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rro.Jlo SrtprT eJrbHbrx NraTpr[q

Bopo6beBl)

ItnaccuqecHafl MaTeMarl{r(a BOSHI4HJIa U pasBIIJIacb Ha ocHoBe {uauHo-
TexHI{qecHLIX 3aAaq, I4IJIIT [a}I(e, roBopfl 6onee HoHrtpe'THO' B peSyJIbTaTe

;ffi;; ;;Lvcas.,tr pacrronome*rttft i repeMerrleHuft {uerlvec*llx rerr B

4rtro""r"o* ,rpo"tt'u""""". B cssau c arurvr 6onruruucrso samHefturux

nossrUfi Hnaclil.recgofi uareuarI,IHII I{ ocHoBHbIx paCcMarpl{BaeMblx B

nefi cooruourestrfi ""a"" 
na ce6e [ocrarotlHo aalrernirfi or[erlarolt {nau-

qecnux upegcrannenufi. TaH, DnrerpaJr ecrecrBeHuee Bcero lrnrepnpe-

TL{DVeTcfl HaH IIJIOIqalb, IIpOIISBOAHafl - HaH CI(OpocTb' He[pepblB-

;ilil't;'ilS&"p;;tilpy"*o"tt {yuHuuft orpaffialor HenpepblB'uft xor
npocrpaHcrneuuo-npdrvregHbrx rrpoqeccoB Lr I{HepIIIIoHHocrb yqacrByloqnx
u'"rri o6teHron, a 6onsuruuci"o ypan"enufi loco6eHno ypaBnenufi s
qacTHblx [poI,I3Bo[Hux) yme 0aMI{MII HaSBaHI{flMI,I yHaSbIBaIoT Ha cBoe

ibrasuqecHoe IrpollcxomleHIle.-'H#;;;;*'o-tu*.t"rb, qro rro'flrlrlfl lI coor'ollre'Irltr HJraccz'rec*oft

*ur"*;il;-4op*"pouarrl'cb B ro BpeMn' Hor[a to S"tT3"^19:i*::-
pa""""o, u {lralluecxr4e TeJra B HeM IIOHI{MaJII'ICb BecbMa HelocpelcTBeH-

HLrM, HafJrfl[HbIM O6paaovr. onu nonuuaJrllcb TOr[a (ga' nnpoueM' I{

cefi.rac noHlrMarorcn) cyruecrnenno 6ouee ilpocrblMlr' qeM gBrflIorcfl B

leftcrsurenbgocrlil. flp"eogoreHue arofi ,,cHbsaHHocJI4 HarJrfl[Hocrblo'o

ocyqecrBJrfl irocb nyreM paaBrarl{fl uareuaiUqecql{x a6ctpaHquft . flepnufi
vtraD no HarJrfltrHocru 6iIn HaHeceH HeeBHJrIr[oBofi reolrerplrefi' Horopax

i" rbrr"r,o paapa6orana Teopun reoMerpuqec*lllx cIIcTeM, Ilporl'BopequB-
;;;,";;#;;; 6;, rIoBceAHeBHoMy orlblry' Ho Ir co3[arra neo6xofiuune

Teoperl,rqecHue IIpeAnocblJr]tu grn {opMyJII'IpoBaHI'Ifl BrIocJre[crBI{Ir ocHoB-

uui r,Iueft reopuil ornoclrreJrbHocrl{. Becrua [JroAorBopHbIM onaSaJrocb

paccMorpeHrnd u"otouepublx BenropHblx fipocrpaHcrn (ua nepnux ilopax

irarc rpaabrux rpocrparicrs), flopBaBrlree c rpaArlIIIlflMI'I rpexMepHocrlr'

flonroe BpeMfl Harrru npe[craBJreHl{fi HaxoAlllnlacr, s IIJIeHy cnoeo6paenoro

rapllanra narugg1rocrf -,r1fiecT11o1.o", 
;1afiilacoBc]to1.o [eTepMI{HIl3Ma'

Oclo6orHueHrrro I{B aroro rfireHa urr o6saaHbl B a'arlureJrbHoft creuenu

reopuu nepoRrnocrefi. fiocrarovuo o6uee [oHItMaHI{e o UBI'IE(eHUI{'

;;-,f; 
"pd6paaonanuu, 

cBflBaHo c reoplrefi rpyilil' A:tc:aouaru'Iecxuft
MeTo[ .YHa'BI,IBaeT HaM IIoBbIe IIyTI,I flpeotroJleHl,Ifl ilpI,IBbIIIHbIx [JI'{ Hac

npeqcrannenraft , npllo6perlullx cI'IJry llpelpaccy[noB' --bfru"o, 
ipuarauetHan HarJrfl[Hocrl qsiliercs eUe 6onee rleuHofi, qeu

aro r(a}fiercfi Ha nepnr,rft BBrJrfl[. HepegHo HaIITI{ ffiilt" ItoHlleilquu

oHaSbIBaIOTCfl JIIIIIUb ItBI{HT-ACCeHqI4eI'I TeX ?Ite npl',IBbltlHryl( I{ HarJIf[HbIX
qepr, Torbno otILIlIeHHbIx or BropocrerleuHbl:( leiaueft.' Hegapou cefi'tac

arlr IroHrIe[q[I{ flBHo HelocTaroqgbl [JIfl coBpeMenHoft {UallHll, n Horopofi

craJrI,I ilorlyirflpHbr rroucnul,'cyMacilre[ilrux" ulefi '
1) I{eurpaJlbHblfi 3F(OHOMI[Fto-MaTeMaTI,IqeCHnfi

AHau. H. fI. @egoPeuno).

rlHcrplryr AH cccP (f,upenrop:
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Tem 6onee HelocraroqHbrM flpelcraBJrflercfl crrcreMa paapa6orannrrx
MareMarl,IqecHl{x nougrrafi m ocnonaunrrfi Ha HrIx },rareMarz.Iecxuft
arrflapar [Jrfl paapa6orru reopr,rft, rro caMoMy cBoeMy cyqecrBy 6onee
cJro?fiHbrx, veu {uenuecrrre. F( s'uwr orHocrrcfl, rrpen{[e Bcero, Teopr4ra
IrplrHflTr{fl Jrro[bMI{ u noJrJrer{Tr4BaMrr peureuufi AJrfl ocyulecrBJreur.rfl
rrocraBJreHHr,rx rleneft. ,[na peruenrrfl croflulnx lepeU arr4Mr4 Teopl{flMr4
Bafaq neo6xoguua HoBafl MareMarrrxa.

Buno 6u aenpanl{JrbHbrM crrr4Tarb, rrro [eJro Mo]fier orpaHl/rql4Tbcfl
BoBHI4nHoBeHr4eM xaHoft-ro Hoeoft MareMarl{qecnofi reopulr, Hexoroporo
FIoBoro,,ucql{cJreHl{fl.", utrrv, cHa}r{eM, cyUecrBeHHbIM nporpeccoM B
o[noft r4a cyulecrByrouux orpaclei& MareMarl4Frrr, HanprlMep, n anre6pe
r4Jrr{ B TeopIaI{ aepoRrnocrefi. Eouee roro, [axte coalaHl4e qenoft nosoft
MareMarl,rqecHoft Aracuu[JrlrHbr rr4rra reoplrr4 lrrp He flBJrflercfi [ocraroq.
HbrM. TonsHo nepecrpoftHa scefi MarelMaruve-cHoft uayru, npucnoco6-
JreHlre Bcex ee pa3[eJroB ]t HoBbrM 3a[arraM [acr Halemly Ha rrx r4cqep-
nbrBaloulee pe[reHIre.

EcrecrseHHo, rrro ara HoBatr MareMarrrfia 6yner trctroJrbaoBarb Mero-
AOJIOTUqeCHI4e nplrHrlrrrrbr Bcex rpaurrqlroHHbrx MaTeMaTr4qecHr{x [LIc-
rIr{rrJrI4H r4r [oaToMy oHa]r(eTcfl He MeHee paauoo6paSuoft, veM Hraccuqec-
Hafl MareMarlrna. Ona eocnpol,raBeler B cBol4x paMnax sce o6rrqHsre
TI{rrbI MareMarlrqecnr,rx paccym[eHuf,i lt s eroM cMbrcJre Mo]nHo npe[uo-
Jrararb [oflBJreHl4e Hosoti anre6prr ra nonoft reoMerprrtr, Hosofi Teopilr{
{yuHquf.r u noeofi Teopurr BepoflrHocreft, noBoro rapMour4rrecnoto aHa-
T],I3A IiI T.[.

Ceftqac Molr(Ho rroxa Jrlrrrrb BecbMa ral{areJrsHo cy[I4Tb o nyrflx nepe-
crpofiHu MareMarldnpr v o roM ot(oHrrareJrbHoM Bl,rle, Horoprrft oHa r
peayJrbrare aroft nepecrpofiHu rpl,rMer. OgnaHo, olHa qepra aroft 6y4y-
u1eft uarelrarlrnu [pe[craBJrflercfl HecoMnennoft. Bamnylo pout 6ynyr
s Heft r4rparb ancrpeMaJrbHbre Bagaqrr, y[eJrbHbrft sec Horopbrx yme
ceiiqac Boapacraer B MareMarrrHe 6yHnaltHo c HalfiAbrM ro[oM.

3ro ssneHl,re ilpe[craBJrflercfl BloJrHe ecrecrBeHHbrM rr Aa]r{e aaxoHo-
MepHbrM. IlpoanaluaupyeM ero HecnoJrsHo nogpo6nee.

PaccnrarpuBaeMbre ts MareMarI4rHe Aeficrsus orpalr(aror ee o6rqyn
Hayquo-[pr.rnJra4uylo HarrpaBJreHHocrb. TaH, oqenHa coBonynHoro BJrr.rfl-
rurs 6otr,uroro HoJrl{qecrna {axropoB, [ocrarorrHo olHopolHrirx no csoefi
npl4poge, flBJrfiercff upeanr,rvaftHo BalfiHbrM r4 qacro Bcrperrarcql,rMcfl
SJIeMeHToM ItoJrI{rIecrBeHI{oro HayrrHoro rroBHaHrrfl [eficrsurerbHocrlr.
lloarolry oflepaqlrfi cJro]fieHlrfl BMecre c ee AaJreHo Barrregrrrunru o6o6-
IIIeHIaflMr4 - I,rHrerpI4pOBaHLreM I{ CyMMr{pOBaHlreM pflIOB - BaHflJra
I{CnJrrorII{TeJrbHoe MecTo HaH B paSJrrrqHblx MaTeMaTnrrecHux Teoprrflx, Tan
I,I B r{X npaHTI,lqeCHr4X rrprrJroffieHr4fx.

3ro o6crosreJrbcrBo HarrrJro orpalfieHr4e Laffie B croJrb a6crpanruux
MareMarr4rrecHl{x [ucqr{rrJrl4Hax Hafi anre6pa. AHcraonrrr oleparu4rr B
Teopr{Il rpynfi orpax{aror ocHoBHr,re ceoftcrna I{MeHHo [eftcreuft, Ha[o-
uunarrorqrax cJrolneHl{e. (conepnenno lllroft xapaHTep I{MeeT aHcr.ro-
IIarItHa reoprru crpynryp, no H neft Mbr BepneMcfl HecnoJrbHo noe4uee.)

Cnoeo6paaue paaBI4TIrfi MareMarI4nI,r Ba rrocirelHee BpeMfl onpe[eir fl ercfl
reu o6ullru rroJro?fieHrreM, qro npouecc HayrrHoro [ogHaHr{fl onagbrBaercfl
Jrrrrrr, o[HLrM rda aranoB 6otee ilIrponoro [poqecca, BaBeprlanuerocfl
r[aHrlrvecHuM ocyulecrnJrerrr{eru roft qenu, palrr Horopoft, n cyquocru,
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I{ npe[fipr4Hl{Malorcfl Te IIJII{ I.IHbIe I4ccJre[oBaHllfl. 3ro, n cBolo orlepeub,
IIpr{BO[r.rr H TOMy, qTo IIeIE'IO HayHII Ira COBpeMeHHOM ee ETa[e flBJrflerCfi
He roJrbno rr He croJrbno [oJryqeirue un{ropMaIIIlI{ o6 raayvaeuolr aroft
HayHofi o6renre, no u nupa6orna penoMeIrAauuft rro rrpIluflrl4n peruennft,
Hacarour{xcfl Droro o6senra.

leHrp rfl)fiecrll I{oJr}fielr 6rrrr, nepeHeceH c 6onee naccllBHoro,
noaHaBareJrbHoro arala HayqHoro l4ccJre[oBaHvIfl Ha ero 6olee aHrlasHr'rii
ararr, Ha ararr npr4HflTl{fl peIIIeHI{fi. Becl HoMrrJregc BolpocoB, cBflSaHHr,Ix
c noJrr,rqecrseHHoft reopuefi rrplaHflTl{fl peIleHuft I{a ocuoBe nonyvaen'rofi
ra nepepa6arbrsaeMoft uH{opMarlutr, cJroxtI{Jrcfl aa Irocire[HIre [ecflrl{Jlerl4fl
B caMocrofireJrbHyro HayrrHyro [ucqr,rnJrlrlry - I4ccJreloBaHl{e onepaqlrft.

B cssau co BceM cfiaBaHHbIM, I,I MareMarl{Ha [oJr]nna o6cnyrHtlBarb
Telepb He roJrbHo npouecc rIoBHaHIrfl, llo I4 Becb o6utllft lpoqecc, [oxo-
UsUraf Ao npa1rurleiHllx peaJlltaallldfi nocrasileHllblx qeneft. fIpU arOu
ea?fiHoft c{epoft ee flpl{Jro}Hesraii onaeblBaercfi I'IMeHHo nocuerurufi us
reoperuqecxux aranod aroro o6urero rlpoqecca' gTalr err6opa peruenufi,
ararr, orHoc ntnvrficn H I{ccJreloBaHI,IIo olep alryrtrr.

Ilpuo6perafl cylqecrBeHHo HoByIo o6nacrs upl4Jrolr(eHlrft , marelrauaHa
V]fie He MO}tteT OIpaHLITII4TI'Cfl CJIOF{IIBIIII{MCfl aII[apaTOM, npUCnOCO6-
JreHHbrM [Jrfl peIIIeHI4fl 3a[aq no [peI{MyIIIeCTBy rIOSHaBaTeJrbHOrO XapaH-
repa. flapannenlno eMy B MareMarI4He HaqlrHaer paapa6arrrBarr,cfl noerrit
arrlrapar, opI{eHrI{poBannrrft cneqlr{raHy Balaq l{ccJreloBaHus ouepaqraft .

Cn6uurprana me arllx BaAarr cocrol4r rrpemAe Bceto u rJraBHbIirI o6paaou
B TOM, TITO PENCHIIE, IPI,IHI4MAEMOE [JIfi IOCTI'I}ITEHIIfi HEHOTOPOft qCTTU

troJrlr{Ho 6urr' e [oJrHoM cMbIcJIe cJroBa nall6onee qenecoo6paaHblM, T.e.
IoJrlnHo coorBercrBoBarb [ocrasneugofi rIeJrII B Magcl4MaJrbnofi crenenu.
lloaronry s 6orr,ruIaHqrBe MareMarI{qecnIrx aa[aq uccJreAoBaHIas ouepaqufi
yqacrBy-er Ieficreue Mancl4Mrraauuu (lrru uraHulnaeaqura). Teu caur'rnn
I4CCJre[OBaHLIe Ollepaqllfi Sacraeilqer MareMarlrHy oco6enHo I{HTeHcIrBHo
paBBI4IBaTb Te ee HanpaBJIeHI{fl' ItOTopbIe CBflSaHbI C pe[IeHI4eM SHCTpe-

MaJrbHbrx BaAarr. 3ro aacraBJrfler H rll,Icily ocHoBHbIx MareMarltqecHl,rx
onepaquft [pucoeqllHlrrb He Bcer[a {opruanrno o.qeprleHHoe (uo cogep-
)fiareJrbHo [ocrarorlHo nonanroe) [eiicrsue nr,r6opa nau6onr,ruero m

HaIlMeHbIIIerO qI{CJIa I,I3 TaH IIJII,I I4IHaqe OIIICaHHOIO MHO}fieCTBa qI4CeJI.

Canru no ce6e axcrpeMaJlbHble Ba[aqr4 orulolb He flBJrtrlorcfi MareMarI,I-
qecHoft norranHofi. 3a[a.ru, B Koropblx L{uyrcg SHaaIeHI.Ifl IrepeMeHHbIx,
MaHcl,rMrrsrrpyrcUlue ll:frl Mut[vtMll{3l{pynlllrre B HeHoropoft o6uacru EaHHoe
BblpalfieHl,Ie, a TaHII(e SaAarIII, B I(OTOpbIX HeI4SBeCTHafl BeJII4III'IHA !l[rt4

{ynHqran Bxogrrr B Ba1aBaeMoe BapaHee coorHoIIreHI'Ie no[ sHaHoM
MaHCI,rMyMa I4JTII MIIHI{MyMa, y}Ite AaBIIO paccMaTpIIBaJII4Cb B MaTeMaTI4He.
Orrrcxalrue nau6onsuux I{ Hal4MeHbrrrrrx anaqenrzft {y"*tlut flBJrflercs
otrnofi r4B nepBbrx Ba[aq gu{{epeuul{aJlbHoro ucrll4cJreHl{fl, a HaxoFtleHIIe
{rynHquft, DncrpeMLrBI{pynuux {yurquonanu l4HrerpaJIr,Horo rl{Irao
cocraBJrfl er rrpelMer HJraccl4qecHoro Bapl{aql{oHHoro I4ctII{cJreHIrfi .

Cssar ancrpeMaJrbHr,Ix Bagaq c npI{HflTLIeM ourl4MaJrbHblx peurenuit
rracroJrbno ecrecrBeHua, qro [a]fie B cryrlae ipuauuecxux D]tcrpeMaJIIHrIX
3a[aq uccJreAoBaTeJrrI IIpolxJroro ycMarp14BaJIII peaJrl4sallulo qeJIeHa-
rrpaBJreHHofi genrensnocru. TaH 3filep ts cBoeM ocHoBorloJraraaqeM
Tpyle rro Baprraur4oHHoMy I4cqlIcJreHI4Io [uilreri ,,... TaH HaH 3[aHI{e
BCero MI4pa COB€pIII0HHO II BOsBeUeHO npeMylpr,IM TBOpUOM, To B MI{pe
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He nporrcxo[uT Huqefo, B qeM 
"_" 

6"Ig 6u wrlen cMbIcJr HaHOTO-nU6y[s

ruaHClauyma l{ilIr MuHuMyMa" [1]. floarony scHo, llro BHJrIotIeHIle B

;S;pt ;p;"orxenuft ruaieuaruxq o6rueft reopuu npl{I{flrlrfl peureuuft,

paairil'ae MareMaruqecnl,rx MeTo[oB I{ccJIe[oBaHIlfi orrepaqraft ne Mo]fier
-ne 

conponolriAarbcfl I{HreHcI{BHoft paapa6orHofi annapara [ilfl peIIIeHIIff

EHCrpeMaJrbHblx 3a[aq.
B .racrHocrll [oJI?+(eH paapa6aruBarbCfi U anre6paUqecHUfi anflapar'

t.*, t"op""--u""aOpuuqecHl'Ix ouepauufi, coxpaualoulux s Hau6oree

"Otrl"ir 
lt 'u6"tpu*t"df 6optue ogroeisre csoficrsa sap(Hefi11rgx [eftcrsuft,

BbInoJIHfleMbIx IIpu peIxeHIIII aHcTpeMaJIbHbIx 3a[aq: MaHCIIIMI{3auJ1I'I l|
*""1n*rnt"tlltu. i**utu"Hoe oauaqaer, qro eru csoftcrea [eftcrnufi troJr]nHbl

6rrrs cibopuvnupoBaHbl B BuAe aHcIloM' olpeleJrflIorl\lIx coorBercr-

"vtottlvt6 
dnt""6p'ulou"cfiylo cllcremy (a6crpar(rHylo anre6py)'-'fui"tn" 
att""Ofaroecnlre cr{crenrr paccuirpl'IBaJrrrcb rr paHbllre' flocra-

rorrHo yHaaarr, Ha reopI4IO locrpf/,Itry^p 12] (oCo6euno-' Ha Teopllro lunefturrx
;;tfi,iyp t u R_rrpo.ipaHcrB 

^151. -Ou"a*o, 
norpe6uoc.rT ?lcrpeuaurnoft .

MaTeMaTI{I(U ne noxprrBaloTcfl peSyJIETaTaMI'I OTI{X Teopun; uocJlelHee

oOato""""ucrno npuno[I4T It rIolIcHaM HoBbIx anre6pauuecHux reoprafi'

ilp" ua"* 
""t6pece, 

xoropsrfi BblsblBaer nocrpoenlre a6crpaHrurrx
u"*?p, ""u"rrur" iaapa6orry coorBercrByloUeft teopUll rlenecoo6paano

ue c h6crpanrrru{ o6reHron, a c 6olee HoHHperHbIx, Ha[ r(oropblMll

trefiCrs's rtoryr onpeAeJrflTbcfl He roJlblto aHcI'oMaTI,IqecHI{' Ho z co[ep-
o*urenu"o. Ft-uUcny raKLIx ItoH4peTHbIx o6'tleHros oTHocflrcff MarpI{IIbI'

TaHralr o6paaou, nocrpoeuue aHcTpeMailbnoft anre6pbl Marpl{u trPe[-
CTaBJIfieTCE [oJIeBHr'IM I4 CBOeBpeMeHHbIM IeJIOM'

l,(porvre repequcileHnblx reoperlrqecnltx c9ogpa]fieHufi H nocrpoeulllo
ranoft reopui flpllBoArrr I'I Heo6xollrMocrb o6o6ulesus pfl[a HoHnperHblx

{aHrono icrpefanrul{xcfl B paar'rrHbrx [pIIHJranIrbIx MareMaTUqecHUx

i"rpn o*. Acicraroquo cocJrarbcs ua crarfra A. 1. . Jlynq a l4l n H. f .

ii;;;;;# i5i ;; reoprll{ penefino-HoHra*r'brx cxerl' a raHme A'
III ra m 6'e I a t6l,-P. B e n lin'l a u a u V. Ft a p y w a l7 7 II EP', IIccJeloBaBIIrrIx

Borpocbr nyreft n rPa{e.
p'accruor!enue aroro Hpyra Ba[aq c a6crpaHrno-anre6pau'IecHo_ft

TOqHr,r sperrl{fi HarraJrocb, rIo-BI4[llMOMy' c pa66ru fp' Moucllna [8]'
llneu aicrpeMaJrbHoro rapMo'I,rqec*oto ananuea pasBI4BaJII,Icr Eenn-
lrauolr u FtapyureM t7l. Mnonrecrso MarpuII c [ByMfl aI(crpeMaJIbHbIMI'I

AeficrsusMra icrpeuaeicn y flanuura [9]' Ananorr'rqnble Bolrpocbl B

tryxe AlruaMlrqecnoro rporpaMMl4ponanua paa6upaer U' B' PoManoe-

"'*"t TiOi. F(par*oe rr'Jro?fieHr{e ocnonnr,rx peayrlrraron [ansoft crarbu
coleplnllrcs s aaiuerHe anropa [11].

1. Sagauu, trPuBoAnrqtre
fi euereuau luueftnlrx ancrpeuaJrbnrrx 5panuenufi

l.l. flpennoJroxtlrM' qro n BI4[oB cbrpbfi C1, "', C, wloryr gcrlo;rb-

,o""r"*" il-;;a;* ra nx rrpotrsBolcrseHubrx rrporleccoB 4, . ._:, il*,
trarolrllrx coornercrBeHno onoHqarerbubre upogyHTbr Pl , ' ' '' P^' Eyueu
cqr4rarb, .rro, yrro"pe6rss cblpbe q n nfouticce ffa, yy "t 

Ha?fi[ofi

eA[HrrrIbI qttpi [ocraroqnoM noJrlrqecrBe Bcex ocraJrbHblx BI{uoB cblpbfl

floryrrlrM An, egvnv\ rpogYHra Pa.
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Eyueu crrr4rarb, qro [Jrfl xo[a Ham[oro I4I3 [poueccoB 11r neo6xo[raurr
Bce Brr[br cwpsn C1. flpuueu rax]fie, qro HaJrI4qIre Bcex BI{IoB cbrpr,fl
u [ocTaTorrHo rJrfl fiaffi[oro npoqecca: npoqecc lpeHparqaeTcfl Jrrrrrrb c
r4crrepuaHr.reM SanacoB olHoro Ir3 BI{IOB cblpbfl.

Cupaurlrnaercfl, HaF(r4e MI4HI,IMaJIbHLTe HoJrI4qecrnaXlchlpbg Cj'Ha}fifioro
Br,rga cJregyer BBflrb [Jrfl roro, .Iro6rr Mo]nHo 6rrno, nycrLIB B xor
nro6oft L{B rrpoueccor^ ffa, norytlllrb B peayirrJrareBu egunuq npogyHraPa.

ouesragno, rrcFtoMbre Horr4rrecrBa xi Aonx$rrr yloBJreTBopflTb cI{cTeMe
ypanneuuft:

min AniXi:Bo $:1, .,rn)
j

3aueruvr, rrro rro caiwofi rocraHoBfie Bonpoca s AaHHofi aalaqe ArtlO.
B cauou leJre, ecJrr{ 6u 6uno Ar,t:O, To AJrfl noilyaleHl,Ifl npogynra Pi
yrracrByrorur4x B Ba[aqe BI{IoB cblpbfl ora3aJlocb 6rr neAocraroqHo.

1.2. HeHoropafl TexHl4qecnafl cl4creMa cocrol{T yrc n yarroa, Haln[rrft
uB lroropbrx xapanrepllayercfl oIHI4M napaMerpou & (i:1,...,n).
flpegnonorxl{M, qro cllcreMe [pe[crollr pa6orarr e nlo6onfl Ira 7/, pe]fiIrMoB,
upr{qeM Harpy3Ka, Bbrnepffir{BaeMafl yBJroM , B ycJroBl,Iflx pemuua z

rponopquoHaJrbHa Beruqr.{He rrapaMerpa yaJra, a moo(ffuulreHr rlporop-
ur4ouaJrbHo crw paseu Aa1.

Cnpaurunaercfl, r{anr4e MIrHI{MaJrbHbIe BHaqeHIrfl HaxtAoro [apaMerpa
cirelyer rrplrHflrb [Jrfl roro, qro6rr B pe]fiI4Me i HarHrufi yaeJr cl{creMbr
6rrn cnoco6eH Bbllepmarb Harpyany Bc.

O.reeutrHo, orBer Ha Harrr Bonpoc ran)fie cocrolrr B peIIIeHITI{ clrcreMbr
yparueuuft [1].

1.3. Vcneuruoe {ynHuuonuponanl{e crrcreMbl, pa6orarorqeit n m paa-
JII{IIHbIX PE}fiIIMAX, 3ABI4CI4T OT I{CNPABHOTO COCTOflHIIIfl HEHOTOPOTO I,I3 EE

ycrpoficrn, Horopoe Molr(er 6rrrr, nrrnoJrHeHo B oIHoM I4B /, BapIdaHToB.
Brrxoq J'-ro Bapl{aura ycrpoftcrBa lra crpofl B ycJroBlrflx i-ro peffiI{Ma
BJrerrer c BepoflTHocrsw Aut BbIxoA I{3 crpofl Bceft cncreurr. MaHcll-
MaJrbHbre BepoflTHocru X1 nrrxoga I,IB crpofl j-ro napllanra ycrpoficrra,
rrplr Horoprrx BepoflrHocrl{ Bblxo[a I4B crpofl nceft cracreurr e f-oM pemlrMe
He npeBocxogut 86 AOJIInHbI y[OBJrerBOpl4rb ypaBHeHLIflM

(1)

(2)max Aui Xi - Bt
j

l.&. flycrr Henoropafl crlcreMa Moru(er HaxotrIrrcfi B oAHoM vIB m
cocrosnufi C1, . . ., C*. llepexogrr cl4creMbl IrB ouuoro cocroflHl{fi B

[pyroe Moryr coBeplxarbcfl B [IrcnperHr'Ie MoMeHTbI BpeMeHIl 1,2,3, . . .) n
rrpl4qeM nepexoA B MoMeHr t I43 cocrofluvn Ca B cocrofHl4e Q rpe6yer
Barpar "l?. 3[ecr afj) uoryr 6r'Irr rpoLraBoJrHbIMI{ BeIrIecrBeHHbIMI4
qr4cJraMrr. F,c,nu alt] ( 0, ro ary BeJII{quHy Mo}nHo LlHreprlperllpoBarb
Hafi [oxog. floguepHneM, qro Mbr He reJraeM a[ecb [pe[loJro]fieHl{tr o
roM, qro af) :0: coxpaHeHl4e clacreuofi cBoero cocrosHrlfl Mo?fier

rpe6onam I,Iarepffiefi, a B [pyrl4x cryqaflx - I4 npI'IHocI,Irb Aoxo[.
Cnpaullnaercg, fiaH cl,IcreMa, Haxo[t{qaflcfl B MoMeHr 0 s cocrosul4l4

ci, golxura I,ISMeHflTb B MoMeHTbI l, . . ., n cBov cocToflHl4fl, qr:o6rr n
MOMeHT n Otl.aSarb}ft B cocroflHl4tt c1, a cyMMapHble aarparrr 6rrnu
MIIHI4MAJIbHUUU?
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Xors ara aa[aqa Ir He cBollllrcfl H cl{creMaM yparuenufi rrana (1) l'Inlt
(2), ona, HaH 6yler [aJlee BblflcHeHo' orIrocl4rcfl ]t roMy ]fie Hpyry
BOrrpocoB.

1.5. CllcreMy ypaBHeuraft (1) U [eoficrseHHylo efi..s HeHoropoM cMbIcJIe

crrcreMy (2) ruil 6yUeu Ha3brBarb crrcreMaMl{ nuueftuatr encmpey,allbHwr'
(ulu upocro sacmpeJua"tuuur) ypanueuuft. 3ro HaBBaHIre o6rscngercn
reM, qro B JreBbIx alacrflx arl4x ypaBHeulaii crour oluopo[Han {opnaa
rrepeMeHHbrx xr, . . ., x^, co[epffiarrlafl orlepauulo BSfTI{fl eHcTpeMyMa,

BCg naCrOfIIIaR CTaTr,fl 11oCBflIIIeHa I{CCJISIOBaHI{ru JIIIHefrHbIx aHCTpe-

MaJrbHbIx ypannenr.rft Ir cBflSaHHoMy c HI{M MarpI'IrIHoMy..aflrraparY; eo

MHor.oM napaJrJreJrbHoMy TpaluultoHHolry annapary ;runefinofi a;rre6pr,r.

or[etsstre {opnnynllponHra a"lre6pr,r sHcrpeMaJIbHI'Ix QopM HafloMII-

Halor npelrrorxenud rebpllu nuneftnoro nporpauruupoBaHl4fl' Toquoe
BbrflBJreHI^e cBflal{ arl{x rByx reoplrii 6uno 6sr BecbMa lrHrepecsblM'

2. Peruenue cnereu anerpeMaJrr'nnrx ypannenufi

2.1. flycrs I{aM uaHa cl,IcreMa axcrpeMaJnnux ypanueHuft

AuXi-Bi (3)

cilyqae
TaHlfie

min
l<j3n

r[e BCe qucila At,r tl Bi HeOTpI4UaTeIbHbI. f{CHO, IITO B STOM

peureHue cucreMbr (ecru oHo Boo6rqe cyuecrByer) uonEtHo

cocToflTb I43 HeOTpI,IqaTeJrbHbIx qllceJr.

B rex cnyvanxir*o"Uu qI'CJra Ais u 86 rroJro*tllreJlrnu, 6rrnaer y[o6no,
rloJlarafl log A61 : at j, log X! : n! u log Bn: br, rlePerlucarb ypaBHeHI'Ifl

(3) e cneuyloqeM sule:
min (aui * ri) - b; (i : 1, . . .,ffi)

LSi <,n

3[ecs qucra da1,bavr01 MO[]T I{MeTb y}fie rrp-orrsBoJlL,Hble SHaHI{. floarouy,
rloJlalafl - at! : afr, - bt: bf v - h: c.I urr Mo?fieM sarrllcarb cl{creMy
(4) raH

max(of;i+rf):Ul (i=1,...,rn), (5)
l<i<n

a, floreHlll4pyfl, MbI [pnxoll'rM fi cl{creMe BI{Ua

max Afi Xf - Bf (i : 1, . . . ,r'tl,\
1<i3n '

TaHuu o6paaou, B cryrlae [oJro]fiI{reJrluocrl4 Hoe{{uulleHroB I{ QBo-

6Olnr,rx .Ineios B CIICTeMS (3) nOCrarOqgo I4CCIeAoBaTb TOJI6I{o cIaCTeMbI

o[Hofo r43 BrrAoB (3)-(6). flocne aroro ycJIoBI4ff paspelrl{Mocrl4 cl4creM

oliurru"ut* rpex nugon r4 Mero[u*a sHquireHun ux peuenuft 6ynyr noJry-
qeHbr aBTOMaTI{qgCHI4. B crlyvae Ete, Ho1la HefiOTOp},Ie_UB [apaMeTpOR

clrcreMbr o6paqarorcfl B HyJIb, aHaJrI{3 cI'IcreM nuua (3) cyulecrBeuHo

orruqaercfl or cl{creM nuga (6).
Mr,l 6y[eu o6rrqno I{Merb [eilo c cIIcreMaMIn ancrpeMaJlbHblx ypaBHe-

rtuir ,,ria (3) u (6). 3ro, no-nepBblx [aer 6o,rsuryro o-6uluocr; paccMor-

peHr,rfi, a Bo-BTopbIX, nOBBOJIfleT BSCTI{_I{3JIO}fieHI,IS B [o1ee IpI'IB6ITIHOI'I'

uynrrznluHauasHofi TepMr{HOJTOTUU. B oTleJIbHbIx cJlyqaflx, olHaI{O,

(4)

(6)
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a[Ar4rrrBHafl repMl4HoJrorl4fl 6yuer [Jrfl Hac Aa]fie [pelnoqrl,rrerbHeia.
B erux cryrraflx MbI 6yIeM rrocpeqcrBou norapu{urrpoBaur4fl fiepexolr4rb
Ft cl4creMaM rr4ra (4) u (5).

2.2. Asanua cr4creM 13) u (6) Mbr HaqHeM c paccMorpeH?rrr rex cJry-
qaeB, Irorla xorrr 6r,r o4un ua cno6ogubrx qJreHoB clrcreMbr (3) o6pa-
ulaeTcfl B HyJIb: Bn : g. 3ro eHa.II4r, qTo HyJIIo paBHo oAlro I43 ql'cer

ArrXt, AuzXr,. .., ArnXn,
r{ rroroMy rr.160 oAr.ru ua r*oa{{uur4eHroB

Ant, Aor, ,Aun,
lu6o oEno I{B HerraBecrrrbrx

xt, x2, . . ., xn.
Flcnra nynu lrMerorcfl cpelrz Hoa{r(fuuraeHroB, ro ypaBHeHr4e npelcraB-

nger co6oro rolfi[ecrBo; oHo He BJrl4fler Hrr Ha paapeu,rMocrb HIa Ha BIu
peurenuii cr4creMbl, cocrogqefi I4B ocraJrbHbrx ypaBHevuft, v [oaroMy
Molr(er 6urr, or6porreHo.

Ecnu rHe nce xoa(f{urlr4eHrbr ypaBHeHlrfl orJrrrqHbr or HyJrfl, ro B HyJrr,
[oJr]nHo o6paqarrcfl xorfl 6rr oqno I4B HeI4BBecrHbrx. B arou cryqae B

lpaBbrx qacrflx Bcex ypaBHenktft, B r{oropbre aro Hel43Becruoe Bxo[r{T,
loJrlnHbr croflrb nylu (n nporI4BHoM cryrrae cr4creMa uepaapeullua).
Ecru aro ycJroBrle BbrrroJrHeHo, To Bce ypaBueHrrfl, co[eptnaulue [aHHoe
HeIlBBecrHoe, Moryr 6nrs 6ea yr{ep6a [Jrfl aHaJrrraa sceft crrcreMbr or6po-
rrreHbr. B .racrHocrrr rrpl4 arolr 6yger or6porueuo I{ [epBoe ypaBHeurre.

I4raH, HaJrr4qrae HyJrfl cpe[rr ceo6ogHHx qreHoB ypaeHeuuft npr4Bolrrr
;ru6o x 6rrcrponry ycraHoBJreHr.{ro Hepa3perrrr4Mocrr4 cuireun, lu6o H
cr4creMe s ce cn o6ogHbre qreHbr xoropoii noJrolr(rzTeJrbHr,r.

2.3. O6pau{Mcfl renepb H aHaJrr4ray cracrenru (6).
PacclrorpuM cHaqara cnyuaft, Horga Henoropoe Br:0:

max Ai1 Xt :0 .
j

3to Buavltt, vto
Aot Xr: Ao.z Xz Arn X, : 0 ,

T. €., ffa?fi[oe HeI4tsBecTHOe, BXOAfltrIee S 0-Oe ypaBIleHIIe C HeHyJIeBLTM
xoa$SuqueHroM, [oJr]nHo o6parqarscr B HyJrb. Ilocle or.Spacrrsauua
Bcex ranl4x Her{BBecrHbIx, MbI noryrll4M crrcreMy, e Horopoft BcflHoe
ypaBHeHr4e c HyJreBbrM cno6ogusrnr qJreHoM IlMeer nce Hoa{{rlrlrleHrbr
paBHbrMr4 HyJrro. flocnegnee oaHarraer, qro aro ypaBHenrle flBJrflercfl
To?fi[ecrBoM rr Mo]r{er 6r,rrr racnrroqeHo uB pacc[rorpeHrrrr.

Taxulr o6paaou, MolrtHo cqr4Tarb, rITo Bce qI{cJIa B, noloxtureJlbHbr.
Ecrlr eo Bcex ypaBHeHl{flx ranoft cr{creMbr rrpr{ HexoropoM HerrtsBecrHoM

X, croRr HyJreBbre xoa{{uqlleHTbr, ro s rro6oM ee peureHl4l4 enaveuue X1
Moffier 6urr nr,r6pano coBeprrreHHo npora3BoJt,Ho. trllcHnro.ras aror
cryuafi, 6yueu cqrrrarb. qro [rfl Ha]r{Aoro J uafi[ercs raxoe i, uto
A,,> 0. Oqeefl[uo.

x1 { min +i: A612 O di j
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flycrt At, j __ 0. SaueHIaM eror Hoa{{uqueHr cncreMbl

0 < Ai'i.-lotu; -

rnln
i':AiirO Al,i

Oqes[AHo, rorra
Ai,,i xt lBt ,

!r MaHcLrMyM B 3TOM ypaBHeHI{I{ U n nosofi cIICTeMe [ocTI{IaeTCfl Ha qJIeHe' '

;;il;"* or A','1xi. Cnegosate:nrno, HoBafl clrcreMa paBHocI{JrbHa

crapofi.
liencrnya rafi croJrbno pa3' cltoJrbno HylnHo' MbI rlpu[eM n cllcreMe'

nce Hoa{{uul{eHrbl xoropofi rloJroF(I{TeJIr'HbI'

2.4.EyueuTenepbcIIIITaTb'qToB(3)ncequcJlaBlIIoJIO?I(I4TeJIbHbI.
Bcunyrlpe[bl[yuefooTclo[acJIe[yeT[oJIoEtpITeJIbHocTbncexHoa{{ru-
UUenrOn ,40r.

flouoxrus
Aui:u,,. i:I,...,ffi) i:L,..-,n, (7)
o - f x'l tDi

Mbr Molr(eM rleperrncarb cr'IcreMy (3) o nrage

minYttXi:t i:\,"',n't" (8)

7<i<n

Sror srag cI,IcreMbI (3) 6yueu HaBbIBarb npueeleuualJ{' a Marpl{uy

/yt, . ../r, \
(e)t.lt' I

\T*t' ' 'T*n/

- Marpl{uefi npranegenurrx Hos{{uqIIeHroB cucren'lu (3)'

2.5. O6oana.ruN{ rrepe3 Sl U:1,...,n) MHo}fiecTBo Bcex raHlrx

crpolt s Marplllrbl (9), uro

Yst: minYrr' (10)

l<i<m

MHomecrso Bcex crpolt Marpl4ubl (9) o6oanauun uepee B'

Ecnu *"o*"aruu 
-k,,..', bi* 

"o"t"BJrflIoT 
nor(pblTl{e S' to TaHoe

nolrpbrrlre 6yneu HaabIBarL pdspewarct4u*4'
Byneu 

"o"rop"r", 
vro peureuv'e x1, ' ' ', xn I{ paspeIuaroIrlee [onpbl-

,rae i97,, . . ., sio ilnoxtecrsa s coomaemcmsatum Apyr Apyry ' ecrv'

*.' - 
1 

(s;e S; , l: l, . . .,k) (Il)ntt - yrtit

Xu2! (re&, i*ir,...,ir). (12)

r8!

Salreruu cpasy }fie, rrTo AJrfl BCeX peurenufi, cooTBeTCTBYtouIux HaHOMy-

uu6o noHPtrrurc, 
rxt) max J- (i : r, ' '',n) ' (13)

L<d<m Yni
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Ecuu unomecrna Br, . . . , S, o6paayrcr ilor{pblTlae B, u arouy rroltpblrlln
coorBercrByer peIIreHI4e X7, . . ., Xn, To

Xr: ^u* 
! : ,''u* *. U: l, . . .,n). (14)

lsi.=m YxJ LS:if;m"rJ

2.6. Teopeua. Itatrc1oug pelaeHulo cucmeJwbr (3) coomeemcmsyem
Huromo p o e .MuHurtallbHo e p as p eutarcu4ee nonpbtmue lwHottcecme a S . It aue-
}o"ug paapewarot4eilg nonpbtmurc S coomeemcmrqem Hewomopoe peueHue
cucmeuat (3).

,[ o H a a a r e Jr b c r B o. flycrs Xr, . . ., Xn - HeHoropoe peurenlle cl{creMbl
(3). 3ro oaHaqaer, rrro

X,)I (i:1,. ,m,; j- 1,...,'Tt,j

rpr4qeM [Jrfl Ha}I{[ofo i f,onrnuo HafiTucb raHoe

xi<r):*'

n),

j(,), rlro

(r5)

(16)

O6oeHa.ruM rrepea Bj unomecrBo Bcex tex i, [Jrfl.Horopsrx i(i,): j.
TaH HaH HarH[oe i e B npuna[JleffiI{T HenoropoMy Sj, cenneficrBo MHo-
lfiecrB nuga Bj o6paayer nonpr,rrue S. Bu6epervl cpeAI,I ttlHou*ecre Sj,
Te, Horopbre cocraBJlflIor MI4HI,IMaJIbHoe noHpbITLIe B lr [oHameM' rITo oro
loltpbrrrre flBJrflercg paapeilanul4M I4 coorBercrByer pe[reHl4lo Xu . . ., Xn.

flycrr [ocrpoeHHoe MI4IHI{MaJrbHoe [oHpbITI{e cocroar yrg MHo}fiecrB
B;,,. . ., Sj7. Paeencrno (16) oaHaqaer, rlro

X,.: L 
(s1 e S!,, l:1,...,k),--l'- yrtit

a rra paBeHcrna (15) crelyer, qro

o-la4 4. 
-,' Ttt

r4 grfl Bcex s v j uu roM aII{cJre rIpLI I e&(i *ir,. . .,iil. Cnelosarerr,uo,
IIOCTpOeHHOe [OItpbITr{e I{CHOMOe.

flycrr renepb Br;, . . . , Sju - npol{3BoJlbHoe paSpeualouee [oHpbrrl4e
ruHoffiecrsa S. Oiipeuerilu 4 

-U 
-1,.. .,n) B coorBercrBllll c {op-

MyJraMrl (11) u (12) vt [ona]fieM, qro arI,I rILrcJIa cocraBJrflIor pellreHlre
crrCreMLI (3). ,{nn aroro [ocraroqHo y6e[tlrrcs B cIIpaBe[JII{BoCrI{
cooruorrreHuft (15) u (16). Ho (16), Har( yx(e orMeqaJrocb, paBHoclaJrbuo
(11). IlpuulaMafl Bo nnuuanne (12), HaM ocraercfl ycrauonuru (13)
lJrfl rex cJryqaeB, Horra ,t q q. Ho B HalfiAoM ranoM cryrlae MbI

MolfieM vattrv HeHoropoe i' e 81, I,I Tolua

xoal: max l> I 
,

" - Yi' j -!1i"1mYi" j -- Yii'
u rpe6yemoe AoHaBaHo.

2.7. ,{oHaaaHHafl reopeMa IroaBoJrfler yfiaaarb B flBHoM Bltle Bce
perrreul4fl nuneftnoft ancrpeMaJrbnoft cucrevlrr (3), I4JrI,I lrte o6napymurs
HepaBperilrrMocrb erofi clrcreurr.



48 Ff. I{. Bopo6reB

Asanua ul{creMbl (3) c no,roE{I4TeJlbIlbIMn xoa{{UUI4eHraMI4 Mo}I(Ho

oBecrr4 rt cJrelyIoqIIM sTarIaM.

(a) Ilocrpollrb Bce MHo)fiecrBa S1, . . ', Sr. Ecnu onu He cocraBJrflIor
rroHphrTr4n MHolfiecrBa Bcex crpot{ MaTpuIIbI IlpLIBetreHH},Ix Hoa$i[UUllen-
ronf ro cucreMa (3) He l{Meer perueuufi. B npor:rannoM cJlyrlae peilIeHl4fl
cyilIecrByror.

(6) Ecnu cr{creMa (3) paapeuitrMa, ro cyulecrBylor paapelraro_nlue
rronpbrTl,rfl. B qaCruOcTI4, O[HIII\{ II3 Ta-HIIx noHpr,rruft [onrHnO 6rrrl
ceMeftcrso Bcex MHolnecrn Sr, . . ., Sn. Coornercrsyloqee eft perueHue
orpel{eJrflerca {opuynaull (14)'

ileuUy coorriomeitras (13) I{HbIe pe1ueHl{fl clrlcreMrr (3) moryr 6srrr'
rroryqeHbl I43 TOJIbIIO IITO OUUCaHHOI.O pelleHI4fl JII4IIIb 3a CqeT yBeIuqeHufl
TeX rzJrra r4Hblx e1.O H9MIIOHeHT. IlOarouy peIIeHIIe, oflpe[eJlseMoe {Op-
MyiraMr{ ( 1 4 ) ecrecrneHHo HaBbIB arb "M 

uH rt"Mt.nbHbrrt.

(n) @opvrynu (11) vr (72) roHaablBalor' rlro n {opmyne (13) auaH paBeH-

crBa goJl]nen o6ssareJrbHo BbInoJIHflTLcfl [JIfl ranl{x na6opon ir,'.',ir,
rrTO sj.,, . . ., sjo rrogpbrBaloT llnotnecreo 's. flnn ocranturrx eHaqeuuft
r4HleHCa AHaqeHI{fl X7 MoI}T yBeJII{TIIIBaTbCR CoBepIIIeHHO lpOI4SBoJIbHo.

3. OnetpeuaJrr,Hoe Bearoprroe ilpoerpanerBo

3.0. 3qeCr U [aJlee SIII{TST ,,3}tgTpeMaJr},Hbrf,r" B npI4MeHeHI4I4 It TOMy

I4JUI LIHOMy O6r,exry 6yUer O611.15O ynOrpe6laTbcfl B ToM CMrICJIe' sTo

O6re11r l43yrraeTgg C HeHOTopofi OttpegenegHofi rOqF{I4 3p-eHllfl, IIMeHHO,

c TorII{I4 apeHI,Ifl orlepaUul{ B3gTldfl aHcTpeMyMon. TaH MLI 6y[eM roBopl4rr,
O^6 eHCrpelraJlbHblx [pOcTpaHcTBaX, AHCrpeMaJIbHbIx onepaql{flx I4 T.A.

O6uqnO-e ynOrpe6nentae npularaTeJlbHoro,,aF{CTpeMaJIbHbIft" B cMbICJIe

IOCTI{}fieHIIfi Ha EaHHoM o6T'eHTe MaI{CIIMyMa ITJIII MIIHIzMyMa ran}fie
6yger rrpI4MeHflrbcfl. 3ro HecxonbHo BoJIbHoe o6paulenue c repMIIHoJIo-
ri.leii H iregopaeyMeHllflM [pIIBoIII4rb He [oJI]fiHo, ral{ HaH Hart(Eblfi paa
6yler [ocraroqHo flcHo, o rIeM r{MeHHo rl[er peqb.

3.1. n-eeftmopoJtil 6yleu, HaH o6r'I'IHo, HaBbIBarb ynopfl[orleHHylo
CI4CTOMy I43 rz BeIqeCTBeFIHbIX III4COJI, HaBbIBaeMI'IX HOMIIOH€HTaMI{ STOIO

nexropi. i-yro HoMrroHel{ry Bel{ropa X 6yUeru o6blqHo o6oana'Iarb
vepea Xr.

3.1 .1. Ilycrr X u Y - ABa z-BeHropa. llo'norxuu

(X u Y)o - max {Xt, Yrt\ (i :=: 1, . , n)

(X ,r Y)u - min {Xu, Yo} (i : l, - , n)

Onepaqurc n 6yleru rlaabrBarb ,MuHu'Muattlueft neuropon X v Y, a
onepaUI4IO v - I{X "uAnCunuaA4uefi ,

Eclu nexoropoe paccylfiAeHr{e crrpaBe[JruBo AJIfl xam[oit lI3 [Byx
ynoMflHyTbIX Onepauufi, To MbI 6yleu ilpoBOlI{Tb elo, HaBbIBafi oIIepaUI4Io
ereCmpenuaAt4uefi-m O6OaHa.Iag ee CI4MB9JIOU O. Pa,ayMeerCx, aTOT sHan
(nan u Epyrl4e, aHaJIoII4IIHbIe eMy aHaHI{, I{oropble 6yUyr BBeleHbI nalee)
iramgsrft^paa B rpe[eJlax oIIHoro !I roro pacryffigeHIaa 6y[er ynorpe6-
JIfTbCfl B OIHOM I4 TOM ]fie CMbICJre.



3 r* c.rp eM aJI hH as[ aJlre 6p a rr o Jr o lr'(BIT eJrbublx M aTF ltrl 49

flocxonrHy BeIIIecrBeHHbIe qucJra ranlfie flBfiRlorctl BeHropaMI'I (uueu-
no, l-neHropauu) onepaquu SHcrpeMI'I3aIIuil npIrMeHIlMbI It lt HI'IM'

$.tr.Z. FtaH o6nuuo, 6ynerw npu nn6ou BeIrIecrBeIIHorvr I' nox ,lX
roHlrMarb Benrop, AJrr Horoporo (1 Xh: LX* 3ra onepaqufl yMHo-
EreHufl Bexropa Ha cHaJrFp, 6y[er HaMI4 npuMeuffrbcfl JIIIIITb B cflyalae'
HorAa !r HoM[oHeHrbI Benropa X n cHaunp I ueorpugaleJlbHbl.

Ananoril"rHo no[ X + 1 6yner [oHl{Marbcfl .BeHTop, [nfl Horoporo
(X *1)t: Xr *1. 3ra ouepaql4fl ,,cABura BEoJIb 6uccexrpuccbl noJlo-
x(rarelbuoro opTanta" 6ynei [pI{MeHflTbCq 6ea fiafiIIx Ulr6o orpauUqenUft
IIO JI OET'ITCJIbHOCTI,I .

flycm $" - a-uepnoe eBHJIItAoBo rlpocrpallcrBo, a {!tn - el'o [oJro'
mureurnuft OpTaHT (r. e. uuOXtecTBO BCex Tex BeKTopoB, BCe HoMtIoIIeHTbI
Horopbrx Heorpuqareuruu).

Mioxecrno BeHTopoB Sz, paccM&rpl,IBaeilroe coBMecrHo c onepaql'IflMll
v n n II onlIcaHHbIM olreparopoM ,rcEBI'Ira" 6yneb [aJree HaBbIBarb-
cfl ??-Mepfl brw A00 umueuuJn lftcmpeJuAnbHbtnt SeftmopHbltt nplompAHomaoJlt.

Mnomecrso Dt*, paccuarpl{BaeMoe coBMecrgo c onepaqllstrl{ v u n

rr o[eparopoM yMHoxeHufl Ha cHaJIffp, HaSoBeM ?r'MepHbIM Mgnbmunnu'
namuqHblJl4 eeftmo pHu;'t ?frclnpeilanbHbril npocmpaHcm$o.fri.

flocraBrau B coorBercrBue HalrqoMy Benropy P. $, Befirop

M(Pl :(eP,,...,eP")effio (e) f).
OqennAuo, fipll aroM

M grr) o P(2)) : M1Att1 o M(P@r) ,

fi
M (I + P) : M(1) M(P) .

3ro anaqur, qro BHyrpeHHocrb npocrpaucrsa St, l,I flpocrpaucrao $*
(npn aaueue yMIIorI(eHtfr Ha cHaJIflp coorBercrBYlolquu clsuroM) uao-
nropifnrr orHocl{reJrbHo olepaqufi v u n. B cssau c arI,IM MbI MotfieM
Ham[uft pa3 orpaHl4quBarbcfl paccMorpeHtleM JrI4Irrb oAHoro I43. AByx
ExcrpeMairbublx Befiropubrx upoctpaHciB,. pynoBolcrByflcb coo6paxe-
Hr,rffMr,r yloScTBa I{ HarJIa[HocrIt.

flanee pevr 6yner I{rrI,I npeuMylrlecrBegHo Ir MynbrI'InJII'IHarIIBHbIx
npocrpa-ucrBax.

S.2. HenocpeEcrBenHoft uponeproft uerpygno y6egurrcn B crpaBoA-
JruBocrl{ cire[ylounx cnofi crs altcrpeMr,Iaaqltu :

1". MAem"nomewmHocmb: X o X
2. ItonngmamunHocrnb: Xo Y
3. AccoquamurH.ocmb: Xo(F

: fi'.

-YoX.
on)-(XoY)ofr

FtolrruyraruBHocrb I,I accoquaruBuocrb onepaultft ancrpeMrraauI4Ir [axlr
ocrroBauue aaflI[cbrBarr 6ea scsn[x cro6on Bblpa]fieHl{e

f,(rl e )(Q) o... o X(n)

Mn 6yne:foi bro u"rpamenue o6ognarlarb ranxte qepea

ll4'

O x(I')
k*L

4 tr:Itr, Bd. 3, Eeft 1
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Orlreruu [anlneftrnue csoftcrsa onepaquft aficrpeM]Iaaqufi.

4. flptr np6ou BelrlecrBeHHoru 1) 0

)"(XoYl:).Xol"Y'
5. flpu nrc6rrx BeIIIecrBeHHbIx Heorpl{qateJrtuux ir.ir,

(1ro )"") X : JtX o )"tX .

S.2.t. O.resu4go, cooruorrreHl{ff

XvY:X
n

X,.Y:Y
paBHocr,rJrbnu. Ecnu oHI{ BbrnoJrHffIorcfl, To 6yleM rllrcarb X2 Y,lttttt,
cLtHoHIrMlIqno, I ( X,

FtaH o6uquo, aJreMeHT XeX, HaablBaercfl uau6onruruu (nauuenuunm)
n t, ecnlr AJrs Bcex I e.I rueer Mecro Y < X (cootnerctnenrio Y > X).

Hau6omrttufi u nauuensuuft aJreMeHTbI MHoE(ecrBa fr 6ynent o6osna-
IIATb COOTBETCTBEHHO TIEPE3 Y tr, II AX.

3.2.2. Ecnu Xii) (i : l, - . .,kt j :1,. . .,1\ - fipor,raBoJrbubre n-BeH-
ToPbI'To 

k t t k

v n x(ir)<n Vxrrj).
d:r i:1 i:L i-t

B caMoM [eJre, paccMarpuBafi r-yrc HoMnoHeHTy nesoft llacrlr Ha-
II{CaHHOITO HepaBeHCTBa' MbI I4IMeeM

]k t \ k a

{ V A xttnl - U A Xttrr : m&x *iof,(,j),
\d:ri:l l, d:r i:l t<i<kL<i<l

,r Ha ocHoBaHlru I,IsBeCrHOrO HepaBeHCrBa

max min xyi) <min max X9, :( i i xto") .
1<i5& 1<j<, lSiS, 1<i<& \.t:1 d:1 | r

3.2.3. flororHuu AJIa X, Y r*"

a(x, Y) : 
r!, ,", - r,l : r:rg l& - vrl .

OynHqun p flBnrercfi runuqnoft uetpuHofi B npocrpaucrBax nocJre[o-
nareusnocrefi. B [aHHoM cilyqae oHa rlpeBpaulaer $r, B TonoJroruqecnoe
npocrpaHcrBo.

,{anee cxo[I{Mocrb rlocJreEoBareJrbnocrefi, orpaH}rrleguocrb' SaMIr.Iy-
Tocrb I{ T.p1. MHoEtecrB 6yner fioulrrMarbcfl IrMeHHo BcMhIcJIeronoJrol'tllr,
nopolfi[eunofi uetpunoft p. BnposeM' ara rorloJrorl'Ifl coBrlaAaer c rollo-
noineft .esruu[osa npocrpaucrBa BexropoB, I{a Horopblx cocrour S*.

3.3. Eynervl roBopI'ITb, rlro l,-Ber$op x encmpeilaltbHo saeucurn or
?c-BeKTOpOB

x(1), , . ,, X@), (I7)

ecJrlt cyqecrBylor raxlte Heorpl,IuareJrbuble grlcJla Xr,, . .,.11*, rITo

mx: o xrx$r. (r8)
d-t
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Mu 6yueu roBopI,ITb rarlfie B aroM cilyrlae, qro X ffBffflerctr .nuuefruofr
excmpefi.anauofi ndu6 unaqueil (unu upoci o oftcmpeila"qtuott nou6 uuaq uefr.)

renropon (17).
Vnorpe6nnfl BBeAeHHyrc TepMI,IH_oJIorIrIo, MbI MolrteM rlepeil[carb cllc-

reMy ancrpeMaJrbublx ypanuenufi (3) n nuqe
n

/\A.1 X1 :8,
i:r

rye A., ecrr j-uft cron6eq Marplluhl $oa(ptprauueHroB cllcreuu (3), a B -
Benrop flpaBbrx.racrefi Bxo[flull{x B ary c}tcreuy ypanueuufl.

Vcnonlle paapelll{Mocrll clrcreMu (3) coctollT, cJregoBareJlbHo' B ToM'
rrro BeftTop B uoumeu 6rrts uunuMaJlbHo BaBucI,IM or BeHTopoB A't.

3.3.1. ?Ia ycrauonneunoft cBfl,slr Metfi[y oncrpeManbnoft aasucllMocrblo
Ber$opoB c o[noft cropoubl It paapeuflMocrblo ancrpeMaJrbnblx ypaB-
uennft c [pyroft, 6ea rpyra Mo]nHo BblBecru cJle4ylolrlue csoftcrsa arcrpe-
maUrnOfi aarUCUMOCTI,I, aHaJIOtUqHhIe I{SBeCTH6IM CnOftCtSaM vrUneftnOft
BABI,ICI,IMOCTI,I.

PaccuarpnBaff ancrpeMaJrbHylo saBl,IctlMocrb HaHoro-Jludo nenropa
OT CtrCTeMbr BefiTOpOB, MbI MOlfieM CqItTaTb, qrO e arOft nOCUeAneft C1ICTeMe

IIoBTopflrolquxcfl BeHTopoB HeT.
Ecliu r-nerrop X oHcrpeualruo SaBI,IcI,IT or rc-B€HTopon X(1), , . ., X(ml,

a HarHlrrft tr3 BegTopos lf(t) BaBIICI4T B CBoIo Oqepelb AHCTpeMaJIbHo
or BeHTopoB X(dr),...,f,(iki (i:1,...,m), ro X aasucur ancrpeMalrbuo
ro neHropoB X(lr), ,. ., X(mk^).

C{opruynUpoBaHnble csoftctsa ancrpeMaJlbHoft aasllcuMocrl,I Moptuo,
BtrpoqeM, Aonaaarb LI HelrocpelcrBeuuo' 6ea o6paueul'Ifl rt ancrpeMaJlb-
HbrM ypaBeHHI,rflM.

3.4. IlogMuox(ecrBo 6 eHcrpeuaJlbuoro flpocrpaHcrna.-6yleu HaBbI-

Barb ilan.cutth0.Jtbr.o ewngnnuu, ecnn [ns ulo6ux XG), X(2) = 6 u upo-
r{aBoJrbHbrx o 1Xr,h, [nfl Horopblx )'rv )o: 1 ,

lrX<ttvtrrX<2)e6.

MnorreCrno I naarrsaeTgfl *tugutttaJlbublJtt sblngnllwtil, eCJII,I B Tex ?fie

ycnoBl,Iffx wpu 11,h2 0 u Xt,.),r: I uueet *recro

),rX<r) n)"nXQl e6.

3.4.1. MancUuaurgoe BbInyHJIoe 11ogMHorfiecrBo 6 ancrpeuaJlbtlolo
rrpocTpaHcTBa HasblBaeTcfi JilancuJ]4.dllbHo SbIngKJtbIJtl noHacoil, ecJII'I

uus nro6ux Xe 6 n l,)0 nueet Mecro 7Xe6. AnanorflsHo orpe-
Aenrrercs t tuHuJila,nbHwfi. ewngruutil nouqc.

flpuuepaMl.I BbrryrJl[rx r(ouycoB B ancrpeMaJrbnoM npocrpaucrse tlt,
r{oropbre oAHoBpeMeHHo sBnflrcTctr u MaHcrrMaJrbHbIMlI I{ MuHuManbiIbIMI'r,
Moryr cnyffillTb BCe BbIXOAffIIIUe U3 Haqafia KoopAuHar rytlu, a Tal{x(e
Bce npocrpascrno UL.

Eclru 6 - ilaficl{Maurnrrft nrrnyHurrft Honyc' a Xr), . . ., X(')
rar{ue Benropbl, sro un6oft Bel$op UB g Morfier 6rrm upegcTaBJIeH B BUAe

trx Malicl{Mdnrnoft nnnyHnoft Hou6uuaqul1, ro 6yuen'r roBop1lrb, rlro
ftoHJrc I natanyt Ha Berffopbr X(1), . . ., XQn'.

1.
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S.5. SauetllM, rlro HaprAy c BeHropHhIMu aHcrpeMaJrbHbIMI'I ilpocrpaH-

crBaMI{ MOtnHo paccMarpl{Barb n a6crpaHtnue aHcrpeMaJlbHble flpocr-
DaHcrBa, r{oropbre uoxrio oilpeAeJlurb ftaH noirycrpyxrypbt (cM' Hanp"

bupHro4 ;21i ourocureJrbgo onepaq,nn O c yMHorIteHueM Ha BeIUecr-

neuiue u6orpuuareJrbHbre cr(aJrfpbr, noTopoe yAoBJrerBopffer aHcIroMaM

n 
t?;"o"*rHbre o*crpeMaJrb'bre rpocrpaHc,r_Ba rpe^craBJrflror r{Hrepec

u c urcio aure6pauv6c*oft ro'rttnn speH[fl. Mu se 6yneu sAecb Ha aroM

BOnpoce ocraHaBJrlIBarbcg.

4. OnorPeuaJrbuaff ame6Pa Marprrq

4.1. Ftar o6nuno, 6ygeru HasbrBarb (mxn).warpl,lqefi raHyto Marpully'
s HoroDoft ,?' crpon lt n cron6qon.

[au^ee uu 6yiein paccMarpr{Barb roJIbHo MarpI{IIbI c noJIo?ltIrreJIbHbIMI{

aoe*e""aonu. g ardtpeuauinoft alre6pe ranrle Marpuqbr nrpalor ponb

"e"upoxne'Hbrx. 
flinuyrc reoputo, oxBarblBalo*ylo Bce MarpUIIbI c

neorfuUareJlbublMll ane rerlraull' aBTop npellloJlaraeT I'IsJIoEtlITb B [aJIb-

(AoB)11 :At'toBrt (a:l' ""ffi) i:L'"''n)'
OqennEno, B onepaquffx ancrpeMnaaq[u "AByMepHocrl" 

ctpoeuflR

Marpuubr HItnaH ue uponnnflryrcn. floarouy "o o-1t-9-Tllxl r( arl,lM

onepaquffM Marpulrbl tblyt ce6n rax xe, Han Benrophl' B 'racrHocrfi'
B rrDuMeHeHlII{ x n'rarpnuaM Motnuo [oBTopI'ITb mutatis mutandis sce

paciyxtenun paaqeua 3.

&.3. AllauoroM cfianflpHoro [pOuABeAeHI,Iff B ARCTpeMaJIbHbIX BeHTop-

rrhrx [pocTpaHcrB aX snuirorc q aHcTpeManbHbre IIpoIrsBeAeHI,If BeI$opoB'

onpe4etsellbre cJleAylolquu o6paaou.
flycrr X, Y e flltn. flonoxnu

HeftIunx fly6nuHalluflx.
Ecnu A HenoroPan MarpstrI&'

qepea A{., i-rttrt cron6eq qepea

eJIeMeHT tlep E3 An1.

t*.2" PacilpocrpauldM
TpeMIISaqI,IU BeHTOPOB'

Xof:

Xo f -

Xo+ Y -

Xo+ Y -

ro ,-ylo ee crpoHy 6yReu odoasaqarb
A.1, a cTofluufi Ha I4X rlepecerleH*In

Ha MaTpI,IrIbI OII'IHaHOBOfi {optvtu onepaul{Id AHC-

rroJrolltl4B AIIfI nrcdux [Byx (*x??)-Marpplu A vt ts

Yo,

Yo,.

onepaqu[ o ra o 6yneu cooTBeTcrBeHHO IIaShIBATb tlaftcuJilalbHu'iil

t .frtuHuilaltoxux npoua-neAenrasuu BeKTOpOB'- 
E"orn peur uxer'o Ber{ropax x U Y tr3 !F", To Mo}ItHo paccMarpuBaTb

qucJra

(Xu * Yo\,

(X' * Yi

n

VXr
d:L
n

AXr
i:L

n

V
i:L

n

A
i:1
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It rraabrBaTb IIx CooTBeTCTBeHHO MaHCuMaJIbnOfi U MLIHI{MaJIbHoft cyunlaUu
BeHropoB x u Y.

fonopn otrHoBpeMeHno 06 o6oux arl,Ix npouaBeAeHl{flx (cytuuax)
BefiropoB, uu 6yleru ynorpe6uarb repMun a,lcmpeila-nbnoe npollsBeregl'Ie
(cyuuh).,fiauruefiurre t[opMyilI{poBHI'I 1l paccytfileul'Ifl' B ltoropblx
ro-nopurcn o6 axcrpeuanisurx npol,IaBeAeHnnx 6ynyr l{Merb cl'Iny HaIt
lJrg MI,rHIrMaJrbHOrO, TaH I,I EJIfl MaHCItMaJrbHOro rrpollBBeleHl,tft.

FtaH nparnJro paccyx{reHl{fl 6ynyr Anfl orpelteJlerruocrl'I ilpoBoAllrbcfl
[ilR Cnyqafi MaIfcnMaJIbHOrO npol{3BeAeHuff. ax_crpe_uanbHoe IIpolIsBe-
reul{e neHtopon X u Y 6yner odosHa"Iaucfl HaK X o Y.

4.9.1. flyctn A u B - coornercrBeuuo rlponaBoJlbHble lmxpl- tr
(pxrc)-uarp-rauu. flog aHcrpeMaIIbHbIM npolrsBeAeHuew A u B 6yleu
nonr,rMarb raxyrc (zraxrz)-uarpuqy /QB, uto

(A o Blt, : Ao. 9I.., : L A,* B*t.
I:1

Anaroruqno onpe[eJrslorcfl ancrpeMaJrbHble cyMMhI MarpuII.

4.3.2. Herpynuo npoBepurb, rrro axcrpeMaJrbHoe npol{sBeAenne Marpllq,
soo6ue roBopfl, HeHoMMyraruBHo, Ho accoq[ar[Bno:

Ao(BoC):(Ad816C.
AccounaruBnocrb aft crpeMaJlbHoro yMHorneHI,Is MarpI,Iq 6ula lor(aaaua

n pa6ore Moncuua [8], n xoropoit, no-suAI'IMoM]r BrIepBLIe B Jrl'Ireparype
6rrna onncaua ora orrepaul{ff.

flnn aHcrpeuaurHoio npol{aBeAenl,lff ?} Marpurr /(r), . . ., A@' 6ylelt
noJrbgoBarbcs o6ogHaqeHI,IeM

n
6/(0 '
i-:L

Saueruu, HaHoHeu, qro ug Ao B: CcaeAye't Br o Ar : Cr, rAe " -
BHaH rpaucnonuponaul,Ifl Marpllubl.

4.4" flpusegeM HecnoJruxo ifaxrou, Hacaloulnxcfl cBflaI'I Me]fiAy BBe[eH-
HblMrr aHcTpeManbHbIMI,I Onepaql{FMI,I HaA MaTpI{UaMIr.

3anoHn, cBRBbIBaIoque o6e ofiepaquu ancrpeMaJrbuoro yMHorfieHur
Marpurl Hocflr Hecl,IMMerpuqnufi u [oBoJrbuo sanyraHunft xapaxrep.
Mrr ue 6ylenr alecb Ha HI,rx nogpo6no ocrauaBJrrlBarbcrl, a orMerIIM ToJrbtto
o4nn rfarr, y1a3blBaloqnfi Ha BoBMo?ItHhIe He[ocpelcTBegghle cBfl3I,I
aftcrpeMaJrbuoro yMHotfieul'Ifl MarpLIIr c reopueft nrp.

,[oHaxeu, vto
C}>(A
C}S@

C,
C.

(3gecr Bnafir{ > u < oanatlalor, rax o6H.IHo' rIo-aJIeMeHTHhIe HepaBeucr-
Ba Marp[q, upuqeM roquoe paBeHcrBo rar?r{e qonycnaerca).

,[nn npouaBoJrbHblx i tt i uw. IIMeeM

cB) o

oB) q
"4a(t8c
Ao(Bq

(x s (B o C)jui :
:

An* (B o Cj*t

Arr Btte Ca, : Au, Bue CttAV
kt

V
t

A
k

A
k
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Ha ocnosanrl,l HepaBencrBa MurII,IMaHca MLr noJlyqaeM

(Ao (Bo c))ry > y A 
A,r Brtcu : 

Y (A r" B*,)c,,

: 
Y @ o B)4 Q1- (,4 o Bl o C)q.

flepuoe ua Haurux HepaBeHcrB aonaaauo. Btopoe HepaBencrBo [ona-
SbIBaercg. aHaJror[qHo.

4./*.2. ff,ucrnpu6gmueHocmb (cr'r. tgl). Ecnu A (acxp)-uarpuua'
a B,(1) r,r B(zl - (pXra)-rvrarpurlbr, ro

A o (3tt) o Ber) : (24 o B<tl; o (A o E.ztl .

,[nn AoHaaareJlbcrBa Aocrarorno saMeql{Tb' qro

(r{O(Btl) o B(2))),r : ? nrr1ff(t) o B(s))4 : ? ntopt}> o S}\
: e (Ar* $r] o A* Bf,])

: ? Aor F.r'] o ? A,o 4']
: (.4 o l3(1))i, o (A o B<z)\n,

: (/ o B(1))o (A o B<zt1)n,

&.tq.3, Muuuuaxcw. F,ctu A - (m'xpl-uarpllqa' a Br) u filzl {pxn)-
MaTpUrrbI, TO

461A#t n "Rzl) ( (/ o A<tl; n (24 o Btz); ,

:4 o 1trlttl v B(2)) ) (z{ o 8tt)1 v (24 o Btz); .

flepnoe HepaBencrBo flonyqaerafl B peayJrbrare cneAyIol{Ilx paccyffiAe-
nufi:

(eOlattr , Brr\)u: 
Y 

nro(Btt) n BQ))*r

: V (An* Blr] n a1y ry]) = Y 
onr B[? ^ y enr 4ui

: (A o B(r))ri 
^ 

(A o Bt?)u: (24 o ftti; tt(A o Bz)Dri.

Bropoe HepaBeucrBo ycreuaBJluBaercn aHaJroruquo.

&.5. SrccrpeMaJrbHhre clrcreMhr ypanuenufi y[o6Ho tfopuynupoBarb B

repM[Hax ancrpeManbublx npouase[eullfi Marpltu. Tax, uolaras

llAnilo-t,',^: A, (8r,...,8*) : B, (Xt, ''',X*) : X,
'i -tu-,*

Mbr Molr(eM rrepe[rrcarb crrcreMy (1) naH

AoX:8,
a crrcreMy (3) Hax

46X:8.
4.5.1. Teopeua. Muotrcecmeo peweuufr ApdsHeHun Aox:B fr.e-

nfl.emc fl n4ancuJfianbHo gungwJtbril..
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,fioHaaareJrbcrBo. flycrr X(1),X(2) - ABa pe[IeHllfl arolo ypaB:
Henufl, Ir 0 < L,,Ar{ I, X,rv h: l. TorAa

A oQ\XG, v hX(z)) : \(A o;gtr)) v Xs(A6 X{zt1

:XrBv),rB:(lrvhlB:8.
Ananoru.rgo [onaabIBaercfl, tITo MHo]fiecrBo peuren]Ift ypaBHeHI'Iff

A o X : B ssilfrercg Ml.IHtIMaJrbHo BbInyHJrbIM.

4.S. Matpu\efr, saxmpeJftctllbHo ofpamnofr. n (mxn)-varpl'tue r4 uaau-
Baercfi (nxm\-tnarpu\a A-, gnn Horopofi

@-\0,:*r.
IrIa aroro oupeAeJreHufl cJreAyer, rrro rrr o6parnmoctl{ Marpl{ubl lreo6-

xoAI,rMo u Aocrarorluo, vro6u Bce ee aJreMenThr 6rrun nonoxtgTeJrbnbl.
flo onpegeueuulo ancrpeMaJrbHo o6patnofi MarpnIIbI

'(Ar)- : (A-)r .

4.8.1. ClfoprvryrrapoBauHoe onpeAenefl ue ancrpeManbHo o6paruoft uar-
purlhr onpaBAbrBaercfl cJre[ylolquM npeAJlomeHxeM.

Teopeua. 1. Ecnu

A o E: C , {3 e)

(20)

{sl )

2 " Ecnu
AoB'-C

{no

,[oHaBareJxbcrBo . Ms (19)

A P B.i -'-- C"! .

cneEyero qro ilppI nmdonn j
{22)

3ra ancrpeManbnan cl,IcreMa ypanneunfi npu ln6ou j paapeuuua orno-
cnreasno B.i. Ha ocHoBaHIIu rpopnaynu (14) (u onpeleneultft tuuHuMalr-
Horo rrpouaBeAeu]Ifl u o6paruoft uarpuuu) uunuuanbnblu peIueHI{eM
cncreMbl (221 flBJrnercfl A- o C.t. flocnonrny aro peruenrle MUHII-
MalrbHoe, a B.i - o[Ho I,r3 perueHufi, Aonntuo 6rrtr

B.iZ A- o C.,.
Tan naH aro clrpaBelnuBo npu un6ou J, Mu uouy'raeu (20). Aanee,
paBencrBo (19) naoxtno neperucarb fiaR

BroAr:Cr,
oTHyEa rro yr*(e AoHasaHHoMy cIeAyer, qro

Ar > (Br,)_ o Cr ,

BeA*oC.
A

"8SA-eC,
A,



Pta

oq) F{. I{" tsopodnen

IdJ,IV

ar >(B-)r o cr ,

I,IJII'I, HAHOHEq,

A>CoB-.
Bropan qacrb reopeMbr' AoHa?bIBaercR clIMMerpItqHbIM[ paccyffiAeul{-

fiM'I.
4.8.2. Oruetuu eIr1e lrecnonrHo csoftcrB ancrpeuaJlbuoro o6paqeuux

Marpl,rq.

/t"6"2.1. (A o Bl- : 8-6 A" .

,{eftcrnureJrbuo, paccMarpltBas croffuluft na nepeceqenlru i-ofr crponu
u J:oro cron6qa Marpulrbl (A o Bl- auetfieut, Mhl IlMeeM:

(,a oa)-)rr:C#" :#*u;: y h*
b

: v l]: v @-)*(A-l*t: (B- o A-)ri.
i BeiAlr v \-

4.G.2.2. (AoBr-:BoA-.
florcaaunaercfl anaJrornqno [peAblly[IeMy.

4.6.2.3. A-- - A. B caMou Aerre,

(A--\,t: &; Ar!.

4.G.2.4. (^ A')- : I e- .

4.7. [taH n n o6rr.rnont, ,riluneftHoM" cryqae, fia?fiAylo (mxnl"
Marplrqy r{. ecrecrneHlro paccMarp}IBarb Hax npeo6paaoBlntle npocr-
pancrnC IJI n lll*, nepeBoAnlrlee xaxgurft Benrop X e[!t* B Benrop
A o X uJrr{ coorBercrBeuuo B Benrop A o X esllt*.

Ecnu ffi <W, ro rIoA ,4 o S 6yAeu, rcax o6rrqno, [oHLMarb coBo-
ftynHocrb Bcex rex BeHTopoB BeSL, AJrfl Horopblx nprt uexoropou fi eS
nMeeT MecTo ,4 o.E : 8"

4.7.1. Teopeua. Ecttu uuoctcecmsa fr< tlh nwnelncfl sncmpeJ.lanb'
Ho eungftrlbr.M, mo JilHorrcecmoa A o I mantrce neJrflemcfl oncmpei4aabHo
d,0i.ngrerdM..

flonaaareJrbcrBo. BoarMeM rlpol{BBofiblro B(1), S(2) e A6 *,, vt

X1,X220, 1, o h: l. TorAa uaftgytcn ranue l?G), l?(2) eS, qro

B(1) - A g n<tt, B(z) : A6 nl?) ,

u rwn 6yleu Ha ocnoBauun 4ucrpu6yrldBuocrl,I ltuerb

11 Btr) o l" Bt'l : h(A o ft(l)) o h@ o ,B(2))

: (A a 1r;tt)) o (A o )qRtztl
:Ao(hRQrohltl.2)1.



OncrpeMaJrbruatr aJrredpa [roJroH{mreJIbHhIX Marpmu

Ho Bnmny Bbrnyffinocrrd $t

u noar*rvry 
i' frtu o AE Rffit e ffi

.lrBtl)o,l*Btz)e/on.
4.7.2. Eenu muoucecmeo fr e IJt , nl.nfl.emcn eftcmpeilartbHblrt sungruI*il.

froHgco&t, mo J,tHo?rcecmao ,4 o n e wh manwe ecmb ancmpeaananwit
ewngnnufi. tcoHgc.

Anr [onaaareJrbcrBa BaMerI{M, qro ecflu B:.,4 o.B u .i } 0, ro

,l. S :.1. (A o Rl : A o_1.8 e,4 o ffi .

4.7.2.1. B .racruocru, ancrpeMaJrbHbrM BhrnynJrbru ltonycoM flBJlsercff
MHol*(ecrBo A o ttrft".

4.7"2,2. Teopeua. encmpeuattwtotfi. eutngnnatt naugc AoW aa.na-
emcfl ,xcmpe*tqrtbHdJn sbrngrc,nbrJn noHgcoltil., Hamfl.Hgmd.M. Ha aenmopbt -cmonfqw uampw4tt A.

,{nn goraaareJrbcrBa [ocrarorluo. BaMerurb, rITo pareucrso X : A o Y
oaHaqaeT

xt: Ati :i, ,ffi),

T. e.
X: OA.iy7,

i
a B cl,rJry n. 3.4.1, ato n rpe6oBaJrocb.

4.8. B repMuHax aficrpeuanbublx cyMM Marpullbr yxo6no ipopuynu-
pyerctr u peuraercfl Bagaqa n. 1.4.

B cBoeft nepBouarranruoft {oprvryJlupoBfie ara Banaqa cocronJra B

nu6ope uonrepon cocrosnltft il,, ir, . . . , in-r cl{creMbl' ooorBercrBeHuo
B MoMeHTbI BpeMeHu l, 2, . . ., ffi - 1, noropue MI,IHI{MlI3I{posaril 6u
cyMMy

a,"gl * a"\21 -f
0oXt ' LtXz

* a\*l .' xrn-I xtn

PaccuatpuBan MarpI,IIIbr a(1), a(21,...,a0n}, Mhr MorfieM gcroJrHoBarb
Haruy 3a[aqy HaH BbrrrucJreH]re

lm-L \
lO+ 6@+\l .

\r:o l6h
4.8,1. Ecnn fiporrecc, cBo[Rrrlufics H

MaTplrrlbr 6&) o[rdHaHoBbr :

a$):gQ) :-orr:q,(m)-a,

ro Bbrpa'fieuue-(23) Morr(er 6rrrr nepenucauo B BnEe

(e9t*)''' '
Ecun ???, fiocrarorruo BeJruno (uo cpanneu[Io c nl, ro uHTyI,IrI,IBrro flcuo,

.rro nn6op ilocJreAoBareJlblrocrlr t , is, . . . , im-r [oJI]fieH cocroflTb I{g cJre-

EYroulrrx ara[oB.

c
j

Yj{i'

dw

b'd

(23)

Salaqe fI. "1, "7 o[H0poAeH , yt Bce
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Eo-nepnbrx, HaM Hyir{Ho uaftrpl ranoft
clrcrembr, odxoga Horopufi h{hr dyReln l4merh

F{. FI. Bopodnen

ulamfi j", . . ., jo COCTOfitlVtfrt
(n nepecqere Ha oEMH mar)

MLIHI,IMaJrbHbre SaTpaTbr,
Bo-utopr,Ix, cJreAyer uaftru olrl,rMaJrbHblft ,,Bblxog,. uB cocrofiwv,n i,o

Ha qIaI{Jr I4I OnTrIMaJIbnHfi ,rCXOg" C quHra n COCTORUIAe i'l.
B-rperruxn npoBecrrr cpaBueHl,re floryrreHHbrx peayJrbraroB rro Bce]r

UI,IHJIaM. flepnan lra rrocraBJreHubrx aa[aq cBolr,rrcff H roMy, .rro6br
nafiur raxyro rll4nrl,rqecnyro uocJre[oBareJrbHocrb cocronuuit jt,...,j*
qro6rr Mr,ruIrMr,rBr4poBarb

(24)

rfie IIOA Je+l IOHI,IMA9TCfl h.
TaH naH MlIHI,IMaJrbHafl Berlirrr,rHa cyMMapubrx aarpar uorrer 6urr

namuoft [axe I,r 6ea yHaaaHvflHa nyrb ee roryqeHI,rH, Haxofir[enrre MI,tHlr-
MyMa Bbrpa'fieHr,rff (24) uueer caMocroflrentnufi r,rurepec.

Sror npyr BorrpocoB 6yuer paccMorperr n paa4ene 5.

5. Oncrpeualrbuhre eo6creeunnre qrleJra u eo6ernenurre
BersTOpbr

5.1. flycm .4 - HnaqparHafl (zoxru)-uarpr{qa, a qucnoi u nenytenoft
Befirop X raHorrr, uro

AoX- -AX (25)

B arou cilyqae ,l naarilsaercn on.cmpenianbHbrJw. co6cmeeuutu4. qucnont
MaTptrrlbr A, a X - ee oncmpeJnalr.bHbril co6cmeenuou( eeftmopo,u. MaHcu-
MaJrbHoe co6crseuHoe qucJro A 6yaer o6oana.raTrcfl rrepea 1(A) un ,
Horga oro He 6yler BbrtsbrBarb HelopaayMe:avll, npocro qepea tr, a muuvt-
MaJrbHoe ee co6crseHHoe ql{cru - coorBercrBeHuo qepea x(A) unu )..

MnorHecrso Bcex ancrpeMa.Trbubrx co6crseHHrrx BenropoB o6oeHa.ruM
qepea X,1A1vtn, Hopoqe, vepea F.

5.1.1. Teopeua. IIpu nn6ou a) 0

L@4:"&(A),
x@ 4 :E@t .

,[oxaaareJrbcrBo. flycrs X eA1.l1. TorAa

(c,4) o X : ot (A o X) : 
"QX) 

: (oD X,
u rpe6yeruoe Aonaaano

5.1.2. JIelrua. Ec.au

g,el n$14 4tt,
mo

truon:f12,1i1a1
,{o n a a areJrb crB o. Boarnrem npol,raBoJrbuo

x e&1z,'1n&tn

., lc

; X &iti,*t,
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TorRa

(AOB) oX_* Ao(B9_X) ==Aq(a(ts) X) :ly(At&el x
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a aro rr rpe6onauocr.

5.2. flycrt X el1e). flocrpounr rpa{t) 4,r,x, Bepurr{HaMr,r Horopofo
sBJrffrorcfl Homepa crpon (ranu cron6uos) MarpIrIIbI A r. e. sl4cJra

L,2,. .., zr, rroJro*tus j eTn,* iTorga I,r roJIbHo rorga, Hortra Ani Xi - LXr.
fpa$ lr," HasoBeM strcmpervaJlouu"u epafioJrt ,tilamput4ut A, coorBercr-
Bylorqr,rM ee ancrpeMaJrbuoMy co6crnennouy aeHropy X.

CrpoHu (cror6uu) Marplnlbr .4, a raHrHe fioMnoHeHrbl zr-BenTopoB,

HoMepa Horopbrx BxoART s xaHoii-ru6o HouryP Lo,", HaablBalorcff
HonryprrbrMr{ crponaMn (cooraercrBerrHo, cton6qauu I4JrIr HoMrroHeHT-
auu).

9acrlrqH[,rr-r fiotrrpalp rparpa Lt,x, cocronuuft IdB Bcex ero HoHrypoB,
HaaoBeM X-noumgpuuu epafiou A. Odoana.reHve: 11tr,*.

5.3. Jlemma. fina ruo6ort .nampuqw A u npouasoltbHozo ee codcmeen-

Hoeo aftcmpeMa"qbHoeo seftmopa X epafi fI,x uenUcm.

,{oHaaareJrbcrBo. Il5rcrl A o X :1X. TorAa [.rs rlo6oro i uaft-
qercfi Tanoe j, uro Aoi Xi: trXr Ha.IuHas c upol,IaBoJlbHoro ir, 6yEem
cTpoI{Tb nocJleloBaTeJrbrlocTb \, i2, . .. , IIoJIarafl [ng Harfi[oro J

Airirr, Xir*r: I Xt, .

Bsuly HoHeqnocrl,r paaMepoB -4 n nocrpoeuHoff [ocJle4oBareJrbHocrr{
AoJrtnHbr lroflBr4rbcff noBropeHllfl. flycrr 6: ir+* (f 

= 
/d { ra) nepsoe

I{B arllx uonropenuft. Torla fioHTyp (ir, . . ., frlp) upuualne}r(I,tr rpa{y
n*t_a,x.

5.4. Teopema. Itaurlaa Jnampwla A o6na0aem codcmeeuuutuu
sncmpeilanbHbt.htu Befr.mopo."Dtu. ?mu aeft.mopbt He uilenm Hgresbtr, ftoJu-
noHeHn.

,{oHaaareJrocrBo. Bnnny roro, rrro

AoqX:a(AcX),
Halr(trafl Marpr{qa oro6pamaer s ce6s MnoxrecrBo nyuefi, Jren(aunx B

noJroxtlrreJrbuoM opraHTe W v Bbrxo4ffrrlux laa Haqaila Hoopllrnar.
OqesnruIo aro Mnolr{ecrBo roMeoruop{no (n - l)-ruepnoMy cI4MIIJIeHcy, a
oro6paxeuue HerpepbrsHo. floaroMy Ha ocHoBansr{ reopeMbr Bpayapa
o Heno[Bld]nuoft roufte, xors 6u olr{H r,ra uyuefi flepeBoglrrcs n cedn.
Cue[osarenrHo, axerpeManbnue co6crBeuuhre BenTopbr cyuecrByror.
flonoxurenbHocrb I{x noMrroHeHr cJre[yer I{B [oJrorrrnreJrbuocrlr EJreMeH-
rOn uarpraUrr:4.

r) Crnaannne c rpa{arura repM}rHbr n o6oanaqeurrfl coorBercrByn,T ynorpe6useuuu
B Hrrrre tt. Eepma [121.
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B cauou AeJre, ecJIIr perlb rlAer o Maficr,IMaJrbHbrx coScrBenlrbrx BeHTo-
pax, To o6pauqeuue B HyJrb ognoft lra HoMrroueHr BeHTopa (nycrro Harrplr-
Mep, 6yler Xr:0) o3Haqaer, qro

A4,OX-
trT trIOTOMY

A1rX, :g [JIfl Bcex j :1,...,n.
flocnonrny nce Aa1) 0, orcroga cJreAyer, r{ro Bce Xi : O, qro HeBoB-
MolnHo, u6o nexrop X npegnoraraercff HeHyJreBbrM.

C upyroft cropoubr, ecJrl{ Mbr uMeeM [eJro c Mt4u]rMaJrbHunu co6crrreH-
HbrMr,r BefiropaMl,I X, to l,ta X* : O cJreuyer, qro flpu np6om i

Xo: Ar.o X: A Au Xi{ A*X* :6,
qero rlpu HeHyJreBoM BeHTope X 6rrrn He Mo]fier.

5.5. Teopeua. Itutrc|aa (nxn)-.uampu4a A u.Meem e|uHcmeeuuoe
sftcmpeJnanbHoe co6cmseHHo e quc.no :

V Ati X1 :0,
J

\3i,,k<n

,{oHaaareJrbcrBo. Byuenr rJrrr onpegeJrenuocrlr paccMarpl,rBarb
cuyuafi ManclrMaJrbnoro co6crBeHnoro q[cila. flycrr X eE(4. Bosr],reM
IIpol,rsBoJrbHyro uuHJurqecHyro nocJreAoBaTeJrbHocTb

Mrrr IdMeeM

(27)

(28)

Ha IIpOI,IS-

Airi, *" (l : ]-, . . " , h)

prJrlr, nepeMH0mtafl Bce aTI,I HepaBeHcTBa nor{ileHHo I{ coHparuafi

k

II An,r,*, 5 Ak
l: l"

3ro oaHarraer, qro npu nmdux i w k
r,-_-_

r 
= 

l'(Au 
r)'n 

,

T. e.

t> v
1Srl, lcSn

Ilycrr reflepb [ocJregoBareJrbr{ocrb (271 nnnnercfl-noHrypoM Kanoro-
nu6o lrs rparfon Tfr,7 lvsvly JreMMbI n. 5.3 ranl,te Houryphr cyuecrnylor).
B arou cryqae

Airi, *, (l:1, . . .,k)
Paccylfi[an anaJrorl{rrno rrpe[br[yuleMy, Mbr orcro[a noiryqaeM

Ie,- &,-"---
1 - f (Au r)tu 5 v l' (Au r),0 

.

1Sf, ksn

ConocraBJreHr4e (29) vt (30) [aer HaM rpedyeMoe,

h,__

trte)- o lt (Adr),'.

Xtr*r < 7 Xtt

Xtr*r: 7 X,t, ,

(26)

(2e)

(30)
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COJvI.

B caMoM [eile, ecru X(1) , XQ) e X,(A), ro

AoXG):1X0,
AoX@:iY<zt.

Cne4onarenbHo, rrplr nro6ux Ar, 1120 Ha ocuos alun n. 4.4.2

A o (\X(1) o l, X@) : lA o \X(1)) o (A o lzx@)
: ), )q X(1) o 112X@ : L0rX(1) o hX@) .

5.5.3. Cne[crsue. Ilgcmo Xetr1.+1. [,.na moeo,'qmo6ut noc;,telo-
sLmenbHocmb i1, ,i2, . . . , ir, it +t : i, cocmaenalra HoHmAp e zpafie LI,x, neo6-
rolu*to u locmamoraruo, umofot

k
n Airi,r*, - Lk(A) .

urlbr

::v750'
fl n e m C. fl. 3 K C m p e JvI A,n"b Hbl JVI- BbI n g K {tbl JVL It O Hg -

Marpu

;\

i)
Ar^ A^

-/2.
A) nr,tr

5.5.1. llprrMe

A:(

1@) -
L@) -

5.5.2. Cnef,cT

p. Irs
216
241
3 5 3

5 3 2

itr;7;
/7;T;
Bue. &(

(31)

Heo6xoluMocrb 6rrna ycraHoBJreHa B xore [onagareJrbcrBa reo-
peMbl.,{na_ qoHaaareJrbcrBa IocraroqHocrlr rrpelnoJrontl4M, rrro B
yeJroBl,rflx (31) npu HenoropoM Zo, nBaroM ua qlrcna l,2,. . ., k,

Aitoitont Luo*, I ). X,ito ,

I4JIII, |OBOPfl [JIfl ONPEACJIEHHOCTI4 C MAHCI,IMAJIbHT,TX CO6CTSCHHbIX BEHTO-
Pox,

Atto'ito+t Xoro*, <T Xiro .

Ho rax HaH npu BCer I - I, . . .,k uMeer Mecro (28),
rrporuBoperrr4r (31 ) .

5.5.4. CneIcTBue. Ec,q.u X(1),XQ) eX,(A), mo

!ll'x"': fi'*"'
Burenaer HeMeAJreHHo lla npelbrgyrrlero.

5.5.5. Ha ocHosaHlrr4 rrocJre[Hero yrBepifiAeHlrfl Mbr Mo]r(eM roBopr{Tr)
He o6 X-HonrypHou rpa{e 1, a npocro o HoHmgpHoar rpafre -aroft

Marprlrlbr r.{ o6oalla.rarb ero vepea 4f.
Ecnlr rpa{ FX cocrovr roJrbno trl rrereJrb, ro Marpr{qy A 6yaew

HaSLIBaTb AI(CTpeMaJIrHO nemfleaofi ,

5 DIK, Btl. 3, Ileft L

(32)

HepaBeHcrBo (32)
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OqeeuAHo, rJrfl ancrpeMaJrbHo uernesoft Marpl'Iqbr A sce HoHTypbI

rpa{on V t, x flBlrfliorcfl neTJIfl 1}IIr.

5.6. Teop ewa. Ec.'tu x eele'1nE,,B), mo

Ln 
"u,t 

: f.n," Eu,*
(agecs rrpoItBBeAeHue rpa{or rloHlrMaercfl HaH HoMnosIrIIun ornoureullfi ).

IoHaaareJrbcrBo. Eyueu I,IMerL [eJIo c MaHcIrMaJrbHbIMI{ co6crseH-
HbrMIr BeHTOpaMIr.

Ans [or(aaareJrbcrBa orMerI{M eirelylouee : i e lna a,x i osHaqaer,
qTo

'{ Arr, Bro j Xj : Itl 1@) X1 .

Ho ilpu scex ft

Br,r Xi !T@l xr,,
u

Arr,Xr,!1@) Xo.

Cne[oBarerrbHo , MB (33) u (34) nrtrenaer'

Aor, Bre j Xi { l,(l)T@) xi .

3uaurar, ecJrl4 ilpn Hexoropou k 3[ecb
goJrxtno rtpld eroM ]fie k focrurarbcfl vr

flocnefHee lfie oaHarraer, qro

(33)

(34)

(35)

locTr4f aeTcfl paBeHcTBo, To oHo
B coorHorrreH?rnx (33 ) u (34).

(36)

(33 ) u (34) uivreer Mecro
14 B (35), T. e.

j aFo,y k , lc eTn,y i .

Flao6opor , eclrrr BblroJrHflercfl (36), ro B

paBeHcrBo; paBeHcTBo )fie 6yUer B eToM cilyrlae

j=T^oB,xi.

5.6.1.. CnercrBI4e. Ecnu X eX('q), mo

To",,":7"," (r : 1,2, ' ' ') '

5.7. @opruyra (26) [aer HaM ylo6uuft cnoco6 Haxo]fiAenllfi ancrpe-
MaJrbHbrx cb6-crseHHHx ql{ceJr Marplrq. Saftueucs SaHruuecHuM olpege-
JreHI{eM AncrpeMaJlbnrrx co6Creeuublx BeHTopoB. TaH HaH f(-4) nlteCre
c HalfiAbrM BenropoM coAepHLIr Becb co4eprnarqufi ero Jryq' HaIIIa SaEarIa

cBo[rrrcfl Ir Bblql{cJreHluo ornoruenraft uemgy r(oMlolreuTaMu co6creeHHblx
BenropoB. Bnugy n.5.1.1 uu MolfieM, He Hapyluaq o6qHocru' olpaHli-
qllrTbcff Tar(uMIr MarpI{IIaMIr Ao ynn Horopblx 4@): l.

5.7.1. Eyleu roBopl{rb, qro Marplrqa A cmafuLtusupqemcn, eufir
cyuecrByer rar(oe HarypaJlbHoe r, HasblBaeMoe nopa1nou A, uro Aer :
- 

;6(r*1)
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5.7.2. Ars mo6oft Marpr4rlut A

tr:. V T <te\,
kr,i,r, ..., i79

p-. A T >L@),
k r'i,r, ... r'i1s

63

(37)

Toe}a npu Hereo-

r[e a*crpeMyMbr 6epyrca no BceM rrocJreloBareJrbHocrflM HoMepoB, He
coIepHaIIIuM ItoHrypHbrx IrH[eHcoB Ir rro ece],r ft : l, . . . , rL.

3ro yrneprx[eurre cJrelyer HelocpelcrBeHHo ua n. 5.5.3.
5.7.3. Jreulra. Irgcmod - uancuua"tuuutfr. cpeTry adreil.eHmo, .Mampu-

4u, He erolat4ur s ee KnHmgpHbre cmpoh.u u"nu cm"o"t6tqu, a

Lt,

noctte}oeameflbHocmb HeKoHma pHwr Horw.epoe cmpoT .
mopo"il,t HAmApA.flbHOJvr r e 10, n)

t-L
il Atrt,*, S rt-r or

I:T

,{oHaaareJrbcrBo. flpra r ( n :remrra, oqeBI4rAHo, BepHa, TaH HaIt
MbI MO?fieM B aTOM Cilyqae BBftTb r : t.

Ecnu ryg t > n + 1, ro B rocJre[oBareJrbHo crtrr (37) uon]r(Hbr
UIIHJrbI. [IycTb it, . . . ,'it +p - i7, ofI{H r g HIrx. O.Ieeu[Ho,
MolfieM cql4Tarb, qTo p { n. Ecnu 6u ilp11 BcflF(oM r - 0, l, .

HepaBeHcrBo (38) napyruaJrocb :

t-L
n At,t,*, ) lr'-'d' ,

I,:L

To Mbr 6rr zuenu
tc-l *+p_:r t_L k_t t_l

ltt-t er 1_II Ata*, .4 Aurrr*r_ ff . Atri,*, { ,'ff Aara,*, 
-ff' 

Ar,t,*r-lp .t:t t:tc -t:h+p t:L -''" ' .t:*+p - "' - '

Ocyulecrnnss raHofi rrpouecc nocJreEoBarenrnoft aaMeHbr rll{nrlrqecnrlx
npolrSBetreH[fr na creneHlit rrlrcJra p 

_c, nocnegyrculrrMl{ coKparrleHr{sMrr,
Mbr rrprrqeM H HepaBeucrBy Brrla (39) lns cjryqafl t < i + l, a aro
IIporlrBopeqr4T y?fie ycraHoBJreHHOMy.

_5.7.&. Teopenna. Ecnu ,ampuqa A sncmpeJr,al,rbHo neml,teed,, u
),(A) : l, mo emq trqmpu4a cma6unusupgemcn.

,{oHae ar eJrb crB o. paccmorpuM DJTeMeHT

(1"')0, 
-. V Att, Au,r, . . . Ai,,_ri

'ir, ...r'it-L

Ecru crosuee rro[ BHa]iolvr Maricl4r]ryMa npor.raBe[eHlre He cogepffiI,rr
coMHotr{I4reneft c noHTypHbrMu (a n n-aIIIIrx ycJroBl,rflx - c ueuenuulr)
I,IHler{caMI,r, To rro [pe[brAyrrleuy Hafi4ercfl rafioe HarypaJrbHoe r el0,n|,
rITO

< nt-L-r 0(,
-l

,io

('qu 
')o t

(38)

6rrrr
MbI

..rtrL

(3e)

(40)

(4r )
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flycrr io - rlerJleBofi HoMep, r. e. A4oio:ilQql. Br,r6epert 
' 

raHI4M,
qro6rr 6u.no

Tt-z Ath Ahj > pt-1'-r or

O.renulHo, [rrf{ aroro [ocraroqHo [oJroEtI4Tb (yuurur,afl')

(42)

rrro 1 - I)

TYe:-'Y#;h-^r+u (43)

+ 0, Tpe6yevroe t nger[a l,Io]fiHo uainru. Ho ' oqe-

t>2+
flocnorlbny lo1 f,
BI4IHO,

(A",)ri 2 Ai ;" ),t-, A;oj,

a ero BMecr e c (42) nporl4Bopeqllr HepaBeucrny (41).
Cne[osarenbgo, nplr BHaqeHl4flx r, yqoBrerBgpflIolqux HepaBeHcrBy

(43) nocJreAoBarelriocrs i1,i2,' ",'il-z r43 t+9) [oJI]fiHa co[ep]fiarb
rreTJIeBbIe HoMepa. VSengqgiaff , eCJIn arO Ueo6XOEIIMO, t eUIe 6Onsme,
MbI MolfieM [o6larrcs roro, vro6u xorg 6rr olI{H I{3 rlerJreBblx HoMepoB

rroBTopflJrcf .

flyCrr ir: i,+* - Henoropuft nonropsrouluftcs nernesofi HoMep'
flpouanegenue

/.. a
^irir+t'' 

o LL'1,'*k-Lxr+lc

loJrlnHo 6rrrr s ycJloBl{flx (40) uaHcUMaJIbHbIM. TaH HaH IuarpUua -4
rlo ycJIoBLIrc rlerJleBaf , IIpoII3BefeH],1le (44) Mo)fier 6rrrr' UaHcIIMaJIbHbIM
JrI4Irub B ToM cryqae, Hor[a iry: ivat - " ' : ir*k. B arom cryqae oHo

6yuer par.:r.o ),k.

PaccnnorpuM rerepb

(,qt ('+1))-. 
- Aio,"Atri;. . .Arij .

B cllny rex Ete coo6pantenuft usr MolfieM nafirv' ral{ue r' vt k') 0 , uro

a,, -...:A-, r, :l(dl .
"ir,i,,*t "i;,+k,_Lirt+k, -'

ovenuguo' 
- / .;/r,1\\I' (A"')0, :'-li Aoo,*rp*t 'nt At u*r 1- (Aitt+r>;' ' ,

l:O l':r*k
I4I BMeCTe C TeM

(A"'*')ui'''Irt Ao,o,..7r' rI on;o;., < l,(e6 t)ri.:
l:0 

atLt+r 
I^:r'tk'

TaHlrn o6paaou,

)"'(46'),i : lqu tr+1));3 .

Ho no ycJroBlrrc 7: t. Cne[osarenbHo, HarII{Hafl c Henoropolo t : tti,

( t6 t\, , : (e" rr+1));;\-- ,,, - (Aztr+1));;

flonaras
+*<u-

(44)

irj
hj)
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A6t* : A6(t*+r) ,

a aro I{ rpe6onanocr.

5.7.5. Sameqanue.,{oHaaanuan reopeMa colep}firrr Heroropyro
BecbMa rpy6yrc orIeHHy ropfl [Ha cr a6vrrueupyrouleft cs nnarpuqu. Brubire
c reM AJIfl pfl[a Salaq Ba]r(eH He croJrblto nopfltrol{ MaTpLIIIbI cItoJrI'Ho ee
cra6untnas EncrpeMaJrbHaf crerreHs,. A ora crerreHb {aHruvecHu Bbrrrr{c-
JIfleTCfl nOCJreAOBaTeJIbHbrM HaXOlfiAeHIreM aH0TpeMaJrbHr,rx HBaIpaTOB

' 7,az, r1o n, . . ,, A9'0, . , .

6. Haxoxrgeuue Beex anerpeMaJrbnnrx eo6erneuHbrx BearopoB
gaunofi Marprrrlbr

6.1. Bce [poBoAlrMbre [aJree paccyffireHl,rfl cnpaBerJrrdBbr n panuoft
Mepe [Jrfl Mar(cI4MaJIbHrrx co6creeHHblx BefiTopoB I4 MI{HIaMaJt,nrrx co6cr:-
BeHHbrx BeHropoB. floorouy nrrr 6yleu roBopl,rrb o6 axcrpemaJrbHbrx
COOCTBEHHbIX BCHTOPAX, IIPOBOIfl [JIff OIIPEECJICHHOCTI,I BCC BbIHJIATHTI
lrff clyrrafl Maficr{MaJrbHbrx BeHTopoB.

Sncrpeuanr,noe co6crBeHgoe qucJro paccMarpl4Baemofi Aairee Marplrrlbr
,{ 6yueu cqr4rarb paBHsrM e[r,rHr.rue: tr@l: t.

6.2. OnucaHrre Bcex aricrpeMaJrbnux co6crneHubrx Ber{ropoB Marpl,ruhr
B TOM qaCTHOM CJIyqae, HOIIa ATa MaTpIrUa fieTJreBafl, cotrepH(LrTcfl B
cnegynqeft reopeMe.

Te^opeua. Ec"au *tampuqa A - nemlr.eeaa, u Ic - ee ancmpe*ranuuutfi.
nopa1on, mo iLHoutcecm^o Bcefr ee eqcmpelua,nbHbrfr co6cmeeuuwfr eenmopos
*.(A) aenaemcn gncmpen4anbHbrr| sbtngnflbrJvt ftoHaco.ht, HamnHambrM Ha
cmo"n64ut ruampurlbr Agk r. e.

Xta) - (1i20, j- I,...,%)

,{oxaaareJrbcrBo. flocHontHy

A o AAk : 1z{*+t) : A9k ,

HarHgrrft rae cron6qos Aek oHa3brBaercs co6crseHHbrM Ber(ropoM Mar-
puurr A. Byuyuu ancrpeMarrbHo BbrnyfiJrbrM nouycou (cu. ri. 5.5.2),
MHOIfieCTBO x(A) [oJr]nHo noaroMy corepjfiarb Becb aHcrpeMaJrbHo
srruyHnrrft HoHyc, naranyrrrfi na cron6qrr,4e&.

PaccnorpuM rerrepb rpor,raBoJrbnnfi seHrop Xe{1,11. flo n. b.6.1
x eX(egh). B .racrHocu4, orcrola cJretryer, qro

-X
r. e. rro n. 4.7.2-2 X golrteu lplrHalJremarb oncrpeMaJrbHo Bbr[ylrJroMy
ItoHycy, HarflHyroMy na cron6\br A9k.

{? ''(na\'}

Aek o X
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G.3. CeeneM Terlepb rlpoqecc Haxoffi[eHltfl Bcex encrpeMaJrbnrrx co6cr-
BeHHbrx BefiropoB rlpollaBoJrbnoft vrarpuuu A H Haxo?fiEeHl,Irc Bcex
ancrpeMaJrbnux co6crseHHbrx BenropoB nexoropofi nernesofi MarpI'IrIbI.

6.3.1. flycrr Marprrqa A aalaua. flolrayacs n. 5.5.3, MbI Mo?fieM

rrocrpor{rb ee r(oHrypHuft rpa{ If, (npouecc rrocrpoelavts. ftr MorrtHo
necHonrHo ycoBepllleHcrBoBarb, {Iarcllpya B rrpouecce Bbrql{cJreulrfl

Marplrq r,vaa Adn,,ilpoucxolfigeHue" MaHcI{MaJIbHbIx [I{aroHaJrbHblx
aneuenron). Ecnu HarHgrrfi r(oHryp -l'f nnnaercfl netreft, ro lrarpuua -4
IIeTJIeBafl, II HaIIIa Salaqa peuaeTCfl-Ha OCHOBaHI4III TeOpeMI'I n. 6.2-

flpe[nonomrrM rloaroMy, uro rpa{ .Z'f conepu-tlrr Henoropuft Honryp
$;, . . ., f,) (s ) I). B ganurefiurrx paccyx(reHl,Iflx aror ltoHryp 6yueu
rrpe[noJral'ars {ruHcl,lpoBaHHbIM.

6.3.2. flo npeguoJromeHHoMy MbI I4MeeM

i1*1eVi i, , (45)

ilpuqeM B4ecb I{ [aJree no[ ir+r 6yner nonumarlcR fr.

Boasueu rpolraBoJrbno X eX1e\. flo onpegeJreHl{rc rpa{a Ttr co-
orHo[IeHI4fl (45) oanavalor' qro

(46)

(i + i'")

(u - 
l, . . . , ,q)

Airi,r*r Xir*t - 
Xi,,

floCnelsr,re tr(e paBeHCTBa IIOBBOJIflIOT BbIpaBLITb BCe-,KoMIIOHeHTbI
Xt,, . .., Xau aeHtopa X uepea oIHy LI3 HI4x, cHalr(elt, uepea Xa,.

Xtr:ytXt, (t:1,...,8), (47)

r[erpnl(f{s

aTr:l'
6.3.2.1. floqvepHueM' rlro Hoa{fruuuelrrrr,r y He aaBllcflr or HoHfiper-

uoro nrr6opa co6creeuHoro Ber(ropa x.
6.3.3. Byleu renepb nocJreloBareJrbHo ocyulecrBJrflrb sarIJIaHI4poBaH-

HyIo peIyHIII{Io MarpI4IIsr -4 H HeHoropoft nerresoft Marpl"Iqe.

flepeuuureu trJrfl eroro paBeHcrBo A o X: X s BIl[e cl4creMbl

At,i Xj : Xu (i : l, . . .,tu),

I4Jrr{, OTleJIflff HOMIIOHenrrr X 1a ypaBIIeHIIff C HOMepaMI4 BIIAa ?; OT BCSX

OCTaJIbHLIX,
s

Ari Xiv V Att,Xt, - Xi
+ _'lL-L

I

At,ui Xi v V A,;u,i, Xt, - Xt*
t:L

t-L

rt:n +-,,D:t /L?,u'lu*L

n

V
j:7

i +tt

j *it
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flo4cranUnr B fioryqeHHyro crrcreMy BMecro Haffi[oro X;, np&B]ro
qacrb coorBercrByroqero paneucrna (47).

TCfl TAH:

(48)

Harua cncreMa nocJre oqeBu[Hbrx yilpolqeHufi repeilr4rue

v,,Au,xiv (,y, A*,,r,)xu, - xc g, *i) , 
Ij+t

Y,,Ar*i xiv(,!, Aru,,#)*0, - xi,, (u _ I, . , r) Ij+t

Ho s neeoft qacrr4r HalfiAoro r,ra paBeHcrB nocJrelHefi rpynnsr Hoe(p{u-
rIIreHT upu Xt, He Molr(er 6rrrr ueurne, qeM (a f l)-uft EncrpeMrr3lrpye-
Muft vreu, xoroprrft, oluano, paBeH

A, - Tul-L :1 .,tLulv+a 
Tu

C upyroft croporrbr, oH He Mo?fier 6rrrl, 6onrrue Hoa{ftuur{eHra npm X6,
n upanoft qacru ypaBHeHlzfl, Hanonoft paBeu ranlfie eruzHr,rqe.

CretrosarerbHo, Bo-nepBbrx, rrplr nro6ou : 1,...,s

{/ A,*nr,:t,
t:r Tu

Ir, Bo-BTopbrx, B JreBbrx rracrflx paBeHcrB aroft rpynnbr MaHcIrMyM gocrl4-
IaeTcfi Ha rrocJre[HeM qJreHe.

Bnugy cHaBaHHoto, Mbr Mo?fieM [ocJrelHl{e paBeucrBa rrepe[lrcarb HaIt

V Ahj X,!u Xr, - f,i" (u - l, . ., s) .
j+it " Tu

3ra cucreMa paBeHcrB paBHocr4JrbHa e[r4HcTBeHHoMy paBeHcrBy

iYu,(,!, 
Atui*)t,' xt,- xt,

(4e)

(50)

,feftcrnureJrr,Ho, (50) ue (49) nureHaer rprrBlraJrtnum o6paeolr. Hao6o-
por, ecJrr4 (50) nnnolHflercfl, To aro oaHaqaer, Bcero-HaBceto, qro

iyu,(,!, 
At*i *) *, { xt,,

T. g. , qT'o

At,j t^*t 
= Xt,, rpr4 Bcex j * i, , ,ttr :1,

Ho aTo B cBoro oqepeAb oaHaqaer, rrro

iYn,Ah, *Xi S Xt, rpl4 Bcex u - I, . . .

a 3ro r{ [aer HaM cncreMy (49).

.s

:tQr



TaHutu o6paaou cl{creMa (48) npllo6peraer BI{u:

V.a,it,"(,Y, ,t,,,y,\xi,: x, , +0,,1
i*it I 

I (SI)
l8

,Y,, 
(J, o*';.)Xi u X" - xi" I

6.3.4. O6oanaqrau qepes ,4* uarpraqy Hoaft{ruUl4el{roB cracrelru (51),'

a rrepe' X* - "eH"op, ,uonyvaeuirit us n-se*ropa X or6paCunanuevl
efO HOunOffeHT Xr:., . . ., Xi".

Oqeer,rEHo, B Drllx o6oanaqeHraflx cllcreMy (51) ruorHuo-Ilepelucarb

Han r{* o X* - X* , orny[a cJrefyer, uro )'(A*): l, X* eX(A*) '

8.3.4.1. ?Ia eaMeqaHr{fl rr. 6.3.2.1 HeMeIJIeIIHO CJIe[yer, llro eCJII{

x eE@), ro x* eE@3) .

flcno, oAHaHo, uro o6parHoe, noo6rue roBopfl, HeBepHo: [Jrfl Tolo'
qro6rr rrs X* eN(A*) 

"rr.[o"utto 
XeE1l1, oqeBIIAHo, Hy]ItHo [o6as-

JrflTb H X* nelocrapuue HoMloHeHTbI He r(ax rrorlaJlo' a coo6paayncl c

paBeHcrBaMv (47).

Ho n ycnonusx(47),HaH oro yxe 6r,rrro BbIflcHeHo n u' 6'3'3, cllcreMbl
(51) u (48), r. e. ypaBHeHI,Ifl

A*oX*:X*
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V
AoX-X

cTaHoBflTcfl paBHocuIrbHblMu. Tanuu o6paaoM,

X* HOMIOIIeHTnI y[oBIIeTBopsIOT CoOTHoIIIeHUeM

6.&. Eclll [JrI{Ha I paccMorpegHoro BbIIIre III4HJIa rlpeBocxolur elI'I-
nrarlyo To rrepexo[ or nrarpUUrr.4 u MarplIqe.4* oeHa'Iaer cBeleHIIe

Balaqu HaxoffifeHlls co6CrsieHHblx agcTpeluanlnr'rx BeHTopoB lrarpUqsr'4
* pea""uloTofi me Salaql4 OrHOCrrTeJrbHo crporo uenr,ruefi uarpuqH.4*.
Drbr pe4yHuuonnrrfi rrpouecc Mo]nHo tlpo[oJr]fiarb [o rex nop' noxa Mbr

He rrpu[eM H ue*otopbft ruarpuqe, He uMeloqefi nosce qlrruloB 6olee,
.reM efir,rulrquoft [nranrr, T. e., H uerneeoft Marplrqe.

3a[aqa }Ite onppf eJIeHIIfl Bcex- a-HcrpeMailbnrrx co6CrneHHblx BeHropoB

rrerJreBblx Marplrq peilreua e n. 6.2.
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Pearcue

Psn Batraq rexHprno-DnoHoMtrrqecnoro co[ep]HaHrrr{ npI4BoI{pIT
cr4creM sHcTpeMaJrbHbrx ypaBHeHplft nuga

-?t Anj Xi: Bt (i: 1, . . .,n't) ,
J

min At,t Xj: I3t (i: l, . . .,rn) .

3

13 crarbe paccMarpr,{BaruTcrr ycJroBl{fl paapexrrlMocrpl TaHTIX
Bol{rrrcfl aJrropusM pellIeHutfl-.

Mnorxecrno /r-BeltropoB c HeorpllllareJrr,Hr,IMId I{oM[oHeHTaMr.r, paccMarpt4 -
B aeMO e COBMeCT HO C ouep aUI4EMI,I MaI{CI4IMIISaUI{I{

(Xv Y)a: max {XrY* (i,: l'...,n)
MIIHI4MIISAIII{I{

(X n Y)a : min lXa' Yi ('i : l, ' ' ', n)

r4 IIo-HoMnoHeHTHOrO yMHOEteHrrE Ha rreorpl4llatenr,nufi cHaJrffp, HaBbIBaeTc.fi
aF(crpeMaJrbubrM BeHTopHbrM [pocrpaHcrnou. ,[na rar$rx [pocrpaucrB oupefieJrff-
IOTCfl noHffTt{-r' aHaJIOIIIqHLIe IOHflTI{.EM BbInyHJIorO MHO}I{ecTBa II ItOHyCa B

ruueftnou npocrparrcrBe.
Ananorou cxaJrffpuoro [porraBeAeHr{ff ?r-BexTopos X u Y ,rsnglotcg B gncrpe-

MaJTLHOM IIpOCTpaHCTBe rrx Mar{CrrMaJrr'HOe r4 MrrHr{MaJrbHOe IIpouBBeAeHr4ff

X o Y Xt.Yt.,
x

XoY:mirrXtYt.
n

9rra ouepaurlr4 flotsBoJrffIor onpeAeJlrrrb Maxcr,rMaJrbrroe rr MrrHrrMaJIr,Hoe ttporra-
Beqeurra MarpI{rI A u B coorBercrBeHuo rtan

(A o B)ti - Ai. O B.j ,

(AoB)U-46.oB.j.

Fr paccMorpelrr{ru

cLrcTeM u rxpr4-
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B cratbe paccMaTpIIBaIOTCs csoficTBa DTIIx oilepaqvrilI"

PanescrBa

Ff. FI. BoPo6nes

AoX:TX,
4o21: )'X

oIIpeAeJI,IoTeHcTpeMaJlbHrreco6creeHHbleBeHTopbIraco6ctrerrrrblequcflaMaTpIIIIbI
-4. ,[ortaanrlaercfr, trro BcflHafi Marprrqa c nonorHratenbublMrr eJreMerrraMrl r{Meer

poBuo o[Ho Mancr4MaJrbrroe u o4Ho MrrHrrMaJIbHoe co6crgeguoe qrrcJlo'

flpr.lro[ratcaanropraslrBr'rqrrcJreHlrfiaKcrp-eMaJrbHbrxco6ctseHHblxqucefilrpo'43-
BofibHofi Marprrqbl t oi'acar"ae MHolr{ecrBa Bcex ee sHcrpeMaJrbHrrx co6creeHHbrx

Ber{TOpoB.

Kurzfassung
rEine Reihe von technisch-rikonomischen Aufgaben fiihrt auf ein system von'Ext're'

malgleichungen der Form

rna"xA1iXi: Bt @: l' " ''rn) '
j"

rnin-.6lXi: Bd Q: I" "'rn\ '
j

Es werden Bedingungen firr die Ltisbarkeit.derartiger SV:!"5'r" sowie ein Ltisungs-

algorithmus nrrg"gub"''l-Eine Menge von rn,-dimensioi.alen Vektoren mit nicht-nega-

tiven l(omponenten zusammen miiden Operationen Maximierung

' (X v Y)i : rnax {Xi, Y6} (' : l' " '' m) '
Minimierung

(Xn Y)n: min {X*Y* ('i:1r.. .rn)

sowied'erkomponentenweisenMultiplikationmitnicht-negativenSkalarenheiBt
Extremal-Vektorraum. ft - ai""rna"ire werd,en a.ralog zu den Begriffon der konvexen

ffi;;;;;Jx"g"r it finlaren R'ii'umen entsprechende Begriffe eingefiihrt"

Analogzumskalarproduktvonrr,.dimensionalonVektorenXundYLtittinExt,re-
,r;;t;*:"t das Maximal- und d'as Minimalprodukt

XoY- xt,Yn,max
,L

XoY-*ittX1,Yt,

von vektoren auf. Mit ir"."r, operatione* kann

prod.ukb zweter Matrizen y' und B entsprechend

(A o B)t,i - A';'o B'i

definieren. Es werden die Eigenschaften

Durch die Gleichungen

dieser OPerationen untersucht'

AoX: hX,
AoX: J"X

werdendieextremalenEigenvektorenundEigonwertederMat,rix/definiert.Weiter
wird bewiesen, daB ;"a?"ii"r"il"*ii Gtrt;A Elementen genau einen maximalen

r.rrrd 
"irrurr 

minimalen Eigenwert besitzt'
Ein Algorithmus zur B-erechnung der extremalen Eigenwerte einer beliobigen Matrix

*rid'"ttgEg"-u"" t"a ai" ff"^g" 'lL tt""" Eigenwoktoren beschrieben'

rnan das Maxirnal- und das Minimal-
als
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Abstract

Some problems in engineering economics lead to systems of extremal equations of
the forrn

rna'xA6iXj : Br @ : 1,...,m),
I

rninA6iXj: Bt (,:1,...,m1 .
J

Conditions of solvability and a solving algorithm are given. An "extremal vector
space" is defined as a set of rz-dimensional vectors with non-nogative components
together with the operations

(Xv Y)i=: max tXrY* (d : 1,...,n),
(X n Y)6: min {Xt Y* ('i : I, . . ., n)

called maximisation and minimisation, resp., and the operation of rnultiplying the
components by non-nogative scalars. Concepts corresponding to convex set and cone
as used in the theory of linear spaces are introduced.

Tho maximal and minimal products of two vectors X and Y are d.efined. by

X o Y': max XtYt,

XoY:rninXtYt,

resp.; they correspond to tho scalar product in ordinary vector spa,ces. With the help
of these operations one can further defino tho maximal and minimal products of two
matrices -4 and B as follows:

(A o B)ii : At' o B.i ,

(A o Bl4i : At. o B'i .

The properties of these operations are investigated.
The equations

AoX:tr"X,
A oX :1X

define the extremal eigonvectors and eigenvalues of the matrix /.. It is shown that
any matrix with positive eloments has exactly one rnaximal and one minimal oigon-
value.

For computing the extremal eigenvalues of an arbitrary matrix an algorithm is
given and ths sot, of all eigenvectors is discribed.

(flocryrr4Jro I IX 1965)
A}pec asmopa:

flpo$. foFrr. Ff . Ff . Bopo6tes
Id e u r p a Jr b H bI ft a n o n o Mr,r F( o - M ar e M ar rr q e c xvtilt r4 H c T r,r T y r
AI-I CCCP (.IlenzurpafcHoe or[eneHue)

.IIeHrasrpa[
V.rr. r{ap1xoecnoro 1


