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Abstract

In this article, we prove nonlinear orbital stability for steadily translating vortex pairs,
a family of nonlinear waves that are exact solutions of the incompressible, two-dimensional
Euler equations. We use an adaptation of Kelvin’s variational principle, maximizing
kinetic energy penalised by a multiple of momentum among mirror-symmetric isovortical
rearrangements. This formulation has the advantage that the functional to be maximized
and the constraint set are both invariant under the flow of the time-dependent Euler
equations, and this observation is used strongly in the analysis. Previous work on existence

yields a wide class of examples to which our result applies.

1 Introduction.

In this paper we prove stability, with respect to symmetric perturbations, of a class
of steady symmetric vortex-pairs in a planar irrotational background flow of an ideal
fluid that approaches a uniform stream at infinity. The vortex-pairs to which our result
applies are maximizers of a functional, comprising kinetic energy penalised with a positive
multiple of impulse (linear momentum), relative to an “isovortical surface”, that is, the set
of all flows whose (scalar) vorticity fields are equimeasurable rearrangements of a single
function. This result can be seen as an extension of a result in [7] where it is shown
that, for flows in a bounded, simply connected, planar domain, isolated maximizers and
minimizers of the kinetic energy relative to an isovortical surface must be stable. That
there is a wide class of examples to which our result is applicable follows from the existence
theory of [5].

From a mathematical viewpoint, steady vortex pairs are a class of nonlinear waves,
travelling wave solutions of the incompressible, two dimensional Euler equations in the
full plane. Two special examples are Lamb’s circular vortex-pair, see [12, p. 245], and a

pair of point vortices with equal magnitude and opposite signs.



The literature of vortex pairs goes back to the work of Pocklington in [24], with
contemporary interest beginning from the work of Norbury, Deem & Zabusky and Pier-
rehumbert, see [8, 21, 23]. The existence (and abundance) of steady vortex pairs has
been rigorously established in two different ways, as a nonlinear eigenvalue problem, see
28, 21] or by optimization in rearrangement classes, see [5, 4]. The literature on vortex
pairs includes asymptotic studies, see [29], numerical studies, see [25] and experimental
work, see [11]. Some analytical results (see [20]) and numerical evidence, [22], suggest
orbital stability of steady vortex pairs under appropriate conditions. Still, this stability
has been an interesting open problem, see [26].

Vortex pairs are one instance of a large collection of coherent structures found in two
dimensional vortex dynamics, for example, single vortices, co-rotating pairs and vortex
streets. In the stability theory of such structures, there has long been a view, growing
out of ideas of Kelvin [27], that steady fluid flows representing extrema of kinetic energy
relative to an “isovortical surface” are stable; this viewpoint is exemplified by the formal
arguments of Arnol’d [2] and informs the variational principles for steady vortex-rings in
three dimensions proposed by Benjamin [3], which provides the impetus for our work.
These ideas grow out of the observation that both the kinetic energy and the isovortical
surface constraint set are time-invariant for unsteady flows, as also is impulse, and the
speculation that extrema of a variational problem formulated entirely in terms of con-
served physical quantities should be stable. The present paper proves the first stability
result for vortex-pairs following this approach.

Vortex pairs can be viewed equivalently as the dynamics of vorticity which is odd with
respect to a straight line or as general vortex dynamics on a half plane, see [16] for a
full discussion. For convenience, we formulate our analysis in terms of steady vortices in
a uniform flow in the half-plane, which corresponds in the full plane to stability under
symmetric perturbations.

By contrast with the bounded-domain case, in the half-plane the kinetic energy is
unbounded above; the introduction of impulse into the functional as a penalty term is to
overcome this difficulty. Another difference from the earlier work is the lack of isolated
maximizers, for the functional and the constraint set are both invariant under translations
parallel to the axis. Therefore we work with the notion of orbital stability, meaning that
if a flow starts close to a maximizer then it remains close to the set of maximizers; it is

unclear whether or not it remains close to any single one.



A particularly interesting example is Lamb’s vortex mentioned above, which is an
explicit solution having a circular vortex-core. It was shown in [6] that Lamb’s vortex
and its translations parallel to the axis are precisely the solutions to our maximisation
problem for the appropriate data. It is unfortunate that, as will be seen, it does not
satisfy the hypotheses of our stability theorem.

The argument is not along the lines envisaged by Arnol’'d, but is analogous to that
used in [7] for bounded planar domains; the velocity field of a flow with nearby initial
vorticity is used to convect the steady state and the differences in energy are estimated.

The vorticity is assumed to be in LP N L' for some p > 2 and a distance between
vorticity fields is defined in terms of the 2-norm and the impulse. ' These results allow
discontinuous vorticity, and the solutions studied are known not in closed form, but rather
via existence theory. Some stability results in a more symmetric setting, also allowing
discontinuous vorticity, have been given by Marchioro & Pulvirenti [18] and Wan & Pul-
virenti [30]. Precise definitions and formulations of the theorems are given in Section
2.

Methodologically, a major difficulty is loss of compactness caused by the unbounded
domain of the flow. In the existence theory of [5] this was overcome by using Steiner
symmetrization to improve the compactness properties of maximizing sequences. However
to show stability we have to prove compactness, up to translation, of all maximizing

sequences, which we achieve by a concentration-compactness argument.

2 Notation and Definitions.

We denote by II the half-plane
II = {l‘ = (ZEl,l’Q) € R? | XTo > 0}
Let G denote the inverse for —A in II, given by

g&wzﬁG@wmm% 1)

whenever this integral converges; here GG is the Green’s function given by
1 (z1 —y1)* + (22 + 1)
cwwz—m( : ).
4m (21 = y1)* + (22 — 12)

n [7] it should have been assumed that that the vorticity belonged to LP where p > 2, not p > 4/3

as stated, since p > 2 was tacitly assumed in the proof of Lemma 12 on which the main results depended.



It is shown in [6] that finiteness of ||€||x := ||€||2 + I(|¢]) is sufficient for convergence of
the integral in (1), where [ is defined below.
The kinetic energy due to vorticity £ is then given by

B) = 5 | le)geta)da

and the impulse of linear momentum in the x;-direction is given by

1(5):/H§(:c1,x2)a:2dx.

It is shown in [6] that E is continuous with respect to || - ||x. We also make use of
1€lly == €]z + [1(€)], which is a non-equivalent, and incomplete, norm on X. The
Lebesgue measure, of appropriate dimension, of a measurable set ) is denoted |2|.
The evolution of vorticity w is governed by the weak form of the vorticity equation
Ow + div(wu) = 0,
(2)
u=Xe+V+Gw, (z,t) €I xR,
where \e; represents the velocity of the fluid at infinity, which is a uniform flow parallel
to the zj-axis and V+ = (=0,,, 0,,); the stream function is then —A\zs + Gw(z).
If ¢ is a non-negative Lebesgue integrable function on II, then R(§), the set of

(equimeasurable) rearrangements of £ on II, is defined by
R(E) ={0<¢eL'Il)st. Ya>0[{z:((z) >a}| =[{z:&(x)>a}| }.

The set R(&) is strongly closed but not weakly closed in L?(IT); even on a bounded domain
oscillations in a sequence of rearrangements can result in weak convergence to a function
that is not a rearrangement, and when the domain is unbounded a sequence can escape
to infinity in the plane and so converge weakly to 0. This phenomenon was studied by

Douglas [10] and we now describe some of his work for later use. Define
Ri(&) ={Cla | ¢ € R(), Q CII measurable }
and define the class RC(&) of curtailments of rearrangements by
RC(E) = {0 <ne L'II) | n® = £21j,a) for some 0 < A < oo},

where 2 denotes decreasing rearrangement onto [0, 00). Then, from the definitions,

R(§) CRC(§) C R(§) C RV, (3)
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where R(£)™ denotes the closure of R(£) in the weak topology of L?(IT), this last inclusion
requiring additionally ¢ € L?(IT). Douglas [10] showed that R(£)¥ is convex, that RC(€)

is the set of extreme points of R(£)™ and that

RE = {< > 0 measurable | va >0 [ (¢ a). < [ (¢ - a>+} |

From this it follows that, if ( € R(§)V and if U C II is any measurable set, then 1;¢ €
R(&)™.

For example, in the case of a vortex patch, i.e. & = 1o, where 2 is a bounded
measurable subset of the half-plane, we have R () is the set of all characteristic functions
of sets with the same measure as 2, RC(§) is the set of characteristic functions of sets
with measure less than or equal to the measure of €2, which is the same as R (§). The
set W is much larger, a convex set containing, in particular, functions bounded by 1
which are not piecewise constant.

The (strong) support supptf of a real measurable function f on II is defined to be the
set of points of Lebesgue density 1 for the set {x € I | f(x) # 0} and is independent of
the choice of representative for f.

Our stability results are expressed in terms of LP-regular solutions of the vorticity

equation, defined below.

Definition 1. By an LP-regular solution of the vorticity equation we mean ¢ € L. ([0, 00), L} (IT))N
L2 ([0, 00), LP(IT)) satisfying, in the sense of distributions,

loc

0,¢ + div(Cu) =0,
u=Xe;+V+G(, (z,t) eI xR,

such that E(((t,-)) and I({(t,-)) are constant.

Existence of a smooth solution of the initial-boundary-value problem for (4) can be

obtained by considering the auxiliary problem

0w+ (v V)u+ A0y v = —Vp,
dive =0 (5)

lv] = 0 as |z| — oo, (z,t) e I x R
and taking ¢ = curlv. Indeed, taking the curl of (5) leads to (4) with u = v + Ae;.
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Now, existence of a smooth solution for (5), when the initial vorticity is compactly
supported, is a trivial adaptation of the analogous result for the 2D incompressible Euler
equations, see [17, Chapter 3], given that the L?*-norm of v is a conserved quantity under
evolution by (5). Once smooth existence has been established, standard weak convergence
methods yield existence of weak L? solutions, see [15, Theorem 2.1], again assuming the
initial vorticity has compact support. The only remaining issue, to obtain an LP-regular
solution for compactly supported initial vorticities, is whether E and I are conserved
for these weak solutions; this will be the case, easily, if p > 2 since, in this case, v is
bounded a prioriin L, 2 < r < oo, in terms of LP and L'-norms of vorticity. We note,
in particular, that L*-regular solutions with compactly supported vorticity are unique,
by an easy adaptation of the celebrated work of Yudovich, see [31]. Moreover, these L>-
regular solutions are constant along particle paths associated with the flow u. Our results
do not, however, rely on uniqueness.

As we discuss in more detail later, maximizers of E'— AI relative to R((y) were shown
[5] to exist when A > 0 is small, and the first variation condition at a maximum was used
to prove that these represented steady flows. Our main result concerns orbital stability

of the maximizers and is stated as follows:

Theorem 1. (Stability Theorem.) Let {y be a non-negative function whose support
has finite positive area wa?® (a > 0) in the half-plane I1. Suppose (; € LP(II), for some
2 < p < oo, and suppose A > 0. Let ¥y denote the set of maximizers of E — X relative
to R(Co)v, and suppose § # X5 C R(Cy). Then Xy is orbitally stable, in the sense that,
for every e > 0 and A > wa?, there exists § > 0 such that, if w(0) > 0 is compactly
supported and satisfies disty (w(0), X)) < 0 and |suppt(w(0))| < A, then, for allt € R, we
have disty(w(t), X)) < €, whenever w(t) denotes an LP-reqular solution of (2) with initial

data w(0).

Theorem 1 is an analogue, for unbounded domains, of [7, Theorem 1], and is deduced, by

a similar argument, from the following result:

Theorem 2. (Maximization Theorem.) Let non-negative (o € LP(IT), for some 2 <
p < oo and suppose |suppt((o)| = ma® for some 0 < a < co. Let 0 < A\ < oo and suppose

that the set ¥ in which E — Xl attains its supremum Sy relative to R((y)™ satisfies
Y\ C R(Cop). Then, in the context of mazimizing E — A relative to R({p)™, we have:



(i) every mazximizing sequence comprising elements of Ry ((y) contains a subsequence
whose elements, after suitable translations in the x-direction, converge in || - |2 to an
element of ¥y,

(ii) every mazimizing sequence {(, 152, comprising elements of Ry (o) satisfies disty((n, 20) —
0 as n — oo,

(iii) Xy is non-empty;

(iv) each element ¢ of Xy is a translate of a function that is even in x1, decreasing in
|x1|, is compactly supported and satisfies ( = po(G( — Axg) a.e. in I for some increasing

function .

Remarks. The hypotheses of Theorem 1 exclude 0 as a maximizer, and therefore the
supremum is positive.

We also show in Lemma 10 that given non-negative (, € LP(II), p > 2, having compact
support, there exists A > 0 such that if 0 < X\ < A then () # X\ C R((p), so that the hy-
potheses of Theorem 1 are satisfied. Lemma 10 incidentally provides a mild improvement
on the existence result [5, Theorem 16(i)].

It also follows from Theorem 2(i) that ¥, comprises a compact set of functions in
L*(II) together with their z;-translations.

Theorem 2(iv) proves that the maximizers have compact support and therefore fit
into the context of [5, Theorem 16(i)], which yields the conclusion, repeated above, that

1 = G( — \xy satisfies an equation
—Atp =¢poin Il

which is the classical equation governing stream functions of steady planar ideal fluid
flows, so that elements of ¥, do indeed represent steady vortices of finite extent.

It has been noted above that Theorem 1 applies to a wide class of examples and that
this class does not include Lamb’s circular vortex. This is because 0 is a maximizer,
relative to the weak closure of the rearrangements, of the relevant variational problem:;

see [6].

3 Concentration-compactness and Theorem 2.

Here we present a sequence of Lemmas leading to the proof of Theorem 2. The first is a

slight reformulation of Lions [14, Lemma 1.1], and we omit the proof:
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Lemma 1. (Concentration-Compactness.) Let {£,}°2, be a sequence of non-negative
elements of L*(RY) and suppose
lim sup En =1
n—oo RN
where 0 < p < 0o. Then, after passing to a subsequence, one of the following holds:

(i) (Compactness) There erists a sequence {y,}>, in RY such that Ve > 0 IR > 0 such

that
vn / §n 2> —¢€;
yn+BR

VR >0 lim sup/ =0
y+Br

n—oo yERN

(i) (Vanishing)

(iii) (Dichotomy) There exists o, 0 < a < p, such that for all ¢ > 0 and all large n, there
exist &Sl) = 1953){” and 57(12) = lﬂgpfn, for some disjoint measurable Q&l), 0P ¢ RY | such
that, for all n,
0< [ &-(EV+e&) <
RN

— < ¢V _a<e
RN

—e< | P —(u—a)<e
RN

dist(QD, Q) = 00 asn — oo .

Remarks. Notice that if 4 = 0 then the whole sequence has the Vanishing Property.

We will apply this result to maximizing sequences of E — Al in R (&), for suitable £
and A. In this connection, it should be noted that if £ € L%(IT) is non-negative and has
compact support then, for sequences in R (&), it follows from Hoélder’s inequality and
equimeasurability that convergence in || - ||; and || - ||2 are equivalent.

The following alternative form of the Green’s function will be useful:

_ 1y 422y,
G(x,y) B 47T1 & (1 " ($1 - y1)2 + ($2 - 92)2) . (6)

We also make use of Steiner symmetrization in the zy axis; if 0 < ¢ € LP(II) for
some 1 < p < oo then there is a measurable function £* € LP(II) such that for almost
every xo > 0, the function £*(-,z5) is even, decreasing on the positive half-line and is a
rearrangement of £(-, z9) with respect to 1-dimensional Lebesgue measure. If, additionally,

E(§) < oo, then E(£*) > E(&) follows from (6) and the Riesz rearrangement inequality.
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The following estimates are derived in Burton [5, Lemmas 1 & 5]:

Lemma 2. Given A > 0, we can choose positive numbers b,c,d,e, and 0 < § < 1,
depending only on A, such that if € € L*(I1) satisfies |suppt(§)| < A then we have

(i) |G (21, w2)| < [I€ll2(b+ clogwa), @2 > e

(i) GE G, 2)| <zl 0 <> <.

Lemma 3. (i) Given A > 0 and 2 < p < oo we can choose a positive number N such
that |VGE&(x1, x2)| < N|E|l, for all & € LP(I1) vanishing outside a set of area A.

(ii) Given A > 0, Z > 0 and 2 < p < o0, we can choose a positive number f such
that if £ € LP(I1) is Steiner-symmetric about the xq-axis, & satisfies |suppt(§)] < A and
&(xq1,29) =0 for xo > Z then we have

(GE (@, )| < fllElpwa min 1L, o712}
The following Lemma shows that E(¢) < oo provided that ||(]]1, ||C||2 and I(|(]) are all
finite. If 1({) = oo we adopt the convention F(() — M ({) = —oo for A > 0.

Lemma 4. There is a constant C > 0 such that

1G¢loe < C(lICI + NICT2 + L(1C1)
for all measurable functions (, provided that the right-hand side is finite.
Proof. Tt is enough to consider the case ( > 0. We note the inequality

logla+b+c¢) < log(3max{a,b,c})
< log3+ (loga); + (logh); + (logc);

for positive a, b, ¢, and write p := |z — y| in the formula (6) for G to obtain
4oy 83
/ log (1 + 22 2> ((y)dy < / log (1 + - 22> C(y)dy.
Y2>12/2 p I p

| (osts32). <ty < [ (1088 + 2)C0)y = Qo8 +27(0)

I

Now

and

/H (log p2), Cly)dy = /<1<—2logp><<y>dy

1/2
2
< ( /p<14<logp> dy) Il
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hence

4
In ﬂbg0+-ﬁ?ﬁc@MySammﬂmm+f@%umm»

4I2y2 213
/yQSm2/2 log (1 * 2 ) C(y)dy < /Hlog (1 + x%/él) C(y)dy
= (log9)[¢]lx,

and the desired inequality follows. O

Also

Lemma 5. Given positive numbers My, My, M3, the functional E is Lipschitz continuous

in || - ||a relative to
V= {C e LX) | [suppt(Q)] < My, I(|¢]) < Mo, [[Cll2 < M}

Proof. For £, € V we have

26~ Bl = 3 [ (€ +n)(e—n)
< g = nlh g€ + 1)l
< (@M)€ O + il + 1€ + il + I(1€ + )
< @MY — nlloC @MY My + 20M; + 2)0),
where C is the constant provided by Lemma 4. 0

Lemma 6. Let {y € L? be non-negative, suppose |suppt(Co)| = ma® for some 0 < a < oo,
and let A > 0. Then
(1) there exists Z > 0 (depending on a, X and ||(o||2 only) such that, for all { € R4 ((o),

G((x1,22) — Axe <0 Vay > Z;

(ii) if ¢ € Ry (o) and h = {1y where U is a set on which G{ — \xy is nowhere positive,
then
(B = AI)(C—h) = (E—=A)(C)
with strict inequality unless h = 0, and in particular we can take U = R x (Z,00);
(iil) any mazimizer of E — M relative to R(Co)Y is supported in R x [0, Z];

(iv) if ¢ € R(Co)™ with ||C||x < o0, and h = (lrx(z,0), then there is a rearrangement h'
of h supported in R x [0, Z]\suppt(C) such that

(B =A)(C—=h+h) = (E—=A)(Q);
moreover ( — h + h' is a rearrangement of (.
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Proof. (i) follows easily from the estimate of Lemma 2.
For (ii), observe that

(E-ADG =) = (E=AD(Q)~ [ (6~ Aaa)h+ E(h)

II

— (B-AD(Q) - [ (66~ A+ E(h)

> (8- A1)+ B(h),
since on U we have (G — Az2) < 0 and h > 0. The result follows since E(h) > 0 unless
h = 0.
(iii) now follows from (ii), since if ¢ € R(o)™ then ¢ —h € R((y)™ also, using results of
Douglas [10].
(iv) is trivial if A = 0. Suppose therefore that h # 0. Let

e=(E—X)(C—=h)—(E—X)()

which is positive by (ii). In view of the decay of G({ — h) at the zy-axis quantified in
Lemma 2(ii) it is enough to form A’ by rearranging h on the part of a narrow strip along
the xo-axis outside suppt((); this is justified since any two sets of equal finite positive

Lebesgue measure are measure-theoretically equivalent. O]

Lemma 7. Let ¢y € L*(I) be a non-negative function with support of finite area, and let

A > 0. Then E — X has the same supremum on all of the sets R((o)¥, R+(Co), RC((o),
and R((p).

Proof. In view of the inclusions (3) it will be enough to prove equality of the suprema on

the first and last sets in the list. Let £ € R((o)". Then & := &lry(0,2) € R()™ and, by
Lemma 6(ii),

(E=A)(E) = (E = A)(E).

By the monotone convergence theorem, given € > 0 we can choose R > 0 such that

§" = &1 _rRryxr = {1(—R,R)x(0,2), Which also belongs to R((y)", satisfies
(B =AD(E") > (B = A)(E) — e

Now, by compactness of G as an operator on L?((—R, R) x (0, Z)), within every weak
neighbourhood of £” we can find £” € R, ((y) supported in (—R, R) x (0, Z) with

e < (E—M)(E") — (E — \)(&") < e.
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Finally, if £” & R((p), given § > 0 sufficiently small, we may choose any rearrangement 7;
of ¢§* — &2 on a subset of (1/d, ma?/d) x (0,6) to find that & := £ 45 is a rearrangement
of (o supported in a bounded subset of R x (0, Z), and that as § — 0 we have & — £
weakly in L2 and (E = AT)(&) = (B = A)("). =

Lemma 8. (Vanishing excluded.) Suppose that (o, a, A and ¥ satisfy the hypotheses
of the Maximization Theorem 2. Then no mazimizing sequence for E — A relative to

R (o) has the Vanishing Property of Lemma 1.

Proof. Suppose {(,}5°, is a maximizing sequence for £ — A\ relative to R4 ((p) that has

the Vanishing Property, reformulated by the equivalence of || - ||; and || - |2 on R4 ((p) as

VR>0 lim sup/ (2 =0.
y+Br

n—0o00 yeRN

By Lemma 6(ii), we can modify the ¢, so they are supported in R x [0, Z], while remaining
a maximizing sequence with the Vanishing Property. Consider any R > 0. Then for x € II,

relative to B := = + By, we have

Il z2(m) — O
1Gallr sy < const.||Cpll 25y — O (by Holder’s inequality)

I(¢a1p) < Z|1Gallprm) — 0

uniformly over = € II, so G((,15)(x) — 0 as n — oo uniformly over z € II, by Lemma 4.

By writing the Green’s function in the form (6) we estimate

72 72
G(G(1—=1p))(z) < W—RQHCnHl < W—RQHCOHL

Hence, as n — oo,

Z? Z?
BG) < 16l ( Zgllall +o0) = ol (zllals + o(1)).

This holds for every R > 0, hence E((,) — 0 as n — co. Hence

limsup(E — AI)(¢,) < 0.

n—oo

But the hypotheses of the Lemma, together with Lemma 7 ensure that the supremum of

E — M relative to R ((p) is positive. Thus Vanishing does not occur. O
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Lemma 9. (Dichotomy excluded.) Suppose that (o, a, N\, ¥\ and Sy satisfy the
hypotheses of the Maximization Theorem 2. Then no mazimizing sequence for E — NI

relative to R ((y) has the Dichotomy Property of Lemma 1.

Proof. Suppose {(,}22, is a maximizing sequence for E — \I relative to R ((p) that has
the Dichotomy Property. In view of the remarks on convergence following Lemma 1 we
can assume that, for some 0 < o < p, and some restrictions {Cn _, of ¢y to sets {Q(

partitioning II, we have

HC7(13)||2 — 0,

16113 — o,

G213 = 5=~ g

dist (suppt(¢{?), suppt(Q(f))) — 00,
(E=AD(Y + ¢ + ) — 8y,

as n — 0o.
We may multiply the functions {Q(f i1 by 1rx(0,2), where Z is the number provided
by Lemma 6(i), yet still assume the last two lines of (7) to hold, in view of Lemma 6(ii).

We also have

(E-AD)(P+¢P) = (B- M)(@) AI(CS)
/ CPG(CI + ¢+ 1B

— as n — oo

by Lemma 4, so we may replace Cy(lg) by 0 and suppose (, = Q(ll) + Q(Lz) for all n.

Formula (6) for the Green’s function leads to the estimate

/ ¢WGc® < YW1 1¢?|, 23 dist (suppt (C), suppt (¢P))) 2

— 0 asn— oo.

Consequently

(E-ADCD) + (E-ADCD) = (E—A)(G) — / (WG

— Sy asn — oo. (8)

Let Q(Ll)*, C,(f)* denote the Steiner symmetrizations of Q(ll), Q(lz) about the xo-axis. Then

we have

(E=AD(G) 2 (E=M)(¢Y), i=1.2, (9)
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by Riesz’s rearrangement inequality in conjunction with formula (6) for G, and the
symmetrization-invariance of I.

From the estimate of Lemma 3(ii) (in case p = oo replacing p by any 2 < p < o0),
there is a positive number k such that G((z) — Azy > 0 only if 2 € (—k, k) x (0,2),

uniformly over Steiner symmetric ¢ € R, ({p). Let

= G g @)y L 12
Then from (9) and Lemma 6(ii) we have
(B =AD(G) 2 (BE=AD(GP) = (B=A)(ED), i=1,2 (10)

Moreover we have
suppt(CV™*) c {z | =k <z, <k}, i=1,2

Now define
Cél)***(l,) — Cy(ll)**(xl _ k,l’Q),
CT(L2)***(I) — (7(?)**(1;1 4+ k),[L‘Q),

which are supported in (0,2k) x (0,7) and (—2k,0) x (0, Z) respectively. Then, from
(10),
(B = AD(C™) = (B - AD(C™) > (B~ D), i=1,2

n n

From the definitions and (3) we have Q(Ll)*** +C7(12)*** € Ri(¢) C R(¢o)™ and after passing
to a subsequence we can assume that ¢\ — (@ and (2" — (@), say, weakly in
L? and so ¢ := E + @ € R((o)¥. Now, using compactness of G as an operator on

L*((—2k,2k) x (0,2)), from (8) we have

(E-ADECD) + (E—-A(®)
= lim ((B = AD(GD™) + (B = A1)

> Sy

and therefore

(E-AD@Q) = (E-A)CD)+(E-AD(C®) + / g

v

(E=AD(CW) + (B = A)(C®) (11)
Sh.

v
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Therefore ¢ € Xy so, by hypothesis, ¢ € R((p). It follows that
IEOE + 1CP5 = [ICI1° = p.

Since [|(M]3 < a and [P < 4, we deduce [(D]3 = o and (@[3 = 8, so both (1)
and @ are non-zero. Hence

[ g =0
II

Therefore strict inequality holds in (11) contradicting the definition of S. [

Proof of Theorem 2. There is no loss of generality in supposing 2 < p < oc.
To prove (i), we first consider a maximizing sequence {(,}°°, for E — A\ comprising
elements of R, ({y) and having the Compactness Property. There is thus a sequence

{yn}22; in IT such that

We assume the y,, to lie on the x5 axis, which results in no loss of generality in view of
the invariance of £ — A\l under translations in the x;-direction.

Let (‘2 = Culrx(0,2) and Cf = Gul(—Rr,R)x(0,2), Where Z is the number given in Lemma
6(i) and R > 0 is arbitrary. Then {¢°}°° is also a maximizing sequence by Lemma 6(ii),

and (12) has the consequence that
Ve >03R>0st Vn || =R <e. (13)

After passing to a subsequence, we can suppose that {¢%}°°, converges weakly in
L*(II) to a limit ¢° hence ¢ — (® := (“1(_gRr)x(0,2) weakly as n — oco. With this
notation (13) takes the form

1€V — %]y — 0 as R — oo, uniformly over n. (14)
Now E(CR) — E(C?) as n — oo, for each R. We have
BICY) = BIGI+ (¢ = ¢) = B + B¢ = ¢ + [ ¢iach = ¢,
whence

1E(C) — E(G)] < const[l¢;) — ¢l (15)
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by Lemma 5, and the constant is independent of R and n. Now from (14) and (15) we
have

|E(C%) — E(¢)| — 0 as R — oo, uniformly over n. (16)

But E((F) — E(¢f) as n — oo for each fixed R by weak continuity, and E(¢®) —
E(¢") as R — oo by the Monotone Convergence Theorem, and in conjunction with (16)
this yields E(¢?) — E(¢°).

We have

1(¢) = 1] < RIIGy = Gl (17)

Let € > 0. Now

[1(6n) = TN < 11(6) = IO + (G = T+ 11(¢™) = I(E°);

we may choose R > 0 to make the first term less than /3 for all n by (14) and (17),
and the last term less than /3 for all n by the Monotone Convergence Theorem, then
the middle term is less than /3 for all sufficiently large n by weak convergence. Hence
1(¢) = I(C%) as n — .

Thus (E — M)(¢%) — (E — X)(¢°) as n — oo, so (E — AI)(¢°) = S,. Therefore
¢° € R(¢) by hypothesis, so ¢° — ¢° strongly in L?(IT) by uniform convexity.

Since ¢ and ¢, — (¥ are supported on disjoint sets,

160 = Gall3 = llGallz = lISallz < 1IGoll2 = llG2 — O,

so ¢, — (% as m — oco. We have thus proved that a compact maximizing sequence has
a subsequence which, after suitable translations in the x;-direction, converges strongly in
L*(T1) to an element of ¥5. Now Lemmas 1, 8 and 9 show that every maximizing sequence
contains a subsequence having the Compactness Property, and (i) follows.

To prove (i), let {¢,}°2, be a maximizing sequence for E — M relative to R(Co)V
comprising elements of R, ((y). Suppose that dists((,, ) # 0 as n — oo. Then, after

discarding a subsequence, we can suppose
disto(Cn, ) > 9 Vn, (18)

where ¢ is some positive number.
But, by (i), {¢.}5, can be replaced by a subsequence that, after suitable translations
in the x;-direction, converges in ||-||2 to an element of ¥,. This contradicts the supposition

(18), showing that dists((,, X)) — 0 as n — oo, proving (ii).
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To prove (iii) observe that Lemma 7 shows the existence of maximizing sequences in
R+ (o), which can, by (i), be assumed to contain subsequences converging to elements of
Yy, which is therefore non-empty.

Finally, to prove (iv) observe that, for fixed x5 and ys, formula (6) shows that G(x,y)
is a positive strictly decreasing function of |z; — y;| alone, so we can apply the one-
dimensional case of Lieb’s analysis [13, Lemma 3] of equality in Riesz’s rearrangement
inequality, on pairs of lines parallel to the xi-axis, to deduce that every ( € ¥, is, after a
translation, Steiner-symmetric about the zs-axis. From Lemma 6(ii) we know that every
¢ € ¥, is supported in the set where G((x) — Azg > 0, which is bounded by Lemma 2(i)
and Lemma 3(ii). The functional relationship ¢ = ¢ o (G{ — Az3), where ¢ € ¥, is any
element and ¢ is some (a priori unknown) increasing function, is given by [5, Theorem

16(i)] (where it forms the first variation condition at a maximum). O

4 Existence, Transport and Theorem 1.

Lemma 10. Let 0 < (g € LP(IT), for some 2 < p < oo and suppose |suppt((y)| = ma® for

some 0 < a < o0o. For 0 < X\ < oo let Sy be the supremum of E — X relative to R((y)™

and let 3y be the set of mazimizers of E— A relative to R((y)™V. Then, there exists A > 0
such that, if 0 < A < A, then ) # 3\ C R((o).

Proof. There is no loss of generality in supposing 2 < p < oco. Since F is unbounded
above on R((p), which may be seen by translating (y away to infinity in the xo-direction,
we have Sy — oo as A — 0. Therefore we can choose A > 0 such that, if 0 < A < A then
Sy > M, where M is a positive number to be chosen later.

Consider A with 0 < A < A, and consider ¢ € ¥,. Arguing as in Douglas [10, Theorem
4.1], the strict convexity of E — A ensures that ¢ is an extreme point of R((y)¥ so

¢ € RC(¢o) € R(Co) by [10, Theorem 2.1]. Let m := sup,er(3G¢(z) — Azz). Then

M < S\ = / C(a) (A36T(x) — Azs) dz < m[[T] < mllGoll,

so m > M/||{||1. From Lemma 3(i) we have

IVG((2)] < N[cll, VeeTl
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where N is a positive constant independent of A\ and M, hence if x € II is such that

%QZ(:U) — Azy >m/2; and y € II is such that |y — x| < 2a and y, < x2, then

GC(y) — Ay2 > 5 (G¢(z) — 2aN||Gollr) — Aze
m

N =

M
> — —2aN > —— — 2aN > 0,
2 HCOHl 2H<0H1 HC(]Hl

provided we choose M = 5aN||{o||%; note this shows x5 > a because 1G((y) — Ay, vanishes

when yo = 0. Hence
{y €1 GC(y) — Ay > 0} > [{y € 1 | 1GC(y) — Ay2 > 0}] > 27a?.

It follows that if  is a proper curtailment of a rearrangement of ¢y, then we have the
freedom to choose ¢, supported in {y € II | G{(y) — Ay > 0} \ suppt(C) such that
¢+ ¢ € R((), and then

(E - AD@+ ) = (E - AD@) + EG) + / (GC = Ma)y > (B = AD(D).

contradiction. So every maximizer belongs to R((p). O]

Recall the definition of an LP-regular solution given in Definition 1.

Lemma 11. Let 2 < p < 0o and let ¢ be an LP-regular solution of the vorticity equation.
Let ¥(t,x) = G{(t, x) — Azy and set u(t,z) = V+Eih(t, 1) — Ney. Suppose wy € LP(I1). Then
the initial value problem for the linear transport equation

Ow + div(wu) =0

(19)
w(0) = wp

has a unique weak solution w € L2 ([0, 00), LP(I1)). Moreover, w € C([0,00), LP(IT)) and

loc

w satisfies the renormalisation property in the form w(t) € R(wy) for almost all t > 0.

Proof. We begin by extending v to the whole of R? as a function odd in x5, which is
accomplished by allowing arbitrary x € R? in the formula (1); then extending ¢ to R? as a
function odd in x5 gives —A = ¢ throughout R? and we take u = V1 + \e; throughout
R2. Similarly we extend wy to R? as a function odd in zo. Write 1g(x) = () + Axs.
Now |[[1ho(t, -)|loo is bounded by Lemma 4 and it then follows from elliptic regularity
theory, specifically Agmon [1, Thm. 6.1], that |[¢o(t,)||2p.5 is bounded over all unit
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balls B uniformly over every bounded interval of ¢. Hence ||u(t,)||o is bounded on every
bounded interval of ¢.

The DiPerna-Lions theory of transport equations [9, Thm. II1.2, Cor. II.1 and Cor.
I1.2] assures us of the existence of a unique solution w € L2 ([0, 00), LP(R?)) to (19), that
w € C([0,00), LP(R?)) and that w has the renormalisation property

O(fow)+div((fow)u) =0

for every 8 € C'(R) that satisfies |#(s)| < const.(1 + |s[?/2). Moreover w is odd in
from the uniqueness.

Now consider a test function of the form (t)¢r(z) where x € Z(R) and pr € Z(R?)
satisfies 0 < ¢ < 1 everywhere, pr(z) = 1 if |2| < R, pgr(z) = 0 if || > 2R and
|Vor| < 2/R everywhere. Then, for any 3 as above,

/R2/ wit, dtd$+/RQ/ t)Vor(z) - u(t, )B(w(t, x))dtdr = 0. (20)

We now suppose further that |3(s)| < const.|s|P for all s, choose o > 2 such that 1/2 +
1/p+1/0 =1 and deduce

IN

15w (@ )pllult, )2 Verlls

< const.Jw(t,)llpllult, )[R

g B(w(t, x))Ver(r) - u(t, z)dx

l

0 as R — oo uniformly over ¢ € suppty.

From (20) we now have
B(w(t, z))dx = const.
R2

for each (3; taking § to be a mollification of 1}, ) for a > 0 we deduce that the positive
part of w(t) is a rearrangement of the positive part of wy and similarly for the negative

parts. ]

Remark Note that it follows from Lemma 11, in particular, that ||((¢,-)||, and [|{(t, )|
are conserved if ¢ is an LP-regular solution.
We also observe that a version of Lemma 11, in the case A = 0, was established in [19,

Proposition 1].
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Proof of Theorem 1. There is no loss of generality in supposing 2 < p < co. Choose

Z > 0 such that Gw(z) — Axe < 0 for x5 > Z provided

w > 0
t < A
|suppt(w)| (21)
lwllz < flcoll2+1
I(w) < supl(Xy)+1

by Lemma 4. Write
W = wlgry(0,2)-

Recall the notation S introduced in Theorem 2, as the supremum of E — A\I relative

to R(C(])W
Then we have

(E=A(W) = (B = M)(w)

and

(E—=A)(w) — S, as disty(w,>,) — 0,

for w satisfying (21), by Lemma 5.
Suppose, to seek a contradiction, that {w"(-)}22, are non-negative LP-regular solutions

of the vorticity equation (2) for which w™(0) is compactly supported for each n,
disty (w"(0),%,) — 0
as n — 00, but

sup disty(w"(t), X)) >0 Vn, (22)

>0
where 0 > 0. For each n choose t,, > 0 such that

diStQ(wn<tn), 2)\> > (9, (23)
and choose (' € ¥, such that
I¢g — w™(0)|l2 — 0 as n — oo.

In view of Theorem 2(i), after translating in the z;-direction, and passing to a subsequence,
we may additionally suppose that {(#}°°, converges in L?(II) to a limit in ). Re-

assigning the label (, we shall suppose
G = GeXyasn —ooin || -]
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Now

inf(E — M) (w"(t)) > Sy —o(1) as n — 0. (24)

t>0

Let ¢(-) = (™(-) be the solution of the transport equation

¢ + div(Cu) =0,

u = \e; + V+Gw"
with initial data (J. Then, continuing to use ~ for restriction to R x (0, 7), we have
Z) () =" ()]

Z)¢ = w"(0)]x
< Z(ma® + A)VG = "(0)]

1) = 1@" (1))

IN

IN

and
IC"() = & (@®)l2 < IC"(E) = W™ (D)2 = I} — w"(0) |2,

hence

[B("() - B@"(#)] < const.[|C"() = &"(¢)ll>
< const.|[(§ — w™(0)]]2 (25)

by Lemma 5. It now follows from (24) and (25) that {C"(t,)}°2, is a maximizing sequence

for E — A relative to R({p)". It follows from Theorem 2 that

disto(C"(tn), 22) — 0

as n — OQ.

From this it follows that
1¢"(tn) — ¢"(tn)ll2 — O,

since the functions ("(t,) — ¢"(t,) and ("(t,) have disjoint supports and are therefore

orthogonal in L?, so

16" () = € ()15 = IS (Ea)lI5 = I ()3 = 1Goll5 = 1" (t)1I5 — 0.

Hence
disto(¢"(tn), 2x) — 0.
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Since
1€ (tn) — W™ (ta)ll2 = ¢ — w"(0)][2 — 0
we deduce

dista (W™(t,), X5) — 0,

and this contradicts the choices of 6 and ¢, made in (22) and (23). O

5 Further Remarks.

If we only consider perturbations formed by adding non-negative vorticity to a maximizer

then we can prove the following variant of Theorem 1 concerning stability in || - ||y:

Theorem 3. Let (y be a non-negative function whose support has finite positive area ma?

(a > 0) in the half-plane 11, suppose (y € LP(II) for some 2 < p < oo, and suppose
A > 0. Let Xy denote the set of maximizers of E — M relative to W, and suppose
0 # X\ C R(C). Then X is orbitally stable, in the sense that, for every e > 0 and
A > a?, there exists 6 > 0 such that, if w(0) is compactly supported, satisfies w(0) > (o for
some element of X5, again denoted (y, and if disty (w(0),3)) < and |suppt(w(0))| < A,
then for allt € R, then we have disty (w(t),¥,) < €, whenever w(t) denotes an LP-regular

solution of (2) with initial data w(0).
Proof. We indicate the modifications that should be made to the proof of Theorem 1. We
have I(¢"(t,)) — I(w™(t,)) < 0. Therefore
Sy = (E=ADW"(tn) = (B = AM)(C"(tn) — (B = A)(w"(tn))
> B(CM(t) — Bl (t)).

Now E(("(t,)) — E(w™(t,)) — 0 by Lemma 5, whereas, by conservation of the impulse

and energy of w"(t), we have
(B = AD(W"(t,)) = (B = AI)(w"(0)) — S,

using Lemma 5.
What is now required is to choose a maximizer o, close to w"(t,) in | - ||2, and then
after taking a subsequence, and suitably translating the o, in the z;-direction to o/,

obtain convergence in || - ||2, say to 0o. Then E(w™(t,)) — E(0p) and
(E— M) (w"(tn)) — Sy = (E — A)(00)
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so I(w™(t,) — I(0g). For large n, we then have a contradiction to the choice of 6 and ¢,
in (3) and (22), which in this case would have been

sup disty (W"(t),2y) > 0, disty (W"(t,), X)) > 0.
>0

Hence sup, disty (w(t), X)) — 0 as disty (w(0),3,) — 0, as desired. O

We conclude this article with some final remarks. Although we describe our result as
a nonlinear stability theorem, it falls short of what one would desire because we only show
that, for a class of steady vortex pairs (y, the perturbed trajectories stay close to the set
¥ (Co), but not necessarily to the orbit of the unperturbed steady wave {(o(- — (At,0)),t €
R}. In consequence, the most natural problem raised by this work is to further investigate
the structure of X,. Another issue that bears further scrutiny is that the notions of
closeness employed for the perturbation of initial vorticity and the change in the evolving
vorticity are slightly different. An extension of this work in any way which would include
Lamb’s circular vortex-pair (the one case where we have a precise characterization of 3)

would also be very interesting.
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