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GENERALIZED SAMPLED-DATA STABILIZATION OF
WELL-POSED LINEAR INFINITE-DIMENSIONAL SYSTEMS*
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Abstract. We consider well-posed linear infinite-dimensional systems, the outputs of which are
sampled in a generalized sense using a suitable weighting function. Under certain natural assump-
tions on the system, the weighting function, and the sampling period, we show that there exists
a generalized hold function such that unity sampled-data feedback renders the closed-loop system
exponentially stable (in the state-space sense) as well as L2-stable (in the input-output sense). To
illustrate our main result, we describe an application to a structurally damped Euler—Bernoulli beam.
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1. Introduction. The design of sampled-data controllers is important both for
applications, because of digital implementation issues, and for theoretical develop-
ment. Sampled-data control for infinite-dimensional systems has been considered in
a number of papers; see [12, 13, 14, 15, 18, 19, 30]. In this paper we develop general-
ized sampled-data control for well-posed linear continuous-time infinite-dimensional
systems. Generalized sampled-data control has been frequently studied for finite-
dimensional systems (see, for instance, [2, 10]) and for infinite-dimensional systems in
Tarn et al. [28] and Tarn, Zavgren, and Zeng [29]. A well-posed system ¥ has generat-
ing operators (A, B, ('), where A is the generator of a strongly continuous semigroup
T = (T:)¢>0 governing the state evolution of the uncontrolled system, B is the con-
trol operator, and C' is the observation operator; see, for example, [5, 23, 25, 27, 31].
Denote by u and y the input and output of . For a given sampling period 7 > 0, a
generalized sampled-data feedback control will have the form

(1.1) u(t) = v(t) — H(t — kT)y, telkr,(k+1)7), k=0,1,2,....

In (1.1), H(-) represents a generalized hold element in the feedback, v(-) denotes an
external input to the closed-loop sampled-data feedback system, and yj is the kth
sample of the output y. In the most general setting, y; is obtained via generalized
sampling (i.e., weighted averaging):

T—6
g = / w(s)y((k — 1)1+ 6+ 5) ds,
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where 6 € (0,7) and w is a suitable scalar-valued weighting function defined on
[(k—1)7 + 6, k7]. This kind of generalized sampling is natural for well-posed systems
where the output typically is in L12OC but is not necessarily continuous. The feedback
element H(-) in (1.1) is also referred to as a periodic gain, as in [28, 29] and Chammas
and Leondes [2].

Control objective. Choose a generalized hold function H defined on [0, 7], such
that the unity sampled-data feedback given by (1.1), when applied to the well-posed
system 3, yields an exponentially stable closed-loop system.

Our main result is Theorem 4.4. Loosely speaking, Theorem 4.4, part (1), states
that for a given well-posed system 3., we can choose H to meet the control objective
if

(i) the unstable portion of the spectrum of A consists of at most finitely many

eigenvalues with finite algebraic multiplicities,

(ii) the semigroup generated by the stable part of A is exponentially stable,

(iii) the unstable (finite-dimensional) part of the observed discrete-time system
(C,T,) is observable,
(iv) 0776 w(s)erds # 0 for all unstable eigenvalues A of A,
(v) the unstable subspace of ¥ is contained in the closure of its reachable sub-
space.
In Proposition 4.6 we show that conditions (i)—(iv) above are in fact necessary, and
in Remark 4.3 it is noted that condition (iv) is in fact satisfied “generically.” Further-
more, if the semigroup generated by A is analytic, then (v) is also necessary. In [19]
we showed, however, that in general (v) is not necessary for stabilization by ideal-
ized sampling and generalized hold sampled-data control. This necessity issue is also
discussed in [18, 19, 30].

In Theorem 4.4, part (2), we show that the resulting closed-loop system with
external input v is L2-stable in an input-output sense. In part (3) we show that if
the square-integrable input v is such that © is also square-integrable, and if the initial
state satisfies a certain natural smoothness condition, then the output y(t) of the
sampled-data feedback system converges to 0 as t — oo.

Our main result extends, generalizes, and improves the basic result in [29] in a
number of ways. First, the results in [29] are proved for systems with bounded oper-
ators B and C' and then stated without proof for a class of systems with unbounded
B and C satisfying the conditions of the set-up developed in [4]. The unboundedness
in this class of systems is quite limited and allows only a few systems described by
partial differential equations with boundary control and observation. The results in
[29] were further developed in [28] to encompass a class of neutral systems. In our
paper, we work in the context of the theory of well-posed systems, the largest class of
infinite-dimensional systems for which there exists a well-developed state-space and
frequency-domain theory; see, for example, [5, 22, 23, 25, 26, 27, 31, 32]. Well-posed
systems allow for considerable unboundedness of the control and observation oper-
ators B and C, and they encompass many of the most commonly studied partial
differential equations with boundary control and observation and all functional differ-
ential equations of retarded and neutral type with delays in the inputs and outputs.
Second, in contrast to [28, 29], not only do we prove results on exponential stability
but we also obtain results on input-output stability.

The paper is organized as follows: In section 2 we describe in detail various results
relevant to the sampled-data control of well-posed systems. In section 3 we discuss
issues relating to sampled-data feedback stabilization. In section 4 we present our
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main result. In section 5 we illustrate our results by applying them to a structurally
damped Euler-Bernoulli beam.

Notation. N denotes the set of positive integers; Ng := NU {0}; Ry := [0, 00);
for a € R, set C,, := {s € C | Res > a}; for a real or complex Banach space Z, « € R
and 0 < p < oo, we define the exponentially weighted spaces L2 (R, Z) := {f €
L0 (R}, Z) : f()exp(—a-) € PRy, Z)} and WP(Ry, Z) = {f € LI (R}, Z) :
f()exp(—a-) € W'P(R4,Z)}; we endow LE(Ry,Z) with the norm | f|» :=
lle= f()|lzr; WEP([a,b], Z) denotes the subspace of all functions in W1P([a,b], Z)
with support contained in the open interval (a,b); B(Z1,Z2) denotes the space of
bounded linear operators from a Banach space Z; to a Banach space Zs; we write
B(Z) for B(Z,Z); let A : dom(A) C Z — Z be a linear operator, where dom(A)
denotes the domain of A; the resolvent set of A and the spectrum of A are denoted by

o(A)and o(A), respectively; if A € B(Z), then r(A) denotes the spectral radius of A.

2. Preliminaries on well-posed systems. Before developing our main results
for generalized sampled-data control of well-posed linear systems we first need to cover
some basic background material on well-posed linear systems. We cover only those
basic properties we need and some specific results relevant in a context of sampled-
data control. There are a number of equivalent definitions of well-posed systems;
see [5, 22, 23, 25, 26, 27, 31, 32]. We will be brief in the following and refer the
reader to [22, 23] for the original definition of a well-posed system, to [31] for issues
related especially to admissibility, and to [25] for a more comprehensive treatment.
Throughout this section, we will consider a well-posed system X with state-space X,
input space R™, and output space R?, generating operators (4, B, C), input-output
operator (G, and transfer function G. Here X is a real Hilbert space with norm denoted
by || - ||, A is the generator of a strongly continuous semigroup T = (T});>9 on X,
B e B(R™, X_4), and C € B(X;1,RP), where X; denotes the space dom(A) endowed
with the norm ||z||1 := ||(sol — A)z||, while X_; denotes the completion of X with
respect to the norm ||z||—1 = ||(sol — A)~'z||, where so € o(A) (different choices of sq
lead to equivalent norms). Clearly, the norm || - ||; is equivalent to the graph norm of
A. Moreover, X; C X C X_; and the canonical injections are bounded and dense.
The semigroup T restricts to a strongly continuous semigroup on X; and extends
to a strongly continuous semigroup on X _; with the exponential growth constant
being the same on all three spaces; the generator of the restriction (extension) of
T is a restriction (extension) of A; we shall use the same symbol T (respectively,
A) for the original semigroup (respectively, generator) and the associated restrictions
and extensions: with this convention, we may write A € B(X, X_1) (considered as
a generator on X_j, the domain of A is X). The spectra of A and its extension
coincide. For sg € p(A), soI — A, considered as an operator in B(X, X_1), provides
an isometric isomorphism from X to X_; (we refer the reader to [7] for more details
on the extrapolation space X_1). The operator B is an admissible control operator
for T; i.e., for each t € R, there exists 3; > 0 such that

The operator C'is an admissible observation operator for T i.e., for each ¢t € R, there
exists ¢ > 0 such that

t
/ T;_sBu(s)ds
0

< Bellullz2o,grmy  Yu € L2([0,1), R™).

t 1/2
(/ |CTSz||2ds> <vlz| Vze Xi.
0
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The control operator B is said to be bounded if it is so as a map from the input
space R™ to the state space X; otherwise it is said to be unbounded. The observation
operator C' is said to be bounded if it can be extended continuously to X; otherwise
C is said to be unbounded.
The so-called A-extension Cy of C' is defined by
Crz= lim Cs(sI — A)" 'z,
s—o00, SER

with dom(Cy) consisting of all z € X for which the above limit exists. For every
z € X, Tyz € dom(Cy) for almost all (a.a.) t € Ry, and if a > w(T), then C, Tz €
L2 (R, RP), where

1
w(T) := tlirgo 7 In | Tl

denotes the exponential growth constant of T. The transfer function G satisfies

1

(2.1)
S — 8o

(G(s) — G(s9)) = —C(sI — A)"'(sol — A)""'B Vs,s0 € Cy1), s # S0,

and for every @ > w(T), G is analytic and bounded on C,. Moreover, the input-
output operator G : L% (R4, R™) — L2 (R4,RP) is continuous and right-shift in-

variant; for every a > w(T), G € B(L2(R4,R™), L2(R,RP)) and
(£(Gu)(s) = G(s)(L(u)(s) Vs € Ca, Yue LL(Ry,R™),

where £ denotes the Laplace transform. It follows from (2.1) that if two well-posed
systems have the same generating operators, then the difference of their transfer
functions is constant: roughly speaking, the generating operators determine the input-
output behavior of a well-posed system up to a constant.

In the following, let so € C, (1) be fixed but arbitrary. For 29 € X and v €
L2 (Ri,R™), let z and y denote the state and output functions of X, respectively,
corresponding to the initial condition 2(0) = 2° € X and the input function u. Then
2(t) = Ty + fot T;_sBu(s)ds for all t € Ry, and y(t) = CATyz® + (Gu)(t) for a.a.
t € R. Moreover, z(t) — (sl — A)~1Bu(t) € dom(C,) for a.a. t € Ry and

(2.2a)  @(t) = Ax(t) + Bu(t), z(0)=2° foraa. tcRy,

(2.2b)  y(t) = Cx (2(t) — (sol — A)"'Bu(t)) + G(so)u(t) for a.a. t > 0.

Of course, the differential equation (2.2a) has to be interpreted in X_;. In the follow-
ing, we identify ¥ and (2.2) and refer to (2.2) as a well-posed system. We say that the

well-posed system (2.2) is exponentially stable if w(T) < 0. If the well-posed system
(2.2) is regular, i.e., the limit

lim G(s)=D

s—00, SER

exists, then z(t) € dom(Cy) for a.a. t € Ry and the output equation (2.2b) simplifies
to

y(t) = Cpx(t) + Du(t) for a.a. t > 0.

Moreover, in the regular case, we have that (sI — A)"!BR™ C dom(C,) for all
s € o(A) and

G(s) =Cp(sI —A)"'B+D Vs e Cym).
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The matrix D € RP*™ is called the feedthrough matriz of (2.2). We mention that if
the control operator B or the observation operator C'is bounded, then (2.2) is regular.

The following result relates to the asymptotic behavior of the output y of the well-
posed system (2.2) under the assumption that 2° and u satisfy certain “smoothness”
conditions.

PROPOSITION 2.1. Let a > w(T), 2° € X, and u € WL2(Ry,R™). If there
exists to € Ry such that Ty, (Az® + Bu(0)) € X, then the output y of the well-posed
system (2.2) is continuous on [ty,00) ! and satisfies

lim y(t)e " = 0.

t—o0

Proof. Let 2° € X, to € Ry, and u € WL2(R4,R™) be such that Ty, (Az° +
Bu(0)) € X. The output y of the well-posed system (2.2) is given by

(2.3) y(t) = CATy2’ 4 (Gu)(t) for a.a. t € R.

Let us first assume that a« = 0. Then, by hypothesis, 0 = o > w(T); that is, the
well-posed system (2.2) is exponentially stable. Define a right-shift-invariant operator
F: L2 (Ry,R™) — L% (R,,RP) by setting

loc loc
(F 1)) ¢:/O (GHC) = G0)f(C)dC V[ € Lige(Ry,R™), ¥t € Ry

The transfer function F of F is given by F(s) = (G(s)—G(0))/s. Clearly, F is analytic
and bounded on Cy and so, F' € B(L?(Ry,R™), L?(R,RP)). Using that G commutes
with the integration operator (by right-shift invariance), a routine calculation gives

Gu = Fi+ G(0)u + G(u(0)§) — G(0)u(0),
where 6 denotes the unit-step function. Setting
y1 = Fiu+ G(0)u and Yo := OAT2° + G(u(0)0) — G(0)u(0),
it follows from (2.3) that
(2.4) y(t) =y1(t) +y2(t) for a.a. t € Ry.

It is clear that y; is continuous. Since u,u € L?(R.,R™), we may conclude that
lim;, u(t) = 0. Using again that @ € L*(R.,R™), it follows from the boundedness
of F and G that Fiand (d/dt)(F1) are in L?(R,, RP), showing that limy_ o (F1)(t) =
0. Thus, lim;_,, y1(¢t) = 0. Taking the Laplace transform of ys gives

(Lyo)(s) = C(sI — A)~ 12" + é(G(s) — G(0)u(0) Vs e Co.
Invoking (2.1) we obtain that for all s € Cy,
(Ly2)(s) = C(sT = A)'a + O (sT — A) P A7 Bu(0) = C(sI — A) "' A7 (A" + Bu(0)),

!The output y of the well-posed system (2.2) is an element in L2 (Ry,R™), and so, strictly

speaking, y is not a function but an equivalence class of functions coinciding almost everywhere in
Ry. We say that y is continuous on [tg, 00) if there exists a representative in the equivalence class
which is continuous on [tg, 00).



1350 H. LOGEMANN, R. REBARBER, AND S. TOWNLEY

implying that ys(t) = CyT; A7 (Az"+ Bu(0)) for a.a. t € Ry. Hence, since Ty, (Az°+
Bu(0)) € X,

(2.5) ya(t) = CTy_t, ATy, (A2 + Bu(0)) for a.a. t € [tg,00).

Obviously, the right-hand side of (2.5) is continuous on [tg, 00) and converges to 0 as
t — 00. The claim now follows from (2.4).

Let us now assume that o # 0. Define the operator G, : L (R4, R™) —
L2 (Ri,RP) by setting Go(u) := e~ G(e* u). It is trivial that there exists a well-
posed system X, with generating operators (A —al, B, C') and input-output operator
G, (the exponentially weighted version of the well-posed system (2.2)). Since a >
w(T), it is clear that X, is exponentially stable. If y is the output of the well-posed

system (2.2), then
(2.6) y(t)e ™ = CaTie 2" + (Go(e ™ u))(t) for a.a. t € R,.

The right-hand side of (2.6) is the output of the exponentially stable well-posed
system ¥, corresponding to the initial value z° and the control function e~ u €
WL2(R,,R™). Moreover, since Ty, (Az° + Bu(0)) € X,

Tiye” " ((A— al)z’ + B(e™* u)(0)) = e~ Ty, (Az° + Bu(0) — az’) € X.

Thus, by what we have already proved, it follows that the right-hand side of (2.6),
and hence the function t — y(t)e™ %, is continuous on [ty,00) and converges to 0 as
t — 0. a

We close this section with a simple sufficient condition for a triple of opera-
tors (4, B,C) to be the generating operators of a well-posed system. Here A :
dom(A) C X — X generates a strongly continuous semigroup T = (T);>0, and
B € B(R™,X_1) and C € B(X1,RP) are admissible control and observation opera-
tors for T, respectively. Assume that the semigroup T is analytic; let s € o(A) and
let a > 0. Then the fractional powers (soI — A)~* and (sgf — A)® are well-defined
(where (sof — A)? := 1), (sof — A)* is closed, and (soI — A)~ € B(X). We endow
the domain of (soI — A)® with the norm

1]l == [[(s0T — A)*z]|

and denote the resulting Hilbert space by X,. Let X_, be the completion of X with
respect to the norm

12l = ll(sol = A)2].

It is trivial that Xo = X and (so — A)~* € B(X,X,). If a € (0,1), then X, and
X _, can be interpreted as interpolation spaces: between X and X in the case of the
former and between X and X_; in the case of the latter. The operator (sol — A)®
extends to an operator in B(X, X_,) and similarly, (sof —A)~* extends to an operator
in B(X_q, X); we shall use the same symbol (soI — A)® (respectively, (sl — A)~%)
to denote the extensions.

PROPOSITION 2.2. Assume that the semigroup T generated by A is analytic and
that B € B(R™, X_41) and C € B(X1,RP) are admissible control and observation
operators for T, respectively. If there exist a, B € [0,1] with o+ B < 1 and such that
B € B(R™,X_,) and C € B(Xg,RP), then there exists a reqular well-posed system
with generating operators (A, B, C).
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Proof. Fix X € o(A). It follows from the hypothesis that B := (\] — A)™®B €
BR™, X) and C = C(\ — A)~# € B(X,RP). Since a + 3 < 1, the operator (A —
A)+B(sI — A)~1is in B(X) for all s € o(A). Consequently, the function G defined
by

G(s) := C(\ — A)“P(sT — A)"'B
is analytic on g(A). Moreover,

(M — AP (sT — A)™L = (M — A=Y — A)(sT — A)~!

(2.7) = (M — AP N+ 5)(sT — A7 1] Vs € o(A).
Fix v > w(T). The fact that A generates an analytic semigroup guarantees the
existence of a constant M > 0 such that ||(s] — A)~Y| < M/|s — 4] for all s € C,.

Therefore we obtain from (2.7) that the B(X)-valued function s +— (A — A)*+8(sI —
A)~1 is bounded on C,. Consequently, G is bounded on C,. Moreover, since

(sI —A) "N — A2 =N - A)*(sI —A) 2 X Vze X, Vs o(A)
and
M — AN —A)Pz=N—-A)*Pre X Vze Xy,
an application of the resolvent identity yields for all s, s¢ € o(A4) with s # s

1
So— S

(G(s) — G(s0)) = C(M — A)*TB(sI — A)"L(sol — A)"'B
= C(sI — A)"Y(sol — A)'B.

Invoking a result in [5], we may now conclude that there exists a well-posed system
with generating operators (A, B,C). To show that this system is regular, it suffices
to prove that (sol — A)"*BR™ C dom C} for sg € o(A); see [31]. But this follows
trivially from the identity

C(sI — A Ysol — A)"'B = C(\ — A)*TP(sol — A)~Y(sI — A)"'B

and the facts that C € B(X,RP), (\[ — A)*F(so] — A)~' € B(X), and B €
B(R™ X). O

3. The sampled-data system. Let 7 > § > 0, H € L%([0,6],R™*P), w €
L?([0,7—6],R),and v € L2 (R, R™). We apply the following sampled-data feedback

loc
control law to the well-posed system (2.2):

() - H(t — kT)ys, telkr,kr+9)
(3.1a) w(t) = { o(8), Yk telbr+6,(k+1)7) Vk € Ny, where

T—6
(3.1b) Yo :=0 and Yk = / w(s)y((k—1)71+6+s)ds VkeN.
0

The function v represents the input signal of the sampled-data feedback system and

emphasises our input-output as well as state-space point of view.
Remark 3.1. Defining H, € L*([0,7],R™*P) by

(32) H, (1) ::{ =) ii%ﬁ]ﬁ
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Fic. 1. Feedback system with generalized sampling S and generalized hold H.

and setting
(H((y))) (t) == Ho(t — kT)yp Vit € [k, (k+1)7), Yk € N,

(3.1a) can be written in the form v = v — H((yx)). The operator H represents a
generalized hold operation with hold function H, (see, for example, [1]). Similarly,
(3.1b) describes a generalized sampling operation (see [1]). The function w is called
the weighting function of the sampler (3.1b). Note that instantaneous sampling of the
form yi = y(k7) is in general not possible since typically the output y of a well-posed
system (2.2) need not be continuous. Indeed, the state-space formula (2.2b) for the
output does not hold for all ¢t € R, but only for a.a. ¢ € R: in particular, it might
not hold at ¢t = k7 for some k € Np.

The sampled-data feedback system obtained by applying the control law (3.1) to
the well-posed system (2.2) is illustrated in Figure 1, where S denotes the generalized
sampling operation given by (3.1b).

It is clear that for given initial state z° € X and given input function v €
L (Ri,R™), the (unique) state trajectory z(-;z° v) of the sampled-data feedback
system given by (2.2) and (3.1) can be obtained recursively from (2.2b), (3.1b), and

0

(3.3a) z(0; 2%, v) = 29,
t
ok + ti2°,) = Tia(bria® o)+ [ Ti Blolhr + )~ Hy(s)un) ds
0
(3.3b) Vt e (0,7], Yk € Np.

Note that z(-; 2% v) is a continuous X-valued function defined on R . For simplicity,
in the following we shall occasionally use the abbreviation z := z(-; 2%, v). We define

xp =x(kT), xks:= (kT +9) Vk € Np.

For o,7 > 0, we define the left-shift/truncation operator L7 : L (R,R™) —
L?(R,,R™) by setting

t+o), tel0,7],

i ={ 7 1

In the following lemma we establish the basic discrete-time equations (involving xy,
Tk, Y, and Li_ sv) associated with the sampled-data feedback system given by
(2.2) and (3.1).
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LEMMA 3.2. Let 7> 6 >0, H € L?([0,6],R™*P), and w € L([0,7 — §],R). We
assume that

T—=6
(3.4) / w(s)Tszdse X; VzeX.
0

Then the following statements hold.
(1) The operator

T—6
(3.5) Ly:X — X1, 2 r—>/ w(s)Tszds
0

is in B(X, X1).
(2) The sequences (zk), (Tk,s), and (yi) satisfy, for all k € Ny,

T—6
(3.6) Tp+1 = TrsTp5 + / T,_s_sBvo(kT + 6 + s) ds,
0
(3.7) Y1 = CLyxps + ML, 50,
(3.8) Th+1,6 = (TT =+ KHCLw)l'k75 + MH,wL;;T_i_é’U,

where Ky € B(R?, X), M,, € B(L*(R+,R™),R?), and My, € B(L*(Ry,R™), X)
are defined by

s
(3.9) Kyz= —/ Ts_sBH(s)zds Vz€RP,
0

T—06

(3.10) Muf= [ w(sNGH(s)ds V€ LR R,
0
(3.11) Miwf = KyMof + /T T,_.Bf(s)ds Vfe L2(R.,R™),
0

respectively.

Remark 3.3. Tt is easy to show, using integration by parts, that (3.4) holds for
any w € L%([0,7—6],R) for which there exist a partition 0 = tg < t; < -+ <t, =7-6
and functions w; € WH1([t;_1,¢;],R) such that w(t) = w;(t) for all t € (t;_1,t;) and
all j =1,2,... ,n.

Proof of Lemma 3.2. Statement (1) follows from a routine application of the
closed-graph theorem. To prove statement (2), note first that (3.6) follows immedi-
ately from the variation-of-parameters formula combined with the fact that the control
u given by (3.1a) satisfies

(3.12) u(t) =v(t) Vtekr+96,(k+1)7).
To derive (3.7), we use (2.2b) and (3.12) to obtain

y(kt + 6+ ) = Cp (z(kr 4+ 6+ 5) — (sol — A)"'Bu(kT + 6+ 5))
(3.13) + G(sp)v(kTt +6+s) foraa. se€[0,7—4]

It follows from the variation-of-parameters formula that the function % : s — z(k7 +
6 + s) is the state trajectory of (2.2) corresponding to the initial condition Z(0) =
(kT + 6) = x1 s and the control function s — v(k7 + 6 + s). By (3.13), the function
s+ y(kT 4+ 6 + s) is the corresponding output, and thus

y(kt + 6 +5) = CATsxp 5 + (GLE,,sv)(s) fora.a. s € [0,7 4]
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Combining this with (3.1b) gives

T—06
Yktl = / w(s) (CATsx;ws + (GL;TMU)(S)) ds.
0

A standard argument involving the approximation of zj s by elements in X;, the
admissibility of C' and the boundedness of the operator L., (see statement (1)) shows
that

T—06
/ w(s)CaATsxp,sds = CLyxys.
0

Hence, with M,, given by (3.10),
Yk+1 = Owak,é + MwL;T_HSU,

which is (3.7). To prove (3.8), note that kt + 6 +s € [(k+ 1)7, (k + 1)7 + ¢] for all
s € [T — 6,7] and so, by (3.1a),

ulktr+6+s)=vkr+6+s)—H(s+6—T)yp+1 Vse€l[r—6,7], Yk € Ny.

Combining this with (3.12), we may conclude that
Tpt1,6 = Trags + / T,_Bv(kt+6+s)ds — / T,_sBH(s+6— T)yg+1ds.
0 T—6

Changing the integration variable s in the second integral to ( = s+ 6 — 7 gives

T

5
Trt1,6 = Trp,s + / T,_Bv(kt+ 6+ s)ds — / Ts_¢BH({)yi+1dC
0 0
=T 2ks + Knyrs: +/ T,_sBv(kt+6+s)ds VEke N,
0

where K is given by (3.9). Together with (3.7) and (3.11) this yields (3.8). 0
The sampled-data feedback system given by (2.2) and (3.1) is called exponentially
bounded if there exist constants N > 1 and v € R such that

(3.14) |z(t;2°,0)|| < Ne"||z°|| VteR,, Vale X,

where z(t;2°,0) is given by (3.3) (with v = 0). The number v is called an ezponential
bound of the sampled-data feedback system. Obviously any bounded operator A €
B(X) satisfies ||A¥| < ||A[F; i.e., A is power bounded. If ¢ > 0 is such that there
exists M > 1 so that

(3.15) |A*|| < M¢* Yk e N,

then ¢ is a power bound for A.

LEMMA 3.4. Let 7 > 6 > 0, H € L?([0,6],R™*?), and w € L?([0,7 — &],R).
Let L, € B(X, X1) and Kp € B(RP, X)) be given by (3.5) and (3.9), respectively, and
assume that (3.4) holds. Furthermore, let v € R. Then the following statements hold.

(1) If €’7 is a power bound for the operator T, + KyCL,,, then v € R is an
exponential bound for the sampled-data feedback system given by (2.2) and (3.1).
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(2) Under the additional assumption that T is a group, the converse of statement
(1) holds; that is, if v € R is an exponential bound for the sampled-data feedback
system given by (2.2) and (3.1), then €7 is a power bound for T, + KyCL,,.

The lemma shows in particular that the sampled-data feedback system is expo-
nentially bounded. We define the exponential growth wsq of the sampled-data feedback
system to be the infimum of all ¥ € R for which there exists N > 1 such that (3.14)
holds. Note that —0co < wgq < 00. If wgq < 0, then we say that the sampled-data
feedback system is exponentially stable. Similarly, the infimum of all ¢ > 0 for which
there exists M > 1 such that (3.15) holds is called the power growth of A. If the power
growth is smaller than 1, we say that A is power stable. It follows from Gelfand’s
spectral radius formula

P(8) = Jim [AF[/E

that the power growth of A coincides with r(A). As a consequence, Lemma 3.4 has
the following corollary.

COROLLARY 3.5. Let T > 6 >0, H € L([0,6],R™*P), and w € L*([0,7 — 8], R).
Let L, € B(X,X1) and Kg € B(R?, X) be given by (3.5) and (3.9), respectively, and
assume that (3.4) holds. Then r(T,+KgCLy) > €7 ; under the additional assump-
tion that T is a group, we have r(T,; + KgCL,) = ¢=47 (we adopt the convention
e"T :=0).

Proof of Lemma 3.4. We define A € B(X) by setting

A:=T, + KyCL,.

To prove statement (1), let ¥ € R and assume that e”” is a power bound for A. By
the variation-of-parameter formula we obtain for the state trajectory z(-; 2%, 0) of the
sampled-data feedback system

t
(bt +t;2°,0) = Tyxy — / T: sBH (s)yrds Vte|0,7), VEk € Ny,
0
where H, is given by (3.2). Using (3.6) and (3.7), we obtain
t
z(kr+t;2°,0) = Tt+7-_§17k_175*/ T, sBH (s)CLyxk_15ds Vtel[0,7), VkeN.
0

Invoking the admissibility of B, (3.8), and the hypothesis, we may conclude that there
exist N1, Ny > 0 such that

|z (kT + t; :UO,O)H < Ni|lzg—1s]] < Nz(e”)k*Ion,gH Vtel0,7), VkeN.

Noting that x(¢;2°,0) = T2 for all t € [0, 7] and setting

N i (s TNl ) sup e
0<s<t

0<s<t
it follows that
lz(kr + t;2°,0)|| < Ne*®™ |20 Vi e[0,7), Vk € Np.

This holds for all z° € X, showing that v is an exponential bound for the sampled-data
feedback system.
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To prove statement (2), assume that T is a group and let v € R be an exponential
bound for the sampled-data feedback system. Then there exists N > 1 such that
(3.14) holds and therefore

ksl < Ne"*Tj2®) = Ne? (e7)* |l Vk € No.

Since zg s = Ts2°, it follows from (3.8) that Th,s = AFTs20. Hence, using the group
property of T, we obtain

|A*Ts2°|| < N|IT_s][e”®(e)*|| Ts2°|| Yk € No.

Since this holds for all z° € X, it follows that e”” is a power bound for A. ]

4. Main result. We first state and prove a technical lemma.

LEMMA 4.1. Let S € R™" a >0, and f € L*([0,a],R). The matriz [ f(t)eS" dt
is invertible if and only if foa f)erdt #0 for all X € a(S).

Proof. Using the Jordan form of S, it is easy to show that a complex number p
is an eigenvalue of the matrix [ f(t)eS'dt if and only if u = [ f(t)e* dt for some
A€ a(S). O

In the following we shall impose a number of assumptions on the well-posed system
(2.2), the weighting function w, and the sampling constants 7 > § > 0.

Al. There exists 3 < 0 such that o(A) N Cs consists of finitely many isolated

eigenvalues of A with finite algebraic multiplicities.
If A1l holds, then there exists a simple closed curve I' in the complex plane not
intersecting o(A), enclosing o(A) N Cg in its interior and having o(A) N (C \ Cp) in
its exterior. The operator
1

(4.1) Mi=— [(sI—-A)"'ds
21 T

is a projection operator, and we have
(4.2) X=XTe X", where X1 :=1IX, X :=(-I)X.

It follows from a standard result (see, for example, Lemma 2.5.7 in [6]) that dim X+ <
0o, XT C X7, Xt and X~ are T;-invariant for all ¢ > 0, and

o(Alx+) =o(4A) ﬁ@g, o(Alx-)=0c(A)N ((C\@g).
It is useful to introduce the notation
(43) A+ = A|X+7 AT = A|X1F‘IX_7 Tj = Tt|X+7 T; = Tt|X— .

Clearly, T} is a semigroup on the finite-dimensional space X* with generator A™,
ie, T/ = eA+t7 and T, is a strongly continuous semigroup on X~ with generator
A~. Since the spectrum of A considered as an operator on X coincides with the
spectrum of A considered as an operator on X_;, the projection operator I on X
defined in (4.1) extends to a projection on X_;. We will use the same symbol II
for the original projection and its associated extension. Obviously, the operator A~
extends to an operator in B(X ~,(X_1)7), and the same symbol A~ will be used to
denote this extension. The decomposition (4.2) induces decompositions of the control
operator B € B(R™, X_;) and the observation operator C' € B(X,RP):

(4.4) Bt :=T1IB, B~ :=(—-T)B, C":=C|x+, C :=Clx,nx--
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The following simple lemma will be useful in the proof of Theorem 4.4.

LEMMA 4.2. Assume that Al holds. There exists a well-posed system X~ with
generating operators (A=, B~,C~)? and input-output operator G~ := G — G, where
G denotes the input-output operator of the (finite-dimensional) system (A*, BT, CT),
that is, (GTu)(t) = [ CTeA" =9 Btu(s) ds for all t € Ry and allu € L} (Ry,R™).
Moreover, for any 2° € X and v € L2 _(Ry,R™), the output y of the well-posed
system (2.2) can be written in the form

(4.5) y(t) = (CTAT; (I —)a° + (G u)(t) + CTHx(t) for a.a. t € Ry,
where z(t) = T2 + fg T:_sBu(s)ds for allt € Ry. The A-extension of C~ satisfies
(4.6) (CT)az=Cpz Vzedom((C7)a)=dom(Cr)NX".

Proof. It is trivial that the A-extension of C'~ satisfies (4.6). The admissibility of

B and C' immediately implies that B~ and C'~ are admissible control and observation

operators for T, respectively. Defining G*(s) := C*(sI — AT)~1B* it follows from
(2.1) that

1 1

G(s) - G —

—(G(5) ~ Gls0) —

—C (sl — A7) Nsol — A7) 'B™ Vs,80 € Cy(r), S # 0.

(G*(s) =G (s0)) =

Choosing a > w(T) and setting G™(s) := G(s) — G*(s) for all s € C,, it is clear
that G~ is analytic and bounded on C, and G~ satisfies

1
S — 8o

(G7(s) =G (s0)) = —C(sI — A7) Y(sol — A7) "B~ Vs,50 € Ca, s# 5p.

Invoking a result in [5], we may now conclude that there exists a well-posed system 3~
with generating operators (A=, B~,C~) and input-output operator G~ (or, equiva-
lently, transfer function G~).3 To prove (4.5), let 2° € X and u € L2 (Ry,R™) and
note that

OT,2° € X ¢ X; Cc dom(Cy) VteR,
and
(I —I)Ty2® = T, (I — M2’ € dom(Cp) N X~ =dom((C7)s) for a.a. t € Ry.
Thus, by (4.6), we may write the output y = CyT2? + Gu in the form
(4.7) y=(C AT (I -2’ +G u+CTTT2’ + Gtu.

2For (A~, B~,C7) to be the generating operators of a well-posed system it is of course necessary
that B~ maps into (X~)—1 = ((I — II)X)_1, the extrapolation space associated with A~. Since,
by definition, B~ maps into (I — II)X_1 =: (X_1)~, there seems to be a difficulty. However, it
is clear that the spaces (X~)_1 and (X_1)~ are both completions of X~ endowed with the norm
||+ |l=1. Hence there exists an isometric isomorphism (X ~)_1 — (X_1)~ whose restriction to X~ is
the identity, and so we can safely identify (X ~)_1 and (X_1)~.

3 Alternatively, the claim that there exists a well-posed system ¥~ with generating operators
(A=, B~,C7) and input-output operator G~ can be proved by direct verification of the defining
properties of a well-posed system as given in, for example, [25, 27, 31].
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With x given by x(t) = Ta2° + fot T;_sBu(s)ds, it is clear that Iz is the state
trajectory of the finite-dimensional system given by (A%, B* C7) corresponding to
the initial state IIz° and the input function u. Therefore, Ct*T*1I2° + Gt u = CT1lz,
and (4.5) follows from (4.7). 0

We recall that the linear bounded map

(48) Rto : LQ([O7t0],Rm) — X, f — Ato Tto—sB.f(S) ds

is called the reachability operator of the well-posed system (2.2) at time ¢.
We assume, in addition to Al, that the following conditions are satisfied. Let
to > 0 be fixed and assume that 7 > § > t;.
A2. The semigroup T~ is exponentially stable; that is, w(T™~) < 0.
A3. The pair (C*,T}) is observable.
A4. The constants 7 and § and the function w € L?([0,7 — §],R) are such that
(3.4) holds and

T—6
(4.9) /0 w(s)e*ds #0 YA€ o(AT).

A5. ER,&O O XT.

Remark 4.3.  Of course, A2 holds if the generator A~ satisfies the spectrum-
determined-growth assumption. Trivially, for A5 to hold, it is sufficient that the
well-posed system (2.2) is approximately controllable in time to. If the function w is
a nonzero constant, then it is clear that (4.9) holds if and only if

(1 — 8)A # 2mik VA € (A1), Vk € Z\ {0}.

The observability condition A3 is implied by observability of the pair (C*, AT) and
the nonpathological sampling assumption

(4.10) (A —p) #2mik VA p€o(AT), Yk e Z\ {0}.

We do not want to focus here on the issue of pathological sampling and instead refer
the reader to Proposition 6.2.11 in [24] for more on this. We note that conditions
(4.10) and (4.9) are “generically” satisfied in the following sense: the set of all 7 > ¢
for which (4.10) holds is open and dense in (g, c0), and, for given 7 > § > ¢, the set
of all w € L?([0,7 — é],R) for which (4.9) holds is open and dense in L*([0, 7 — ], R).

The control function u generated by the sampled-data control law (3.1) depends
on the initial value z° € X and the input function v € L (R4, R™). We express this
dependence by writing u = u(-;2%,v). It is natural to define the output y(-;2°,v) of
the sampled-data feedback system given by (2.2) and (3.1) to be the output of (2.2)
corresponding to the initial condition 2° and the control u(-;2°,v). We are now in
the position to formulate the main result of this paper.

THEOREM 4.4. Assume that A1-Ab5 are satisfied. For every ¢ € (0,—w(T7))
there exists H € L*([0, 6], R™*P) such that the following statements hold.

(1) The sampled-data feedback system given by (2.2) and (3.1) is exponentially
stable with exponential growth wsg < wW(T™) +¢e < 0.

(2) For every o € [w(T™) +¢€,0] there exists N > 1 such that

ly(s2°% )l < N([2° + lvllzz) Va® € X, Vo € L (R4, R™).
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(3) Ifa € [w(T™)+¢,0], 2° € X, andv € WE2(R,R™) and there exists t; € Ry
such that Ty, (Az® + Bv(0)) € X, then y(-;2°,v) is continuous on [t1,0) and

lim y(t;2° v)e 2 = 0.
t—o0

Statement (2) shows in particular that there exists H € L?([0, 6], R™*P) such that
the sampled-data feedback system given by (2.2) and (3.1) is L2-input-output stable.
Proof of Theorem 4.4. We define Ay € B(X) by setting

(411) Ag = TT-i-KHCLw,

where the operators L,, € B(X, X1) and Ky € B(RP, X) are given by (3.5) and (3.9),
respectively. It is convenient to set w™ := w(T7). Let € € (0, —w™).

(1) To prove that for a suitable hold function H, wsq < w™ + €, we note that, by
Corollary 3.5, it is sufficient to show the existence of a function H € L?(]0, 8], R™*P)
such that r(Ay) < e +9)7. Defining the operators

T—6
(4.12)  Kj:=TKp, K;:=I-I)Ky, LE:=L,/x= :/ w(s)TE ds,
0

we have K € B(RP, X*), L, € B(X*), and L, € B(X~,X1NX"), where X; N X~
is endowed with the norm || - ||;. The operator Ag can then be written in the form

+ +to+ 1+ *C- L
(4.13) AH(TT—i—KHC Ly K;C™ Ly, )

KL CtLE T  +K,;C L,

By A4, [, - w(s)er ds # 0 for all A € o(AT) and hence an application of Lemma 4.1

shows that the matrix L}, = 07_6 w(s)eA"® ds is invertible. Since L}, and TS = A’ ™
commute, we have that

(4.14) (C*LE, (L) "TELE) = (CF LG, T).

Using A3, i.e., observability of the pair (Ct, T), it follows that the pair (CtL}, TT)
is observable. Hence, by the pole-placement theorem for finite-dimensional systems,
there exists @ € B(R?, XT) such that

(4.15) o(Tf +QCTLY) = {0}.

Denoting the canonical basis of RP by (eq,eq,... ,ep), it follows from the fact that

6 > to (see A4) combined with assumption A5 that for every n > 0, there exist
hi,ha,...  hy, € L*([0,6],R™) such that

p
(4.16) D IIRsh; — Qe > < n.
i=1

Setting H := —(h1, ha, ..., h,) € L?([0, 6], R™*P), it follows that

Rghj ZKHej Vi€ {1,2,... ,p}.
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Therefore, invoking (4.16), we obtain that for all z = (21, 22, ... ,2,)T € RP,

P P
1Kz —Qzll = || 2zi(Kue; — Qe;)|| <D I1Kme; — Qejl 2]
j=1 j=1
1/2

p
< D IKme; — QeI | Izl < iz
j=1

Thus, || Ky — Q| <7, and so, since Q maps into X,

(4.17a) 157 = Qll = (K — Q)| < |||,
(4.17D) Kyl =1 = ID)(Kxg — Q)| < (|1 — |

Using (4.13), we may write

(4.18)
Ay = (TP HQOTLE QO Ly Y (Kj —Q)CTLE (K —Q)C Ly,
= 0 T, KOt L KO~ L '
We denote the first operator on the right-hand side of (4.18) by A and the second

by Py. Obviously, by (4.15), 7(A) = e¢* 7. By upper semicontinuity of the spectrum
(see [11], pp. 208), there exists v > 0 such that

(4.19) r(Ag) = (A + Py) < e o7,

provided that ||Pg|| < . It follows from (4.17) that the latter can be accomplished
by choosing 1 > 0 sufficiently small.

(2) To prove statement (2) of the theorem, choose H € L?([0, 6], R™*P) such that
(4.19) holds. Choose v € (w™,w™ + €) such that ¢’ is a power bound for Ap. Let
22 € X, a € (v,0], and v € L2(Ry,R™). Recall that the feedback control produced
by the sampled-data control law (3.1) is denoted by u(-; 2%, v). With H, defined by
(3.2) we have

u(t; 2%, v)e™ = ety (t)—e TR H_(t—k7)yre % Vit € [kr, (k4+1)7), Yk € No.

In the following, the numbers N; > 0 are suitable constants, depending only on « but
not on z¥ and v. It follows from the above identity that

(4.20)

(k+1)7 (k+1)7
/ lu(t; 2°,v)e™|2dt < Ny | ||lyre” 7| +/ lo(t)e™|2dt | VEk e Np.
k

T kT

Using that €7 is a power bound for Ay and that 0 > « > v, we may conclude from
(3.7), (3.8), and (4.11) that

oo

(o)
@20 S g I < N (JlanalP [ ot ar)
0

k=0
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and
o0 oo
a2 e < 8 (fanl? [ oo ).
k=0 0
Now yo = 0, and so u(t) = v(t) for all t € [0, 7). Hence,
t
(4.23) z(t; 2%, v) = Tya” Jr/ T:_sBv(s)ds Vtel0,1),
0

showing that

(4.24) lwo.sll = ll(6;2%, v)I| < Na(ll2®] + [[vllz2) < Na(llz°[| + [[v]l2)-

Inserting this into (4.21) and (4.22) yields

(4.25) Y llzkse T < Ns([l2]” + [|v]l72)
k=0

and

(4.26) D llywe™ 1P < No(J|2°)1* + [lvl|72)-
k=0

It follows from (4.20) and (4.26) that
(4.27) lu(s 2%, v)llzz < Ne(ll2°l + [[vllzz)-

To derive a similar estimate for x(-; 2%, v), we note that by the variations-of-parameter
formula we have, for k € N and ¢ € [0, 7),
kT+t

x(kT + t; 20, v) = Tiyr_6Tk-1,6 — / Tirit—sBH (s — kT)yr ds
kT

kT4t
+ / Tiriit—sBo(s)ds,
(k—1)746

where H: is defined in (3.2). A change of variables leads to

¢ ¢
x(kT + t; 20, v) = Tiyr_6Tk—1,6 — / T, sBH,(s)yrds + / T;_sBv(kT + s) ds.
0 s

-7

Hence,
(4.28) [|lz(kr + t;2°,0)e **THIY2 < Ny (%1,56_“(’“_1””2 + [lyre™ |

(k+1)T
+ / |v(s)e™||?ds | Yk €N, Vt€[0,7),

(k—1)7



1362 H. LOGEMANN, R. REBARBER, AND S. TOWNLEY

and so,
(k+1)7
(429) / Hw(t;xovv)efaqut S N9 ka_l,ée*a(kfl)THQ + Hykefak‘rHQ
k

(k+1)7
—|—/ lv(s)e™*%||*ds VEkeN.

k—1)1
Combining this with (4.23), (4.25), and (4.26) shows that

(4.30) lz(52°% v)llzz < Nio(ll2®l + [|v]lz2)-

Using that @ > v > w™, we have that the weighted semigroup ¢t — T; e * is
exponentially stable and G~ € B(L2(R4,R™), L2(R,,RP)). Combining this with
(4.27) and (4.30), an application of (4.5) (with u = u(-;2%v), * = x(-;2% v), and
y = y(-; 2%, v)) yields the claim.

(3) Since the space of all W22([0, 8], R™*P) is dense in L?([0, §], R™*P), an inspec-
tion of the proof of statement (1) shows that there exists H € W}12([0, 6], R™*P) such
that (4.19) holds. Choose v € (w™,w™ + ¢) such that e”” is a power bound for Ay.
Fix a € (v,0]. Let 2° € X and v € W)2?(R,,R™) be such that Az° + Bv(0) € X. It
follows from (3.1a) and (4.22) that u(-;2°% v) € Wl2?(Ry,R™). Denoting the output
of the well-posed system Y~ corresponding to the initial value (I — IT)z° and the
control u(+; 2% v) by y~, we have that

(4.31) = (C)AT (I — )2 + G u(;2% ).

-
Since u(0;2°,v) = v(0), we may conclude that
T, (A~ (I —M)2° + B u(0;2°v)) = (I — )Ty, (A" + Bv(0)) € (I - I)X = X .

An application of Proposition 2.1 to 3~ now yields that y~ is continuous on [t1, c0)
and

(4.32) Jim lly~ (t)e || = 0.
Since v € L% (Ry,R™), it is clear that [, ((:jll)):
Furthermore, it follows from (4.25) and (4.26) that zj se~“*" and yre~**" converge

to 0 as k — oco. Consequently, the right-hand side of (4.28) converges to 0 as k — o0
and therefore,

—QSH

lv(s)e 2ds converges to 0 as k — oo.

(4.33) lim [lz(t)e=*]| = 0.

Finally, by (4.31) and Lemma 4.2 (applied to the well-posed system (2.2) with control
u=u(;2%v)),

y(~;x0,v) = yi(t) + C+HCE(~;(£O,’U).

Therefore, y(-; 2°,v) is continuous on [t1, 00), and, furthermore, we may conclude from
(4.32) and (4.33) that lim;_, y(¢;2°, v)e~* = 0. O

Remark 4.5. (1) If in Theorem 4.4 assumption A5 is replaced by the stronger
assumption that im Ry, D X T (that is, every state in X is reachable from 0 in time
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tp), then an inspection of the above proof shows that there exists H € L2([0, §], R™*?)
such that (i) wsa < w(T7) and (ii) the conclusions of statements (2) and (3) of
Theorem 4.4 remain true for every « € (w(T™),0].

(2) From a practical point of view, it is important that the “structure” of the
stabilizing hold function H (the existence of which is guaranteed by Theorem 4.4)
is as simple as possible. In this context, we define S([0, 6], R™*?) to be the space of
R™*P-valued step functions on [0, §] and CPL.([0, 6],R™*P) to be the space of R"™*P-
valued continuous piecewise affine-linear functions with support contained in the open
interval (0,6). We recall that S([0,6],R™*P) and CPL.([0,6],R™*P) are dense in
L3([0, 6], R™*P). Moreover, it is clear that CPL.([0,6],R™*?) c W12([0, 6], R™*P).
Therefore an inspection of the proof of Theorem 4.4 shows that, for every ¢ €
(0, —w(T™), there exist

(i) H € S([0, 6], R™*P) such that statements (1) and (2) of Theorem 4.4 hold;

(ii) H € CPL.([0,6],R™*P) such that statements (1)—(3) of Theorem 4.4 hold.

It follows from [18, 30] that assumptions Al and A2 are necessary conditions for
the stabilization of (2.2) by any of the commonly used sampled-data feedback designs
including the control law (3.1) (see [18, 30]). In this context the following proposition
is of interest.

PROPOSITION 4.6. LetT > 6> 0, H € L2([0,6],R™*P), and w € L?([0,7—¢],R).
Assume that (3.4) holds. If the sampled-data feedback system given by (2.2) and (3.1)
is exponentially stable, then conditions A1-A4 hold, and if the semigroup T is analytic,
then A5 holds also.

Proof. Assume that the sampled-data feedback system given by (2.2) and (3.1)
is exponentially stable. It follows from [30] that Al and A2 hold. We claim that the
pair (CTL}, TI) is observable. Suppose not; then we can find z € XT, z # 0, and
¢ € C with |[¢| > 1 so that

Trz=(z and CTLfz=0.

Now choose z° € X+ such that z = T} 2°. We consider the state trajectory z(-;2°,0)
of the sampled-data feedback system corresponding to the initial state

and the external input function v = 0. Then, using (4.13),
k k k (Tgz° K (% k(%
m(kT—l—&;xo,O):xk,,g:Aon,(s:AHTng:AH( ‘50 ) =A% (O) =( <O>

Since z # 0, we may conclude that z(kT + &;2°,0) does not converge to 0 as k — oo,
yielding a contradiction to the exponential stability of the sampled-data feedback
system. Hence the pair (CTLf, T}) is observable. To show that A3 and A4 hold,
let Or, and O be the observability matrices for the pairs (CTL}, T}) and (C*, TT),

respectively. Since L, and T} = ¢4’ commute, it follows that
OL=0L}.

If (4.9) fails to hold, then, by Lemma 4.1, L7, is singular, implying that O, loses rank.
If A3 fails to hold, then (CT,T}) is not observable and again O, will lose rank. In
both cases (CTL}, T) will not be observable, which is impossible. Therefore both
A3 and A4 must hold.
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To complete the proof we just need to show that A5 also holds if T is analytic.
Define the operator B : R? — X+ by

Bfz= / T/ BTH,(s)zds Vz€eRP,
0

where H. is defined in (3.2). It follows from [30] that the pair (T, B;) is controllable.
A routine argument based on the Hautus criterion for controllability then shows that
the pair (A", BT) is also controllable. Finally, an application of Proposition 1.2 in
[19] yields that condition A5 is satisfied. d

5. Example. We will illustrate Theorem 4.4 with a standard model for an Euler—
Bernoulli beam with structural damping (see Chen and Russell [3]). Let z(¢,t) be the
lateral deflection of a beam, where ¢ € [0, 1] and ¢ > 0 denote space and time, respec-
tively. We assume that the flexural rigidity EI and the mass density per unit length
m are both constant. We normalize so that FI/m = 1. The Euler—Bernoulli beam
with structural damping is described by the following fourth-order partial differential
equation

(5.1) 260(6, 1) — 272¢ee (€, 1) + 2zeeee(€,1) = 0,

where v € (0,1) denotes the damping constant. We assume that the beam is hinged
at £ = 0 and has a freely sliding clamped end at £ = 1, with shear (also known as
lateral) force u(t) at £ = 1:

(5.2a) 2(0,t) =0,  2(0,t) =0,
(5.2b) ze(1,t) =0, — zeee (1, 1) = u(t).

For this system we consider a standard observation, the velocity at £ = 1:

(5-3) y(t) = z(1,1).

The applicability of our considerations below to other boundary conditions is briefly
discussed in Remark 5.1 at the end of this section.

Our first aim is to represent the controlled and observed partial differential equa-
tion given by (5.1)—(5.3) as an abstract well-posed system of the form (2.2). We write
L?(0,1) and W%2(0,1), respectively, in place of the more cumbersome L?([0,1],R)
and W%2([0,1],R). Let Ag : dom(4g) C L?(0,1) — L?(0,1) be given by

Aof = d'f/dg?,
dom(Ag) = {f € W*2(0,1): f(0) =0, f"(0) =0, f'(1) =0, f"(1) =0}

The operator Ag is closed, bijective, self-adjoint, and coercive and has compact re-
solvent. The numbers (—m/2 + 7k)*, where k € N, are the eigenvalues of Ay with
associated eigenvectors ey given by

er(&) = V2sin((—n/2 + 7k)E), keN.

The family (ex)ren forms an orthonormal basis of L?(0,1). Moreover,

AP F=—f", dom(Ay%) = {f e W2(0,1) : £(0) =0, f'(1) =0}.
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Let X := dom(A(l)/2) x L2(0,1). Endowed with the inner product

(1, 22)T, (y1,y2)T) = (A 21, A Py1) 12 + (22, o) 12

X becomes a Hilbert space. Defining the operator

0 1
(5.4) A= ( 4, _27141/2 ) , dom(A) =dom(Ap) x dom(Aé/z)’
0

(5.1) and (5.2) (with u = 0) can be written in the form & = Az, where z(t) =
(2(-,t), 2¢(-,t))T. The eigenvalues of A are given by

(55) )\ik— ’}/i 1—7 7T/2+7Tk‘ kEN,
with associated eigenvectors

V2 ( en/ Atk

1 —eF2iv ek

Jek = ), k€N,

where ¢ := arccos(—7), so that e?¥ = —y+iy/1 — 2. It is a routine exercise to check
that (fir)ken is a Riesz basis for X. For k € N, the unit vectors

_ 1 _ek‘/A:FkI *
9+k = ﬁ ( ex € dom(A )

are eigenvectors of A* with associated eigenvalues Ay = Ag;. Furthermore, intro-
ducing the set Z* := Z \ {0}, we have that

R

ie., (fj)jez and (gj)jez~ are biorthogonal. Consequently, A is a Riesz spectral op-
erator (as defined in [6]) and thus can be represented in the form

Az =" Nz, g,)f; Voedom(A)=qzeX: Y [N x,g)* <oop;
JEZ* JEL*

moreover, o(A) = {\; : j € Z*} and A generates a strongly continuous semigroup T
given by

Tz = Z Mz, g))f; Ve X;
jez*

see, e.g., Theorem 2.3.5 in [6]. It follows from the location of ¢(A) combined with a
standard result in semigroup theory (see, e.g., Theorem 5.2 in [16, p. 61]) that the
semigroup T is analytic.

To write the controlled partial differential equation given by (5.1) and (5.2) in
the abstract form (2.2a), we need to determine the input operator B. Moreover, in
order to prove admissibility of B, we need to expand B in terms of the functions
f;. To this end it is useful to recall that the inner product on X has a continuous
extension to X_; x dom(A*), where dom(A*) is endowed with the graph norm of
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A*. More precisely, there exists a bounded nondegenerate sesquilinear form [-, -] on
X_1xdom(A*) such that [z1,x2] = (1, z2) for all (z1,22) € X xdom(A*). The space
X_1 may be identified with the dual of dom(A*). Following the procedure outlined
in [8], we obtain that

(5.6) B =(0,6)T,

where 6; denotes the Dirac distribution (or unit mass) with support at & = 1.* Con-
sequently, the controlled partial differential equation given by (5.1) and (5.2) can be
written in the form (2.2a) with x(t) = (z(-, %), 2:(-,t))T and the operators A and B
given by (5.4) and (5.6), respectively.

In order to verify that B is admissible, we first note that (f;);jez~ is a Schauder
basis of X_1. Indeed, for arbitrary z € X_1, we have that

r=AA"'z = A Z <A71=T,gj>fj = Z <A715E,9j>)‘jfjv

JEL* JEL*

and it is clear that the coefficients (A~ 'z, g;)A; in the expansion on the right-hand
side are unique. It is easy to see that (A~'z, g;) = [z, g;]/)\; for € X_1 and j € Z*.
Thus, for arbitrary x € X_q,

T = Z [x’gj]fj'

jez

Since [B, g;] = sin(—7/2 + «|j|) = (—1)VI*!, we obtain the following expansion for B
in X_q:

(5.7) B= Z (—1)llH1 g,

JEL*

A standard application of the Carleson measure criterion (see [8, 33]) yields that B is
an admissible control operator for the semigroup T. Since the observation (5.3) is de-
scribed by the operator C' := B*, we conclude that C' is an admissible observation op-
erator. From (5.5) and (5.7), it is easy to see that for any € > 0, B € B(R, X_(1/4+<))
and C € B(X/44-,R). Hence we can apply Proposition 2.2 to conclude that (A, B, C')
are the generating operators of a regular well-posed system.

The semigroup generated by A has exponential growth constant —vym?/4, the
real part of the rightmost eigenvalue of A. Our aim is to construct a hold function
H such that the sampled-data feedback control law (3.1) with weighting w(s) =
1 achieves closed-loop exponential growth wgq < —9y72/4. To this end, fix 3 €
(—9vy7? /4, —y7w?/4). Then assumption A1 holds, the subspace X T of X is spanned by
{f-1, i}, and 0(AT) = 0(A)NCps = {A1, A1 }. It is clear that w(T~) = —9y72/4 < 0,
showing that A2 holds. It is straightforward to show that (f;);ez+ is a Schauder basis
of Xy, so that (f;)jez- is a Schauder basis of each of the three spaces X;, X, and
X_1. With respect to this basis we have that

A = diagjez. (A;), Ty =diagjcz.(e¥'), B=((-1)"")jez-)", C=(cj)jez
where

cp = 2(—1)k+1/(1 — 672“‘0), C_ = Ck VkeN.

4Strictly speaking, B is the operator in B(R, X_1) given by Bv = v(0,81)T, but it is convenient
to identify B and B1 = (0,61)7.
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Furthermore,
At =diag(...,0,0,X1,1,0,0,...), T =diag(...,0,0,eM* e 0,0,...),
BT =(...,0,0,1,1,0,0,...)", CT=(...,0,0,¢,¢1,0,0,...).

It follows in particular that assumption A3 is satisfied. Furthermore, since

oo

Z|Re>\\ Z 77/2+m) < 0

jez j=1

Theorem 4.1 in [20] implies that, for any ¢ > 0, there exists a unique sequence (p;);jez-
in L?([0,¢],C) such that

(5.8) /0 e%spl(s)ds:{ (1): il

Jj=1

that is, (e*");ez- and (p;)jez- are biorthogonal (note that p; = p—j for all j € Z¥).
Consequently,

(5.9) imR;,, D X7 Vip € (0,00),

where Ry, is the reachability operator given by (4.8). The inclusion (5.9) shows in
particular that A5 holds for every to > 0. Since o(AT) = {1, A1}, condition (4.10)
is satisfied, provided that

Ak
(5.10) T4 ——_ VYkeN.

1—72

Furthermore, since w(s) = 1 and ReA; # 0, (4.9) holds for all 7 > § > 0, and
therefore, we may conclude that assumption A4 is satisfied.

Choose 7 > 0 such that (5.10) holds and fix § € (0,7). It follows from Theorem
4.4 (combined with Remark 4.5 and (5.9)) that there exists H € L?(]0,6],R) such
that the sampled-data feedback control law (3.1) with weighting w(s) = 1 achieves
closed-loop exponential growth wyq < —9y72/4. We now use the construction in the
proof of Theorem 4.4 to compute such a hold function H. To this end, note that the
operator L} defined in (4.12) can be represented as

Lt = diag(...,0,0,X,1,0,0,...), where X:= (M=% —1)/A,.
We first find @ € B(C, XT) such that (4.15) holds. Since @ is of the form

Q: ( 7O7an—17q1a0507"')T7

we do this by computing q_1,¢q1 € C with the property that the two eigenvalues of
the matrix

M0 q-1 _ A0 N7 q-1C1A g—iciA
( 0 eM7 + Q1 (@1 e1) 0 X/ QeI eMT 4 qiep A

are both equal to 0. A routine calculation leads to

_62)\17' 62/\17)\1

5.11 Q= = = = v Q-1 =7;-
(5.11) (eMT — eMT)e A cq(eMT — M) (1 — eti(T-0)) 1
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We now compute h € L%([0, 6], R) such that Rsh = Q, in which case (4.16) holds for
every 1 > 0. Using (5.8) to solve Rsh = @ for h, we find that

h(t) = quipy (6 — ) + qup1(6 —t) Vit e [0,8].

The control law (3.1) with H = —h (and with w(s) = 1) achieves closed-loop expo-
nential growth wgg < —9y72/4. It is shown in [21, section 4] how to construct the
functions p;.

Remark 5.1. If we kept the same form for the boundary control in (5.2) but
modified the remaining boundary conditions to other “natural” boundary conditions,
identified in [9, 21], we could go through the same process to find a “stabilizing”
generalized hold function H. The only difference being that the eigenvalues and
eigenvectors would be given by asymptotic formulas—see, e.g., [17] for the formulas
for such a beam with one end clamped and the other end free. On the other hand,
if the control appears as a bending moment force (e.g., zg£(1,t) = w(t)), then the
resulting system will not be well-posed, and our theory does not apply.
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