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Abstract

Two-level overlapping Schwarz methods for elliptic partial differential equations
combine local solves on overlapping domains with a global solve of a coarse approxi-
mation of the original problem. To obtain robust methods for equations with highly
varying coefficients, it is important to carefully choose the coarse approximation.
Recent theoretical results by the authors have shown that bases for such robust
coarse spaces should be constructed such that the energy of the basis functions is
minimized. We give a simple derivation of a method that finds such a minimum en-
ergy basis using one local solve per coarse space basis function and one global solve
to enforce a partition of unity constraint. Although this global solve may seem pro-
hibitively expensive, we demonstrate that a one-level overlapping Schwarz method is
an effective and scalable preconditioner and we show that such a preconditioner can
be implemented efficiently using the Sherman-Morrison-Woodbury formula. The re-
sult is an elegant, scalable, algebraic method for constructing a robust coarse space
given only the supports of the coarse space basis functions. Numerical experiments
on a simple two-dimensional model problem with a variety of binary and multiscale
coefficients confirm this. Numerical experiments also show that, when used in a two-
level preconditioner, the energy minimizing coarse space gives better results than
other coarse space constructions, such as the multiscale finite element approach.

1 Introduction

In this paper we study the construction of scalable and robust domain decomposition
methods for elliptic partial differential equations with highly variable coefficients. By
scalable we mean that we want the work per iteration to be roughly proportional
to the number of unknowns. By robust we mean that the number of iterations
should be roughly independent of the mesh size, the number of subdomains and, in
this paper especially, the coefficients of the partial differential equation. Ideally, we
would like the cost of our methods to be similar to the cost of solving the Laplace
equation, i.e., a problem with constant coefficients.

We consider a scalar elliptic equation of the form

−∇ · (A∇u) = f, (1)
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on a bounded domain Ω ⊂ Rd, d = 2, 3, with Dirichlet or mixed boundary con-
ditions. The symmetric positive definite coefficient tensor A : Ω → Rd×d can be
highly varying. Standard finite element discretization on a fine mesh leads to a
system of equations

Au = f , (2)

where A is a large, sparse, symmetric positive definite matrix. This problem can be
solved iteratively using a preconditioner which solves subproblems corresponding
to discretizations of (1) on a set of overlapping subdomains which cover Ω. For
each iteration, the problems on the subdomains can be solved independently. This
so-called one-level overlapping Schwarz method is not robust since the number of
iterations depends on the number of subdomains. The method can be made robust
by solving a coarse approximation to the original problem in addition to the sub-
problems on the subdomains. A standard two-level Schwarz preconditioner uses a
coarse approximation based on a finite element discretization on a coarse mesh. This
results in a method that is robust with respect to the mesh size and the number of
subdomains, but, in general, not the coefficient variation. For a completely robust
method, the construction of the coarse level should take into account the coefficient
variation.

In Section 5 we recall the convergence theory for overlapping additive Schwarz meth-
ods from [GLS07, SV07, GS07, GS08]. This theory refines the standard Schwarz
theory [TW05, Xu92, CM94] and gives coefficient-dependent criteria for choosing a
coarse space which motivates a construction based on energy minimization. More
precisely our coarse space will be spanned by a partition of unity which is piecewise
linear on the fine mesh and which satisfies a certain energy minimizing criterion. Let
Ā be the stiffness matrix corresponding to the finite element approximation of (1)
on the given fine mesh with natural boundary conditions. Then Ā has dimension N
equal to the number of nodes in Ω̄. The matrix Ā is symmetric positive semidefinite
with a single zero eigenvalue with eigenvector 1 =

[
1 · · · 1

]T . The energy mini-
mization problem which we are concerned with consists in finding vectors Φ̄j ∈ RN ,
that minimize the energy functional∑

j
Φ̄T
j ĀΦ̄j , (3)

subject to the condition ∑
j
Φ̄j = 1. (4)

In addition we require that the i-th entry of Φ̄j is nonzero only for indices i ∈ ωhj .
The set {ωhj } is a (usually overlapping) partitioning of indices to be chosen. This
final requirement is needed to ensure that the resulting coarse matrix is still sparse.

As has been shown in [WCS00], the minimization problem (3),(4) has a unique
solution. The vectors Φ̄j can be found by solving local systems corresponding to
subblocks of Ā, as well as a global system with a matrix of the same size as Ā.
We assume that the subblock systems can be solved efficiently and concentrate
on finding efficient ways to solve the global system, which we call the Lagrange
multiplier system.

The energy minimizing coarse space construction was proposed and studied in the
(related but different) context of multigrid methods in [WCS00, MBV99, XZ04].
The construction requires the solution of a Lagrange multiplier system of the same
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size as the original problem, but with a special structure. In Section 6 we extend
ideas from [XZ04], to propose an efficient preconditioner for this system in the do-
main decomposition case. The main point in [XZ04] is that, because of the special
structure of the Lagrange multiplier system, it suffices to use a one-level precondi-
tioner to solve it efficiently. Since the matrix of the system is dense, constructing
and applying the preconditioner is not straightforward. We demonstrate in Sec-
tion 6 how to to obtain an efficient and scalable implementation. The numerical
results in Section 8 show that the energy minimizing coarse space does indeed give
better results than other coarse space constructions in all test cases. More impor-
tantly the results show that the preconditioner for the Lagrange multiplier system
is completely robust for all the examples considered, which means the coarse space
construction is robust and its cost grows with the problem size only at the same
rate as the construction of other coarse spaces.

There are many approaches for the construction of coarse spaces, or equivalently in-
terpolation operators, that have been studied in the context of multigrid and domain
decomposition methods. Carefully chosen interpolation operators form the basis of
the success of algebraic multigrid methods [RS87, BCF+00, JV01, BZ07, BBM+06].
In the context of domain decomposition methods, the multiscale finite element ap-
proach, originally introduced as a numerical homogenization tool [HW97], was used
for the construction of robust coarse spaces in [GLS07]. Other related coarse spaces
are the partition of unity coarse spaces of [Sar02, Sar03] and the coarse spaces
described in [DKW08]. In [BV99, SV07] the ideas from aggregation type multi-
grid methods [VMB96, VBM01] are applied in the context of overlapping domain
decomposition methods.

For expositional purposes, we consider only the scalar elliptic equation (1) with
continuous piecewise linear finite elements and homogeneous Dirichlet boundary
conditions, and set A(x) = α(x)I in the numerical tests. However, the method
itself is much more generally applicable. The energy minimization approach can
also be used to set up coarse spaces for linear elasticity problems [MBV99] and
edge-element discretizations of curl-curl type problems [MNP07]. Higher-order finite
elements or mixed boundary conditions pose no additional difficulties. It is even
possible to construct efficient preconditioners for anisotropic problems with this
approach provided the overlapping sets ωhj are chosen appropriately (see [WCS00]).
The numerical results in this paper show in fact very clearly that (even in the
isotropic case) when the coefficients are highly varying, in a complicated (possibly
random) way, the crucial ingredient for a robust and efficient two-level Schwarz
method is a careful choice of the sets ωhj . Some ideas on how to choose these are
provided in [SV07], but this requires still further investigation.

Note also that any techniques to find coefficient robust coarse spaces for multigrid
or domain decomposition methods are also interesting in the context of numerical
homogenization and upscaling [HW97, MM06].

In what follows, we use the notation x . y to mean that x ≤ Cy for some constant C.
It is standard to assume that the constant C is independent of the mesh resolution
and the parameters of the method, such as the number of subdomains, the size of
the subdomains and the size of the overlap. Here, in addition we also assume that
C is independent of the coefficients A of the PDE (1). The notation x ∼ y means
x . y and y . x.
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2 Model Problem

Let Ω be a bounded, open, polygonal (polyhedral) domain in R2 (R3). As our model
problem we consider the scalar elliptic equation

−∇ · (A∇u) = f, on Ω, (5)

with homogeneous Dirichlet boundary conditions

u = 0, on ∂Ω. (6)

The unknown function u, the right hand side f and the coefficient tensor A are
functions defined on Ω. We assume that A is uniformly bounded and symmetric
positive definite, but it may otherwise be highly varying throughout Ω. The model
problem can be formulated in weak form as finding u ∈ H1

0 (Ω) such that

a(u, v) = (f, v), (7)

for all test functions v ∈ H1
0 (Ω), where H1

0 (Ω) is the usual Sobolev space on Ω. The
bilinear form a(·, ·) and the inner product (·, ·) are defined as

a(u, v) =
∫

Ω

A∇u · ∇v dx, (f, v) =
∫

Ω

f v dx. (8)

The continuous problem (7) is discretized using a standard finite element approxi-
mation with continuous piecewise linear functions. Let T h be a family of conforming
meshes of triangles (tetrahedra), which are shape-regular as the mesh diameter h
goes to zero. We denote by Ωh and Ω̄h the sets of nodes of T h contained in Ω and
Ω̄ respectively. The space of continuous functions on Ω̄ which are piecewise linear
with respect to T h, is denoted by V̄h. Using the nodal hat functions φp, defined
such that1

φp ∈ V̄h, φp(q) = δpq, p, q ∈ Ω̄h, (9)

where δpq = 1 if p = q and 0 otherwise, the finite element space can be written as

V̄h = span{φp : p ∈ Ω̄h}. (10)

The space of finite element functions that are zero on ∂Ω is given by

Vh = span{φp : p ∈ Ωh}. (11)

The Galerkin method replaces the spaceH1
0 (Ω) in (7) by the finite dimensional space

Vh ⊂ H1
0 (Ω). That is, we look for a an approximate solution uh ∈ Vh such that (7)

holds for all vh ∈ Vh. Using the vector of coefficients u =
[
· · · uq · · ·

]T , where
uq = uh(q), q ∈ Ωh, we can write the approximate solution as uh =

∑
q∈Ωh uqφq.

Using the test functions vh = φp, p ∈ Ωh, results in the system of linear equations

Au = f , (12)

where the elements of the matrix and of the right hand side vector are given by

Apq = a(φp, φq), fp = (f, φp), p, q ∈ Ωh. (13)

1. We use the nodes of the finite element triangulation as indices for matrices and vectors. For
each vector or matrix the set(s) of indices will be specified. In an actual implementation it may
be necessary to choose a numbering for each set of indices.
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The matrix A is symmetric positive definite and typically large, but sparse.

If instead of Vh we use V̄h in the Galerkin method, we obtain a matrix Ā which does
not explicitly incorporate boundary conditions (we have so-called natural boundary
conditions). The matrix Ā is introduced since it is used in the coarse space con-
struction. It is symmetric positive semidefinite and the kernel of Ā consists of the
constant vectors, i.e., all rows of Ā sum to one. The matrix A is a submatrix of Ā.

3 Two-Level Schwarz Method

We now describe a two-level additive Schwarz method for the system of equa-
tions (12). Additive Schwarz methods are domain decomposition methods. Thus,
let Ωi be open subsets of the domain Ω. We assume that each subdomain Ωi is the
interior of a union of triangles of the mesh T h. We denote by Ωhi the nodes of T h
contained in Ωi, i.e.,

Ωhi = {p ∈ Ωh : p ∈ Ωi}. (14)

For each subdomain Ωi, we specify a subproblem with homogeneous Dirichlet
boundary conditions on ∂Ωi. We define a restriction matrix Ri as

[Ri]pq = δpq, p ∈ Ωhi , q ∈ Ωh. (15)

The system matrix of the homogeneous Dirichlet problem on Ωi is then given by
the Galerkin product

Ai = RiAR
T
i . (16)

For a restriction matrix of the form (15), Ai is a submatrix of A. Note, however, that
in general Ri could also be chosen differently. The (one-level) overlapping additive
Schwarz preconditioner is given by

B =
∑

i
RTi A

−1
i Ri (17)

Applying B to a vector involves solving subsystems with sparse, symmetric positive
definite matrices Ai. The subproblems can be solved in parallel. Note that B is
completely determined by the matrix A and the index sets Ωhi .

This one-level preconditioner is in general not scalable since the number of iterations
depends on the number of subdomains. This problem can be overcome by solving an
approximation of the original system in a suitable coarse space. Let Φ be a matrix
whose columns span the coarse space. The coarse approximation of A is formed
using the Galerkin product

AH = ΦTAΦ. (18)

The two-level additive Schwarz preconditioner B̃ is then given by

B̃ = ΦA−1
H ΦT +

∑
i
RTi A

−1
i Ri. (19)

The crucial thing to make this preconditioner robust for highly varying coefficients
is a careful choice of Φ. In the next section we present a method for constructing Φ
that takes into account coefficient variation.
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4 Coarse Space Construction

In this section we describe a practical and efficient coarse space construction based
on local solves on overlapping domains. We construct a coarse space that is a sub-
space of the finite element space V̄h. This means that (as usual) the coarse space
basis functions can be represented by their values at the nodes of the finite element
mesh. Let {Ψj ∈ V̄h} be the set of coarse space basis functions. We denote the vec-
tor of nodal values of the j-th coarse space basis function Ψj by Φ̄j . Consequently,
the matrix Φ̄ with j-th column equal to Φ̄j represents an interpolation from the
coarse space to the fine space. The matrix Φ̄T represents a restriction from the fine
space to the coarse space. Note that we use the terms fine and coarse space to refer
to the spaces of finite element functions as well as the spaces of vectors representing
them. Once Φ̄ has been constructed, the coarse space for the Dirichlet problem is
obtained by dropping those basis functions that are non-zero on the boundary. The
matrix Φ which interpolates from the Dirichlet coarse space to the Dirichlet fine
space is a submatrix of Φ̄ with rows restricted to the nodes in the interior of the
domain Ω and columns restricted to coarse basis functions which are zero on the
boundary ∂Ω. This can be written as

Φpj = Φ̄pj , p ∈ Ωh, j ∈ {j : Φ̄pj = 0 for all p ∈ ∂Ω}. (20)

The number of columns in Φ determines the dimension of the coarse space, and
therefore the dimension of the coarse matrix AH . The sparsity pattern of Φ deter-
mines the sparsity pattern of AH . To obtain an efficient and practical method we
need the dimension of AH to be much smaller than the dimension of A, and we
want AH to have a similar sparsity pattern as A, i.e., a small, bounded number of
nonzeros per row independent of the dimension of A or of AH . Therefore, we pre-
scribe the support ωj for each of the coarse space basis functions Ψj , or equivalently
a set of nodes ωhj = ωj ∩ Ω̄h such that the i-th element of Φ̄j can only be nonzero
if i ∈ ωhj . In matrix notation we write

Φ̄j = R̄Tj qj , (21)

where qj is a vector containing the non-zero coefficients of the coarse basis function
and R̄Tj is an extension matrix from ωhj to Ω̄h. The corresponding restriction matrix
R̄j from Ω̄h to ωhj is a zero-one matrix constructed in the same way as the restriction
matrix Ri from Ω̄h to Ωhi for the subdomain problems (see (15) in Section 3).

To obtain a sparse coarse matrix AH , we assume that each support ωj overlaps with
at most η other supports, where η is independent of the problem size and number
of subdomains. This implies that each point of Ω is contained in at most η + 1
supports ωj and also that each node in Ω̄h is contained in at most η + 1 sets ωhj .
The latter, together with the assumption that each node is contained in at least
one set ωhj , implies, in matrix notation

I ≤
∑

j
R̄Tj R̄j ≤ (η + 1) I, (22)

where the inequalities are take componentwise.

With these preliminaries out of the way we can describe the coarse space construc-
tion. We will show in the next section (Theorem 1) that the following construction
solves the energy minimization problem (3),(4).
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We propose that qj be found by solving a local system

Ajqj = ḡj , (23)

where ḡj is a “well-chosen” right hand side and Aj = R̄jĀR̄
T
j , i.e., the system

matrix of a local problem on ωj . The matrix Aj is a principal submatrix of Ā.

If we assume that the right hand sides ḡj are restrictions of one global vector ḡ,
i.e.,

ḡj = R̄j ḡ, (24)

then, combining (21), (23) and (24), we see that

Φ̄j = R̄Tj A
−1
j R̄j ḡ. (25)

It is important to make sure that the kernel of the matrix Ā, which contains all con-
stant vectors, can be represented by the coarse space. This is achieved by enforcing
the partition of unity constraint

∑
j Φ̄j = 1. We see that ḡ is uniquely defined as

the solution of the system
B̄ḡ = 1. (26)

where
B̄ =

∑
j
R̄Tj A

−1
j R̄j . (27)

In other words to construct the coarse space, we need to solve a system with B̄,
the one-level overlapping additive Schwarz preconditioner for Ā with respect to the
covering {ωj}, as the system matrix.

Given ḡ, each column Φ̄j of the matrix Φ̄ can then be found by solving the local
problem (23) on the interior nodes of the support ωj .

In Section 6 we investigate how to solve the system (26) efficiently. In the next sec-
tion we show that the above construction gives the unique solution to a constrained
energy minimization problem and that this minimization problem arises naturally
in the coefficient-explicit convergence theory for two-level Schwarz methods.

5 Energy Minimization

Consider the following constrained optimization problem for the vectors Φ̄j , given
Ā and the sets {ωhj }:

min
∑

j
Φ̄T
j ĀΦ̄j , such that

∑
j
Φ̄j = 1, (28)

and such that the i-th entry of Φ̄j is non-zero only for i ∈ ωhj . We show that the con-
struction outlined in Section 4 is equivalent to solving the constrained minimization
problem (28).
Theorem 1. The set of vectors {Φ̄j} defined in (25)–(27) is the unique solution
to the constrained minimization problem (28).
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Proof. The optimization problem (28) has a quadratic objective function and linear
constraints. Such problems can be solved by solving a linear system of equations.
We define the Lagrangian

L =
1
2

∑
j
Φ̄T
j ĀΦ̄j − (

∑
j
Φ̄j − 1)T λ̄, (29)

where we introduced a vector of Lagrange multipliers λ̄. The factor 1
2 is introduced

for convenience. We can incorporate the sparsity constraints by substituting Φ̄j =
R̄Tj qj

L =
1
2

∑
j
qTj R̄jĀR̄

T
j qj − (

∑
j
R̄Tj qj − 1)T λ̄ (30)

To find the stationary points of the Lagrangian we set ∇λ̄L = 0 and ∇qj
L = 0,

which results in the equations∑
j
R̄Tj qj − 1 = 0 and R̄jĀR̄

T
j qj − R̄jλ̄ = 0. (31)

Solving the second equation and using the definition of Aj gives

qj = A−1
j R̄jλ̄. (32)

Substituting this in the first equation we find∑
j
R̄Tj A

−1
j R̄jλ̄− 1 = 0 (33)

or B̄λ̄ = 1. By comparing with (26)–(27), we see that the Lagrange multipliers
λ̄ correspond to the vector ḡ that provides the right hand sides (24) for the local
solves (23).

The energy minimization approach was introduced for the construction of coarse
spaces for multigrid methods in [WCS00, MBV99]. There, the approach was moti-
vated by results for the one-dimensional problem. In the one-dimensional case the
optimal coarse space can be worked out explicitly by solving local one-dimensional
problems. The supports can be chosen such that the resulting method gives a di-
rect solver for (12) and the corresponding basis functions are in fact the unique
solution to the constrained minimization problem (28). This was the motivation
in [WCS00, MBV99] to use this minimization problem and the construction in the
previous section also in the two and three dimensional case.

We now present a new way of motivating the energy minimization approach by
showing that it follows naturally from convergence theory for two-level Schwarz
methods. For the theory we assume that the triangulation T h is quasi-uniform
and that the eigenvalues of A(x) satisfy λi(A(x)) ∼ α(x) for some scalar function
α : Ω → [1,∞) that is piecewise constant with respect to T h. This means we only
consider the (nearly) isotropic case here and we possibly need to scale our system,
but we still allow A to be highly variable throughout the domain Ω.

It is well known that the number of iterations of the preconditioned conjugate
gradient method applied to (12) with preconditioner P can be bounded in terms
of the square root of the condition number κ(PA) := λmax(PA)/λmin(PA) of the
preconditioned matrix PA.
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A typical two-level Schwarz method uses a discretization of (5) on a coarse mesh
T H with mesh width H (see Section 8), and extends the coarse elements K ∈ T H
to obtain subdomains with overlap width δ. Applying the standard theory for two-
level Schwarz methods [TW05], but taking into account the coefficient variation
gives the following bound (see e.g. [GLS07])

κ(B̃A) . max
K∈T H

sup
x,y∈ωK

α(x)
α(y)

(
1 +

H

δ

)
, (34)

where ωK is the union of all elements in T H touching the coarse element K. This
means that as long as the coefficient jumps are small (locally) and the overlap
width δ is sufficiently large, standard two-level Schwarz methods are robust. A
similar result can be found in [Sar03]. For non-overlapping methods, robustness
can usually be shown as long as the coefficients are constant or vary only slightly
on each subdomain and provided the coarse mesh is aligned with jumps in the
coefficients [CM94]. In [GLS07] and [SV07] this standard theory was extended to
the case of arbitrary coefficient variation. We summarize here the coefficient explicit
theory taken from [SV07] (see also [GS08]).

Let {Ψj ∈ V̄h} be a set of functions spanning the coarse space. Denote the support
and the diameter of Ψj by

ωj = supp Ψj and Hj = diamωj , (35)

respectively. We assume that the supports ωj are shape regular and form a finite
cover of Ω̄. Furthermore, we assume that the overlap between a support ωj and its
neighbours is uniform, with δj the width of the overlap region. For more technical
details see [GLS07, SV07].
Theorem 2 (Theorem 3.8 in [SV07]). Assume that
•

∑
j Ψj(x) = 1, x ∈ Ω̄,

• ‖Ψj‖L∞(Ω) . 1, and
• each Ωi is large enough such that each ωj is contained in at least one Ωi.
Then the condition number of the preconditioned matrix can be bounded as follows

κ(B̃A) . γ(α)
(

1 + maxj
Hj

δj

)
. (36)

where
γ(α) = maxj δ2

j ‖α|∇Ψj |2‖L∞(Ω) (37)

is the coarse space robustness indicator.
If we assume that δj ∼ Hj , then Theorem 2 shows that we should strive to make
γ(α) as small as possible to obtain a robust and efficient preconditioner. This can
be achieved by a good choice of coarse basis functions. For A(x) = I and {Ψj}
piecewise linear with respect to some coarse mesh T H , we have γ(α) = O(1). In
this article we try to find basis functions with prescribed supports, that are optimal
(in a certain sense) for more general coefficient distributions A.

Since α is piecewise constant with respect to T h and Ψj is piecewise linear, the
coarse space robustness indicator can be written as

γ(α) = maxj δ2
j maxτ

[
α|∇Ψj |2

]
τ
, (38)
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where
[
α|∇Ψj |2

]
τ

denotes the constant value of α|∇Ψj |2 for the triangle τ ∈ T h.
If we define Y to be the matrix with entries

Yτj =
(∫

τ

A|∇Ψj |2
)1/2

,

then by the quasi-uniformity of T h and the assumptions made on the eigenvalues
of A(x) we have

γ(α) ∼ h−d maxj δ2
j maxτ Y 2

τj = h−d‖Y diag(δ)‖2max,=: γh(A), (39)

where the matrix max-norm is defined as ‖A‖max = maxi,j |Aij | and δ is the vector
with elements δj . Note that

Y TY = Φ̄T ĀΦ̄. (40)

Recall that the columns Φ̄j of Φ̄ contain the nodal values representing the coarse
space basis functions Ψj ∈ V̄h (see Section 4). To make the problem of minimizing
γh(A) more tractable, we replace the max-norm ‖ · ‖max in (39) by the scaled
Frobenius norm hd/2‖ · ‖F and define a new robustness indicator

γhF (A) = ‖Y diag(δ)‖2F = tr(diag(δ)Φ̄T ĀΦ̄ diag(δ)) =
∑

j
δ2
j Φ̄

T
j ĀΦ̄j

where we have used the identity ‖A‖2F = tr(ATA).

Thus, we see that provided the overlap width δj is of the same order for each
support ωj , the constrained optimization problem (28) corresponds exactly to the
minimization of the Frobenius norm robustness indicator γhF (A), subject to the
partition of unity constraint in Theorem 2. The Frobenius norm is scaled such that
for A(x) = I and piecewise linear {Ψj}, we have γhF (A) = O(1) again.

6 Solving the Lagrange Multiplier System

The local problems (23) in the coarse space construction in Section 4 are similar to
the ones which have to be solved anyway when applying the overlapping Schwarz
preconditioner for A. We assume that this can be done efficiently. The hard part
in the construction of the coarse space is solving the system (26) for the Lagrange
multipliers. Since this system is of the same size as the original problem, we will
solve it iteratively as well. Unfortunately, in general B̄ is ill-conditioned and so we
need to find a good preconditioner for B̄.

In [WCS00] it was proposed to use Ā as a cheap preconditioner for B̄. However,
since

κ(ĀB̄) = κ(B̄Ā), (41)

it is clear that the performance of this preconditioner will be only as good as the
performance of the one-level preconditioner B̄ applied to the matrix Ā. In other
words, Ā is a cheap preconditioner for B̄, but it does not scale well. Note that,
since Ā is singular, the condition numbers in (41) should be interpreted as effective
condition numbers. Furthermore, since Ā is singular, it is proposed in [WCS00]
to use Ā + ζI, which introduces a parameter ζ that needs to be chosen. These
shortcomings were already pointed out in [WCS00].
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In [XZ04] it was observed that B̄ is a “local” operator. The authors mainly con-
sidered constructing coarse spaces for multigrid methods, i.e., for a large number
of coarse space basis functions with small supports. For this case, where the size
of the subdomains is of the same order as the mesh resolution (i.e. H . h), they
prove that the condition number κ(B̄) is uniformly bounded with respect to h and
they show numerically that using D̄, the inverse of the diagonal of B̄, as a precondi-
tioner gives a condition number κ(D̄B̄) that is also uniformly bounded with respect
to coefficient jumps. However, in general, for two-level Schwarz methods, the size
of the coarse space is relatively small (compared to the size of the original space).
This means that the size of the supports has to be large. In this case robustness
with respect to the mesh resolution is lost and moreover, diagonal preconditioning
is no longer robust with respect to coefficient variation. This is illustrated by the
numerical results in Section 8. It was suggested in [XZ04] that, because of its special
structure, B̄ could be preconditioned by a one-level domain decomposition method,
that is, without a coarse space. We now construct such a one-level preconditioner C̄
and show that it can be implemented efficiently.

Just as the local matrices Aj are constructed based on Ā we can construct local
matrices

Bj = R̄jB̄R̄
T
j , (42)

based on B̄. A one-level overlapping Schwarz preconditioner C̄ for B̄ is then given
by

C̄ =
∑

j
R̄Tj B

−1
j R̄j . (43)

Note that the one-level preconditioner B̄ for Ā can be applied efficiently since the
local matrices Aj which have to be inverted, are sparse. In contrast, the matrix
B̄ and therefore the local matrices Bj are in general dense. As we now show, it is
nevertheless still possible to apply C̄ efficiently.

We illustrate this using an example with a support overlapping with only two others.
Consider a support ωj with 2 neighbours ωk and ωl. We have

R̄jR̄
T
j = Ij , R̄jR̄

T
k = Îjk 6= 0, R̄jR̄

T
l = Îjl 6= 0 ,

where each row of Îkj and of Îlj is zero except for at most one entry which is one.
All other products are zero matrices. Thus the matrix Bj can be written as

Bj = R̄j(
∑

i
R̄Ti A

−1
i R̄i)R̄Tj = A−1

j + ÎjkA
−1
k Îkj + ÎjlA

−1
l Îlj .

It is well known that this is a dense matrix which means we do not want to explicitly
construct it when implementing the method. Instead, the question is how we can
efficiently apply

B−1
j = (A−1

j + ÎjkA
−1
k Îkj + ÎjlA

−1
l Îlj)−1. (44)

We use the following form of the Sherman-Morisson-Woodbury formula [GVL96,
§2.1.3]

(A−1 + UΣ−1V T )−1 = A−AU(Σ + V TAU)−1V TA. (45)

Using the substitutions

A← Aj , U = V ←
[
Îjk Îjl

]
, Σ←

[
Ak

Al

]
, (46)
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Figure 1: Example of overlap supports and block matrix structure of Gj .

we get

B−1
j = Aj −Aj

[
Îjk Îjl

]
G−1
j

[
Îkj
Îlj

]
Aj ,

where

Gj =
[
Ak

Al

]
+
[
Îkj
Îlj

]
Aj
[
Îjk Îjl

]
.

This shows that B−1
j can be applied to a vector by performing sparse matrix-vector

multiplications and by solving a system involving the sparse matrix Gj .

In general let k1, . . . , kq be such that ωki ∩ ωj 6= ∅, for all i = 1, . . . , q (with q ≤ η).
Define

R̂Tj =
[
Îjk1 · · · Îjkq

]T
, (47)

where each row of R̂Tj is again zero except for at most one entry which is one. This
operator essentially duplicates each degree of freedom in the overlap of ωj as many
times as it appears in other supports ωki

, i = 1, . . . , q, and extends the vector to
the remainder of each of the ωki

. If we also define

Gj = diag(Ak1 , . . . , Akq
) + R̂Tj AjR̂j , (48)

then, in the general case,

B−1
j = Aj −AjR̂jG−1

j R̂Tj Aj . (49)

Figure 1(a) shows a typical hexagonal support ωj , as used in the numerical examples
in Section 8, and the six supports ωk1 , . . . , ωk6 it overlaps with. All seven supports
are shown separately in Figure 1(b). If the unknowns are grouped and numbered
as illustrated in Figures 1(a) and 1(b), then the matrix Gj has the block structure
shown in Figure 1(c). The shaded regions indicate the non-zero blocks of Gj which
are themselves sparse.

To illustrate that (49) can indeed be applied efficiently to a vector, we estimate
the complexity of this operation under some reasonable assumptions: (i) the cost of
adding two sparse vectors of size m and the cost of multiplying an m ×m sparse
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matrix by a vector are both O(m); (ii) the cost of solving a sparse m×m system is
O(mβ) for some β ≥ 1 (ideally β = 1). Now recall that each support overlaps with
(at most) η other supports and assume further that the number of interior nodes in
each support is O(n). This implies that Aj is of size O(n×n), R̂j is of size O(n×ηn)
and Gj is of size O(ηn× ηn). Applying B−1

j involves vector additions and matrix-
vector multiplications with a cost of O(ηn) operations and a sparse solve with a cost
of at most O((ηn)β) operations. Since the coupling between the O(n × n) blocks
of Gj is sparse (only through the shared overlap of two supports with a third), we
can actually expect the cost of this sparse solve to be closer to O(ηnβ). In any case,
since we assumed η to be uniformly bounded, the cost of applying C̄ will be O(nβ)
which (asymptotically) is the same as the cost of applying B̄. More specifically the
cost of applying C̄ will be roughly η times the cost of applying B̄.

The number of iterations for solving (26) is determined by κ(C̄B̄). Preliminary
results (see §8.2) seem to indicate that this condition number is bounded by a
constant that only depends on η and not on the size of the supports, on the size
of the overlap, on the number of coarse basis functions or on the coefficients of the
problem. To prove this rigorously is still an open problem and will be the subject
of further investigations.

7 Summary of the Two-Level Schwarz Method

Let us summarize the construction of the two-level Schwarz method. We use the
notation

AS(A, {Rk}) =
∑

k
RTk A

−1
k Rk, where Ak = RkAR

T
k , (50)

to denote an abstract additive Schwarz operator for a matrix A and a set of restric-
tion matrices {Rk}.

To construct a two-level additive Schwarz preconditioner for the symmetric positive
definite Dirichlet matrix A in (12), we specify restriction matrices Ri from Ω̄h to Ωhi
where {Ωhi } is an overlapping partitioning of Ω̄h. The one-level overlapping additive
Schwarz preconditioner is then defined as

B = AS(A, {Ri}). (51)

By adding a further restriction matrix ΦT onto a coarse space, we obtain the two-
level preconditioner

B̃ = AS(A, {Ri} ∪ {ΦT }). (52)

In the case of energy minimizing coarse spaces the matrix Φ is constructed in the
following way: Using the symmetric positive semidefinite Neumann matrix Ā and
another (possibly different) overlapping partitioning {ωhj } of Ω̄h (which includes the
boundary nodes), we construct a set of vectors Φ̄j such that

Φ̄j = R̄Tj A
−1
j R̄j ḡ, where Aj = R̄jĀR̄

T
j , (53)

and R̄j denotes the restriction from Ω̄h to Φ̄j . The sets {ωhj } are related to the (pre-
scribed) supports of the coarse space basis functions. The columns of the matrix Φ
in (52) are then the restrictions of the vectors Φ̄j to Ω̄h, discarding vectors with
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nonzero entries at any boundary node (see (20) for details). The vector of Lagrange
multipliers ḡ in (53) is found by solving the system

B̄ḡ = 1, (54)

where
B̄ = AS(Ā, {R̄j}) . (55)

For an efficient solution of this system, we employ the preconditioner

C̄ = AS(B̄, {R̄j}). (56)

The local inverses B̄−1
j can be applied efficiently using the Sherman-Morrison-

Woodbury formula, i.e.,

B−1
j = Aj −AjR̂jG−1

j R̂Tj Aj (57)

(see Section 6 for details).

Note that given the matrices A and Ā the construction/application of this two-level
preconditioner only requires the restriction matrices {Ri} and {R̄j} (or equivalently
the partitionings {Ωhi } and {ωhj }) and an efficient sparse solver.

8 Numerical Results

As a typical domain for our numerical tests we take the unit square Ω = [0, 1]2. In
all the examples we take A(x) = α(x)I, with α(x) piecewise constant with respect
to T h. To make it easier to compare with other methods, we assume that there
is a coarse triangulation T H which partitions the fine mesh into non-overlapping
sets of triangles. Note, however, that we do not need a triangulation for the energy
minimizing coarse space construction, which requires only general partitionings. A
triangular coarse mesh is used here to facilitate comparison with other methods.
For our example, we consider a coarse triangulation obtained by dividing the unit
square into ns × ns squares and subdividing each square along its main diagonal.
Each coarse square is further subdivided into n × n small squares which are fur-
ther subdivided into triangles. Each coarse triangle now contains n × n fine mesh
triangles. For the numerical experiments we use r as a measure of the total num-
ber of unknowns where nsn = 2r. The coarse grid and one coarse triangle with
subtriangles are shown in Figure 2 for ns = 4, n = 8, r = 5.

The subdomains Ωi for the one-level additive Schwarz method are chosen to consist
of the union of all coarse triangles around a node of the coarse mesh. This means
there are (ns + 1)2 subdomains, one for each coarse mesh node (see Figure 3 for
a typical subdomain). This choice of subdomains gives δj ∼ Hj , which is often
referred to as generous overlap [TW05].

For our numerical examples we take the supports ωj of the coarse space basis
functions to be the same as the subdomains Ωi. This means that the coarse space
basis functions (in all the studied methods) will have the same supports as the
piecewise linear finite element basis functions with respect to the coarse mesh.

We compare several additive Schwarz preconditioners. The first method is the one-
level additive Schwarz method based on the subdomains described above, i.e., with-
out a coarse space (NO). For the two-level additive Schwarz methods we consider
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Figure 2: Coarse grid and fine mesh in
one coarse element (ns = 4, n = 8).

jjjjjjjjjj

Figure 3: The support for the coarse
basis function associated with coarse
node j.

coarse spaces based on standard piecewise linear (PL) finite elements (with respect
to the coarse mesh) and multiscale finite elements with linear (LB) and oscillatory
(OB) boundary conditions [GLS07], as well as the energy minimizing (EM) coarse
space described above.

The basis functions in the case of the piecewise linear (PL) coarse space are the
standard finite element “hat” functions which take the value one at one of the
nodes of the coarse mesh and are zero at all other nodes of the coarse mesh.

The multiscale finite element basis functions are constructed by discrete α-harmonic
extension of data on the boundary of each coarse triangle to the interior of the
triangle. As for the piecewise linear basis functions, we assume that the function
Ψj associated with coarse node j satisfies Ψj(j) = 1 and is zero at all other coarse
nodes. Different types of multiscale finite element bases arise from different choices
of the boundary data. For the first type of multiscale finite element basis functions,
we use linear boundary conditions (LB) on the boundary of each coarse triangle.
The discrete α-harmonic extension of this boundary data to the interior K of a
coarse triangle is obtained by (numerically) solving the homogeneous problem

−∇ · (α∇u) = 0, on K. (58)

In practice this corresponds to solving a linear system with system matrix AK , the
principal subblock of A with row/column indices in Ωh ∩K. Note that Ψj |K ≡ 0
for all coarse triangles K such that j /∈ K̄. Therefore we only need to solve a small
number of local subproblems for each Ψj .

For the second type of multiscale finite element functions, the boundary data is
obtained by first (numerically) solving a one-dimensional problem on each edge
E of the coarse mesh. In [HW97] these are referred to as oscillatory boundary
conditions (OB). The one-dimensional problem is the restriction of the homogeneous
two-dimensional problem (58) to an edge E of the coarse mesh. Since the coefficient
function α is a piecewise constant function with respect to T h, we have to define
a value for α on E. Several choices are possible. Here, as suggested in [GLS07], we
assign to each fine mesh edge the maximum of the coefficient values of the triangles
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(a) Example 1 (b) Example 2 (c) Example 3 (d) Example 4

Figure 4: Coefficient patches for the binary media examples. Each patch is repeated
ns times in each direction. White indicates α = 1 and black indicates α = α̂.

containing that fine mesh edge. This results in a coefficient function on each coarse
mesh edge E that is piecewise constant with respect to the fine mesh edges. Again,
we only have to solve these one-dimensional problems for a particular basis function
Ψj if j ∈ Ē. The discrete α-harmonic extension of the boundary data to the interior
K of each coarse triangle is obtained, as above, by (numerically) solving (58) subject
to the obtained oscillatory boundary conditions. For details see [GLS07].

The construction of the multiscale finite element functions has many similarities
with the construction based on energy minimization described in the previous sec-
tions. In both cases, local problems are solved to find the coarse space basis func-
tions. The main differences are that for the multiscale finite elements we need a
coarse mesh and we have to specify artificial boundary conditions on the triangles
of the coarse mesh. For the energy minimizing basis it suffices to specify the over-
lapping supports of the basis functions. Note that if the supports are the same in
both cases and if the boundary data in the multiscale finite element case are chosen
to coincide with the values of the energy minimizing basis, then both methods will
produce identical coarse spaces. However, since the optimal boundary data are not
known a priori, the coarse spaces will normally be different. Intuitively, the energy
minimizing coarse space can be expected to be more robust, since the multiscale
finite element construction only takes into account coefficients near coarse edges
when setting up the boundary conditions on coarse elements. Of course, the energy
minimization construction is more expensive, since the local problems are slightly
larger. Furthermore, we have to solve a global system (26) for the Lagrange multi-
pliers to satisfy the partition of unity constraint, which is satisfied by construction
in the case of the multiscale finite element coarse spaces. However, as explained in
Section 6, using the preconditioner proposed here, this additional global solve has a
cost that is of the same order as the remainder of the additive Schwarz algorithm.
Thus asymptotically the cost of applying the two-level preconditioner B̃ grows at
the same rate with respect to the number of unknowns for all four coarse spaces (PL,
LB, OB, EM). Of course in absolute terms the energy minimizing coarse space is the
most costly. However, we will see below that in some cases this is easily outweighed
by the increased robustness of the preconditioner and thus the reduced number of
CG iterations.

We consider several example problems similar to the ones in [GLS07]. For the first
set of so-called binary media examples, the coefficient α takes the value α̂ ≥ 1
in some parts of the domain (resolved by the fine mesh) and the value 1 in the
remainder. The four binary media examples are illustrated in Figure 4 with white
indicating α = 1 and black indicating α = α̂. Each figure shows the n × n small
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squares making up a representative square, which is repeated ns times in each
direction. We use the side lengths H = 1/ns and h = H/n of the coarse and fine
mesh squares as mesh parameters.

Example 1. For the first example, each coarse triangle has a high coefficient region
in its interior. The regions are squares of size H/4, located at a distance H/8 from
the horizontal and vertical edges of the coarse triangles.

Example 2. For the second example there is a high coefficient region on top of
the middle of each diagonal edge shared by two coarse triangles. The regions are
squares of size H/4, located at a distance 3H/8 from the horizontal and vertical
edges of the coarse triangles.

Example 3. The third example is an example of a fine scale binary medium. The
high coefficient regions are regularly spaced squares of size h with corners (2ih, 2jh)
and (2ih+ h, 2jh+ h), (i, j) ∈ Z2.

Example 4. The fourth example has an L-shaped region with high coefficients (see
Figure 4(d)).

All the examples have high coefficient regions and, as explained in [GLS07], the
coefficient explicit convergence theory (see Section 5) indicates that we want the
basis functions to be flat in those regions in order for them to have low energy. We
therefore expect that the standard piecewise linear coarse space will not perform
well as α̂ increases. Since Example 1 has no high coefficients on or near the coarse
element boundaries, the multiscale finite element coarse space with linear bound-
ary conditions will be robust with respect to coefficient variation. The resulting
coarse basis functions are flat in the high coefficient region and they behave like
the piecewise linear hat functions near the edges of the coarse mesh. On the other
hand, Examples 2, 3 and 4 have high coefficient regions on the boundaries of the
coarse elements and therefore linear boundary conditions will not be sufficient for
robustness. Because of the linear boundary conditions, the solution has to go from
high to low values within a region of high coefficients and therefore it is impossible
for the α-harmonic extensions to be flat there. On the other hand, the oscillatory
boundary conditions obtained by solving one-dimensional problems on the coarse
edges, allow low energy basis functions to be found for Examples 2 and 3. Figure 5
shows a typical energy minimizing coarse space basis function for Example 2. Ex-
ample 4 aims to illustrate that, for the same set of supports, it is possible to have
a coefficient function for which the multiscale finite element functions do not work
very well and the energy minimizing basis functions do. Since the area where the
coefficient is high stretches across a coarse triangle and the (linear or oscillatory)
boundary conditions on opposite edges of the coarse element specify both high and
low values for this area, the multiscale finite element basis function cannot be flat
everywhere. It will therefore have a high energy, which blows up as α̂ → ∞. This
means that, in this case, the multiscale finite element functions do not provide a
coarse space that is robust with respect to the coefficients. Figures 6(a) and 6(b)
show contour plots for some of the coarse basis functions for Example 4, both for
the multiscale finite elements with oscillatory boundary conditions (OB) and the
energy minimizing coarse basis functions (EM). We see that the basis functions are
flat in regions with high coefficients for the EM case, but not for the OB case.

Finally we consider random media examples. Let Z(p), p ∈ R2 be a Gaussian ran-
dom field with mean µ(p) = E(Z(p)) and covariance function Σ(p, q) = E((Z(p)−
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Figure 5: Typical energy minimizing coarse space basis function for Example 2.

(a) OB (b) EM

Figure 6: Contour plots for a non-overlapping subset of coarse space basis functions
for Example 4 (ns = 4, n = 8, α̂ = 106).
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(a) Unclipped (b) Clipped

Figure 7: Gaussian random media examples (ns = 32, n = 8, λ = 4h).

Table 1: Statistics for α̌ = supx,y∈Ω α(x)/α(y) for the 100 log-normal random Field
realizations used in the experiments.

σ2 α̌min α̌med α̌max

0 1.0e+00 1.0e+00 1.0e+00
2 4.8e+04 1.6e+05 6.2e+05
4 4.2e+06 2.2e+07 1.5e+08
6 1.3e+08 9.9e+08 1.1e+10
8 2.4e+09 2.4e+10 3.8e+11

µ(p))(Z(q)− µ(q))). We use the software package Gaussian [Koz99] to construct a
Gaussian random field Z(p) on a grid with nsn× nsn squares. We consider homo-
geneous, stationary, isotropic Gaussian random fields with mean µ(p) = µ = 0 and
an exponential covariance function of the form (see, e.g., eq. (2.2) in [CGSS00])

Σ(p, q) = σ2 exp(−|p− q|/λ), (59)

where the parameters are the variance σ2 and the correlation length λ. The co-
efficients are then taken to be the exponential of this field to obtain a lognormal
random field. This gives a coefficient function with a certain smoothness deter-
mined by the correlation length λ. For each random field realization we calculate
α̌ = supx,y∈Ω α(x)/α(y). Table 1 shows the minimum, median and maximum of
α̌ for the 100 realizations used in the experiments. We also consider random bi-
nary media examples obtained by taking Gaussian random fields with the same
covariance structure and by replacing the 50% lowest and the 50% highest values of
the field by 1 and α̂, respectively. A Gaussian random field and the corresponding
clipped random field are shown in Figure 7.

8.1 Scalability and Coefficient Robustness of the Two-Level
Preconditioner

We first consider how the different preconditioners perform when using them in a
conjugate gradient iteration to solve (12), with right hand side f = 1 and initial
guess u = 0. Tables 2–5 show the number of CG iterations needed to attain a
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Table 2: Number of CG iterations to solve (12) with different preconditioners for
different values of the coefficient α̂ (ns = 32, n = 8, r = 8).

Example 1 Example 2 Example 3 Example 4
α̂ NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM

100 79 13 13 13 13 79 13 13 13 13 79 13 13 13 13 79 13 13 13 13
102 79 48 14 14 15 79 46 37 15 13 80 63 40 14 14 123 64 51 46 29
104 79 89 14 14 15 79 104 89 15 14 84 113 110 15 14 131 167 171 157 32
106 79 89 14 14 15 79 113 92 15 14 87 115 112 15 14 135 179 183 162 32

Table 3: Number of CG iterations to solve (12) with different preconditioners for
an increasing number n2

s of subdomains (α̂ = 106).
Example 1 Example 2 Example 3 Example 4

ns n r NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM
4 8 5 14 18 13 13 13 14 18 17 13 13 15 19 18 13 13 25 29 27 26 21
8 8 6 21 23 14 14 15 21 31 25 15 14 23 33 31 15 14 34 48 49 48 26
16 8 7 42 48 15 15 15 41 58 48 15 14 45 59 57 15 14 74 89 95 88 29
32 8 8 79 89 14 14 15 79 113 92 15 14 87 115 112 15 14 135 179 183 162 32

relative reduction in the residual norm by a factor of 10−6 for the different methods
applied to the binary and random media examples. Tables 2–4 show results for the
binary media examples, Table 5 shows results for the random media.

For our choice of subdomains, the one-level method (NO) is robust with respect to
coefficient variation in Examples 1–4 (see [GLS07]) and this can be observed in
Table 2. However, Table 3 shows that, for the one-level method (NO), the number of
iterations increases with the number of subdomains. Adding a standard piecewise
linear finite element coarse space (PL) leads to a significant improvement for small
values of α̂, but as soon as α̂ becomes larger the number of iterations increases.
For Example 1 the multiscale finite element coarse space with linear boundary
conditions (LB) is sufficient to obtain a fully robust method. For Examples 1–3,
the multiscale finite element coarse space with oscillatory boundary conditions (OB)
and the energy minimizing coarse space (EM) give equally good results. Example 4
illustrates, as intended, that there are cases where the EM space is robust and the
OB space is not.

Table 5 shows results for the clipped and unclipped random media examples. As
σ2 increases the coefficient variation increases (see Table 1). For the clipped (bi-
nary) case this is similar to increasing α̂ in Examples 1–4. The performance of
the multiscale finite element coarse space with oscillatory boundary conditions and
the energy minimizing coarse space is very similar here. Both perform better than
piecewise linear coarsening but unfortunately both are not fully robust. To achieve
a fully robust method it is necessary to choose the supports of the coarse space
basis functions adaptively as well. This can be done fully algebraically using ideas
from Algebraic Multigrid (see [SV07]) and the energy minimizing framework is
much more flexible than the multiscale finite element framework to allow for such
adaptively chosen supports.
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Table 4: Number of CG iterations to solve (12) with different preconditioners for
growing subdomain problem size (α̂ = 106).

Example 1 Example 2 Example 3 Example 4
ns n r NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM NO PL LB OB EM
8 4 5 28 37 35 35 26 21 22 14 14 14 24 32 31 14 13 40 48 49 46 24
8 8 6 21 23 14 14 15 21 31 25 15 14 23 33 31 15 14 34 48 49 48 26
8 16 7 22 24 15 15 15 22 32 26 15 14 24 32 31 15 15 37 49 51 48 26
8 32 8 23 24 15 15 15 23 32 27 16 15 25 34 31 15 15 39 50 52 49 27

Table 5: Number of CG iterations (median for 100 realizations) to solve (12) for the
random media examples for different values of α̂ and σ2 (ns = 32, n = 8, r = 8,
λ = 4h).

Clipped
α̂ NO PL LB OB EM

100 79 13 13 13 13
102 169 35 31 28 26
104 216 59 52 42 40
106 265 93 80 64 60
108 322 138 120 94 89

Unclipped
σ2 NO PL LB OB EM
0 79 13 13 13 13
2 174 31 28 24 23
4 238 48 41 31 30
6 322 68 56 37 37
8 428 93 74 44 45

8.2 Scalability and Coefficient Robustness of the Coarse Space
Construction

We now consider the construction of the coarse spaces based on energy minimization
as described in Sections 4–7. The main part of this construction is the solution of
the Lagrange multiplier system (26). We solve this system using a preconditioned
conjugate gradient method. As preconditioners we consider a shifted version of the
semidefinite system matrix Ā + ζI, ζ = 10−3 (indicated as Ā in the tables) as
proposed in [WCS00], the inverse diagonal D̄ of B̄ as proposed in [XZ04] and the
one-level additive Schwarz preconditioner C̄ described in Section 6. Another idea
that we have tried, is to use a “localized” version of Ā, that is

Ē =
∑

j
R̄Tj AjR̄j . (60)

This operator can be motivated by considering the case of minimal overlap between
the supports, i.e., when the overlap consists of one layer of elements of the fine mesh.
For this case no interior nodes are shared between the supports so that R̄jR̄Tk = 0
for j 6= k and R̄jR̄

T
j = Ij and therefore Ē is the exact inverse of B̄.

To see how each of the different preconditioners performs, we show in Tables 6–9 the
number of CG iterations needed for solving the Lagrange multiplier system (26).
Again the stopping tolerance is 10−6.

We observe that the performance of the one-level additive Schwarz preconditioner
C̄ is outstanding for all test cases. It gives a coarse space construction that is robust
with respect to coefficient variation, number of subdomains and subproblem size.
All the other preconditioners break down in one or more cases.

Figure 8 shows typical graphs for the processor time taken to construct the multi-
scale finite element coarse space with oscillatory boundary conditions (OB) and the
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Table 6: Number of CG iterations to solve (26) for different values of the coefficient
α̂ (ns = 32, n = 8, r = 8).

Example 1 Example 2 Example 3 Example 4
α̂ Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄

100 53 43 18 10 53 43 18 10 53 43 18 10 53 43 18 10
102 57 80 16 9 55 124 32 10 70 108 57 10 93 139 35 10
104 57 46 16 9 55 167 50 10 71 119 135 9 96 200+ 46 10
106 57 46 16 9 55 42 67 10 71 37 200+ 9 96 160 53 10

Table 7: Number of CG iterations to solve (26) for an increasing number n2
s of

subdomains (α̂ = 106).
Example 1 Example 2 Example 3 Example 4

ns n r Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄
4 8 5 14 36 16 10 14 37 54 11 18 33 167 10 27 132 52 11
8 8 6 23 43 17 10 23 42 66 10 31 37 200+10 48 149 57 10
16 8 7 39 46 16 9 39 42 71 10 52 38 200+10 76 155 55 10
32 8 8 57 46 16 9 55 42 67 10 71 37 200+ 9 96 160 53 10

Table 8: Number of CG iterations to solve (26) for growing subdomain problem size
(α̂ = 106).

Example 1 Example 2 Example 3 Example 4
ns n r Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄ Ā D̄ Ē C̄
8 4 5 32 43 28 8 24 20 46 11 32 45 145 11 49 76 46 11
8 8 6 23 43 17 10 23 42 66 10 31 37 200+10 48 149 57 10
8 16 7 22 83 22 10 22 77 83 11 28 60 200+10 41 200+64 10
8 32 8 18 151 29 11 17 142 110 11 22 103 200+10 29 200+87 11

Table 9: Number of CG iterations (median for 3 realizations) to solve (26) for the
random media examples for different values of α̂ and σ2 (ns = 32, n = 8, r = 8,
λ = 4h).

Clipped
α̂ Ā D̄ Ē C̄

100 53 43 18 10
102 189 101 50 14
104 200+ 174 88 15
106 200+ 200+ 145 16
108 200+ 200+ 200+ 16

Unclipped
σ2 Ā D̄ Ē C̄
0 53 43 18 10
2 122 115 43 14
4 200+ 200+ 74 15
6 200+ 200+ 106 15
8 200+ 200+ 143 16
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Figure 8: Timings for the OB and EM coarse space constructions for increasing sub-
domain size (Example 4, α̂ = 106, ns = 8).

energy minimizing coarse space (EM) for increasing subproblem size (see Tables 4
and 8, i.e. ns = 8). In each case the subproblem size is O(n2). The results are for
Example 4. We see that the more robust EM construction is slightly more expen-
sive, but it still scales similarly to the OB construction. Two lines indicating linear
(β = 1) and quadratic (β = 2) behaviour are also shown. As explained in Section 6,
a good sparse solver should give a computational complexity that scales close to
linearly with subproblem size.

9 Concluding Remarks

In this paper we have investigated the construction of coarse spaces for two-level
Schwarz type domain decomposition methods. We used a coarse space construc-
tion based on energy minimization [WCS00, XZ04]. The construction of the energy
minimizing coarse space involves solving a Lagrange multiplier system of the same
size as the original problem. To obtain an efficient solver, we propose a one-level
overlapping additive Schwarz preconditioner for this system and we demonstrate
how this preconditioner can be implemented effectively. Our numerical results show
that, as opposed to previously studied preconditioners, the one-level overlapping ad-
ditive Schwarz preconditioner results in a coarse space construction that is robust,
efficient and scalable.

The numerical results show that the two-level method using the energy minimizing
coarse space, performs well for many of the examples considered. However, for a
fixed choice of supports for the coarse space basis functions, there are examples
for which the method is not robust with respect to coefficient variation. Further
investigations will show how to improve the robustness of the method by combining
the energy minimizing coarse space construction with techniques for choosing the
supports adaptively, depending on the coefficient function (see, e.g., [SV07]).

We have considered here the use of energy minimizing coarse spaces in the context
of two-level Schwarz methods. However, these coarse spaces are also very interesting
for numerical homogenization and upscaling.
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