This article was downloaded by:[University of Bath Library]

On: 6 June 2008

Access Details: [subscription number 773568399]

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

International Journal of Control

Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713393989

International PID control of second-order systems with hysteresis
Bayu Jayawardhana 2; Hartmut Logemann 2; Eugene P. Ryan 2
JO urnal Of @ Department of Mathematical Sciences, University of Bath, UK

Control

First Published: August 2008

To cite this Article: Jayawardhana, Bayu, Logemann, Hartmut and Ryan, Eugene
P. (2008) 'PID control of second-order systems with hysteresis', International
Journal of Control, 81:8, 1331 — 1342

e To link to this article: DOI: 10.1080/00207170701772479
S URL: http://dx.doi.org/10.1080/00207170701772479

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article maybe used for research, teaching and private study purposes. Any substantial or systematic reproduction,
re-distribution, re-selling, loan or sub-licensing, systematic supply or distribution in any form to anyone is expressly
forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents will be
complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should be
independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713393989
http://dx.doi.org/10.1080/00207170701772479
http://www.informaworld.com/terms-and-conditions-of-access.pdf

Downloaded By: [University of Bath Library] At: 12:34 6 June 2008

International Journal of Control
Vol. 81, No. 8, August 2008, 1331-1342

Taylor &Francis
Taylor & Francis Group

PID control of second-order systems with hysteresis
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The efficacy of proportional, integral and derivative (PID) control for set point regulation and disturbance
rejection is investigated in a context of second-order systems with hysteretic components. Two basic structures
are studied: in the first, the hysteretic component resides (internally) in the restoring force action of the system
(‘hysteretic spring’ effects); in the second, the hysteretic component resides (externally) in the input channel (e.g.
piezo-electric actuators). In each case, robust conditions on the PID gains, explicitly formulated in terms of the
system data, are determined under which asymptotic tracking of constant reference signals and rejection of

constant disturbance signals is guaranteed.
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1. Introduction

With reference to Figures 1 and 2, we consider PID
control of single-input (mechanical) systems of the
following two forms:

mx +cx+ P(x) =u+d, (1)
mx +cx +kx = ®(u+ db) + di, 2

with input 7 — u(f) € R and constant (but unknown)

disturbances d, d, d, € R. In a mechanical context, x(f)
represents displacement at time f€R,:=[0,00),m
and ¢ are the mass and the damping constant, and,
in (2), k is a linear spring constant. In the case of (1),
the operator ® models a restoring force which may
exhibit hysteresis phenomena, a particular example of
which is the ‘hysteric spring’ model discussed in, for
example, Symens et al. (2002), Al-Bender et al. (2004).
In the case of (2), the operator ® models hysteretic
actuation. Such hysteretic effects arise in, for example,
micro-positioning control problems using piezo-elec-
tric actuators or smart actuators, as investigated in,
inter alia, Ge and Jouanch (1996), Adriaens et al.
(1997), Gorbet et al. (2001), Gorbet and Morris (2003),
Iyer et al. (2005), Park et al. (2005), Song et al. (2005),
Tan et al. (2005) and Lin and Yang (2006).
Motivated by a recent study in Ikhouane and
Rodellar (2006), for each of the above system

structures we will investigate the efficacy of a PID
controller of the form

u(t) = —ky(x(t) — r) — kax(t) — k; /Ot (x(z) — r)dt + up,
3)

where u is the initial condition on the integrator,
kp ki, ks>0 are the controller gains and r is a
constant reference signal to be tracked. The latter is
a distinguishing feature of the present paper vis a vis
Ikhouane and Rodellar (2006) (wherein constant
non-zero reference signals cannot be handled).
Moreover, the investigation in Ikhouane and
Rodellar (2006) is concerned with systems of form
(1) and is focussed on one particular hysteresis
component, namely the Bouc-Wen model (Wen 1976,
Ikhouane et al. 2007). By contrast, in this paper we
deal with a large class of rate-independent causal
hysteresis operators which includes the play operator,
stop operator, backlash operator and Preisach
operators. These operators are briefly discussed in
§2; a more detailed discussion can be found in
Brokate and Sprekels (1996), Logemann and Mawby
(2001) and Mayergoyz (2003).

The rapidly expanding literature (of which the
references at the end of this article are but a
representative sample) on analysis and control of
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Figure 1. System of form (1).

systems with hysteresis attests to the growing
importance of the field to both control theorists
and practitioners. The analytical framework of the
present paper is based on frequency-domain condi-
tions developed recently in Logemann and Ryan
(2003) and Logemann et al. (2007) which ensure
existence, regularity and certain asymptotic proper-
ties of solutions of a feedback interconnection of a
linear (possibly infinite dimensional) system and a
hysteresis operator @®. Within this framework, the
main contribution of the paper is as follows. For
each of the two underlying system structures (1) and
(2), robust design criteria — formulated explicitly in
terms of bounds on the plant parameters m, ¢,k and
on a Lipschitz-type constant A associated with the
hysteresis operator ® — are developed under which
disturbance rejection is assured and the tracking
error x(#)—r converges, as t— oo, to zero at
exponential rate. We emphasise the robustness
aspect: the latter performance is achieved by PID
control for which computation of the associated PID
gains requires only the availability of bounds on the
parameters m, ¢, k and X; in particular (and in
contrast to Ikhouane and Rodellar (2006)), knowl-
edge of the hysteresis operator ® is not required (see,
in particular, Remark 2 and Remark 3 below).

Notation We conclude this introduction with some
remarks on terminology and notation. As usual, we
denote the space of continuous functions /- R, ICR
an interval, by C(/). A function fe C(R ) is said to be
piecewise monotone if, for some strictly increasing
unbounded sequence ()75, in R, with 7, =0, f is
monotone on [f,_y, t;] for all i € N: the space of all such
piecewise monotone functions is denoted by Cpm(R).
The (Banach) space of measurable functions /: R, — R
such that || fl, == [~ |f()FPdt < oo, 1<p <oo , is
denoted by LF(R,). For fel’(R,) and T >0, fr
denotes the concatenation of the functions f'jo, 77 and 0,
given by

f(n, 1€[0.T]

)= {‘o, t € (T, 00).

The space L (R, ) consists of all measurable functions
f:R,— R such that fre L”(R,) for all T>0. By

(l'-[

(l].Q

Figure 2. System of form (2).

Wll(;cl(IRJr) we denote the space of locally absolutely
continuous real-valued functions defined on R, that
is, f€ W (Ry) if and only if there exists g € L] (R})
such that £(z) = f(0) + [, g(s)ds for all 1€ R,.

Let « € R. The a-exponentially weighted L”-space

of functions R, —R is defined as
LRy == {f:/()exp(—a-) € L'(R)}

which, endowed with the norm

00 I/p
2w,y = I/ C)exp(—a )l pw,) = </0 |€mf(f)|pdl) .

is a Banach space.

A function u€C(R,) is ultimately non-decreasing
(non-increasing) if there exists r€[R, such that u is
non-decreasing (non-increasing) on [z, 00); u is said to
be approximately ultimately non-decreasing (non-
increasing), if for all e > 0, there exists an ultimately
non-decreasing (non-increasing) function ve C(R,)
such that

lu(t) —v()l <&, VteR,.

The unit step function is denoted by 6 and x denotes
convolution. Finally, we set R*: =R\{0}.

2. Hysteresis operators

An operator W: C(R,) — C(R,) is said to be causal if,
for all ©>0 and all v;,v,e C(R,), vi=v, on [0, 1]
implies that W(v;)=W¥(»,) on [0,7r]. The following
remark shows that causal operators can be extended
to ‘localised’ versions of the domain space.

Remark 1: Let 7=[0,7], where 0<7T < oo, or
I=[0,T), where 0 < T'<oo. For tel, define Q.
C(I)— C(R,)

u(ty, 0<t<rt,

(Qe)(1) = { o e )

If :C(R,)— C(R,) is causal, then ¥ extends in a
natural way to an operator C(I)— C(I): for ve C(I)
simply set

(YOO := W@, 0=r=t 1€l
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Causality of W guarantees that this definition does not
depend on the choice of  and so W(v) is a well-defined
function in C(J) for any ve C(I).

We will not distinguish notationally between the
original causal operator and its localisation.

A function f:R,_— R, is a time transformation
if f'is continuous and non-decreasing with f{0)=0 and
lim,_, o, f(f) =00. An operator ®:C(R,)— C(R,) is
rate independent if, for every time transformation f,

(Puof )@ = (Pw)(f(1), YueCRy), VieR,.

The operator ®: C(R,)— C(R,) is said to be a
hysteresis operator if @ is causal and rate independent.

The numerical value set, NVS @, of a hysteresis
operator @ is defined by

NVS @ := {(®)(1) : u € C(Ry), t € R, }.
For we C([0, «]) (with «>0) and y,8 > 0, we define

Cow: 8,y) : = {v e C(0,a+ 7)) :

V. =w, max [w(t) —w(a)| < 8}.
’ tefa, a+y]
We will have occasion to impose some or all of the
following conditions on the hysteresis operator &:
C(R,)— C(R,):
(N1) If u € WL(R,), then ®(u) € W (R,);
(N2) The operator ® is monotone in the sense that,

if ue WhI(R,), then

loc
(®w) (0u'(t) =0, ae.teRy;

(N3) There exists A > 0 such that for all >0 and
we C([0,«]), there exist constants y,8 >0

such that
max |(®(u))(z) — (@(m)(7)| <
€la,a+y]
A max |u(t) —w(t)|, Yu,vel(w;d,y);
t€fo,a+y]

(N4) For all x € R, and all u € C(J0, @)), there exist
¢ > 0 such that

max |((u))(7)] = ¢(1 + max |u(7)]),
7€[0,1] 7€[0,1]
Vtel0, ),

(NS) If ue C(R,) is approximately ultimately non-
decreasing and lim,_, ,cu(f)=o00, then
(®(u))(r) and (O(—u))(f) converge, as t — oo,
to sup NVS @ and inf NVS @, respectively;

(No) If, forue C(R,), lim,_, o, (®(u))(?) € int NVS
@, then u is bounded.

These technical assumptions are invoked in Theorem 1
and 2 below (which underpin the results of the paper):
moreover, they are natural in the sense that they hold
for the most commonly encountered hysteresis opera-
tors: relay, elastic-plastic, backlash, Prandtl, Preisach.

We mention that, if a hysteresis operator ® satisfies
(N5), then NVS @ is an interval. Furthermore, we
remark that many hysteresis operators (see, for
example, Brokate and Sprekels (1996) and Logemann
and Mawby (2001)) are Lipschitz continuous in the
sense that

sup [(®))(r) — (PM)(D)] < A sup [u(r) — v(7)],

teRy eR;

Vu,ve C(R,), ®)

for some A >0, in which case (N3) and (N4) are
(trivially) satisfied and, furthermore, (N1) holds
(see Logemann and Mawby (2001)).

In the following, we briefly describe the backlash,
elastic-plastic and Preisach operators which are widely
adopted as hysteresis models in engineering
applications.

Backlash operator. The backlash (or play) operator,
widely used in mechanical models (of, for example,
gear trains or of hydraulic servovalves), has been
discussed rigorously in many references, see for
example Brokate and Sprekels (1996), Logemann and
Mawby (2001) and Mayergoyz (2003). With a view to
giving a precise definition of backlash, we first define,
for each he R, the function b R>— R by

by(v,w) := max{v — h, min{v + h, w}}.

For all heR, and all £ R, we introduce an operator
B¢ defined on the space Cpm(R,;) of piecewise
monotone functions, by defining, for every ue Cpn

(R),

(Bh£()(7)
[ ba(u(0),8) fort=0 (6)
- {bh(u(t), (Big@)(1) fortiy <t<t, ieN

where 0=19 < t; < 1, <--- 1s a partition of R, such
that u is monotone on each of the intervals [#;_1,7],
i€ N. Here & plays the role of an ‘initial state’. It is well
known, see, for example, Brokate and Sprekels (1996,
page 42), that the operator B ¢: Cpm(R 1) — C(R,)
can be extended uniquely to a hysteresis operator
Bje: C(R;) — C(R,); moreover, the extended opera-
tor is Lipschitz continuous (in the sense of (5)) with
Lipschitz constant A =1 and satisfies (N1)-(N6) (see,
for example, Logemann and Mawby (2001,
Proposition 5.4). It is clear that NVS B, =R. The
action of the backlash operator is illustrated in
Figure 3.
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10

10
Figure 3. Backlash operator B¢, with h=2 and £=1.

Elastic-plastic operator. The -clastic-plastic operator
(also called the stop operator) describes the stress-
strain relation in a one-dimensional elastic-plastic
element. When the modulus of the stress is smaller
than the yield stress, the strain is related to the stress
through Hooke’s law (linear). Once the stress exceeds
the yield value, it remains constant under further
increasing of the strain; however, the elastic
behaviour is recovered when the strain is again
decreased.

For each h€R,, define the function ¢,:R— R by

ep(u) = min{h, max{—h, u}}.

For all heR, and all £€R, we introduce an
operator &,¢ on Cpyn(Ry) by defining, for every
ue Cpm(R,),

(En,e))(0)

[ en(u(0) — ) fort=0

B { en(u(t) —u(t) + (Ene(w))(t) fortiy <t<t,ieN,
(7

where 0 =1y, < t; < t, <--- is a partition of R, such
that u is monotone on each of the intervals [z, 7],
ieN. Again, & plays the role of an ‘initial state’. It is
well known (see, for example, Brokate and Sprekels
(1996, page 44)), that the operator
Enr £ Com(Ry) — C(R,) can be extended uniquely to a
hysteresis operator &, C(R;)— C(R,); moreover,
the extended operator satisfies (N1)—-(N6) with A =2;
see, for example, Logemann and Mawby (2001,
Proposition 5.7). It is clear that NVS &, .=[—h, h].
The action of the elastic-plastic operator is illustrated
in Figure 4. Finally, we mention that
Eneu) + By g(u)=u for all ue C(R,).

Prandtl and Preisach operators. The Preisach operator, a
version of which is described below, encompasses both
backlash, elastic-plastic and, more generally, Prandtl
operators. It represents a far more general type of
hysteresis which, for certain input functions, exhibits
nested loops in the corresponding input-output
characteristics. Let ¢:R,—R be a compactly
supported and globally Lipschitz function with

Lipschitz constant 1. Furthermore, let © be a signed
Borel measure on R, such that |u| (K) < oo for all
compact sets KCR,, where |u| denotes the total
variation of p. Denoting the Lebesgue measure on R
by wuz, let w:RxR,—R be a locally (u;® w)-
integrable function and let wyeR. The operator
P, C(R,)— C(R.) defined by

00 (Br, Z(l')(“))([)
e = [ | (s, Wy (ds)e(dh) + wo,
Vue CR,), YieR., @®)

is called a Preisach operator, cf. Brokate and Sprekels
(1996, p. 55). It is clear that P, is a hysteresis operator.
Under the assumption that the measure u is finite and
w is essentially bounded, the operator P, is Lipschitz
continuous with Lipschitz constant || (R,) [[w] o0, S€€
Logemann and Mawby (2001). Furthermore, if we
additionally assume that w and w are non-negative
valued, then, as shown in Logemann and Mawby
(2001), (N1)~(N6) hold (with A = (R, ||w]ls in (N3))
and

sup NVSP, = /0 /0 w(s, ) (ds)u(dh) +wo € [wy, 00],

o~ 0 )
infNVS P, = —/0 / w(s, B)pp(ds)u(dh)

+ woy € [—o0, wy]. (10)

The special case, wherein w=1 and wy=0 in (8), yields
the Prandtl operator

(ﬂwmozﬁ(mﬂmwmmmm
VueCR,), VYieR,. (1)

It follows from (9) and (10) that the numerical value set
of the Prandtl operator defined in (11) is equal to R
(provided that u #0).

To provide a concrete example of a Preisach
operator, we adopt a product of continuous
Gaussian distributions as the weighting function w
(similar weighting function has been used by Mitchler
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fh.{ (“‘)

Figure 4. Elastic-plastic operator Ej ¢, with #=2 and §=1.

et al. 1997 in a Preisach model of magnetic remanence
in materials), that is,

w (s, h)i— L exp(—(s* + h%)/2).
2

Then

00 (B, ey (w))(1)
/ / exp(—(s* + h%)/2)dsdh
0 0

00 (B, ¢y ())(1)
= / / exp(—s?/2)a(h) ds dh
0 0

00 (B, ey ()(1) 5
_ / / exp(—5/2) juz(ds) pldh),
0 0

where «: R, — R, is given by a(h)=exp(—h*/2) and
the measure u is given by w(dh)=a(h)dh. In
particular, w(R,) = +/7/2 and the Preisach operator
given by

(P(u))(2)

1 o8} (Bh,;(h)(u))(t)
= Z/ / exp(—(s> + h*)/2)ds dh + wy
0o Jo
(12)
is such that (N1)—~(N6) hold, with

1 1 1

A =—wu(Ry) sup exp(—o) = —u(R;) = ——

in (N3). In the case {=0 and w,=0, this operator is
illustrated in Figure 5.

3. Asymptotic behaviour of feedback systems with
hysteresis

In order to provide an appropriate analytical frame-
work for the main investigation in §4, here we
assemble some results from Logemann and Ryan
(2003) and Logemann et al. (2007). The first result
pertains to a feedback interconnection of a convolu-
tion operator G (with kernel g) and a hysteretic
non-linearity ®, as shown in Figure 6 below, and is

10

|
4]
o
[

contained in Logemann and Ryan (2003)
Theorem 4.1.

Theorem 1: Let g€ LX(R,), for some o <0, be a

Sfunction  of  locally  bounded  variation.  Let

riore WRlRy)  with 7,1y e LA(Ry).  Let
®:C(R,)— C(R,) be a hysteresis operator satisfying
(N1), (N2) and (N3) with associated constant ) > 0.
Assume that

1
i 1 —— 13
al)telng Re G(iw) > e (13)

where G denotes the Laplace transform of g.
Then the feedback system

y=gx*ri+r—gx®(y), (14)

has a unique solution y € Wlloc1 (Ry) and there exist

constants Be(a,0) and y >0 (depending only on g
and \) such that

IVl e,y + 1RO o, ) + ||}/||L§([Re+)
+ 1@ Iz =< V[N @) + 1] )

+ ri () + [r2(0)] + |(<1>(Vz))(0)|] (15)

and y(t) and (O(y))(t) converge to finite limits as t — 0o,
the convergence being exponential with rate B.

In Theorem 1, it is assumed that the linear
component of the system is described by a convolution
operator with kernel (impulse response) g in L2(R,)
for some o < 0. This implies that the linear subsystem
is input-output stable and, in particular, does not
contain any integrators.

The next result, Theorem 2, applies to a class of
linear systems — containing an integrator with asso-
ciated gain parameter x > 0 — of the form shown in
Figure 7, where again G is a convolution operator
(with kernel g), ®:C(R,)— C(R,) is a hysteresis
operator, r,r»€R and g€ L*(R.,).
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Figure 5. The Preisach operator (12) with =0 and wy=0.

1 O

=
D]
|
2
-]
i

q +rabl

Figure 7. Feedback system with integrator and hysteretic
non-linearity.

Theorem 2: Let ge LL(R,)+ RSy for some a <0,
where 8o is unit point mass at t=0 (the Dirac
distribution with support at t=0). Let ri,r,€R, k>0
and qe L*(Ry)  with lim,_ o q(t)=0. Let
®:C(R,)— C(R,) be a hysteresis operator satisfying
(N1)-(N6) with associated ) > 0. Let G denote the
Laplace transform of g and assume that G(0) > 0,
r1 +1/G(0) € NVS @ and

0 {U(Mf(G)I), f(G)#0
<k <
00, f(G)=0,

where f(G):= inf Re (G(;‘”)> (16)

Then, for each yy€R, the initial-value problem
(describing the feedback system shown in Figure T)

y=k(rgx0+g+r0—gx®(1), »0) =y R,
(17)

has a unique solution y € W, '(Ry) and y has the

loc

following  properties: lim,_, oo 9(£) =0, lim,_, o

(PN(@)=r1 +12/ G(0) and () € LX(R,).
Furthermore, if ri+ry/G(0) is an interior point of
NVS @, then y is bounded.

Proof: Since ge LL(R,)+ RS, with o <0, it fol-
lows that

lim sup = |G'(0)] < oo.

5s—0, Res >0

G(s) — G(0)
.

0.2

Pe(u)

Hence, G satisfies the condition (L) in (Logemann
et al, 2007, Theorem 4.1). Note that
g*x0—G0)0e L*(R,) and (gx0)(1)—G0O)—0 as
t —oo. Furthermore, observe that system (17) has the
same form as the system in Logemann et al. (2007,
Equation (4.1)), with 7=0, =0 and ¥ =id in the
latter and with the roles of p and g in the latter being
played, respectively, by G0)ry 4+ and
r(G(0)—gx0) —ge L*(R,) in the present context.
Therefore, Theorem 4.1 in Logemann et al. (2007)
may be applied to establish that (17) has a unique
solution Wlloi([RJr) and lim,_ . »p()=0,
(<I>(y))/eL2([R+) and lim,_, oo(®(»))(t) =: = exists.
Moreover, Theorem 4.1 in Logemann et al. (2007)
also shows that y is bounded, provided that r;+r,/
G(0) is an interior point of NVS ®. It remains to show
that ®*° =r; +r,/G(0). This follows easily from (17)
and the facts that y(1)— 0, (gx0)(1)— G(0) and
(g*x ®(»)(1) = G(0)D> as t — oo. O

4. PID control of systems with hysteresis

We now focus attention on the application of
Theorem 1 and 2 in the analysis and design of PID
control in the context of each of system structures (1)
and (2).

4.1 Systems of form (1)
Consider again a second-order system described by (1):

mx + ¢x + ®(x) = u + db,
x(0) =x9, X0)=vy, m>0,¢>0,deR, (18)

where df is a constant disturbance signal. Assume
that r € R is a constant reference signal, in which case,
the control objective is to determine, by feedback,
the control input u to achieve the tracking objective:
x(t)—r as t— o0o. We will investigate the efficacy
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of the following PID control in achieving this
objective:

u(t) = —ky(x(t) — 1) — kas(0) — k; fo ((0) = e+,
(19)

where uy € R is the initial condition of the integrator
and k, kg k;>0 are suitably chosen gains. Let
0 <w<oo. A function xe C*[0,w)) satisfying (18)
and (19) is said to be a solution on [0,w) of the closed-
loop system given by (18) and (19).

Theorem 3: Let @:C(R,)— C(R,) be a hysteresis
operator satisfying (N1), (N2) and (N3) (with asso-
ciated constant . > 0). Let r,deR. If k,, kq, k; are
chosen such that

(Al) k> —c+/Ck, +0m,

(A2) 0<ki<kplk,+r)/(2c+kaq)),

then, for each (xo,vo,up) € R>, the initial-value problem
given by (18) and (19) has a unique solution x € C*(R..),
x(t)—r, x(t)—>0 and X(t)— 0 as t— oco; moreover,
(®(x))(t) converges to a finite limit as (— 00
(all convergences being exponentially fast).

Proof: By standard arguments (as in, for example,
Logemann and Ryan (2003)), there exists a unique
solution x € C*(R.) of the initial-value problem given
by (18) and (19). Setting

1

z(t) == /0 (x(7) — r)dr—E(ug +d), VtieR,

and p(s): =ms’ + (¢ +ka)s* + k,s + ki, it follows that

p(%)z = —D(z 4 rH). (20)
Let he C}(R,) and p e C}(R.,) be the unique solutions

of the following two initial-value problems:

p<i)h =0, h0)=0, h0)=0, h0)= 1
dt m

and

d . . __U()~|—
p(g)ﬂ—O, p(0) = z(0) = Sy

p(0) = 2(0) = x(0) —r,  p(0) = £(0) = X(0),

respectively.  Using the variation-of-parameters
formula for higher order systems, we can rewrite (20)
in the form

z=—hx®(z+r0)+ p. (21)

Clearly x=z+r6. Differentiating (21), writing g::h
and using the fact that 4(0) =0, yields

X=p+r0—g*xd(x), (22)

which has the structure of (14) (with r =0 and
rp=p—+rf) to which Theorem 1 potentially applies.
First, however, we need to show that the hypotheses of
Theorem 1 hold in the context of (22). Clearly,
p+roe Wll(;l([RQ, so it remains to show that

(a) g,pe Li for somea <0, (b) inﬂt;2 Re G(iw) > —1/A,
we

where, G is the Laplace transform of g, that is,

G(s)

N A
Tme + (k)2 +hps ki pls)

To conclude (a), it suffices to show that p is Hurwitz, in
which case h, h=g,h =g, p, p and p are exponential
decaying functions. By the Routh-Hurwitz criterion, p
is Hurwitz if, and only if,

c+ks>0 and 0 <k; <ky(c+ky)/m. (23)

Clearly (Al) implies the first of inequalities (23)
and, moreover, implies that (2k,+A)/(c+k,) <
(¢ + k,)/m which, together with (A2), gives the second
of inequalities (23):

0<k < ky(k, + A) - kp(2k, + 1) _ ky(c+ kd)'
2(c+ ky) c+ky m

It remains to show that (b) holds. First observe that

. iw 1
inf Re 3 5 > ——
weR m(iw)” + (¢ + kg)(iw)” + ky(io) + k; A
. k,,a)2 — ma* 1
& inf 3 5 > —
weR (ko0 — ma?)” + (ki — (¢ + kg)w?) A
& (kpw — ma®)? + A(ky,0* — ma*) + (k;
—(c+ kd)a)2)2 >0 YoelR
& Mo’ + po* + (k) + Ay — 2ki(c + ka))o’”
+k2>0 VYoeR
& mE + & + (ko + My — 2kic + ka)E
+ikr>0 VeEeR,, (24)

where 8: = (¢ + kd)z—(Zk,, + A)m. Now observe that the
inequality (24) holds since, by (Al) and (A2), the
polynomial in & on the LHS of (24) has positive
coefficients, whence hypothesis (b) is satisfied. All
hypotheses of Theorem | are now in place (in the
context of system (22)), and so we may conclude that
x(t) and (®(x))(7) converge to finite limits as ¢ — oo,
the convergence being exponentially fast. Since /,p are
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exponentially decaying functions and since (®(x))(7) =
(®(z + r0))(t) converges exponentially, as t— oo, to a
finite limit, we conclude from (21) that z(¢) also
converges, as t— oo, to a finite limit at exponential
rate. Consequently, since both
z(1) = fot(x(r) —r)ydt — (up + d)/k; and x(t)—r have
finite limits as t — oo, and converge exponentially, we
conclude that x(7) —r— 0 exponentially as t— oco. A
routine argument involving the differentiation of (22)
now shows that x(f)— 0 exponentially as ¢— oo.
Consequently, the control signal u(f) given by (19)
converges exponentially fast to a finite limit as 1 — oco.
Finally, invoking (18), we obtain that, X(f) converges
exponentially fast to a finite limit as ¢— oo.
Boundedness of x shows that this limit is equal to 0.[]

Remark 2: Assume that the parameters m, ¢ and A are
unknown, but belong to known intervals, viz. me
0,my], ce [c_,cy] and A €(0,1,], where m, >0,
0<c_< ¢y and A, > 0 are known constants. If the
PID controller gains are determined by using the
following procedure:

(P1) let k, > 0 be arbitrary,
(P2) choose k, such that ky > —c_ + \/(2k, + A y)my,
(P3) choose k; such that 0 < k; < k;/(2(cy + ka)),

then (A1) and (A2) hold and Theorem 3 applies to
conclude that the PID controller, with the above choice
of gain, solves the tracking and disturbance rejection
problem.

4.2 Systems of form (2)
In this subsection we consider second-order systems
described by (2):
mx+cx+kx=d 0+ d(u+d0),
x(0) = xo,
x(0)=vy, m>0, ¢>0, k>0, d,d,eR
(25)

where d,60 and d»0 are constant disturbance signals. We
will investigate the efficacy of the control structure (19)

in both the absence (k;=0) and presence (k; > 0) of
derivative feedback.

Theorem 4: Let &: C(R,)— C(R,) be a hysteresis
operator satisfying (N1)—(N6) with associated ) > 0.
Let r,d,,d> € R and assume that rk — d; € NVS ®.

Case (a) Set k;=0 and let k,, k; > 0 be chosen such

that
kk e
(A) 0<k < ok _ &k
c Am

Case (b) Let k,, k;, kg > 0 be chosen such that
B1) 0 < k; < o0,
Cki

(B2) k, >

®3) k> ke,
C

Then there exists a unique solution x € CA(R) of the

closed-loop system given by (19) and (25), and

lim x(f) =r, lim x(f) =0, lim %(¢) = 0,
1—00 1—00 1—00

Ilirn (P(u + dr0))(t) = rk — d,.

— 00

Moreover, if rk — d, is an interior point of NVS®, then
the control signal u given by (19) is bounded.

Proof: By standard arguments (as in, for example,
Logemann and Ryan (2003)), there exists a unique
solution x € C*(R,) of the closed-loop system given by
(19) and (25). Set p(s):=ms*+cs+k, let h be the
solution of the initial-value problem

d : 1
p(a)h =0, h0)=0, K0)= e

and let p be the solution of the initial-value problem

d
P(d[>p =0, p0)=x0, p0)=w.

Then the solution x of the closed-loop system given by
(19) and (25) satisfies

x=hx* [@( — kp(x — 1) — kg — Ky f(x(r) — r)dr
0
+ (o + d)6) + di] + p. (26)
Define we C'(R.) by

w(t) = u(t) + d>
= —k,(x(t) = r) — kax(¢)

1
- k,-/ (x(r) —r)dt +ug +dr, Vt>0,
0

which, together with (26) and the facts that 4(0)=0
and h(0) = I/m, implies

W= —kpx — kX — ki(x — 1) 27)
=ki(r0+qg—digx0—gxdw)), (28)
= —kp(xo — 1) — kgvo + uo + da,

where
kT~ 1 k.
=—|h+—34 Lh+h
g k,-|:+m0:|+k,- + h,

8o being the unit point mass at 0 (the Dirac distribution
with support at 1=0), and

ke, Ky,
q=—g P PP

Noting that (28) has the structure of (17) (with the
roles of y, «, r| and r, being played by w, k;, —d, and r,
respectively), we seek to apply Theorem 2 by showing
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that all hypotheses therein hold in the present context.
Since m, ¢, k, k;, k, > 0 and ky > 0, it follows that /, , &
and ¢ are exponentially decaying functions. Therefore,
ge L/(Ry)+ R§, for some « < 0. Moreover, the
Laplace transform of g is given by
1 kas® + kps + k;
G(S)_k_i ms*+cs+k
Since k > 0, we have G(0)=1/k > 0. By assumption,
rk —dy € NVS®, and we see that the hypothesis of
Theorem 2 involving NVS & is satisfied.

It remains to show that hypothesis (16) of Theorem
2 holds (with « replaced by k;). To this end, observe

that

7= ve(57)

. \2 . _
_ inf Re kd(la)z +kpla)2+k,
weR" ki(m(iw)’ + c(iw)” + kiw)

| (kky— ch) + @ (cky—mik,)
=inf
weR\ ki(m?w* + (¢ — 2mk)w? + k?)

—inf (kk, —ck;) +E(2ckd —mk,) . (29)
R\ ki((mE— k) +c2%)

Define ¢: R, — R by

(kkp — ck;) + &(ckq — Mkp)

1®= ki((mg — k)* + )

(30)

We consider Case (a) and Case (b) separately.
Case (a). Let k;,=0 and let (A) hold. Then we
have kk, — ck; > 0 and so
0>/(G) = inf &) = inf &),
—mbk,&
ki((mé — k) + ¢%6)

where £(€) : =
It is readily verified that  attains a global minimum
over R, at £=k/m. Therefore,

mbk,
Czk,‘ '

Moreover, by (A), 1 < ¢?/(Amk,) and so

0> f(G) = {(k/m) = —

" amk, T Af(G)]
Case (b). Let k), k;, ks> 0 be such that (B1), (B2)

and (B3) hold. In this case, we have kk, — ck; > 0 and
cky—mk, > 0. Therefore, {(§) >0 for all £ R, and

f(G) = Jim ) = 0.

Therefore, in each of Cases (a) and (b), hypothesis (16)
of Theorem 3.2 holds. As a consequence, we may apply
Theorem 2 to conclude that there exists a unique
solution we WLI(R,) of (28) with the following
properties: w(t)— 0 and (®(w))(t)— rk—d, as
t— o0o. Next, we show that e(f):=x(f)—r— 0 and
é(t) =x(t) — 0 as t— oo. Indeed, by (27),

kqé + kyé + kie = —w. 31

Since k,, k; > 0 and k;> 0, the system described by (31)
(with  —w as input) is asymptotically stable.
Consequently, since w(f)— 0 as fr— 0o, we may
conclude that e(r) >0 and e(f)=x(¢)— 0 as t— oo.
It now follows from (25) that x(¢)— 0 as ¢— oo.
Finally, if rk—d; is in the interior of NVS ®, then
boundedness of w, and hence of u, follows from the last
part of Theorem 2. U

Remark 3: (i) Assume that the parameters m, ¢, k and
A are unknown, but belong to known intervals:

me 0,my], cele_,cy], kelk_,o0),
and X € (0, A4]

where m,, ¢, ¢,, k_ and A, are known positive
constants. We give procedures for choosing the PID-
controller gains in terms of the constants m,, c¢_, ¢,
k_ and A.
Case (a). Set k;=0. If the gains k,, k; of the PI
controller are determined by the following procedure:
(PA) choose k,, k; such that

kpk 2 k_
0<hk < L=< = ,

Ct )\.+m+C+
then (A) holds and Theorem 4 applies to conclude that
the PI controller, with the above gain selection, solves
the tracking and disturbance rejection problem.

Case (b). In the case of PID control, if the
controller gains are determined by the following
procedure:

(PB1) choose 0 < k; < o0,
(PB2) choose k, > 0 such that k, > ¢ k;/ k_,
(PB3) choose k; > 0 such that k; > m_k,/c_,

then (B1), (B2) and (B3) hold and Theorem 4 applies to
conclude that the PID controller, with the above gain
selection, solves the tracking and disturbance rejection
problem.

(i1) In general d; is unknown (as is @), but it is
reasonable to assume that d; € [d}, d[], where d; and
df are known. Moreover, it is reasonable to assume
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40

-20

0 t 10

Figure 8. Behaviour of the hysteresis operator Py with /=35.

that kelk_,k,], where 0 < k_ < k, are known con-
stants. The conditions

rk,—d]“,rk+—d1_eNVSCI>, if r>0,
rky —df, rko —d; e NVS®, if r<0
are sufficient conditions in terms of d, d’{ Jk_ and k.

guaranteeing that rk — dy € NVS ® for all d, € [d}, d]]
and all k €[k_,k,].

5. Examples

In this section, we illustrate our main results in the
context of Prandtl operators, as discussed in §2. In
particular, recalling (11), we consider the hysteresis
operator Py:C(R,)— C(R.) defined by

Po)(1) = fo (Byol)(D 0.1
/
- / Bro)()dh, Yue CR,), VieR,, (32)
0

where />0 is a positive constant and xjo. ;5 is the
indicator function of the interval [0,/]. This operator
satisfies (N1)—(N6) (with A =/ in (N3)), has numerical
value set NVS Py=R, and exhibits nested loops as
depicted in Figure 8.

5.1 Systems of form (1)

Consider system (18) with ® =P, and with m € (0, 2],
ce€[l,3] and /=4 €(0,10]. Assume a constant distur-
bance d=1, reference signal r=1 and zero initial
condition uy =0 on the integrator. Using the procedure
in Remark 2, the gains of PID controller are chosen as
follows: k,=10, k;=8, k;=4. For nominal plant
parameters values m=1, ¢=2 and A=5, Figure 9

40

ot
Figure 9. System (1) under PID control.

0 £ 80

Figure 10. System (1), with periodic reference signal r, under
PID control.

shows the evolution of the closed-loop system with
zero initial state.

With appropriate modifications (viz re-initialisation
of the problem at points of discontinuity of the reference
signal), our analysis extends to the problem of tracking
piecewise constant signals. Consider, for example, a
periodic function r with period 40 and r(¢) €{0,1} for all
t. With nominal plant parameter values and controller
gain values as above, Figure 10 illustrates system
behaviour under PID control.

5.2 Systems of form (2)

Finally, consider system (25) with ® as above and with
me (0,2], ce [1,3], r€ (0,10] and k>4. Assume a
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2(t) using PID controller
I

x(t) using PI controller

0 t 200
Figure 11. System (2) under PI and PID control.

0 50 t 150 200

Figure 12. System (2), with periodic reference signal r, under
PID control.

constant disturbance ¢; = 1, reference signal r =1, zero
disturbance d» =0 and uy=0.

Case (a). Set k,=0. Using the procedure in Case (a) of
Remark 3, the gains of PI controller are chosen as
follows: k,=0.04, k;=0.05. For nominal plant para-
meters values m=1, c=2, k=4 and A=35, Figure 11
shows the evolution of the closed-loop system with
zero initial state: as 71— 0o, x(f) converges (albeit
slowly) to the constant reference signal r as predicted
by Theorem 4.

Case (b). We now include derivative feedback action
(ky;>0). In this case, a PID controller is used
instead of PI controller. Using the procedure in Case
(b) of Remark 3, the gains of PID controller may be
chosen as follows: k;=10, k,=10 and k,=30.
Again, with nominal plant parameter values m=1,
¢=2, k=4 and 1> =5, Figure 11 shows the evolution
of the closed-loop system with zero initial state. It
can be seen from this figure that, although the
displacement x(z) converges asymptotically to the
constant reference signal r under either PI or PID
control, the PID controller generates the faster
response: this is not unexpected given the presence
of derivative feedback action in the latter. Finally,
we illustrate the case of a periodic reference signal r
with period 100 and r(¢) € {0,1} for all 7. For the
nominal plant parameter values and PID controller
gains as above, Figure 12 depicts the system
behaviour under PID control.

6. Concluding remarks

The efficacy of PID control for set point regulation
and disturbance rejection has been demonstrated in a
context of second-order systems with hysteretic com-
ponents. In each of the two basic structures studied,
robust conditions on the PID gains, explicitly for-
mulated in terms of bounds on the system data have
been determined under which asymptotic tracking of
constant reference signals and rejection of constant
disturbance signals is guaranteed. Future work will
focus on obtaining similar results for higher-order
systems and on exploiting a recently developed input-
to-state stability theory for hysteretic systems (see
Jayawardhana et al. (2007)) in the design of PID
control.
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