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Abstract

We give an intuitive proof of a path large-deviations result for a typed branching diffusion
as found in Git, J.Harris and S.C.Harris [4]. Our approach involves an application of a
change of measure technique involving a distinguished infinite line of descent, or spine,
and we follow the spine setup of Hardy and Harris [5, 7, 6]. Our proof combines simple
martingale ideas with applications of Varadhan’s lemma, and is successful mainly because
a ‘spine decomposition’ effectively reduces otherwise extremely difficult calculations on the
whole collection of branching-diffusion particles down to just a single diffusing particle (the
spine) whose large-deviations behaviour is well known. A similar approach was first used
for branching Brownian motion in Hardy and Harris [6]. Importantly, our techniques should
be applicable in a much wider class of branching diffusion large-deviation problems.

AMS subject classification: 60J80.
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1 Overview

Harris and Williams [8] introduced a model of a branching diffusion in which the diffusion
and breeding rate of particles is controlled by their type process which moves as an Ornstein-
Uhlenbeck process on R, independently of the particle’s position, associated with the generator

0 02 0
=== —-y=, with 6 > 0 considered as the temperature. 1
@ =35(57 - v3,) p (1)
Throughout this article we shall refer to an OU process with generator %%22 — uya% as an
OU(0, ).
More precisely, the spatial movement of a particle of type y is a driftless Brownian motion
with instantaneous variance

A(y) == ay?, for some fixed a > 0.
The breeding of a particle of type y occurs at a rate
R(y) :=ry* + p, where 7, p > 0,

and binary splitting occurs at the fission times. The model has very different behaviour for low
temperature values (i.e. low 6), but throughout we consider that 6 > 8r — the high temperature
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regime. Also, the parameter A must be restricted to an interval (Amin,0) in order for some of
the model’s parameters to remain in R.

We can suppose that the probabilities of this are {Pm’y tx,y € R} so that P®Y is a mea-
sure defined on the natural filtration (F;);>0 such that it is the law of this branching diffusion
process initiated from a single particle positioned at the space-type location (z,y). The con-
figuration of this branching diffusion at time t is to be given by the R2-valued point process
Xy == {(Xu(t),Yu(t)) : w € Ny} where N, is the set of individuals alive at time ¢, and without
loss of generality we can assume that the initial ancestor starts out at the space-type origin —
henceforth we use P to mean P,

The main aim of this article is to prove upper and lower bounds for the probability of finding
at least one of the branching particles very far from the space-type origin at large times, in a
suitable large-deviations sense. The question of the lower bound was originally motivated by
Git et al [1] in order to determine the exponential growth rates and asymptotic shape of the
branching diffusion. We briefly discuss this application in [4] in section 2. Actually, our approach
here naturally gives rise to a much stronger result where particles not only arrive at a very large
space-type location (ft, k1/t) at a fixed time 7, but are also known to have stayed ‘near’ a specific
space-type trajectory throughout the whole time interval [0, 7]. The spine techniques used in this
paper involve a change-of-measure that makes a single ‘spine’ particle closely follow this given
trajectory. Whilst the upper bound result is new, more significantly our methods (for both
bounds) should also facilitate far more general large-deviation results for branching diffusions,
as we hope future work will reveal. Although Git et al [4] also used a spine change-of-measure,
their original approach was far more model specific and quite different in flavour.

Let
— 326(0 — 8r . k2,\/0(0 — 8r)
A= %, 0= ——— (2)
a’k* 4+ 4a00 2¢/kr+4032/a
and define a space-type trajectory (s, ys)sefo,-] by

sinh 7zs

s — KR

Ty 1= a\ ’ 2 d .
b T a/\/0 Yo, dw, s€[0,7] (3)

Note that the path endpoints are y, = k and x, = 3. Also define,

2 N VO(0 — 8r)(a2k* + 4032)

08, k) = % 4a6

: (4)

Theorem 1.1 (The short-climb probability) Let 8 <0, k € R and & > 0.
(a) If 7 > 0 is sufficiently large, then for all 5,8 >0

litminft_1 1ogP(EIu €N, :Vs€0,7], [t Xu(s) 7| <6, |t_%Yu(s)—yS| < 5') > —-0(8,k)—c¢.
(b) If 6,6" > 0 are sufficiently small, then for all T > 0

lim supt~* 1ogP(EIu €N;:Vs € [0,7], [t Xu(s) — Z| <6, |t7%Yu(s) -7, < 5/)

t—oo
< limsupt? logP(Hu e N, : }t_lXu(T) — 6} <0, ’t_%YU(T) — fi} < (5’)
t—o00

< —-0(8,k) t¢.

Note that the above new upper bound result shows that the trajectory followed really is
‘optimal’ in order to achieve the required large position at time 7. We will actually prove a more
general result for any (as opposed to sufficiently large) fixed time 7 with a rate of decay J(7),
where J(7) | 0(8, ). We state this stronger result as Theorem 3.2. We also note that the above



lower bound on the probability of following the optimal paths to reach (8t, ky/t) is for a large
fized time 7. In contrast, the method used for the analogous result in [4, Theorem 7] dictated
that 7 = 7(¢t) o logt. Our stronger result would enable a corresponding simplification in the
proof of the application in [4].

The principle behind the proof of the lower bound is to design new measures Q, for the
branching diffusion such that one of the particles (the spine) will closely follow a specific space-
type path. Our spine approach, which we briefly lay out in section 4 (and which is fully presented
in Hardy and Harris [5]), will allow us to explicitly find the Radon-Nikodym derivatives (mar-
tingales) of these new measures with respect to the original measure P. Then, using the spine
decomposition together with Doob’s submartingale inequality, we shall show that the growth
rate of these martingales under Q; is exactly the correct rate for the large-deviations lower
bound.

In such branching diffusion settings, we comment that a large-deviations upper bound is
usually easier to obtain than the lower bound. Generally, we can over estimate the probability
that any particle succeeds in performing a certain ‘rare’ event by the expected number of particles
performing that event, which then reduces to a single particle (large deviation) calculation. In
the present context, the upper bound of Theorem 1.1 can also be proved directly using some
fundamental ‘additive’ martingales.

The layout of this article is as follows: in the next section we discuss the results of Git et
al [1] in order to give a context to our work. Section 3 contains a heuristic discussion of the
large deviations for the model which motivates the choice of the subsequent martingales. A
statement of a stronger path large deviation result (Theorem 3.2) is also found in this section.
In section 4, we briefly present the foundations of our spine approach, giving definitions of
the underlying space and its filtrations, measures and the fundamental martingales of interest.
These strictly-positive martingales, Z;, are defined in terms of specific paths as suggested by
our heuristic arguments. As Radon-Nikodym derivatives, these martingales can define the new
measures Q; (under which they become submartingales) and we state a key result (Theorem
4.3) on their growth under the measures Q;; this growth result leads directly to the proof of
the large-deviations lower bounds which we present in section 5. (An alternative approach
to the large deviation lower bounds is also briefly discussed in section 8.) Section 6 contains
proofs for the upper bounds of the two main large deviation results. Section 7 is devoted to
proving the martingale growth Theorem 4.3; the proof is not particularly short, but neither
is it difficult given the powerful spine technology. It should be noted that this result is the
main application of spines in this article, using the so-called spine decomposition to reduce the
branching-particle martingales Z; to become a function of just one particle (the spine) whose
growth can be determined by a standard application of Varadhan’s lemma.

2 The Git et al. almost-sure result

Before we move on to prove the above theorem, we summarize the main results from Git et al
[1] and the earlier Harris and Williams [8] so that the reader might understand how Theorem
1.1 fits into the picture.

Work on large-deviations results for this typed branching-diffusion began in the paper by
Harris and Williams [8], where they considered the behaviour in expectation of the counting

function
Ni(v) = Z 1(x,()<—t)
ue Ny

(not to be confused with Ny, the set of individuals alive at time ¢) for each v € R. In Git et al.
[1] it was shown that
tlim t log Ni(v) = A(y)



exists almost surely and is finite for all 0 < v < &(6), for some constant ¢(6); in the case that
v > ¢(0) the limit is —oo since no particles will be near the ray at large times. In other words,
this result says that we almost-surely have exponential growth in numbers of particles following
close to rays that are not too steep.

For later reference we state that

0 1
= 1 N = _ — — — 2
A(v) Ae(lfifn,m{EA M =pt g = V00 - 8r)(1+492/(0a)),

where £y € R is an eigenvalue described in the next section, and

2(2r+p)2)'

é(0) :=sup{y: A(y) >0} = \/2a(r+p+ -

The work of Git et al [1] improves this to obtain the almost-sure rate of growth in numbers of
particles at certain spatial and type positions at large times. They study the following function
that counts how many particles occupy a particular region in the type-space domain:

Ni(v,k) = > H{Xu(t) < =91, Ya(t)* > 67t}
u€eN ()

Theorem 2.1 Under each P*Y law, the limit
D(v,k) := tlim t~log Ny (v, k)

exists almost-surely and is given by

_ | A(vk) if Aly, k) >0,
D(y, %) = { —00 otherwise.

Here,
A = inf {E7 4+ M —r%f 5

(7. %) Ae(lxrim,o){ SR (5)

0 — K2
4

— ﬁ\/ﬁw — 8r)(4abvy? + a?(0 + k2)?).

2.1 The almost-sure upper bound

Harris and Williams [3] showed that there are two strictly-positive martingales Z, and Z)

defined as
N(t)

ZE(t) = Y o (V(t)) Xk O FRE (6)
k=1

where vy and ’Uj\_ are strictly positive eigenfunctions of the self-adjoint operator %)\QA + R+ Qy,
with corresponding eigenvalues Ey < E;r The explicit form for these eigenfunctions is

+
oy (y) = Y
where z/JiE = % + &5, for a positive parameter py, and z/JiE are both positive for all A\ € (Anyin, 0).

A useful trick to obtain upper bounds is to overestimate indicator functions by an exponential
and optimise over parameters. It is often the case that this will bring in one of the martingales



of the model: for A € (Ayin, 0),

N(t) N(t)
D OU{XK(t) < =t Yi(t)? = k7t) <) exp{w (Ya(t)® — £%) } exp{ A(Xx(t) +71)}
k=1 k=1
_ ef)\(cj\rfc;)tZ;\i- (t)e(E;Jr)\'yfnzwj\r)t. (7)

(Importantly for this, the parameter 1/1;" is positive and A is negative; the functions ¢, and ci‘
are defined as ¢ 1= E¥/(-)).)

The expression for A(y, k) as a Legendre-conjugate — see (5) — explains why A(~y, ) relates
to (7) above: by choosing A at the infimum we get

Ni(y, k) < e XS ZE (1) A 0t (8)

We remember that N;(v, k) takes only integer values, and a separate theorem by Harris and Git
states that L
limsup e MA =)t ZF () <0, for each A € (Amin,0). 9)

t—o0

Thus if A(y, ) < 0 we deduce that almost surely
Ni(v,k) =0, eventually,

whence lim; .o, t~log Ny (7, k) = —o0, as required.
On the other hand, if A(y,x) > 0, (8) and (9) immediately imply that

lim t’llogNt(%H) < Ay, K).

t—o0

2.2 A two-phase mechanism for the lower bound

For their proof of the almost-sure lower bound of Theorem 2.1, Git et al [4] propose an explicit
mechanism by which a sufficient number of particles will obtain a position near (7, kT ) in
the type-space domain at large times 7. It is made up of two phases:

the long tread: Over a long period [0, ], taking up nearly all of the time, a large number of
particles will drift spatially with speed v6/(6 + x?) — as if their type has had a modified
occupation measure, as described by Harris and Williams [3];

the short climb: Following this, over a short period of time [¢,¢ + 7] with 7 a fixed time
(T < t), each of the particles from this group will have a small probability of further
rushing to the large type position s/ whilst additionally gaining {vx?/(6 + x?)}t in
spatial position.

The combination of these two phases will present us with sufficiently many particles at the
space-type position (fyT, H\/T) at the large time T = ¢ + 7, as Git et al [4] show in their proof
of the lower bound of Theorem 2.1 — we refer the reader to their work for further details. This
lower bound requires a substantial amount of technical work, mainly focussed on the short climb
in which, in particular, they required 7 = O(logt). Our Theorem 1.1 includes an alternative
short climb lower bound for 7 fixed and using this would slightly simplify the combination of
phases. Our current proof will also provide a cleaner, more intuitive and more generic approach
to such path large deviation results in branching diffusions.



3 Large deviations heuristics

We now present some heuristic arguments concerning the large-deviations behaviour of the
branching diffusion which will serve as the intuition behind our later rigourous proofs.
Under a measure P let (£5,7s) satisfy

0
dns = \/gst - 5775(157 and  d&s = Vans AW,

for two independent P-Brownian motions B, and W,. We will call (&s,ms) the spine and, under

P, it moves like a single particle within the branching diffusion. For a large-deviations analysis
we observe that for any ¢ > 0,

) =0T =5 () e a(3) -5 (5F)
d( =) =6 — = —=]ds, and d{ > | =+Val|l—= ,
(3) =(F) 3% r) =V )\
and therefore it is appropriate to work with the re-scaled spine (&,/t,m,/+/t) since in this way
we obtain a variance coefficient of 1/y/¢ on the driving Brownian motions.

Definition 3.1 For each t > 0 we define
52 = gs/ta and 772 = 775/\/57
and call (€8, nt) the re-scaled spine. We note that under P we have for s € [0,7]:

0 0 t
dn! = —\/_st — —ntds, and d¢i= @dWs,
Vi 2 Vi

for two independent P-Brownian motions Bg and W.

Throughout the remainder of this article, and different from the earlier parts, the variable ¢ will
not be a time parameter but will bring about this large-deviations scaling; typically we shall use
either w or s to denote the time parameter from the time-interval [0, 7] where 7 > 0 is considered
as fixed.

Suppose that we are given two paths: a type-path y : [0,7] — R and a spatial-path z :
[0,7] — R. On a heuristic level we can say that the probability of the type-diffusion n closely
following y and the space-diffusion ¢! closely following z is roughly

t [T, 0 |2 t [T i?
eXp(—%/o (ys+§ys) d5_5/o e dS), (10)

for large enough ¢. See [2], for example, for the large deviation theory of Wentzell-Friedlin.

The reader who is familiar with the large-deviations principle for branching Brownian mo-
tion (see Hardy and Harris [6] for a spine proof, or Lee [16] for a classical proof) might
make the reasonable guess that the probability at least one of the re-scaled branching parti-
cles (Xu(s)/t,Yu(s)//t) follows the difficult type-path y, and space-path z, closely over the
time interval [0, 7] is roughly

vl 0 2, 1d2 5
- an .S aIs -—= — d )t - } ’
exp{ wsel[lg,)r] K/o 20 (6 + 2Y ) 2ayz -

when t is large. This guess is obtained by first estimating the probability by the expected number
of particles following the difficult path, and then using the ‘one-particle picture’ of section 4 and
large deviations theory for one particle.




By standard optimization arguments (Git et al [1] give some details of how this can be
carried out) this implies that the probability of at least one of the re-scaled branching particles
being near the space-type position (3, k) at a fixed time 7 (which is also the event that the
non-rescaled particles arrive near (5t, k\/t) of course) should be roughly

w1 0 2 12
_inf [(/_ Ty )4t Qd)t— } 11
exp{ inf sup | 29(y —|—2y) +2ay§ rys ds pw (11)

Y we [0,7]

when ¢ is large, and where the infimum is taken over all paths x,y € C[0, 7] satisfying

y(0) = 0,y(7) = r,2(0) = 0,2(7) = 3. (12)

This is typical in a large-deviations setting: although there are many possible trajectories that
the (re-scaled) particles could travel along to get to a position (3, k), the dominant number will
have followed optimal paths.

Although the preceding arguments have been presented as if one is free to choose any paths
x and y, we note that if ys = 0 when &4 # 0 then a rigourous approach to these arguments may

x.s
2
ayz

have problems with the term in (11) — the heuristics are not really problematic if we interpret

this as saying that the probability is e™> = 0. On an intuitive level this is an expression of the
fact that to have y; = 0 equates to turning off the Brownian variance in the spatial diffusion
which in turn would imply that no spatial progress is possible and therefore &3 = 0 would be
needed for consistency.

Git et al [4] state that for any given type-path y, the optimal space-path = for (11) under

the constraint z(7) = § will always be given by
Ts = )\/ ay? dw, for s € [0, 7], (13)
0

for some value A € R. Briefly, their arguments rely on the fact that in the definition of our model
the spatial diffusion X, (s) of the branching particles can be seen as a time-changed Brownian
motion where the time scaling is determined by its type process Yy (s):

Xuls) = B(/OS aYu(w)de)

for a Brownian motion B(-) on [0,7]. A measure change that introduces a linear drift of A to
this Brownian motion will give

Xu(s) = B(/OS aYy(w)? dw) + /\/OS aYy(w)? dw,

where B (+) is a Brownian motion under the new measure — this clearly relates to (13). Linear
drifts are the optimal path (in a large-deviations sense) for a Brownian motion to be at a given
point at a given time, and the constraint z(7) = g for our problem will determine the value of
A in terms of the type-path y: 8

Thus for the event being considered in Theorem 1.1, the optimal spatial-path z is determined
uniquely by (13) together with (14). Therefore an equivalent but easier statement of our large-
deviations result is that the probability of at least one of the re-scaled branching particles being
near the space-type position (4, k) at a fixed time 7 is roughly

A (14)

. vl 0 2, aN , 2
exp{—lnf sup][(/o E(ys+§ys) +7ys—rys ds)t—pw}}a (15)

Y wG[O,‘r



when t is large, and where the infimum is taken over all paths y € C[0,7] and all A € (Anyin,0)
satisfying
p

0)=0,y(1) =K, A=——5—. 16
y(0) = 0,5(7) T (16)
Git et al [4] presented alternative heuristic arguments based on birth-death processes to arrive

at the expression (15). Using Euler-Lagrange techniques they showed that the specific path

sinh pys
s = KTV, € |0, 17
4 ﬁsmh,um' s €[0.7] (17)

is optimal for this expression, where

\V/0(0 — 8r — 4a)?)
2 3

Hx = (18)

and A € (Amin, 0) is dependent on the choice of 7 (which we are anyway considering as fixed
throughout) and is chosen to satisfy

I6] HQ(cothuAT T ) (19)

a\ JIO%  2sinh? UAT

We refer the reader to Git et al [4] for details of these relationships between the parameters, but
note that particles staying close to this path will arrive near y(7) = & at time 7 in agreement
with the heuristics.

As we mentioned just before the statement of Theorem 1.1, our spine techniques will naturally
use the path y, defined at (17) together with zs defined at (13), since they are the optimal paths
(in a large-deviations sense) for accumulating particles near the point (8t, kv/f) at time 7. In
fact our spine proof of Theorem 1.1 will result in a proof of the following stronger result, from
which Theorem 1.1(a) would follow as a corollary.

Theorem 3.2 Let 7 > 0 be fized and suppose f < 0 and k € R. Define two paths on [0,7] by

i s
Ys 1= HM, Ts = a)\/ y2 dw, s € [0,7], (20)
sinh pi7 0

where X € (Amin, 0) is chosen so that

T th
8= a)\/ y2 dw = alk? (CO AT - T2 ) (21)
0 2pn 2sinh® py7

Note that the path endpoints are y = k and x- = . Define
._Tl-oza)‘Qz 2] 4. of L pa
J(1) = /0 [%(ys + §ys) + Vs rys} ds =0+~ (Z + 50 cothu,\T). (22)
(a) For all §,6' > 0,
litIninft_l logP(Hu € N, : Vs €[0,7], | Xu(s) — tas| < 6t,|Vau(s) — \/Zys‘ < 6’\/%) > —J(7),

(b) Let € > 0. For all sufficiently small 6,6’ > 0,

limsup ¢~ logP(Hu €N, :Vsel0,7],

t—oo

Xu(s) — tas| < dt,

Yau(s) — Vitys| < 6’\/5) < —J(7) +e.



It can be easily checked that J(7) | ©(3,k), A — X and (zs,ys) — (Ts,Js) as T — 00.
Theorem 1.1 can now easily be deduced from Theorem 3.2 by choosing 7 sufficiently large.

Although some additional work would be required to prove as much, the paths (zs,ys) above
are chosen as they are the ‘best’ ones for particles to follow in order to reach position (3, xv/)
at (fixed) time 7, as found in the large deviation heuristics discussed above and in [4].

Importantly, we emphasise that it should be possible to develop the ideas and techniques
used in this article to obtain proofs of large-deviations principles for many other branching-
diffusion models, essentially because we can reduce the branching particles down to the spine
and in general this gives a technique for deriving large-deviations principles for the branching
diffusion from those of the single diffusing particle (the spine) which are already well studied.

4 The spine approach, martingales and measures

In this section we will introduce some of the key concepts used in the proofs of the main results.
We shall construct the branching diffusion with a distinguished infinite line of decent, the spine,
and then perform a change of measure that will make the spine ‘closely’ follow a given path.
Estimates on the martingale associated with this change of measure can then give a lower-bound
for large-deviations events in the branching diffusion. The heuristics of the previous section will
serve as an important guide. However, although they have already indicated a specific path at
(17), it should be noted that in our proofs we use properties of this path only at a few points
— elsewhere the techniques can be applied in general to any path. Therefore the reader may
suppose that y : [0, 7] — R is any given and fixed path, and we shall be very careful to highlight
those points when we use specific properties of the path defined at (17). Also, to keep notational
complexity to a reasonable minimum we tend not to make the dependencies of the martingales
and action functionals on the underlying chosen paths explicit in the notation.

The spine setup. Recall that the original branching diffusion X; := {(Xy(t), Yu(t)) : u €
Nt} where N, is the set of individuals alive at time ¢ has associated probability measures P*Y
with natural filtration {F;}1>0. We label all particles according to the Ulam-Harris convention.
For example, ‘D213’ represents ‘the 3rd child of the 1st child of the 2nd child of the initial
ancestor’. For two labels v, u € € the notation v < w means that v is an ancestor of u, |u/ is the
generation of particle u, and so forth.

A spine € is a distinguished infinite line of descent starting with the initial ancestor, where
& =1, &, &, ...} with & = 0, &, the label of the spine at the n-th generation and u € £ means
that u = & for some 7 > 0. Let {(£(¢),n(t)) }+>0 represent the space-type path of spine, that is,
the time position of the spine at time ¢ is (§(¢),n(t)) := (X, (¢), Yy (t)) for u € N(¢t) N . Define
n = {n; : t > 0} to be the counting process for the number of fissions that have occurred along
the path of the spine by time ¢, with the actual fission times along the spine denoted by {S;}>1.
Note that &, is the label of the spine at time ¢.

We will make important use of a variety of filtrations for the process with a distinguished
spine. Let the enriched filtration for the branching diffusion with distinguished spine be F; =
0 (Ft,{€n.Ys<t). Then F; knows everything up to time ¢, all particle paths, genealogy and identi-
fication of spine, whereas F; knows about the paths and genealogy of all particles up to the time
t, but does not know the identity of the spine. In addition, let G, := o ({(£(s),7(s), s, &n. ) o<t)
and G; = o ({(£(s),1(s))}s<t). Then G; knows everything along the spine up to time t - the
spine’s motion, the spine’s genealogy and the spine’s fission times. It doesn’t know about any
information ‘off’ the spine. On the other hand, G only knows about the spine’s motion but not
about the births along the spine, the spine’s genealogical information, nor any information ‘off’
the spine.

The spine construction. Under a measure P*¥, the branching diffusion (Xs)s>0 with distin-
guished spine ¢ is constructed as follows:



e the spine process (&s,7;) starts at (z,y) and diffuses as a solution to

=V0dB, — nsds and d&s = ans dWs, (23)

where By and W, are standard Brownian motions.
e at rate R(ns) the spine undergoes fission producing two particles;
e with equal probability, one of these two particles is selected to continue the spine &;

e the other particle initiates, from its birth space-type position, an independent copy of the
original P branching diffusion with branching rate R(-).

We note that P%¥ is an extension of the original measure P*¥, with P = Pl]—"m. In fact, it
is easy to see that an alternative way to construct the process under P is to first construct the
entire tree of the branching diffusion according to P and, secondly, choose the spine by starting
from the initial ancestor then following the spine path forward in time with independent uniform
choices made from the particles produced at each fission. In particular, for u € N(¢) we note
that P(u € {|F) =[],., 2"t =214l

We also have the very useful and intuitive ‘one particle picture’ (OPP). For example, for any
measurable function f of single particle paths on [0, t],

Pro N7 F(Xu(s) Yals)ss <) | = P2 (efs P0ED = fie(s), (s)is < 1)

u€eN ()

For further details of this spine set-up and various key results, see Hardy and Harris[5]. Also
see Lyons et al [17, 13, 18] and other recent work based on these (examples are Kyprianou
[14], Kyprianou and Sanl [15], Athreya [1], Olofsson [19] amongst others) for similar spine based
approaches in branching processes.

Changes of measure. We can now able to perform our ‘spine change of measure’. For any
t > 0 and any given y : [0,7] — R that is square-integrable along with its derivative

t (.. 0 v A2t (v
exp \/_/ (s + yS )dBs — 29/ (ys+§ys)2ds) xexp(\/at)\/ ySdVVS—CL2 / yfds),
0 0

is a strictly-positive P-martingale over the time period w € [0, 7] (see @ksendal [12] for example).
As one part of the change of measure defined below, this martingale will introduce drift terms
into the diffusions 7, and & such that n! ~ y, and £, ~ a\y? when t is large, and we note a
comparison between this martingale and the expression (15) above.

The process n,, which counts the number of fission times on the spine up to time w is a Cox
process of rate R(n,) and therefore for w € [0, 7],

w — e_/‘()w R(ns)ds2nw

is also a P—martingale. We can use the product of these two martingales to define a new measure:

Theorem 4.1 (Spine change of measure.) Let 7 > 0 be fived. For t > 0, we define a mea-
sure Q; on F, where

dQ;, - t [, 0
E £ = (i(w) := exp \/—/ (9s + yS)st 29/ (ys+§y5)2d5)

2 [w .
X exp(\/a/\/ ys dWs — a/; / y? ds) x e~ Jo' B(ns) dsgnu (24)

0 0

10



for w € [0,7]. Under the measure @fy we can give a pathwise construction of the branching-
diffusion (Xs)sep0,-) with distinguished spine &:

o the spine process (§s,ms) starts at (z,y) and diffuses as a solution to

- 0
d(ns — Viys) = VOB, — 2 (1s = Viys)ds (25)
and ~
dés = Van, dW; + a)‘\/gysns ds, (26)

where B and W are standard Brownian motions under Qy, with

dBS:st—ﬁ(

0 -
Js + =y, |ds, dW, = dW, — Vat\y, ds;
WA y) Yy

2

e at the accelerated rate 2R(ns) the spine undergoes fission producing two particles;
o with equal probability, one of these two particles is selected to continue the spine;

o the other particle initiates, from its birth space-type position, an independent copy of the
original P branching diffusion with normal branching rate R(-).

Due to our formulation of the underlying spine foundations in terms of filtrations and sub-
filtrations, we can project this new measure Q; down onto the branching-diffusion particles and
define a measure Q; on F; by Q; := Q¢|£,.

Theorem 4.2 Let 7 > 0 be fized. For each fized t > 0, define the ((Fu)o<w<r, P)-martingale
Z(w) forw € [0,7] by

d _
Zt(w) % - = P(Ct(w)|]:w)
Then
Zy(w) = ft,w(u)
ueN (w)
where

2
w 2t w
X exp(\/a/\/ ys AWy (s) — a); / Y2 ds) (27)
0 0

o S RO ds g (VE [ O LA RV
frlu) = ¢ exp(¥% [+ gudBu) = g [+ G as)

and By (s) and W, (s) to denote the P-Brownian motions driving the type and spatial processes
of particle w in the branching diffusion.

See Hardy and Harris [5], or Englander and Kyprianou [3], for more details and how to prove
such results.

The spine decomposition. Consider those particles alive at time 7 and group them
together according to the time that they first branched off the spine’s path. Since, under Q;
particles ‘off” the spine behave as if under P and since Z; is a P-martingale, it is easy to see the
following ‘spine decomposition’:

Qi Ze(1)|Gsc) = frr(O) + D fr.5.(6)
=1

11



where

. v 0
Fra€) = e 5 R0 ey ([ gt B 4B - 2 [+ G as)

2 w
X exp(x/&)\/ ys AW (s) — a); t/ 2 ds) (28)
0 0

The spine decomposition is a very powerful tool and, in particular, it will prove essential for our
key martingale growth estimates.

The growth of martingale Z;. For our proof of Theorem 1.1 (and its stronger version
of Theorem 3.2) it is important to know how quickly Z;(7) grows under the measure Q;. The
following key result is the main application of spines in this article:

Theorem 4.3 For the specific path y defined at (17), and for any « € [0, 1] we have

lim sup ¢~ log Q; (Zu(1)*) < ad(7) + a®M(7),
t—oo

where we define

Yl 0 a)?
J(w ::/ ys+ ys + yg_ry? ds, 29
= | |50 )+ 5 ] (29)
and ) 2
Yl a
M(w ::/ Us + ys —i——yﬁ ds. 30
= [ |54 )+ v (30)

We emphasize that without the technology of spines the proof of this result would be exception-
ally difficult — witness the proofs of £P-convergence in Harris [9] for the simpler martingale Z,
where this classical approach succeeded mainly thanks to a martingale inequality taken from
Biggins [10] and the fact that explicit £2-theory was available. It can notoriously difficult to
deal with operations like Z;(7)* since these martingales Z; are defined via sums, and classical
inequalities aren’t always good enough.

In contrast to this, the spine decomposition gives us a proper methodology for reducing the
additive structure of these martingales to essentially a single-particle problem, and since it does
this through a conditional-expectation operation rather than with an inequality, it is exact and
therefore can lead to tight estimates that are useful. Due to its length, we dedicate the whole
of section 7 to the spine proof of this above theorem, and now proceed to show how this result
can be used to obtain the upper-bound on Z;(7) that we require for Theorem 1.1.

It is not difficult to verify that for any « € [0,1], Z,(w)® is a submartingale with respect to the
measure Q;. Given Theorem 4.3, we can therefore use Doob’s submartingale inequality to prove
the following:

Theorem 4.4 Let 7 > 0 be fixed. Then for all € > 0,

lim Qt( sup Zi(s) < e(J(THE)t) — 1.
t—o0 s€[0,7]
Proof: For a given € > 0 and for any a € [0, 1], Doob’s inequality gives

@t( sup Zi(s) > 6<J<r>+s>t) — Qt( sup Zy(s)® > ea<J<T>+s>t) MU)'

se€[0,7] s€[0,7] ea(J(T)+e)t

From Theorem 4.3 we know that for each « € [0, 1] and for all large ¢ we have

Qt( sup Zt(S) > e(J(‘r)Jrs)t) < e(aM(‘r)fs)oct
s€(0,7]

12



If we also have a € (0,e/M (7)) then clearly this above is a decaying exponential and so it follows
that
lim @t( sup Z(s) > e(‘](T)+8)t) — 0.

t—o0 s€[0,7]

For the specific y defined at (17), it can be shown that

Tr1 0 a2 1
J(T)Z/ (9s + ys) + 22 2l ds = A8+ k2= + B2 coth par
0 [29 2 } ( 20 )

where we recall that this A € (Amin, 0) was specifically determined by (19). In fact, Git et al [1]
explain that this choice of A\ was optimal in that

1 1
A3+ K ( + % cothu,\T) = sup{wﬁ + kK ( + gg COthM'yT)} (31)

On the other hand we can find a similar representation for the parameter ©(3, k): if we define

| B%0(0 —8r) ~ KA/0(0—8r)
Mg N S e

then

1 1
0(B, k) = A\ + K? 1/1/\ = sup{’yﬁ—l-n ( + g;)} = Tli_}ngosup{’yﬁ—l-li ( + %Cothuvr)},
v

where we recall that
1/)+ _ l HX
4 20
In this way it can be deduced from (31) that J(7) > ©(3, k) with
J(1) | ©(8,K), asT — 0.

It is now easy to deduce the following corollary to Theorem 4.4:

Corollary 4.5 Given ¢ > 0, for 7 > 0 chosen sufficiently large,

lim Qt( sup Zt(S) < e(@(ﬁ,n)Jrs)t) .
t=oe Nsefo,r]

5 Proving the large-deviations lower bound

Barring the proof of Theorem 4.3 which we cover fully in section 7, we now have all the ingredients
required to prove the large-deviations lower-bound for the short-climb event of Theorem 3.2.
Throughout this proof we are focussing on the specific path

inh
Ys 1= KM, s €10,7]
sinh g7
where A € (Amin, 0) satisfies
15} 9 (coth AT T )
— = K _— .
a\ J5 2sinh? UNT
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as discussed at (19). We define the event that the space-type location (X, (s),Y,(s)) of a
particular particle u € N, remains near (aAt fos y2 dw, \/tys) throughout the interval s € [0, 7]:

Ai(u) := {Vs € [0,7], | Xu(s) — a/\t/ vz dw| < dt, |Ya(s) — \/Eys‘ < 6’\/5} ,

0
where 0,0” > 0 are given and fixed. In addition, we define the event that any of the particles
performs this event (whilst emphasising the parameter dependence) by

A = | Adw)

ueN (1)

Noting that this event is F,-measurable since it depends only on the branching particles and
does not refer to the spine, it follows that on this event the change of measure is carried out by
Zy, as noted in Theorem 4.2. The upper bound that we have derived for Z; at Corollary 4.5 will
serve as a lower bound for 1/Z;(7) in this change of measure, and will combine with the fact that
under the measure Q, (for large t) we know that the spine will carry out the large-deviations
behaviour that we want.

Then for any € > 0,

P(Af:fl) = Qt(%; Ju € N, At(u))

1
> . . < p(J(T)+e)t
_Qt(zt(T)jueNT,At(U)’szEIz—] Zi(s) <e )

> e~ UM+t (Hu € N, Ay(u); sup Z(s) < eJ(THE)t)
s€[0,7]

> e~ (J(T)+e)t @t (At(f); st | Zi(s) < e(J(‘r)Jrs)t)' (32)
se[0,7

Given (25) and (26), standard theory says that under the measure Q, (with ¢ large) the
re-scaled spine (&%, n%) will tend to stay close to the space-type paths (aX fos y2 dw, ys) over the
whole time interval [0, 7]:

S
§§~a/\/ yidw, and niwys,
0

by which we mean that for a fixed 7 > 0 and any 4,4’ > 0,

tlim @t(‘fz - a)\/ Yo dw| < 6,|nk — ys| < &, for all s € [O,T]) — 1,

which can equally be written as:
tlim Qt(\gs - a)\t/ ny dw| < Ot |77S - ys\/ﬂ < 5'\/%, for all s € [O,T]) — 1,
— 00 0

equivalently, B
t]ilglo Q (At (5)) =1

At the same time, Theorem 4.4 says,
lim @t( sup Zi(s) < e('](T)JFE)t) =1,
t—oo s€[0,7]
and since € > 0 was arbitrary, it follows from (32) that for all fixed 7 > 0 and §,d’ > 0,
litm inft ! log P(Af:fl) > —J(1),

which gives the proof of the lower bound of Theorem 3.2. O
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6 Proving the large-deviations upper bounds

We first give a quick and direct martingale proof of the upper bound of Theorem?7.2 that identifies
the optimal path to reach (8t, x1/t) at large time 7. This follows along similar lines to the almost
sure upper bound of section 2.1.

Let v,k > 0. Then for 6 € (0, —A\nin) and ¢ € (0,1, ] to ensure that expectations remain
finite for all time, and recalling the martingale Z, at equation (6),

P(Elu €N, Xu(1) < —t,Yyu(1)? > HQt)

< P( 3 U{Xu(r) + 9t < 0,Ya(r)? — K7t > 0})
ueN,
< P( Z e—O(Xu(T)+’Yt)+¢(Yu(T)2—fi2t))
ueN,
_ efefytfnqutJrE;‘rP( Z e*GXu(T)+¢Yu(T)2*E;T)
ueN,
< eferytfnqutJrE;rP(Z;-(T)) — o~ OV HRPOHES T

Hence, taking ¢ limits and then optimising over 6§ we find

limsup ¢~ logP(Hu €N, : Xu(1) < —At, Yy (1)? > ,%Qt) < —sup {0y +~r%¢} =0O(y,k) (33)
t—o0 6>0
which is then sufficient to give part (b) of Theorem 1.1.
Whilst this upper bound is good enough for sufficiently large 7, for fixed 7 the expectation
upper bound can be sharpened with a bit more work to yield part (b) of Theorem 3.2. Firstly,
recalling the one particle picture and that Z;(w) = 3_, ¢ n () ft,w(u) we have,

P (3u € N; such that A,(u)) <P Z 1{A:(u)}
weN (1)
~ T ~ 1
= P (el M ) = @ (i A®) 30)
f t,T (5 )
Then if a good upper bound for f; -(£) can be found on the event A;(&), a suitable lower bound
for the required probability will follow.
Consider y and 7 fixed and let us restrict attention to the event A:(§). It is now relatively
straightforward making use of Ito calculus and the constraints from the event, to consider terms
in the expression for f; r(£) one at at time to derive the following bounds (we omit the proof):

Proposition 6.1 (a) There exists K > 0 depending only on y and T such that, for allw € [0, 7],

\/Z w . 0 t w . 9 , ; I
e Do) & [+ D] < L

for almost every path in the event Ay (§).
(b) There exists a K' > 0 depending only on y and T, such that for all w € [0, 7],

w w
/ n?ds — t/ y2ds
0 0

for almost every path in the event A:(§).

(c)

<ty (2K’ + 1)

Q, (e—\/atkfo" vedW. 4. (5)) < 0Nt [ yP ds+t(3ar6T+0N)
b —
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Then

)

Q (ft 1(55;At(5>) =Q (efo’ R(E)ds 5 =75 [T (et 30) ABe o ValA [ u. dWs;At@)

N 2
X 6% j(;(y3+%y3)2 ds X et% joT y? ds
< et_fOT ryZ ds+prt ~ eté’(2K’+‘r) ~ e—%f{(ys—k%ys)z ds o et%é’

. . 2 .
> efta)\2 JyZds ~ et(%a)\26’7+6)\) ~ efy%joT(ySJr%ys)z ds+t23= [T y2ds

Then, given € > 0, we can choose d,¢" > 0 sufficiently small such that

. . 2 .
0 (i Ae©)) 5 AT o s s e

ft,‘r (5)

7 A spine proof of the martingale upper-bound

In this section we use the spine decomposition of the martingale Z; to prove Theorem 4.3. It is
Jensen’s inequality that immediately allows us to concentrate on the spine decomposition since

Qi (Zi(r)*) < Qu (@t (Zt(T)|g~oo)a), for o € [0,1].
The spine decomposition of Z;(7) is

@t(Zt(T)|Qm) _ efrf(f n? dsfpre[\/EAjof ys dWe—23= [T 2 ds]_l,_[% foT(ys'i‘%ys)st—ﬁjJ(ys+§ys)2 ds]

n
i S ax2 S Sk /. Sk /.
+ E e—’r‘fosk T]§ dS—pSke[\/E)‘ _/‘0 k Ys dWs_% Jo k U? ds]"'[ﬁ f() k(ys'i'%ys)st_% Jo k(ys+%ys)2 ds]

k=1

We consider the two parts of this spine decomposition separately — the spine term and then
the sum term — and aim to show that they both have exponential growth of the same order.

Definition 7.1 We define

. 2 . §
Spine term = e—’l‘ jOT 7]? dS—pTe[\/Ek fOT Ys dWs_% . 07' U? ds]"'[% f[;-(ys"l‘%ys) st_Tlg ,fOT(ys+%ys)2 dS]

)

and

sum term :=

n
i S ax2 S Sk /. Sk /-
E e—’r‘fosk T]§ dS—pSke[\/E)‘ _/‘0 k Ys dWs_% Jo k Ug ds]"'[ﬁ f() k(ys'i'%ys)st_% _/‘0 k(ys"l‘%ys)z ds]'

k=1
In each case we first use some martingale techniques to factor out exponential terms that give
us the correct growth rate (and here we are guided by the heuristics), and then use Varadhan’s

lemma to show that the remaining terms do not contribute any further exponential growth. The
spine term is simpler to deal with and is considered first.
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7.0.1 Factoring out the spine term

Girsanov’s theorem (see @Qksendal [12]) states that under the new measure Q: we have
Vit
7l
where B and W are BMs under Q;, and these representations can be substituted into the spine
term to give,

_ 9 ~
AB, = dB, + Y (5, + —ys)ds, and AW, = dW, + Vaily, ds, (35)

2

2 a/\ /at. Vi 0 2
spine term = ¢! /o 27 (U= 5v) "+ 25yl ds—pr o oor [Tnds X [ ys AW+ [5G+ Gys) dB]

— I =7 o ot [T )2 —y2)ds VAN [T v dWS]Jr[% I3 @et5ys) dBs] (36)
Using the standard martingale
¢ VaTA [ e AW —a® 3 [Ty ds.
we can factor out one of the terms of the expectation:
Q:(spine term®) = 2t/ =ar7 Q, (em STl (!)?] ds o [Vai [7 s dWalta [V [T (Get gys>stJ)

oth(‘r) aprea2a>‘2t Jy? ds@t(eanJ[‘s (n%)?]ds a[%[ (Us"t‘gys)dés])'

This final expectation can be dealt with by another change of measure:

Qt(eartmy? (1)) ds o [ fo<u+2u>stJ)

— 2t Jo (@s+ 295 5 x Q ( art [ lyZ—(nt)?] dS fo Us+ 274S )dB,s—4 tjo (s + 295)2(15)

)
_ 6—9 Jo s+ 5ys)?ds o Qa( mfo*[y?f(nz)?]ds),
where we have used the martingale

e VT L (T 4 8y, dB— ot [T (gs+5y.)? ds

to change the measure from Q; to @f‘ Another application of the Girsanov theorem implies
that under the measure Q%, the re-scaled process 7’ satisfies

YBaB = §(ak— 1+ aw.)as 67)

where By is a Brownian motion, which is to say that n’ is an OU(%, g) along the perturbed path
(14 a)y.

Putting this all together we are left with a neat factorization expressed in terms of the
re-scaled type process nt:

d(nt — (1+a)y) =

Q¢ (spine term®) = e/ (T)—apT @’ tM(7) o Qo (earth [yﬁ—(n2)21d5>7

< Ot (1) oM (7) o Qa( mtfof[y?*(ni)z]dS), (38)

where we remember that M(r) = fo [20 Us + gyS)Q + 2 ys} ds. The term apt becomes

insignificant in the large dev1at10ns limit (for which ¢ — o0), and therefore it is convenient to
have removed it here.

The martingale techniques have now played their part, and we move on to use Varadhan’s
lemma to show that the term QO‘( art [§ly2=(2)*1d ) decays exponentially as ¢t — oc.
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7.0.2 A first application of Varadhan’s lemma

Under the measure @f‘ the process 7' is an OU(Z, %) along the perturbed path (1 + )y (or

2
equivalently we can say that [nf — (1 + a)y,] is an OU(£,£)), and therefore it satisfies a large-

deviations principle:
Theorem 7.2 If we use the notation n' to refer to the element (path) in C|0,7] defined by
n'(s) :==n., forsel0,7]
then there is a large-deviations principle for nt with respect to the measure @f‘ :
e Upper bound: If C is a closed subset of C[0, 7] then

limsupt_llog@?(nz eC)<— ingl(g,T),
ge

t—o0
o Lower bound: If V is an open subset of C|0, 7] then

liminf ¢! log@?(ng eV)>—inf I(g,7),
t—o00 geVv

where

20

if g € C[0,7] with g(0) = 0 is square-integrable along with its derivative; otherwise we define
I(g) = oc.

Given the upper bound (38) we now want to understand the behaviour of the expectation term

“lr, 0 .0 12
I(ng) ::/0 _|:gs+§gs_(1+a)(ys+§ys)} ds.

@? eort Jg Wi =) ds) for large t. Varadhan’s lemma is a common way to deal with expectations

of this form, and we quote the following from Dembo and Zeitouni [2].

Theorem 7.3 (Varadhan) Let (X*);>o be a family of random variables taking values in the
space X, and let p; denote the probability measures associated with (X*)i>o.

Suppose that the measures p; satisfy the LDP with a good rate function I : X — [0,00], and
let ¢ : X — R be any continuous function. Assume further that the following moment condition
holds for some v > 1,

limsupt~* 10gE[e”t¢(xt)} < 0. (39)

t—oo

Then
lim ¢! logE[ew(Xt)} = sup [¢(x) — I(z)].

t—o0 TEX
This powerful result will confirm our hopes that the expectation decays as t — oc.

Theorem 7.4 For each o > 0 the expectation decays exponentially to 0:
im ¢! 0o (eart [o [ya—(m2)?]ds
tli}rgot log Q' (e“"*Jo ) <O0. (40)
For small o we can give more precise expression of the exponential decay:

=1 Aa(part [Ty2—(m8)?] dsy _
tlggot log Qf (e*"" /o )

—az{kl [/ ryfds} + ko [i/ (ys+gys)2d8}}+0(a2)a as a — 0,

where ki, ko are strictly positive.
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Proof: Given the large-deviations principle stated in Theorem 7.2, we shall be equating X' =
C[0,7], X* = 7' and p; = Qf* and have ¢(n') = [ [y? — (n%)?] ds; the moment condition (39) is
satisfied because

@? (e2art fOT [yff(nf)z] ds) < e2ocrt foT yf ds'

Varadhan’s lemma implies that

lim ¢~ log Q¢ (eo‘”ff;[yg*(”zy]ds) = sup {(/ arly? — 22] ds) - I(z,T)}. (41)
t—oo 2€Co[0,7] 0

Standard Euler-Lagrange techniques for maximizing the right-hand integral lead to the following
differential equation for z:

62 02
50— (7 + 20ar) 2 = (1 + a)jis - (L + ., (42)
which in general will give the optimal path as a solution in terms of the given path y.
With the specific path (17) that resulted from the Harris and Git optimizations of the large-
deviations heuristics, it is relatively simple to solve (42) and find that the optimal path z is just
a constant multiple of the path y:

px —02/4
p3 —02/4 — 20ar

zs = Kays, where K, := (14 ). (43)

Substituting for z into (41) we find that

lim ¢~ log Q (et Jo lvi— ()71 ds)

t—o0

o= &) [ nas] - -0+ a2 g [ MG+ )0, (44)

and the following simple bound on K, implies that this is a negative quantity

Lemma 7.5 For all « > 0,
1< Ky<1l+4a. (45)

This small lemma can be proved with simple algebra from the definition of ) given at (18): we
can use this to show that u3 — 6%/4 = —20r — af\* < 0, from which it follows that

1 u3 —6%/4
1+a  p3—0%2/4—20ar

If we make a Taylor expansion about oo = 0:

2 2
M,\_9/4 1 2 2 2
= :1 kj k e
w3 —62/4—20ar 11— ka tha+ka”+ola”)+

20r

where k := mEEyE it follows that for strictly positive constants k; and ko,
A

a(l — K2) = —k1a*? +o(a?), and (K, — (14 ))* = kaa® + o(a?) as a — 0,

completing the proof O
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7.0.3 Dealing with the sum term

Focusing on the sum term, we can again substitute for dW and dB; with (35) and immediately
factor out the term J(Sj) by over-estimating:

nr
s : Sk i VE (Sk(y 40 5
sum term = Y /(5 =#Sker fo FlyZ—(19)?] ds [VatA [ ys AW+ 75 [o* (4 +5vs) dB.]

k=1
nr

< et(supogwg.,- J(w) ) Z rjsk n2—y>ds [f)\fo yde]Jr[\fjo %ys)dés].

k=1
For the particular path y that we chose at (17), it was shown by Git et al [4] that

sup J(w) = J(7)

0<w<r

and therefore we have

nr
sum term < etJ(T)Zer ok mi—ylds e[‘/a’\f” Ys dW]Hlff " (st 5 )dB]

The following small result is very useful for dealing with the sum term:
Proposition 7.6 If o € (0,1] and u,v > 0 then (u 4+ v)* < u® + v%,

This proposition implies that for 0 < a < 1,

)

Qi (sum term?®) < /() Q (Z cart [3F g2 = (n})?) ds L@[VaTA [§7 yo AW, )l [57* (5t §us) dés])
k=1

and we can transform the sum into an integral by standard techniques (see Kallenberg [11] for
example), since the fission times on the spine form a Cox process of rate 2(rn,, + p), as explained
in Theorem 4.1:

ot (r @t(/ port [ [v2—(n!)?]ds LalVaiA [ ye dWal+al L [ (5.+5y.) dB.] (2, + ] dw);
0

Fubini’s theorem can be applied to this, and the transformations that worked on the spine term
to give (38) can here too be applied to arrive at

_ 9 eatI(r) / 0 1§ 5 s I §u s @ ([t )2 + peort S5 005
0
< 2€at(](7)ea2tM(T) ~ / @?([Tt(nfu)z + p} eort T w2 —h)?] ds) dw.
0

We want to take advantage of the fact that the terms in the integral look similar to those
already dealt with for the spine term. A first step in this direction is to replace the random
factor rt(nt,)? at the front of the expectation with the deterministic rty2, and since the value
of a will eventually be chosen and fixed the following estimate is sufficient for our purposes.

Lemma 7.7 For all « > 0, and for all large enough t,

w t 1 T ~ w t
/ @t [rt(n,)? + p] et Jo i —(nD)7] dS) dw < ~ +/ [rty? + p] Q2 (eart.fo [yi—(m)z]ds) duw.
0
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Proof: Noting that the expectation looks something like /8w QY (et Jo lwZ=(n2)?] ), we
shall use integration by parts. From

% Qo (eart I3 w2 =08 ds) = Qe (art[yi — (nt)2]ert Jo' 2= (n2)?) ds)7 (46)
it follows that
@?([rt(nfu)z’ +pleort fow[yﬁfmz)?]ds) = [rty2 + p] Q2 (emt I [yi—m;)?}ds)
_ é% @ (et S R PIa1),

Integration by parts now proves

/ Q7 ([rt(nfu)z + pleartfo =0 dS) dw = / [rty? + p] QF (emt.f(,”[y?—(nﬁ)z] ds) dw
0 0
L1 {1 — e (eart ST 2= d)}
o ¢
The exponential decay proved in Theorem 7.4 implies lim;_, @0‘ eort g Wi=m)*1ds) — 0 and
p Y p t ,

this completes the proof

It follows therefore that for all large enough ¢,
Qt(sum term®) < 2 ot (7)o" tM(7) o (é + /OT [rtyz, + p] Q2 (emtl‘ﬁy?(ng)z}ds) dw>.
We now make some simple over-estimates of the integral. Firstly, it is immediate that
/ ’ [rty2 + p] @2 (eartf;“ [v2—(n!)’] ds) dw < [rtk? + ] / ’ Qe (eartf;“ [v2—(n!)’] ds) dw
0 0
since (SUPogwgr yfu) = k2. Then, for each w € [0, 7], it is true by definition that
eart [0 [yZ =) ds < e@THsuPo< s f&”[yff(nﬁ)z]dS),

and therefore
Q (eartf;“ [v2—(n!)*] ds) < Qo (eart(supw S w2~ (n)*) ds) ) .

Since this holds for all w € [0, 7] we can deduce

sup Q¥ (ea”fow v —(n9)?] dS) < Q¥ (60‘” (sup., fo71v2 =) dS))

0<w<r

3

which we can use to get:

/ QY (eo‘” fow[yg’(”i)z]ds) dw <7 x sup Q2 (eartf“w[y‘ff(nzmds),
0 0<w<T
<rxQ@ (eart(supw f(;”[yi—mzﬁds))_

Thus we arrive at a simple upper bound for the sum term: for all « € [0,1] and all large ¢,

Q; (sum term®) < 2 eatJ(T)eo‘QtM(T){é + [rts® + p]T@? (eo‘” (supu fi* w2 = (n})?] ds)) } (47)
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7.0.4 A second application of Varadhan’s lemma

We already applied Varadhan’s lemma to the term @f‘ (e‘”tfoT [yZ—(2)’] ds), and now we show

how it can in fact deal with the more complex term (@to‘ (e‘”t supy o [v3=(n2)%] ds) without much

more effort.
Once again the observation

@?( 2ozrt(:>upw IS [w2—(nt)?] )) < Qa( 2artT(sup,, yw))

shows that the moment condition (39) is satisfied and therefore from Varadhan’s lemma, Theo-
rem 7.3, it follows that:

tlggo t~1log Q2 (eMt(S“pw Jo" w2 =) ds)) = sup {( sup /0 ar[y ]ds) — I(z,T)}.

2€Co[0,7] { N0<Sw<T

For any path z, the action functional I(z,w) is non-decreasing in w and therefore

(/Owozr[y }ds)—](z,ﬂg(/owozr[y }ds)—[(z,w),

and taking the supremum over w € [0, 7] of both sides we deduce:

(SLul}p/Ow ar[y? - ]dS) —1I(z,7) < SED{(/OUJ ar[y?z?] ds) - (z,w)},

We now take the supremum of both sides over the set of paths z € Cy[0, 7], and interchange the
order to obtain:

sgp{ (sip /Owar[yf — 22 ds) —I(z, 7—)} < sup shljp{ (/Ow ar[y? — 22] ds) —I(z, w)} (48)
- Oiggngp{(/ow arly? - 22 ds) - I(Z,w)}.

sgp{ (/Ow ar[y? - 22 ds) —I(z, w)}

with (41) from our first application of Varadhan’s lemma, it is clear that Euler-Lagrange op-
timization techniques will result in exactly the same optimal path for this integral, namely
zs = Kays as at (43). Furthermore, evaluating the left-hand side of (48) shows that we actually
have the equality:

- { : /0 orfy? - 22] ds) - I<Z,T>} - sgp{(sgp /O " arfy? - 22 ds) - I<Z,T>},

—a =& ["rzas| - (o - | [ o+ o) asl,

<0 (and =0(c®) as a — 0).

If we compare the term

Consequently we see that there is no difference in the growth rate between the remaining terms
of the spine term and the sum term:

Jim £ log O (eart(supw [ w2 =08 ds)) = lim =1 1og Q2 (earth v —(n))’] ds) <0. (49)
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7.0.5 Concluding the upper-bound for Z;(7)
We have shown that

@t (spine terma) < eatJ(T)ea2tM(T) % @? (eart fOT [u?—(n§)2] ds) ,

and since we clearly have @? (eo‘” f{[y?*(ﬁi)Q]dS) < Qf‘ (e‘"t(supw fow[y?_("zf]ds)), it follows
that:

@t(Zt(T)O‘) <Q: (spine termo‘) +Q (sum termo‘)

< eatJ(‘r)eath(T){(l +2[rtk? + ] 7-)@? (ea”(supw f&”[y?(ni)z]ds)) + %} (50)
Thus ~
tlim t ™ log Qy(Z(7)*) < (1) + a* M (1),
and the proof of Theorem 4.3 is completed. O

8 An alternative approach to the lower bound

Finally, we comment on an alternative approach to gaining the lower bound of Theorem 3.2 to
complement our approach to the upper bound in section 6. It would not require calculation of
the Q;(Z;(7)®) in order to control the size of the martingale Z;(s), but would nethertheless need
some estimates requiring comparable levels of work. The key tool is nevertheless still the spine
decomposition, of course!

Making use of some simple estimation, the tower property, recalling that G., contains in-
formation only about the spine’s spatial trajectory and using the conditional form of Jensen’s
inequality, we have

~ 1
- { For© T I 2RE) en (€05 At(é)} |

If a good upper bound for f; -(£) and fOT 2R(&s) fs,+(§) ds can be found on the event A;(§), a
suitable lower bound for the required probability will follow. This is a similar idea as used in the
upper bound approach (see equation (34)), except more work would be required here to control
the integral over time (although it will still be dominated in exponential order by the final value
of fi.-(£), matching the upper bound). This approach should work far more generally, as we
hope to investigate in further work.
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