CHAPTER 5 - HYPOTHESIS TESTING - COMPOUND NULL HYPOTHESES

§5.1 Monotone likelihood ratio tests

Can we find UMP tests when the null and alternative hypotheses are both compound and in the form
Hy:0<60y vs Hp:0>0y7

The answer is yes, provided the underlying distribution fy(x) possesses a property called the Monotone
Likelihood Ratio.

Definition 5.1

A joint distribution fy(x) has a Monotone Likelihood Ratio in a statistic T'(x) if for any two values of the

parameter, #; and 6o, with §; < 05, the ratio §Z2 8 depends on x only through 7'(x), and this ratio is a
1

non-decreasing function of 7'(x).

Theorem 5.1

If a joint distribution fy(x) has a Monotone Likelihood Ratio in a statistic 7'(x), then a uniformly most
powerful test at size « of the hypotheses

Hy:0<6y versus Hp:0> 6,

is to reject Hy if T'(x) > k where Py, (T'(X) > k) = a.

Proof: First consider a pair of simple hypotheses
Hy:0=04 versus H;:0=0p

where 64 < 6p. Applying the Neyman-Pearson lemma, the optimal test of this pair of hypotheses has
c*r = <{x: Joa (%) <k
f@B (X

= {x:T(x) > k"} because of the MLR property
where Py, (X : T'(x) > k™) = «

Now consider two choices for 84 or Opg:

04 = 0 so fp > O: Since the critical region C* does not depend on p, it is also the uniformly most
powerful test of the pair of hypotheses

Hy:0=09 versus Hi:0> 0

Notice that O is here also the alternative parameter space for the pair of compound hypotheses of
interest. Since the test C* is uniformly most powerful,

Po(X € C*) > Pyp(X € C) V6 € O and for all size a C (D
Fix kX by setting Py, (T'(x) > k) = a.



O = 0y so0 04 < Bg: Using k}, defined above, we consider the size of the most powerful test of
Hy:0=04 versus Hi:0=0
that is the size of the test using C* = {x : T'(x) > k, }.
size = Py, (T(X) >Kk})

< power of the test (by Example 3 on problem sheet 7)
= Py, (T(X) > k)
= «
ie. Po(T(X) > ki) < Py, (T(X)>Kk}) VO <bo 2)

Equations (1) and (2) taken together are the two conditions which must be satisfied for a test to be uniformly
most powerful and hence the UMP test is to reject Hy if T'(x) > k where Py, (T'(X) > k) = a.

Examples
1. Exponential Suppose X1,..., X, are iid exp(\) random variables, where \ is the rate parameter:
n
) = Nexp(=A) )
i=1
r (X) (A2 ) " =
— L = | =] exp(—(Aa—A T;
Fub — ) eplrCem 2w
A2\ " -
= ()\—) exp(—(A2 — A\1)T'(x)) where T'(x) = Zm,
1 i=1
When A2 > Aj, the likelihood ratio is a decreasing function of T'(x) = > ; ;. Therefore there is a

Monotone Likelihood Ratio in — "1 ; X;. Theorem 5.1 then tells us that the UMP test of
Hy: A< )X VS Hi: > X

isC* = {XZ—ZCEiZk}
i=1

= {X:ingka}
i=1

n
where « = PAo(Z Xi < kq)
i=1
We know that adding independent exponential distributions leads to a Gamma distribution, 7" ; X; ~
Tam(n, A\g) when A = \g, and so k,, is the lower « quantile of T'am(n, \g).

2. Poisson Suppose X7, ..., X, are iid Pois(u) random variables:
2521 % oxp(—n
fx) = B . p(' 1)
i=1Ti:
fu.(x 2 Zj:l T
fuigx; = exp(—n(p2 — f11))
M1

n

Ao\ T)
= ()\—1) exp(—n(ug — 1)) where T'(x) = le
i=1



When g5 > p, the likelihood ratio is an increasing function of 7'(x) = > i*; x;. Therefore there is
a Monotone Likelihood Ratio in } ;- ; X;. Theorem 5.1 then tells us that the UMP test of

Ho:p<po vs  Hi:p>p
n
isC* = {X:inzka}
i=1
n
where « = PMO(ZXZ-Zka)
i=1

We know that adding independent Poisson distributions leads to another Poisson distribution, Y i ; X; ~
Pois(nug) when 1 = pg, and so k, is the upper « quantile of Pois(nug).

Two generalisations of Theorem 5.1

1. How do we find the UMP test for the other direction of one-sided test
Hy:0>09 vs Hp:0<06y?

A slight modification of Theorem 5.1 tells us that the UMP test is to reject Hy if 7'(x) < k where
Pgo (T(X) < k?) = Q.

2. How do we tackle a two-sided alternative
Hy:0 ¢ [91,92] vs Hy:0<6y0rf > 057

We return to the concept of unbiased tests (§4.3) and construct a size o uniformly most powerful
unbiased test from the union of two size /2 critical regions corresponding to the one-sided tests
related to the two distinct intervals of the alternative parameter space:

Test1: Hyg:0 > 6, VS Hi:0<0
Cl = {X:T(X)gkl}

where Py (T'(X) < k;) = %

Test2: Hy:0<6y vs H;:0>0,
Cy = {x:T(x)>ka}

where P, (T(X) > k) = %
Overall C* = C{UC(Cs.

Example Suppose X7,..., X, areiid N(u, 1) random variables:

fulx) = %Q_Wexp <—§Z<xi—u>2>

i=1

f Q(X) o 1 ' n ‘
fuGo ~ O (‘5@21@ —he) =3 (o m)
= exp (—%(H(M% —u3) — 2(p2 — Ml)T(x)))) where T'(x) = le
i=1



When g5 > p, the likelihood ratio is an increasing function of 7'(x) = > i*; x;. Therefore there is
a Monotone Likelihood Ratio in Y ;" ; X;.

Suppose we wish to test
Hy:pe[—v,v] vs Hy:p<—yoru>-~y
For a size o uniformly most powerful unbiased test, we construct two size «/2 tests, one for each tail:

Testl: Hy:p>—y vs Hy:p<-—vy
Cl = {X:T(X)gkl}

where P_(T'(X) < k1) = %

Test2: Hoy:p<~vy vs Hy:u>rv
CQ = {X . T(X) 2 ]{32}
where P, (T'(X) > ko) = %
Since Y1 1 X; ~ N(nu,n), ky is the lower /2 quantile of a N(—n~y,n), and k; is the upper «/2
quantile of a N (n~y, n). Overall we reject Hy if > x; is less than k; or greater than k.

5.2 Generalised likelihood ratio tests

Generalised likelihood ratio tests are a very general class of test which do not promise any optimality prop-
erties, but which are quite intuitive, can deal with a wide range of hypotheses, can be used when there
are additional unknown parameters (nuisance parameters), and which sometimes have a useful approximate
asymptotic behaviour which can be used to generate critical values.

Definition 5.2

Suppose X7, ..., X, have joint distribution fy(x) then the Generalised Likelihood Ratio test of the hy-
potheses
Hy:0c0©y versus Hy:0¢€ 0

uses test statistic

T(x) = SUPsee, fo(X) where © = Oy U 0,

Supgee f 0(x)
f4,(%)

J3(x)

where 6 is the MLE under Hy and 6 is the MLE under ©) U ©;. The null hypothesis is rejected for
particularly small values of T'(x).

Provided that X7, ..., X,, are independent and identically distributed under H(, the CRLB exists, and the
hypotheses are nested, an approximate asymptotic result holds:

—2InT(X) ~ x%_, under Hy

where k is the dimension of © and 7 is the dimension of ©. If Hy is not true, the test statistic will tend to
be larger than this.



Examples

1. Bernoulli, two populations Suppose X,..., X, and Y7,...,Y,, are two mutually independent sets of
variables with X; ~ Bern(p;) and Y; ~ Bern(ps), and we wish to test

Hy:py=p2 versus Hi:pi # pa.

To apply a Generalised Likelihood Ratio test, we need to find the MLEs of the common parameter
under Hy, which we denote p, and the MLEs of the two parameters under Hy U H;:

Under Hy

L(p) = pZ?:l T (1 — p)n_Z?:l xipzzlzl Yi (1 — p)n_zzlzl Yi

lp) = (zn:xl + zn:yi)lnp—k (2n — zn:m, — zn:yi)ln(l —p)
i=1 i=1 i=1 i=1

db(p) X mit Yt ¥i 20— 3li i — Dl Vi
dp p 1-p
Plp) _ Yam ANy 2= 3w = Y W
dp? p? (1—p)?
S op o= D1 T+ D Yi
2n

Under Hy U H;

L(p1,p2) = P1Zi:1 (1= py) i xipzzizl (1 = po) i ¥

n n n n
Upr,p2) = Q_x)lpr+(n=Y @)l —p1)+ QO w)npe+ (n =Y yi) (1 - po)
=1 =1 =1 =1
Op1,p2) _ MitaTi  n— Y T
Op1 P1 1—-p1
Olpi,p2) _ Xisi¥i  n— i Yi
Op2 D2 1—po
PUpLpa) _ Nigw n— Y m
op? pi (1 —p1)?
Ppip2) Yy =iy
ap3 3 (1 —p2)?
325(1?1,]92) — 0
Op1p2
= p1 = Lii T
n
n .
and py = Zi=1Yi
n
Test statistic
L ~

L(p1,p2)|p1,ﬁ2



ﬁQnﬁ(l _ ﬁ)Qn(lfﬁ)
P (1= pr)" A PORGP (1 — py)n(1-pe)

(1= p)*17) "
Bl (= ) PR (1 — o) )

We would reject H if this T'(x,y) were particularly small. However, as the sampling distribu-
tion may be difficult to derive, we can use instead the asymptotic result which says that

—2InT(X,Y) ~ x? asn — oo under Hy.
We would reject Hy at size o if —21nT(x,y) exceeds the top a quantile of a x2.

2. Shifted exponential, two populations Suppose X1,..., X, and Y7,...,Y,, are two mutually indepen-
dent sets of shifted exponential variables, sharing a common known shift 7 but potentially different
mean parameters:

o) = e (T ey
fo,(y) = ——exp <—u> Y >
We are interested in testing
Hy:0, =05 versus Hj:0y +# 0,.

To apply a Generalised Likelihood Ratio test, we need to find the MLEs of the common parameter
under Hg, which we denote 6, and the MLEs of the two parameters under Hy U H;:

Under Hy
2n n - n _
L) = <l) exp (_ i (i =) + 30 77)>
0 9
00) = —2nln6— im1 (@i —n) ;' >ie1(yi —m)
deo) _ Z2n Y (@i —n) + 3 (v =)
do 9 62
00) 2 Nia(wi—m) + 3y —n)
d6? 62 03
Lo o i@+ i)
2n

Under Hy U H;

L(6:,6;) = (%)nexp GW) <632>”6Xp <_Z?:1(ezf —n)>

6(91,92) - —nlnﬂl—w_nln%_w
01 0y
00(01,02) _n n S (z—n)
061 01 6?



0001, 65) -n  Yia(yi—n)

a6, 6 8
626(91,92) _n 22?:1(@ /)
69% 9% 9%
9%0(01,65) _n 22?:1(% —n)
695 95 9%
826(91, 62) _ 0
00105 -
- h, = ?:1(%‘ )
! n
and 0, = i=1(yi —n)
n
Test statistic
L)l
T(x,y — Y
( ) L(61, 92)|é1,é2
2n " (zi— " (yi—
(%) exp <_ S n);z,zlw n)>

()" e (=) (1) oo (- E2)

(%)% exp(—2n)
T oo & e
(%)
o\

We would reject Hy if this T'(x,y) were particularly small. However, as the sampling distribu-
tion may be difficult to derive, we can use instead the asymptotic result which says that

—2InT(X,Y) ~ x% asn — oo under Hy.
We would reject Hy at size o if —21n7T'(x,y) exceeds the top a quantile of a 3.

3. Shifted exponential, two populations, with nuisance parameter How would the test change, compared
to Example 2, if the shift parameter 77 was unknown rather than known, i.e. 7 is a nuisance parameter?

The first point to note is that if 77 is unknown, then the distributions are no longer part of an exponential
family (since the support depends on an unknown parameter). Secondly, the likelihood function,
under Hy or under Hy U Hj is a function of one additional variable (denote this additional variable 7
under H( and just 7 under Hy U H; to remind ourselves that the MLEs may not be equal in the two
situations). Notice that, under H

L(0,m0) = <1)2" exp <_ (@i —mo) + S0 (yi — no)>

0 9

0,m) = —2nln6— >ie1(®i — o) ;r i1 (i — o)
9U0.m0) _ 2m
oo A



From this we can see that 7y will occur on the boundary of the parameter space where 7 is as large as
possible, that is

o = min{z1,...,Tn,Y1,-.-,Yn}
while § = 2=i=1 (i —0) +3751(yi — 7o)
2n ’
Similarly, under Hy U H;
7 = min{z1,...,Tn, Y1, -, Yn}
0, = P C )
n
6, — )
2 n
Calculating the test statistic,
0,0, \"
T(X, Y) = < 42 )

(noting that these MLEs are as above, and are not the same as those in Example 2). A crucial difference
with Example 2 is that the asymptotic result does not hold because the the conditions for the CRLB
to exist fail (namely that the support does not depend on unknown parameters).

4. Normal, with nuisance parameter Suppose X ..., X,, are iid N(u,0?) where neither o nor o2 are

known, and we wish to test:

Hy:p=pg versus Hi:p# g

The fact that we have the unknown nuisance parameter o> means we cannot use the UMPU test

which would follow from an application of the Neyman-Pearson lemma, and so we consider instead
a Generalised likelihood Ratio test.

Under Hy
fo = po
1 n
65 = = (wi— )
)

Under Hy U H;

1 n
poo= ﬁle
i=1
1 n
572 = =Y (wi—p)?
)



Test statistic

We would reject Hy if T'(x) is unusually small. Although the asymptotic result would hold in
this case, we can actually find an exact result here (which will turn out to be the usual t-test):
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However, we know that under Hy, X—po tn—1 and so this test becomes the usual two-tailed

t-test.

\/S2/n

What would have changed if we had been interested in the one-tailed alternative instead?

Ho:p=pg versus Hy:pu> ug



Crucially for the Generalised Likelihood Ratio test, the parameter space under Hy U H; changes:

BOpUB; = {(M,JQ):,uZ,uO,JQ >0}

This means that when finding the MLEs under Hy U H, the constraint on the parameter space must
be considered:

M, o) 1,
alu - UQE(xZ—IU’)

If £ < po, then the turning point of this first derivative of the log likelihood does not occur in the
parameter space, and this first derivative is negative over g U ©1 implying that the MLE of p occurs
at the smallest possible value, i.e. it = pg. If this happens, then both MLEs under Hy and Hy U H;
are identical. The consequence of this for the test statistic is

1, T
| (g

Knowing that the generalised likelihood ratio is always less than or equal to one in value, this tells
us that the smallest values can only occur in the case where £ > . Intuitively this makes sense as
we would be unlikely to reject this Hy in favour of the alternative that u > ug when we observed
an T < po. In terms of finding a critical region for the test, we can also update the last steps of the
previous derivation

Ho
Ho

K
(AVARRWAN

to see that we are only looking at one tail of the t distribution to find the critical value.
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