and convergence of Qg‘f (;;—%(nt)) ensured by the above lemma, it follows

from (24) that in the long term the growth or decay of the spine term is determined by the term
—(PEx—Epx)t
e .

The sum term. We know that under @A the fission times S, on the spine occur as a Cox
process — that is, conditional on knowing 7, the times occur as a Poisson process of rate 2R(7);).
Therefore, if we condition on G, which knows about 1y at all times 0 < s <t we can transform
the sum into an integral and use Fubini’s theorem:

@iy ( Z v}\(nsu)qeqk&su—qusu) _ @iy (Qf\y ( Z ua(1g, )1eINEsu —aEASy ‘@))

u<& u<&y

t
= QY (/0 2R (1) va (1) 1IN —aExs ds)

t
:/ QyY (2R(ns)v>\(ns)qqugs_qE”) ds. (25)
0
The change of measure used in (24) can be used on the sum term in its integral form,

t t D
NESY 2 q,q \s—qExs ds = q)\a:vp)\(y)/ ~0,y 92 Uy 7(pE>\7pr)sd
@5 (R mrene 1) as — 20 [ agy (orin) 2 0)e .
t

S K(p7 A’ y) / ei(pE)\iEp)\)S ds
0
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where

p
K 7)\) , = qArUPA(y) XS 0,y 2R R /U)\ R , 26
(p.Ay) 1= e 20 sup QO (28(0) () (26)

is finite by a simple adaptation of the above lemma since the birth rates R(-) are clearly bounded.

Having dealt with the spine term and the sum term, we have therefore obtained an explicit
upper-bound, (if pEx — E,x # 0)
27

PV (Z\(t)P) < K(p,\, z, {1_ (pEA_Ep)\)tj| —(PEx—Epx)t ,
(7)< Ko d a2 [1 - te

where 7 = max (i) and hence:
pEy—Ep >0 = P%Y (Z,\(t)p) is bounded for all ¢.

Together with the facts laid out in Lemma 3.3 this completes the proof of the first part of
Theorem 3.4.
|

Proof of Part 2 of Theorem 3.4: For the second part we again use the spine term as a lower
bound to Z(t):
Zx(t) > va(n) e T =y () eNE D),

We aim to show that under Q) this spine term is almost-surely unbounded whenever \ < 5\(9),
leading to the result
lim sup Z,(t) = oo, Qx-a.s.

t—o0

which with Theorem 2.16 will imply
Zx(00) =0 P-as.

It was seen that as a consequence of Corollary 3.8, § + cxt — —oo almost surely under Qa
whenever A < A(6) < 0, and therefore

lim sup v, (nt)e’\(ft“*t) =0

t—o0

because v(n:) > minyerva(y) > 0. This concludes the proof of part 2.

3.4 Random family sizes

As we did for the BBM model earlier, we now consider extending our typed branching diffusion
to allow a type-dependent randomness in the number of offspring that each individual produces
of its own type when it undergoes fission. Thus we suppose that under the probabilities {Pz’y :

(z,y) € J} defined on (F+)¢>0, if a type-w particle undergoes fission then the number 1+ A,, of
type-w offspring it produces is distributed like a random variable 1 + A(w) € {1, 2,.. } with

P(A(w) = 1) = p;(w), i€{0,1,...},

and mean P(A(w)) = m(w). For the reasons seen at (13) and then in Lemma 2.20, we suppose
that there is some p > 1 such that for each w € I,

P(A(w)P) < oo.

In the spine composition below we shall need to refer to the tilted distribution Qx(A(w)?), and
from Lemma 2.20 we know what this value is:

18



Definition 3.10 For p € (1,2] and g = p — 1, we define

_ P(AP(w)) + P(AY(w))
My (w) := m(w) 1 1 .

The form of the martingale is unchanged by the random offspring numbers, but the relation-
ship between vy and E) is altered to account for the average family size being m(w) when a
fission occurs for a type-w particle:

Definition 3.11
N(t)
Zx\(t) = ua (Y% (%)) e’\X’“(t)_EAﬂ (27)
=1

=

where vy s a vector on I normalized so that <v>\,v>\>7r =1, and Ey € R satisfying

(%)\214 + 0Q + mR)vA = E)\”U)\,
in which mR is the diagonal matrix
mR = diag[m(1)R(1),m(2)R(2),...,m(n)R(n)].

We have seen in three examples that for the change of measure (on sub-filtration (F3)i>0) to
have Z,(t) as its Radon-Nikodym derivative, we should expect the new measure to introduce
three changes:

e it should affect the motion of the spine (&, 7;) in some way;

e it should increase the rate at which the fissions occur on the spine;

e it should cause the distributions of families produced from the spine to be size-biased.
These three features will be brought about by three martingales.

Lemma 3.12
'U/\(nt) ej'ot mR(ns) ds A& —Ext

18 a P-martingale that will introduce a drift to the spine’s spatial motion & and will change the
Q-matriz (generator) of the spine’s type motion ;.

Lemma 3.13

o JE mR(.) ds H (1+m(ns,))
v<&€

is a P-martingale that will increase the rate at which fission times occur on the spine from R(n;)
to (1+m(ne))R(ne).

Lemma 3.14

1 14+ A,

oe, LHm(ns,)

is a P-martingale that will cause the family distribution on the spine to be size-biased to the
distribution

1+ 1)p7;

Prob(A =) = (m+1 , i€{0,1,...}.

Therefore we change the measure P by the product of these three martingales — for which some
of the terms cancel:
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Definition 3.15 For each A <0 we define a measure Qiy on (T, Fuo) via

dQyY
dPzwy

1
= (14 A,) x vp(n,)e =L, (28)
7 uay)e vllt

Once again, a proof using the conditional expectation of this measure-change martingale con-
firms:

Theorem 3.16 If we define QY := QY| £, then QY is a measure on Fo, and

S N O N )
APy |z Zx(0)  ua(y)er”
The geometry of F) is not significantly changed by the introduction of random offspring

numbers, although 5\(9) will probably now be different. In fact, as far as E) is concerned, the
introduction of random offspring numbers acts just like a multiplying term on the birth rates

R(y).
Theorem 3.17 Suppose that X < 0.

1. For every p € (1,2] the martingale Zy is LP-bounded provided that pEy — Epx > 0.
2. Almost surely (under P), Zx(00) =0 if A < 5\(0)

Proof of part 1: We quickly cover the main points since they are very similar to the previous
proof for the binary-splitting case. The spine decomposition leads us to:

PUZA(1) < Q5 (30 Afoalns, )76 =05 ) 4 Q5 (s () 7670,
u<&y

By conditioning on which nodes make up the spine £ and on the spine’s motion (information in
G:), we can replace the term A% by its expectation:

@5 (3 Atoalns, e s B g L) = 37 QLY (ADun (s, ) Te s 9B

u<&y u<&t
= D7 M, (ns,)oans, )5 maES
u<y
Taking expectations again,
QY ( > Alva(ng, ) e o5~ S“) = Q3 ( D My(ns,)va(ns, ) Tet e _quS") :
u<&y u<&y

The remainder of the proof now goes through as before when we write this sum as an integral,
use Fubini’s theorem and change the measure like at (24):

t
QY (Y2 Adua(ng, ) e 15 ) < (max M, (3)) K (p, A2, ) / e PEA=Ep)s g,
0

icl
u<&y
where W) »
2 UpA\Y =0 Uy
K(p,\ z,y) = e?* 2 xsupQ’y(QR s) —2- S><c>o
hag) = e 220 s @0 (28000 2 (1)

as at (26). Thus if p > 1 is such that P(A(w)?) < oo for all w € I we know that M,(w) < oo
also, whence max;e; My (i) < oo, and the growth of the sum term is once again dependent on
the term e~ ®Px—Ep\)t completing the proof of part 1. O

Proof of part 2: The fact that the geometry interprets random offspring numbers much as
it would handle an increase in the birth rates is plain to see in the way that the Q-matrix Q) is
defined:
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Lemma 3.18 Under Qy the spine process (&,m:) has generator:

2
HAF () = = Sy )aaf )\—+29Q>\ Y, J)F(x, ), (29)

Jel

where Qx is an honest Q-matrix:

{ 00, 1) 36 ifi#j
0Q(3,17) + ?a(z) —Ex+m(i)r@) ifi=j

with invariant measure Ty = VIT.

0Qx (i, j) =

The proof for the binary-splitting model easily adapts:
lim sup Zy (t) > limsup vy (1;)e &) = 00 if A < A(6).
t—o0 t—o0

4 An continuous-typed branching-diffusion

The previous finite-type model was originally inspired by the model that we now turn to, origi-
nally laid out in Harris and Williams [11]. In this model the type moves on the real line as an
Orstein-Uhlenbeck process associated with the generator

2
Qg = ( g —y— 0 ) with 8 > 0 considered as the temperature,
2\9y* "oy

which has the standard normal density as its invariant distribution:

Oy) = (2m) " 2e7 3V,

The spatial movement of a particle of type y is a driftless brownian motion with instantaneous
variance
A(y) == ay?, for some fixed a > 0,

and fission of a particle of type y occurs at a rate
R(y) =y + p, where 7, p > 0 are fixed,

to produce two particles at the same type-space location as the parent (we consider only binary
splitting). The model has very different behaviour for low temperature values (i.e. low 6), but
most studies have considered the high temperature regime where 6 > 8r. Also, the parameter A
must be restricted to an interval (Apin, 0) in order for some of the model’s parameters to remain
in R, where

0 — 8r
)\min = .
4a

Generally, unboundedness in a model’s rates is a serious obstacle to classical proofs since they
often depend on the expectation semigroup of the branching process, and unbounded rates tend
to lead to unbounded eigenfunctions. Here this is the case, but the existence of a spectral theory
for their particular expectation operator allowed Harris and Williams to get a sufficiently good
bound in particular for a non-linear term (see Theorem 5.1 of [11]), and therefore to prove
LP-convergence of the martingale.

We use the same notation as previously X; = {(Xu(t), Yu(t)) Tu € Nt} to denote the point
process of space-type locations in R x R, and suppose that the measures {15””’?4 s (x,y) € RQ}
on the natural filtration with a spine (F;);>o are such that the initial ancestor starts at (z,y)
and (Xt, (&, 77t)) becomes the above-described branching diffusion with a spine.
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4.1 The measure change

Although there are some significant differences, this model is similar in flavour to our finite-type
model — it was in fact the inspiration for that finite model. There is a strictly-positive martingale
Z, defined as

Z5 (0= 3 oa(Vu(@)e OB
u€E N

where vy and Ej are the eigenvector and eigenvalue associated with the self-adjoint (in £2(¢))
operator:

1
Qo+ ZA?A(y) + R(y).
The eigenfunction vy is normalizable against the £2($) norm, and can be found explicitly as

oay) = e’

where R 1
Py = 1 29 M= 5\/92 — 0(8r + 4aX?),
are both positive for all A € (Amin, 0); another important parameter is 1/);( = i + 5. The
eigenvalue F, is then given by
Ey =p+0yy.
We again define the speed function ¢y := —FE, /A, and A(6) < 0 is the unique point (on the

negative axis) at which ¢y hits its minimum — further details are given in Harris and Williams
[11]. We are going to use spines to prove:

Theorem 4.1 Suppose that A € (Amin, 0).
1. Let p € (1,2]. The martingale Zy is LP-bounded if both pEx — Epy > 0 and p, < w;}\.
2. Almost surely (under P), Zx(c0) = 0 if A < A(6).

Once again, for each A < 0 we define a measure @f\y on (7, Fso) via

dQgY
dPzy

1 n B
LT el )T, (30)

so that with Q) := Q,\|y.-oo we have

Qs
dPew

_ A4 2@
7 Za0)  ua(y)er

The facts are that under Q,:
e the spine diffusion & has instantaneous drift an?\;

2(8_2_2#_A

e the type process 1, has generator 5 552 3 ya%) and invariant measure N (0, 5—);

e fission times on the spine occur at the accelerated rate of 2R(n;);

e all particles not in the spine behave as if under the original measure P.
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4.2 Proof of Theorem 4.1

Proof of Part 1: Suppose p € (1,2]. Then using the spine decomposition with Jensen’s
inequality and Proposition 2.15 we find,

P™Y(Z5 (HP) < QP (Z U/\(nsu>qeq/\£su—qEASu) + QY (U/\(noqeqx\ét—qut)_

u<&t

The spine term. On the algebra G; the change of measure takes the form

dQyY

dP —16—)\w e{()t R(ns)ds,u
z,Y
g

)ekft—E;t

=u(y) A(Ms

which we can use on the spine term to arrive at
p

0 t— z Y A(y) 50,y (Y — -E,
Q/\y@)\(m)qeq/\& qut) — 0 ;/\_(y) % QP/\y(UTAA(m))e (PEx—Epa)t (31)

The sum term. As for the finite-type model the fission times S, on the spine occur as a Cox
process and therefore

Qm’y UA(nSu)qeqkﬁsu—quSu — t@ QR(HS)UA(H) edNes—aExs ) ¢
A o A

u<&t

— et / QU (2Rn.) B-(,) ) e #Br o) ds.
)\

Bringing together the results for the sum and spine terms, we have an upper bound

p
T,y < gA\x ’UIDA<y) ~0,y Ux —(pEx—Ep))t
P (Z)\( ) ) € 'U)\(y) X Qp)\ <vp)\ (nt))e

/Q 2R(ns) —( 5))6_(pEA_EP*)Sds}. (32)
UpA

Once again the role of pEy — Epy > 0 is clear but the new condition pyy < 1/1;)\ in part 1 of
Theorem 4.1 is due to the term @g}f’ (R(ns) 2 " (775)), which could potentially be unbounded.

Harris and Williams have shown in [11] that under (@2’/\1’, the random variable ns has the

normal distribution o ) )
1 — e =Hprs
) = N(@.p)
HpX

and from the known form of the eigenfunctions we have the explicit result:

N(e‘“?”y,

~ VP - - ,,2 2
QY <R )= (ns > /o3 (ru? + (pw* YU e (uT =) /28 gy 33
px (B2(7 )va (s) QWQ ple (33)

which will be finite and bounded for all s > 0 if py, — z/)p_)\ — ’Lg* < 0; here the term % comes
from the term (23)~! in the distribution of 1. But

PUR = Y — S5 <0 =puy — 4
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and therefore the condition py, < 1/1;\ ensures that the expectation (33) stays bounded for all
s > 0. Thus we deduce that with p € (1,2] and A € (Apin,0),

pE\ — Epy <0 and py, < 1/);;\ implies P%Y(Z,(t)?) is bounded for all ¢t > 0,

Proof of Part 2: The proof that we have seen in the finite-type model will work here unchanged,
since under Q) the spatial motion is

t t
=B s)d A 2ds,
=5 ([ atnas) +a [ a2as

0

and the type process 75 has invariant distribution N (0, Tx

), whence
t7r — Xab/uy = E\.

Therefore it follows that under Qy the diffusion & + et drifts off to —oo if A < 5\(9) whence

Qv (limsup Z)\(t) = oo) =1

t—oo
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