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Abstract

We modify the approach of Burton and Toland [6] to show the existence of periodic surface
water waves with vorticity in order that it becomes suited to a stability analysis. This is achieved
by enlarging the function space to a class of stream functions that do not correspond necessarily
to travelling profiles. In particular, for smooth profiles and smooth stream functions, the normal
component of the velocity field at the free boundary is not required a priori to vanish in some
Galilean coordinate system. Travelling periodic waves are obtained by a direct minimization of a
functional that corresponds to the total energy and that is therefore preserved by the time-dependent
evolutionary problem (this minimization appears in [6] after a first maximization). In addition, we
not only use the circulation along the upper boundary as a constraint, but also the total horizontal
impulse (the velocity becoming a Lagrange multiplier). This allows us to preclude parallel flows by
choosing appropriately the values of these two constraints and the sign of the vorticity. By stability,
we mean conditional energetic stability of the set of minimizers as a whole, the perturbations being
spatially periodic of given period. Our proofs depend on the assumption that the surface offers some
resistance to stretching and bending.

1 Introduction

For a fixed Holder exponent v € (0, 1), period P > 0 and average height @ > 0, we shall consider domains
2 C R? and curves .¥ such that there exists a C'"7-map F : R? — R? satisfying the following properties:
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F restricted to R x [0, Q] is a diffeomorphism from R x [0, Q] onto £,

meas(£2 N ((0, P) x R)) = PQ,

F(21,0) = (x1,0) for all z; € R,

e .Y CRx (0,00) and F restricted to R x {@} is a homeomorphism from R x {Q} onto .7,

F(Qﬁl + P, ,’EQ) = (F1(.”L‘1 + P, LL’Q),FQ((El + P, :1?2)) = (F1($1,$2)+P, FQ(.T17$2)) for all z = (,Tl,l‘g) S
R x 0,Q)]

As a consequence the curve .7 is of class C in the open upper half plane, P-periodic and is a connected
component of the boundary of the region {2 . Let S and 2 denote one period of . and (2. We denote
by O the set of all domains 2 defined in this way, and we write 2 € O or 2 € O. Thus .% must be a
simple curve (without self-intersection or self-touching) but it need not be the graph of a function. While
this is fairly general, it excludes some cases of physical interest. For example, a row of rolling beads of
mercury constitutes a travelling wave with a disconnected free surface whose components are not graphs
of functions, and beads of mercury can touch without coalescing.

If R? is identified with the complex plane C, the point (x1,x2) corresponding to the complex number
21 414z , it can be shown (see e.g. the appendix A of the paper by Constantin and Varvaruca [10]) that
there exists a holomorphic map

d+i: Q—Rx(0,1) (1.1)

such that
. (E—i— MZ can be extended into a diffeomorphism from £ onto R x [0, 1],
) 1:1;, a are real-valued functions of class C™ on {2 and their gradients never vanish on Q,
® Yl{z,—0y =0 and Y| s =1,

o d(z + P)+ith(z + P) = ¢(x) +ith(x) + P for all & = z1 + izs € R x [0,1], where

PZ/O 81¢(.T1,0)d1‘1=/0 821/1(x1,0)dx1:/svwnd8 (12)

and n is the outward normal to 2 at a point of S.

We shall write £ € H;B/E (S)or€e H;e/f () if € is the trace on .7 of some ¢ € H] (£2) that is P-periodic
in 1. Analogously, we shall write ¢ € L2,,.(£2) if ¢ € L? () is P-periodic in x;.

per loc
Given 2, .7, € € H;e/rz () and ¢ € L2,,.(2), let ¢ € H} (2) be the weak solution of the boundary value
problem
— Ay = on £, (1.3a)
Y(1,0) =0, (1.3b)
Y =¢&on .7, (1.3¢)
¥ is P-periodic in x;, written 1 € H;eT(Q) ory € H;er(.Q). (1.3d)

On one period, the circulation C' and the total horizontal impulse I are given by

C = Q.60 ::/Sw.nds,



T=1(9,¢0) ::/Qagwdxz/Qng-Vz/de.
By C(Q,£,¢) = [ V¢ - ndS, we mean

C<9,5,<>:/Qw~vwx7/ﬂcidx,

where 9 is any function in H}..(Q) such that 1Z|{w2:0} = 0 and t)|s = 1. For example we can choose

1Z = 1; When 9 is regular enough, these two ways of defining C (€, &, () agree, but the latter one requires
less regularity. We can also write, if there is enough regularity available,

10,60~ |

2oV - ndS —|—/ roldx.
S

Q

Let us fix p and v in R. Then (2, &, ¢) defines a travelling water wave with stream function %, circulation
1, total horizontal impulse v and vorticity ¢, if, in addition,

C6,¢) =p, 1(92,8,0) =v, (1.3¢)
& =Mz + Ao|» for some Aj, Ag € R, (1.3f)
¢ = Ao (1 — Aixa) almost everywhere for some function A (1.3g)
and 1
§|V1p —(0,\)]* + gxo = constant on .7, (1.3h)

where g is gravity. The travelling wave is moving with speed A; to the right and equation (1.3g) reflects
the fact that vorticity in steady flows is constant on streamlines. The constants A1, Ao in (1.3f) and the
function A in (1.3g) are not prescribed.

If the surface reacts to stretching and bending, the Bernoulli condition (1.3h) is replaced by

1 _
SIVe = (O M)+ gas — TB(S) - P)* o
+ E(QO'// + 03) = constant on ./, (1.3h’)

where ’ denotes differentiation with respect to arc length along the surface, o(x) is the curvature of the
surface at x € ., £(S) is the length of S, F > 0 is a coeflicient of bending resistance and 3 > 1. See
[15]. The case E =0 and § = 1 corresponds to simple surface tension with coefficient 7'

The total energy £(,&, ) of a solution of (1.3)(a—d) in one period is the sum of the kinetic energy, the
gravitational potential energy and the surface energy:

1
L(Q,£,¢) = 5/ |V1/)|2dx—|—g/ xo dx + E(S), (1.4)
Q Q
where 1) is the solution to the corresponding boundary value problem (1.3)(a—d),
o(S)
E(S)=T(U(S)~ P)’ + E / lo2ds, (1.5)
0
and s is the arc length. ! Hence we are lead to the minimization problem

min{L£(Q,&,() : Q€ O, £ € HILZ(S),C € R(Q),C = p, I =v},

per

Hf p is a parametrisation of .# such that |%p| is constant and p(z + P) = p(z) + (P,0), then

/02(3) lof2ds = (%)3/013 p(a)

In [6], the power 3 is wrongly omitted in several places, without invalidating the main results.

2
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dx.

dz?




where O is the class of domains Q described above and R(2) C L?(2) is the set of rearrangements
supported in © of a given function (g € L*(Qq), where Qg = (0, P) x (0,Q). Note that Q # Qg is
allowed and (g does not depend on €. However, in general, R(f2) is not weakly closed in L?*(2) and
we shall work instead with its weak closure (Q)w in L?(Q), which is a convex subset of L?(£2); see the
discussion in [6, p. 979, 3rd parag.]. Hence, as in [6], we shall rather consider

min{L£(2,6,¢): Qe O, £ € HY2(S),¢ e R(Y)",C = p, I = v}. (1.6)
Observe that 2o :== R x (0,Q) € ©. We write Q2 € O or 2 € O, and we assume that £(Q,¢, () = +o0
is allowed, for example if the surface energy is infinite because the boundary is not regular enough. We
assume 7' > 0, § > 1 and F > 0 in order to obtain compactness for the above minimization problem.

In (1.6), the boundary condition (1.3f) is not prescribed, but we will show that it holds for minimizers.
Hence, in (1.6), any stream function ¢ that is compatible with the vorticity function ( is allowed (by
choosing ¢ = 1| »). This feature will be crucial in the stability analysis of section 5.

A way of avoiding parallel flows. When €2 = Qg, by taking 7,71\ = x9/Q we get

19,60 =Q /Q V(22/Q) - Vibdar = QO(R,6,C) + /Q 2a( d.

Hence, if (g is essentially one-signed and not trivial, then I(Qq,&, () — QC(¢g,&,¢) # 0 has the same
sign as (o. Thus, to avoid parallel flows, it seems natural to choose p, v so that (v — Qu){o < 0 a.e. (or
v — Qu# 0 if (o vanishes a.e.).

In [6], parallel flows were precluded by choosing p large enough. They were proved to be saddle points of
the energy, and thus different from any minimizer (there, the energy functional was obtained after a first
maximization). For related works on global minimization in hydrodynamical problems and stability, see
[8, 9, 3, 5, 7]. In particular, the paper [8] by Constantin, Sattinger and Strauss contains two variational
formulations for gravity water waves with vorticity. In their first formulation, instead of considering the
constraint ¢ € Ww for a given (g € L?*(Qq) (among other constraints), they subtract from the energy
functional a term of the form fQ F(¢)dz, where F : R — R is a given C?-function such that F” never
vanishes. As a result, for any critical point, (F’)~! turns out to be the so-called vorticity function. They
do not apply their approach to existence results, but it leads to an elegant linear stability analysis in [9].

Overview of the paper. Section 2 discusses the solution by minimization of the elliptic equation
—Ay = ( for fixed Q, ¢, 4 and v and establishes the unknown boundary data £. In Section 3 it is shown
that that the Bernoulli boundary condition is satisfied by constrained minimizers when 2 is allowed to
vary. Section 4 proves compactness of minimizing sequences and establishes the existence of constrained
minimizers. The main stability result is Theorem 5.2 which is proved using compactness of minimizing
sequences together with some theory of transport equations summarised in the Appendix.

Some open questions.

—Is there a criterion that ensures uniqueness of the constrained minimizer (up to translational invariance)?
In such a case, the present notion of stability would be related to “orbital” stability.

—If (g is smooth, what can be said about the regularity of the minimizers?

— Is there an explicit (g for which the free boundaries of the minimizers are not graphs?

— For an initial profile near the one of a minimizer, is the solution to the evolutionary problem defined for
small enough positive times? A stability result like Theorem 5.2 stated under this assumption is qualified
as “conditional” (see [14] and, for well-posedness issues for related settings, see e.g. [11]). We therefore
raise the question whether such a solution to the evolutionary problem is defined for all positive times.



2 Minimization on fixed domain

We begin with a useful lemma.

Lemma 2.1. Suppose that Q € O\{Qqg} and ¢ € L*(2). Then
c@1,0) = [ [Vilds > P/
Q

(see (1.1) for the definition of 1;) and, for all p,v € R, there exist A1 = A1 g.¢c and A2 = Ag.o.¢ such that
C(Q, A1To + Ao, C) = W, I(Q, A1To + Ao, C) = .

Moreover A1, Ao € R are unique.

Proof. We require

= O(, Mz + Mgy €) = MaC(2,1,0) + \C(, 22,0) + C(Q,0,¢)
= XC(2,1,0) + M P+ C(9,0,0),

v =I(Q M2+ Ao, O) = AaI(Q,1,0) + A1 1(Q, 22,0) + I(€,0,0)
= AP + \ PQ,

because
C(9, 22,0 /V;vg ndS = /le Vo dx+/ Osxo dx1 = / Ooxodr1 =
I(an270) = / 82.’1}2d.’1} = PQ,
Q
1(9,1,0):/Va:g-vida:z/div(Jv:cQ)dx:/div ((J—1)Vx2)dx
Q Q Q
_ P
== / (¢) - 1)VZE2 -ndS = / 82562 dIl =
a0 0

and

1(Q,0,¢) = / Vg - Vipdr = / div(y)Vae)de = / YV -ndS =0,
Q Q a0
where ¢ is the solution to the system (1.3a) to (1.3d) with £ = 0.

Let 1 be, as in (1.1), the harmonic function on 2 that vanishes on {5 = 0}, is 1 on . and is P-periodic
in z;. Then, by (1.2), P = C(2,1,0) = [, |V1|2dz. Let us check that

C(Q,1,0) > P/Q with equality exactly when Q = Q. (2.1)

In order to do this, consider as in (1.1) the harmonic conjugate ¢ of w, that is, V(Z) is obtained from Vw
by a clockwise rotation through 7/2. Then ¢(z + P) — ¢(z) is a constant equal to P = C(€2,1,0) (see
above) and the map (gb, 1/1) is a diffeomorphism from {2 to R x (0, 1).

We denote by (u,v) the Euclidean coordinates in R x (0,1) and by (u,v) — z2(u,v) the map that
associates with (u,v) the a2 coordinate of the corresponding point in 2. Observe that

8u,vm2 = (au‘r% 811172) = axl,xzzQ (8(x17 x2)/a(uv U))



(Jacobian matrix),

au,vv = 3m1,m21/~) (a(xlv xQ)/a(uv U)) )
(0(x1,22)/0(u, U))(@(xl,mg)/a(u,v))T = {det(0(x1,x2)/0(u,v)) ] (2.2)

(multiple of the identity matrix; this is a consequence of the Cauchy-Riemann equations) and thus
5‘1“@2 . 87“,@ = 8271,121172 . 8961,12932 det(a(xl, :rg)/ﬁ(u, ’U)) = det(ﬁ(xl, :cg)/a(u, ’U))

and
OuwT2 - Oy oV = Oy 2, %2 - azmz/? det(O(xy1,x2)/0(u,v))

As a consequence, we get that

P 1
/ / | Vs (u,v)|?dudv = / dx = PQ
u=0 Jv=0 Q

and
P o P 1
/ Oaxo(u, 1)du a:uss/ / div(vVaa(u, v))dudv
0 o Jo

P 1
= / / Vs (u,v) - Vo dudv = / Oy w22 Opy g dx =1(2,1,0) = P.
0o Jo Q

Hence
P _

PQzmin{ [ [ 19y(u0)Pdudo sy € Hler(0.P) x (0.1).5(0) =0
0 0

B
/ Oy (u, 1)du = P}.
0

The minimum depends on P and therefore it depends on the shape of the domain €2, because P =
C(9,1,0). The minimum is reached exactly at the function y(u,v) = (P/P)v, which shows that the
value of the minimum is (]3/15)2]5 = P%2/C(9,1,0). Hence PQ > P%/C(2,1,0) and C(Q,1,0) > P/Q
with equality exactly when 2 = Q. Since Q # Qg we now have QC(£,1,0) — P > 0, so the equations
for A1 and A can be solved uniquely. O

Proposition 2.2. Given Q € O\{Qq}, ¢ € L*(Q) and p,v € R, the minimizer £o¢ for the kinetic
energy over {£ € H;e/,?(S) :C(Q,8,0) = u, I(Q,€,0) = v} exists and is unique, and there exist A1 and Ag
in R such that

E=Cac=(Mz2+ Ao)ls . (2.3)

Proof. We consider the minimum of the functional 1 — % [, [Vt|?dz over ¢ € H},,.(Q) such that

*Aiﬁ = C on Qa 1/}(70) = Oa

/QV@/;-V{/;dz—/QC{/;dx:u and /sz/;-vxzdz:u,

where ¢ is defined in (1.1) (such a v exists, by Lemma 2.1). A standard convexity argument gives a
minimizer ¢ and it suffices to set £ = ¥|s.

Consider any h € H!,_ () such that

per

Ah =0, hl{z,—0) =0, /QVh-ngdx:Oand /QVh-v{de:o.



For all ¢t #£ 0, we get

1 1 1 1
7/ |Vy|?de < 7/ |V (4 + th)|*dx = 7/ \V¢|2d:c+t/vw-Vhd;v+ft2/ |Vh|*dx
2 Jo 2 Jo 2 Ja Q 2 Ja

and thus [, Vi) - Vhdz = 0. More generally, if h € H}

per

(2) only satisfies Ah = 0 and h|{z,—0y = 0, we
consider instead of h the function

P [, Vh-Vida — [, |V|>da [, Vh- Vs de
— T

h -
P2 — PQ [, |V|? da

2

P [, Vh-Vaydz — PQ [, Vh-Vidr ~
P2 — PQ [, |Vy|? da

which satisfies the two additional constraints, in view of the relations
/ Vi, - Vi dz = P; / |V |?de = PQ.
Q Q

Instead of 0 = [, V¢ - Vhdz, we get

P [, Vh-Vdr — [, |VY|2dz [, Vh- Vo d
0:/V¢~Vhd:z:— Jo do = Jo [VOP do Jg 2 x/VxQ.dex
0 P2~ PQ [, |V da o
P [, Vh-Vaydr — PQ [, Vh-Vid -
o fQ T2 4T QIQ P x/v¢-v¢d1‘
P2~ PQ [, V|2 da Q
Vo2 da [, Vs - Vibde — P [, Vb - Vabd
:/V¢'Vhdx+f9| Yl dw Jo Vay - Vide — P Jo V- VU m/sz-Vhdx
Q P2 — PQ [, |Vy|? dx Q
PQ [, V¢ -Vpdr — P [, Vay - Vb d -
L QfQ Y- Vipdr fﬂ x9 - VY x/V¢-Vhdw
P2 — PQ [, |V|? da Q

:/V{¢+ fQ|V{§|2dfoVz2.V@pdszfQV{/}Vi//dzxz
Q

P2~ PQ [, |Vy|? da
. PQ [,V -Vipdr — P [, V- vwd%} Ohde
P2~ PQ [,,|VY|? da

for all h € H;e,.(Q) such that Ah = 0 and h|{;,—o} = 0. Hence, as we explain below, there exist A\; and

A2 in R satisfying (2.3), namely

o V|2 da [, Vg - Vipde — P [, Vi) - Vb da
P2~ PQ [,,|VY|2 dz

Al =Aac =

and .
7PQIQV¢J'V1/)d:c—PfQVx2-V1/de

P2~ PQ [, |V|2 da

Observe that these values must be equal to those obtained in Lemma 2.1, but here they are expressed

A2 =Xac =

with the help of the minimal stream function 1. Hence the uniqueness statement in Lemma 2.1 gives the
desired uniqueness of the minimizer &.

Let us briefly explain why ¥ — A\jxqy — )\212 =0on 7 if

/ V(¢ — Aza — Aoth) - Vhdz = 0
Q



for all h € H),,.(Q) such that Ah = 0 and h|,,—oy = 0. Consider the holomorphic map ¢+ i in (1.1)
and write 1 = g o (¢ + i) and h = hg o (¢ + iyp). We also use the notation (u,v) for the coordinates
in (0,P) x (0,1) and (u,v) — x2(u,v) for the map that associates with (u,v) the z3 coordinate of the

corresponding point in 2. We get

P 41
/ / V(o (u, v) — AMxa(u,v) — Agv) - Vho(u,v) dudv = 0
o Jo

for all ho € H).,((0, P) x (0,1)) such that Ahg = 0 and hol{v=0y = 0, changing variables with the aid of
(2.2). The upper boundary {vy = 1} being regular, we can deduce that 9o(u, 1) — Ajza(u, 1) — Ay = 0 for
almost all u. O

equation (2.3) is a weak formulation of the condition that the modified velocity field (02¢) — A1, —01¢))
be tangent to the upper boundary and correspond to a stationary wave that travels with speed A1 to the
right. This tangency condition would hold classically if the free surface were of class C2. However our
existence theorem in Section 4 below does not yield enough regularity for this to be asserted at present.
Proposition 2.3. Let Q € O\{Qg} be given and let (Q2,€,() be a minimizer of L over all (Q,g, z) such

w

that ‘C(Qag,g) < o0, gE H;éf(y% C € R(Q) ’ C(Q,f,(:) =p and I(Qvg7<:) =Vv.

Then there exist A1 and A2 in R such that £ = (Mx2 + A\2)|s and a decreasing function \ such that
C=MXo(h — A\xa) a.e. on Q,

where ¥ is the stream function related to (2,€,().

If (g is essentially one-signed then ¢ € R(1).

Remark. Proposition 2.3 contains no assertion concerning existence of minimizers. Sufficient conditions
for their existence will be given later.

Proof. Only the last statement need be proved. For h € L?(€2) define 1y, € H; (Q) by

—Ayy, = h,
¥y =0 on {xy = 0},
¥p|s is a linear combination of 1 and o,
u:/vwhmds, Vz/@gz/)hdx.
S Q

Because €2 # Qg it follows that 1, is well defined and ¥y |s = M\ o,r%2 + A2,0.5 in terms of the unique
constants given by Lemma 2.1. In particular we take Ay = A1.0.¢c, A2 = Ag,0,¢c and observe that ¢¢|s is
equal to the optimal £q ¢ of Proposition 2.2. Then £ = £q ¢ and, for fixed €2, ¢ minimizes the function

h — 1/ |Vpr, |2 da
2 Q

over all h € L2(Q) such that h is in R(Q) . As in [6], for such a h and all ¢ € [0,1], we set h; =



(I-t)(+the (Q)w and get that ¢, = (1 —t)y¢ + ty), and that

1 1
0< g/ﬂlvwhtIde— §/Q|V7/1<|2dﬂc:t/QV(wh —1p¢) - Vipe dax + o(t)
= t/ V(thn — ¥¢) - V(e — Mg — Agth) da
Q
+tA2/QV(¢h—¢<)-V{/?da:thAl/QV(wh—wg)-VxdeJro(t)
:t/(h_g)(d}C_)‘11'2_)\21;)dx+t/\2/(h—<)12;d$+0(t)
Q Q

:gém—gmk—xwgm+o@

because
(Ve — Mz2 — Aot) oo = 0,

/ﬂvwh ) Vi de - /Q(h —Odde = C@Q, s, h) — C(Q, s, €) =0,
/Q V(tn — ) - Vg de = I(Q, dals h) — T2 C) = 0.
Hence [,(h —¢)(¢¢ — A1x2)dz > 0 and the map
h — h - d
/Q (Ve — Miz2)dz

reaches its minimum at , where h € (Q)w As moreover —A (¢ — A\z2) = ¢, the same argument as in
[6, Lemma 2.3] ensures that there exists a decreasing function A such that

¢ = Ao (¢ — Ai,o,cx2) ae. on Q.

If (¢ is one-signed except on a set of zero measure then it follows as in [6, Lemma 2.3] that { € R(Q?). O

3 The Bernoulli Boundary Condition

In what follows, we consider some fixed minimizer (,&,¢) and outline how to adapt the method in [6]
to show that the Bernoulli condition (1.3h) or (1.3h’) holds in some weak sense. Let A1 o ¢, A2,0,¢ and A
be the constants and decreasing function given by Proposition 2.3.

Theorem 3.1. Suppose that the upper boundary . of 2 is given by an H? regular curve and

Q# Q.

We set 1o = ¢ — Mg cra and we let p : R — R? such that [p'(s)| = 1 on R be an H?-parametrisation
of . Then, for all solenoidal smooth vector fields w defined in a neighbourhood of 2, vanishing on
{xzo = 0} and P-periodic in x1, any minimizer (Q,&,() satisfies

0= /QV1/)0 - DwVipodx + g/QV - (row)dx
£(S)
L BT(U(S) — P)P / (wop)(s) - (s)ds
0

s
+E/ (2(wop)”-p" = 3lp"|P(wop) - p)ds.
0



If p and 1y are reqular enough, this can be written

0= [ (31700 + M) ) (0 m)ds + g [ an(o-mjas
- o1(es) - Py [

olw-n o>+ 20" (w-n
§( )dS+E/( +20")( )dS

s

where A is a primitive of A and o is the curvature, and thus

1

I V¥ol* + gz2 — BT(US) = P)*~ o + E(0° + 20")
18 constant on <.

Proof. We only explain how to get the term
/ Vw() . Dwvw()d.’b
2

by following the method of [6, Subsection 2.3], since the other terms do not involve 1)y so the calculations
are the same as in [6]. For small ¢ > 0 let the diffeomorphims 7 be defined on Q by 7(¢)(z) = X (¢), where

X(t) = w(X(t), X(0) =z,

and
—_— W

Q) =), ((t) = Conr(t) € R(QAL))

where k(t) denotes the inverse of 7(¢). We denote by () the solution of (1.3a) to (1.3f) corresponding
to Q(t) and ((t), and we set

£(t) = (1) #@)
Po(t) = ¥(t) — Mo
€o(t) = Yo(W)|7 ()
Wo(t) = Po(t) o 7(t)
L(t) = [Dr(t) o 7(1)]" = [(Dr(1))~ )"
(T'(t) at x is the transpose of the spatial derivative of k evaluated at 7(t)(x)).

Note that 1(0) = ¢ and ¥((0) = tbo. Moreover the dependence of ¥ (t) o 7(t) € H},,(Q) with respect to

per

t is smooth, because C(£2(t), 1,0), A1 a(),ct) and Aa o(),c(¢) are smooth in ¢, as can be checked with the
help of the formulae following (2.3) and by arguing in the fixed domain  (via the map 7(¢)) as in [6, after
(1.14)]. Then the map t — L((t),&(t),((t)) reaches its minimum at ¢ = 0 and therefore its derivative
vanishes at ¢t = 0. Let us compute the derivative of the term corresponding to the kinetic energy.

First note that
C(Q(t),&(),C() = = Arac P T(Q(1),6(t),C(1) = v — A0 PQ,
det D7(t) =1, detDk(t) =1
and

/ Vo (t) - V(tho 0 s(t))dz = C(Q(t), & (), ¢(t)) A2, + / C(t) (4o 0 K(t))dw
Q(t) Q(t)
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because g 0 £(t)|{z,=0} = 0, %o 0 K(t)]| (1) = A2,0.¢ and Aty(t) = —¢(t). Hence

/Q D(t)VT(t) - T(t) Viodz = Q(t)V(\I!o(t)O/f(t))-V(@boom(t))dx

= o Vo (t) - V(3o o k(t))dz = C(Q(1), &o(t), () A2.0.c + o C(t) (1o o K(t))dx

= (-2 gocP)roc+ / C¥ode.
> = Ja

By differentiating with respect to ¢ at ¢t = 0 in the equation

‘/Ql—‘(t)v\l/o(t) . ].—‘(t)V’(/JO dx = (M - )\LQ’EP))\Q’Q& + / g'@[]O d{l?7

Q
we get
/ V\I/()(O) . V’l/JQ d$1d$2 + 2/ V’L/Jo . F(O)V’(/JO dr = 0. (31)
Q Q
Let
1 — 1 — 1
K(t) = 3 /Q(t) |Vap(t)|? do = 3 /Q(t) VYo () dz + vy g + §A§&£PQ.
Then
. d 1 _
KO0)=— (= Vo (t)*d
0="5 (2 L, ¥t x> .
_d (1 2
== <2/Q|I‘(t)V\I/0(t) dx) .
:/Vw0~F(O)V¢0dx+/ Viho - V¥ (0)dz
Q Q
zf/ﬂvzl;o-f(())Vd)de
by (3.1). Now

L(t)(21,22) = (DT(t)[z1,22)7) "' = I — tDw[zy, 22)" + o(t) as t — 0,

I'(0) = —Dw™ and
K(0) = / Vi) - DwVg dz.
Q

The end of the proof is as in [6].

4 Minimization

In what follows, the Hélder exponent v is equal to 1/4, so that in particular HZ (R) C C17(R).

Let P be the set of all injective H7 -functions p : R — R x (0,00) such that p(z + P) = p(x) + (P,0)
for all z, p1(0) = 0 and |p’| is constant. The length ¢, of p([0, P]) is equal to ¢, = fOP [p’ ()] dz and thus
|p’(x)| = £,/ P everywhere. We shall use the notation

= p(R) and S, = p((0. P)).

11



For p € P, we shall write p € Pg if there exists {2 € O such that the corresponding upper boundary .7
satisfies . = .. We shall then write

2, =10 and Q, = ((0,P) x R)N £2.
We supplement the definition of £ (see (1.4) and (1.5)) by setting
L(82,€,¢) = +o00 for p & Pq.
In particular £(£,,€,¢) = +oo if p € P is such that the area of Q, is different from PQ.
Also, if Pg 2 pi — p € Pg in HE (R, R?), then

P P
l, = lim ¢,, and / Ip”|?ds < liminf/ Ip|?ds.
11— 00 0 11— 00 0

The next lemma leads to an explicit criterion for the free surface to remain away from the bottom.

Lemma 4.1. For any p € Pg,

P 2
@ <minp(®) + (54, (11)

where 2ra(€) (when £ > 2w) is the area enclosed between a circular arc of length ¢ and a chord of length
27, and thus

is the area enclosed between a circular arc of length £ and a chord of length P.

Moreover

/ xgdl‘ldl‘g 2 PQ2/2 (42)
Q,

Proof. See [6]. O

As a consequence, if T+ E > 0, then £ > gPQ?/2 with equality exactly when , = Q¢ and the fluid is
at rest (see (1.4) and (1.5)).

The following lemma, taken from [6], provides an explicit way of ensuring that the free surface is without
double points, namely, it is sufficient to check that inequality (4.3) below does not hold.

(R,R?) is not injective and satisfies p(x + P) = p(z) + (P,0) for all
x. Then p(R) contains a closed loop with arc length no greater than ¢, — P (see [13]). Let

Lemma 4.2. Suppose that p € H?

loc

P (@) = [P/ (@)](cos 9(s), sinv(s)) = P~ €, (cos 9(s), sinv(s)),

where s = zf,,/ P denotes arc length. Then, on the loop, the range of 9 must exceed m and thus, for some
0<82—81<1€p—P7

SQP/ZP
7 < |0(s2) — 9(s1)| < PL / P (2)lde
Slp/fp
P32
< PP s — sl o < VP (1) 1l
P
hence
P32
r <V P(1) Wl (43)
P

12



Let
W={(2¢60): peEPg, Q=0Q,€90, € HIXS), (€ L)},

Vo= {060 € W o ¢ e RO, OO0 = p IQEC) = vk

By (1.4), (1.5) and (4.2), if T > 0 there is a bounded subset of (0, P) x (0,00) that contains all domains
Q) such that, for some ¢ and ¢, (Q,£,¢) € W and L(Q,&,({) < infy £ 4 1; hence

aR>owQ¢QGWf@m1¢o<mwc+1jﬁchﬂmeD. (4.4)
Let
R = {¢ € L*((0, P) x (0, R)) : ( is a rearrangement of (o}
and R" be its weak closure in L2((0, P) x (0, R)).

Hypothesis (M2) in the following existence result is related to the various inequalities arising in the two
previous lemmata.

Theorem 4.3. Assume that

(M1) V does not contain any (2,&, () with Q = Qq,

(M2) there exist Lo > infy L, T >0, 8> 1 and E > 0 such that

P (2n (Lo—2PQ2\""
e (; {OTQQ} +21 | <Q, (4.5)
and 18
Lo— §PQ?
(@—?@%{OiiQ} < En?

(see (1.5) for the meaning of T, B and F).

(4.6)

Then infy L is attained.

Remarks

1) If we allow Ly = infy £ in (M2) or require Lo = infy £, we do not change the meaning of (M2);
however Ly > infy £ will be used in the proof of Theorem 4.4. Note that, by Lemma 2.1, V # 0.

2) Assumption (M1) holds if (g is essentially one-signed and not trivial, and (v — Qu){o < 0 a.e. (or
v—Qu # 0 if (g vanishes a.e.). See the paragraph “A way of avoiding parallel flows” in the introduction.

3) To see that all assumptions can be fulfilled, choose any T' > 0, 8 > 1 and E > 0, and then choose
Lo > 2PQ? near enough to £PQ? so that (4.5) and (4.6) hold (this is possible because a(s) — 0 as
s — 2 from the right). Choose p € Pg near enough to (0,Q) in H?_, and such that €2, # Qg. We know
that

1(9,,1,0) — QC(2,,1,0) = P — QC(2,,1,0) < 0

(see (2.1)). Choose (g essentially non-negative and small enough in L?(Q2g), and ¢ € R(Q,) such
that I(2,,1,() — QC(,,1,{) < 0. For € > 0, we have I(,,¢,¢e() — QC(2,,€,e() < 0. We then set
te = C(Qp, €,€C) and ve = I(€2, €,€C). For V, corresponding e(g, te and ve, we get that (Q,,¢€,€e() € Ve
and, if p — (0,Q) € H? . and € are small enough, that infy, £ < L.

13



4) For the above choice of V¢, the minimizer turns out to be near Qg (as p — (0,Q) and ¢ > 0 above are
chosen small enough). However in order to check (M2) for general T'> 0, 5> 1, E > 0 (g, p and v, it is
enough to exhibit explicitly an appropriate (£2,£,¢) € V. The observation that the free surface of Q need
not be a graph (but must not touch or intersect itself) was intended to help addressing this question, for
example by numerical simulations.

The previous theorem is an immediate consequence of the following one. For convenience write 1 (p, ¢, ji, 7)
for the solution to (1.3a)-(1.3f) corresponding to the domain €, # Qg (with p € Pg), the vorticity
function ¢, circulation 1z and horizontal impulse 7, and write &(p, ¢, i, 7) = ¥(p,(, /i, V)| »,. Moreover
we write Ai(p, ¢, 1, 7) and Xo(p, ¢, i, 7) for the corresponding A\; and Ay given by Lemma 2.1 applied to
Q, #Qg, ¢, pand v.

Theorem 4.4. As in Theorem 4.3, assume (M1) and (M2). For each k € N, let pi, € Pg with Q,, # Qqg,
G € L?(2,) € L?((0,P) x (0,00)) and px, v, € R. Suppose that

distr2((0,P)x(0,00)) (Chﬁu}) =0
klingouk - klggoyk -

and

lim sup £(Qp, . €Wk, Cos s Vi), Ci) =

k—oo

. 1 —
thUP{§/Q |V¢(pk7Ck7uk7Vk)\2dz+g/Q zydx + T (¢, — P)°
Pr

k—oo D

P\ [P
+E <€> / |p;€'(aj)|2dx} Linfy L. (4.7)
0

Pk

In particular these hypotheses hold true if {(Qpy, &Pk, Chs ks Vi), Ck) tren i a minimizing sequence in V.
of L (and thus pup, = p and v = v for all k).

Then there is a sequence {k;} C N such that {py,} converges weakly in H2,. to some p € Pg and {(k,}
seen in L2((0,P) x (0,00)) converges weakly to some ¢ € L*(€,). Moreover L?((0, P) x (0,00)) can be
seen as a subspace of the dual space (H'((0, P) x (0700)))/ of H*((0, P) x (0,00)) and

Gk, — € strongly in (H'((0, P) x (0700)))’. (4.8)
Since Q, € O, there exists a C'-map F : R? — R? satisfying the following properties:
e F restricted to R x [0,Q)] is a diffeomorphism from R x [0, Q] onto (2,
e F(x1,0) = (x1,0) for all x; € R,
o F restricted to R x {Q} is a homeomorphism from R x {Q} onto 7,

o F(x1+ P xo) = (Fy(x1,22) + P, Fa(1,22)) for all x = (x1,22) € R x [0,Q].

In the same way as for F, we introduce Fj : R? — R? such that, restricted to R x [0,Q)], it is a
diffeomorphism from R x [0, Q] onto [

Then this can be done in such a way that
||Fj — Fllciy — 0 for some open set U containing g, (4.9)

Xl(pkjaijv,ukﬁij) - Xl(p,C,M,V), Xz(pk'j7<k]‘5/’,’kj7yk]’) - XQ(Z%CM”?”) (410)
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and
H@(pkj ) ij ) ;u’kj7l/k_j) - E(pa m, K, V)HHI ((0,P)x(0,R)) — 0, (411)

per

where R is large enough so that the closures of Q, and all Q,, are subsets of [0, P] x [0, R) (see (4.4))
and where ¥(p, ¢, u,v) and all Y(py, Cr, pir, Vi) have been extended in (0, P) x (0, R) by A\ (p, C, p,v) 2o +

X2(p7 C7 M, V) and Xl(pkn Ckv 127° Vk:)x2 + XQ(pkv C/w Mk, Vk:)-
Finally (Qp, E(p, ¢, 11,v),¢) €V, L(Qp, E(D, C, 11, v),C) = infy L, the limsup in (4.7) is a limit:

kli_{go‘c(ﬂpkag(pkaCka“kal/k)7ck) = ian‘C' (412)

and
pr; — P strongly in Hzer . (4.13)

Proof. Let p € Pg, Ck € L*(Qy,,) and g, v, € R be such that

diStLQ((O,P)X(O»OO)) (Ckaﬁw) — 07
.

and

. 1 —
hmsup{§/9 |V¢(Pk,Ck>Mk,Vk)|2d$+g/ zo dx + T(Ly, — P)?

k—oo Pre Q
P 3 P
+B () [ P} <inty
gpk 0

Pk

For simplicity, we set
wk = 1/)(]% Chy Hks Vk)v gk = g(pka Chy Mk Vk)

A = M (P G s i) and Ao = Ao (Pro, Gy ks Vi)

(remember that we write A1 (pr, Ck, ftrs V&) and Ao (pr, Cr, ftx; Vi) for the corresponding A; and Mo given
by Lemma 2.1 applied to Q,, # Qg).

We get, for all k£ € N large enough,

L Jo,, IV do+ §PQ?

5 P3P g, 42 _ (4.14)
(6, = PY + B () J) @) Pde < L0084 G) < Lo
@14) (Lo — 2P\ "7
by, — P < {0 7 Q} , (4.15)
P 27 (4.5) . (4.1)
770 (Pep’“> < Q, minpgo(R) >0, (4.16)
3
P 12
P\? (4.15),(4.6) E(r) ||pk\|L2(0 p) (4.14)
v —p)[— e 2 Pk i < w2 4.17
o =P) (1) Wl < = . (@.17)

uniformly in k large enough. Observe that {p;} is bounded in H2,, because L(Qp,, &, (k) is bounded

. to some p and

and T, E > 0. So there is a sequence {k;} C N such that {py, } converges weakly in H
{C, } seen in L2((0, P) x (0,00)) converges weakly to some ¢ € L?(€2,,).

Remember the constant R > 0 introduced in (4.4). As in fact {¢x,} € L*((0,P) x (0, R)) and as the
inclusion map L?((0, P) x (0, R)) C (H'((0, P) x (0, R)))" is compact, we get (4.8).
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By lemma 4.2 and (4.17), p is injective and, by (4.16), p(R) C R x (0,00). Hence p € Py (see [6]).

Let F be as in the statement. Then F restricted to some open neighbourhood U of R x [0, Q] is still a
diffeomorphism onto the open set F'({) containing £2,. As a consequence, for large enough j, kaj C F(U)
and F_l(kaj) is the graph of a map z1 — H;(x1) that is C'-close to the constant map z1 — 22 = Q.
Define

Gj(z1,22) = (x1,22 Hj(21)/Q) and F; = (Fj1, Fj2) = F o G, for all j.

Then (4.9) holds. Extend v, on (0, P) x (0, R), as in the statement. Observe that

supjeN/ |V@kj |2da < oo

Pk

because £(kaj,5,€j,§kj) is finite. Hence we get successively

supjeN/ \Y% (@,ﬁ o Fj) ?dx < oo,
Qg :

SUPjeN H@kj o Fjllm1(q) < o0

by Poincaré’s inequality,
P 2
supjeN/O "(/ka OFj|m2:Q’ dr; < o0,
or, equivalently,

P
SupjeN/O A, Fio (21, Q) 4 Ao, [Py < 0.

Suppose first that {Aix,} is unbounded. Taking a subsequence if necessary, Fja(-,Q) + (A2x,/A1k,)

would converge to 0 in L?(0, P), and therefore Fy(71,Q) = Q for all 21 € (0, P) (this follows from (4.9)).

Hence €, = Qq.

Let Q € (Q/2,Q). From the Poincaré inequality, it follows that the sequence {@k]} seen in H,,,.((0, P) x
((0, P)x

(0,Q)). Moreover this can be achieved in such a way that there exists ¢ € H,,,.(Qg) independent of Q

such that 15 and ¢ are equal on (0,P) x (0,Q). Also, up to a subsequence, the sequence {(,} seen

in L2((0,P) x (0, R)) converges weakly to some ( that belongs in fact to L?(£2,) = L?(g), that is, ¢
vanishes almost everywhere outside §2g. Moreover ¢ € R" because

(0, @)) is bounded too and therefore, up to a subsequence, it converges weakly to some 1/)@ € H;er

distr2((0,P)x (0,00)) (Cki’ﬁw) =0

In fact ¢ even belongs to the convex set R(QQ)w, as it can be seen from the characterisation of (Q)w
for any open bounded set € of measure m > 0 in terms of decreasing rearrangements on [0, m]. See e.g.

Lemma 2.2 in [4]. 2

Let £ = 1](0,p)x{@}- Then, in a weak sense, —Av) = ( on Qq, ¥(-,0) =0 and (-, Q) = &.

2 Indeed let g1 : (0, PQ) — R be the right-continuous and decreasing rearrangement of ¢ € L2(QQ). If ¢ is seen in
L2((0, P) x (0, R)) instead, we can also consider its right-continuous and decreasing rearrangement g : (0, PR) — R.

Note that g2 vanishes on an interval Z; of length at least PR — PQ. Moreover the graph of g; is obtained from the one
of g2 by deleting from Z; an interval of length PR — PQ and shifting to the left the part of the graph of g2 that is to the
right of Z.

We note by G1 and G2 the rearrangements corresponding to (q.

With the partial ordering < of Burton-McLeod (see their lemma 2.2), we get successively ¢ € RY, g2 < Ga, g1 < G1 and

w

therefore ¢ € R(Qg) -
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By choosing ¢ € H}..((0,P) x (0,R)) such that 9 restricted to {5 = 0} vanishes and such that ¢ = 1
n (0, P) x (Q/3, R), we get that

n= hm Hk; = hm O(ka,,gk.7§kj) = hm {vak ! Viz;f Ckng/[;}dx
J—00 J—00 J ’ I Iy, ’

= lim Vi, - Vidr — lim Cp, e

770 J(0,P)x(0,Q/2) ! 77°0.J(0,P)x(0,R)
= [ {V VU - (o = C(Qq,6,C)  (4.18)
Qg
and
v= lim v, = lim Vi, - Vs dz
J—00 j—o00 kaA J

= lim lim Vi, - Vagdr = Vi - Vagdr = 1(Qg,&,¢). (4.19)

Q—Q~ 77 J(0,P)x(0,Q) ! Q0

Hence (Qg,¢,¢) € V, which contradicts (M1). As a consequence {Xij} is bounded. We now apply some
of the above arguments again.

From the Poincaré inequality, it follows that the sequence {@kj} seen now in H}_.((0,P) x (0,R)) is
bounded and therefore, up to a subsequence, it converges weakly to some 1) € Héer((O, P)x (0,R)). In
particular it follows that {X27kj} is bounded. Again, up to a subsequence, the sequence {(x,} seen in

L?((0, P) x (0, R)) converges weakly to some ¢ that belongs to R(Qp)w.

By choosing again ¢ € H},.((0, P) x (0, R)) such that 9 restricted to {z2 = 0} vanishes and such that
1 =1 on some open set containing ., and all kaj, we get that

n= Jllg.lo O(kaj ’ gkj ’ ij) = jhrgo {vakj ' VQZ - ij QZ}dﬂf

- sz,,kj
= /Q (V- Vi — (hyda = C(Qp, ¥] 7, )
and

v= lim Vi, - Vrgdr = lim Vi, - Vs dz
7= oy, J i—oo Ja, ’

= /Q V- Vg de = I(Qy, Y], C).

By convexity, for all é > (@ and g € Pg such that Q, CQy C (0,P) x (0,R) and .7, N.#, = 0, we have

/ \V¢|2dq;<lijnl£f/ﬂ |VEkj|2dx

24

< liminf (/ |V@kj |2dz + Const meas(Qq\kaj ))
j—00
Pk

(because the sequence {lej} is bounded) and therefore

/ Vol2dz < lim / VT, P,
Qp J—00 kaj J
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It follows that L£(Q,,%]s,,¢) < infy £ and (Qp,%|5,,0) € V so L(Qy,9]5,,¢) = infy £ and ¢ =
U (p, ¢, u,v). Hence (4.10) holds and

/ |Vy|?dr = lim / |V, |Pda. (4.20)
Qp Jj—00 kaj J

By (4.10), for all Q > Q and q € Pg such that Q, C Q; C (0, P) x (0, R) and .7, N7 = 0, we have

/ |VY|?dz = lim |V, |*d.
((0,P)x (0,R)\ 2 7700 J((0,P) x (0,R))\Qq ’
Hence
/ |Vep|2de = lim |V, |*da
(0,P)x(0,R) 3= J(0,P)x (0,R) !

and (4.11) holds too.
Together with (4.20), the fact that

‘C(Q;ij 7Ekj ) ij) - 'C(Qpa 'l/)‘yp ) C)

P P
/ Py [da H/ p"?dx.
0 ! 0

Hence pg, — p strongly in H, 2 . O

per

implies that

5 On stability

In this section, we assume that hypotheses (M1) and (M2) in Theorem 4.3 hold true. Moreover the
Holder exponent 7 is still equal to 1/4.

For smooth flows, the evolutionary problem reads as follows (see e.g. [9]). Let 9 (t,-,-) € C2.(£2(t)) be

per

the stream function at time ¢ on the domain 2(¢) € O, that is, the velocity field is given by u = (u1, u2) =
(02,10, =0y, 1) on £2(t). The Euler equation for an inviscid flow becomes

Orug + uq 8I1U1 + U2 8z2u1 = —aler
on 2(t),
o”'tug + uy 8E1uQ + U2 812U2 = —8$2Pr —-g

where Pr(t, 21, 22) is the pressure. The kinematic boundary conditions are
w(ta T, O) =0

on the bottom and
atp - (8x2¢, _811"/1) € Span{asp}

on the upper boundary .7 (t) of £2(t) that we assume of the form
L(t) ={p(t,s) e R x (0,00) : s € R}

with p smooth such that p(t,-) € Pg for all t € R. The kinematic boundary condition on the top can
also be written
V) - Ogp = det p’

18



where V is the gradient with respect to (x1,z3) and p’ is the matrix of the first order partial derivatives
with respect to ¢ and s. The dynamic boundary condition on the top reads (compare with (1.3h’))

Pr=-TB({(S(t)) — P)ﬁfla + E(2a” + 03) + function of ¢ only

on .7 (t), where ’ denotes differentiation with respect to arc length along the surface .#(t), o(t, z) is the
curvature of the surface at © € .(t) and ¢(S(t)) is the length of S(¢).

It is a standard result of classical hydrodynamics that the vorticity function ¢ = 0y, ug — Op,u1 = —Atp is
convected by the flow, where A is the Laplacian with respect to (z1,x2). Similarly the circulation along
the bottom is preserved, thanks to the equation dyu; + (1/2)0,, (u?) = —38,, Pr available at the bottom
(because ugs = 0 there). Hence the circulation C' along one period of the free boundary is preserved too.
These considerations have been the motivation for the variational problems studied in this paper.

Let us begin our study of stability by defining a distance distg between (21,&1, (1) and (Qs9, &2, () in the
set

W* ={(2.£,¢): pePq, Q=0, € O\{Qq},
¢ € Hyl2(), ¢ € L2 () C L*((0, P) x (0,00))}

per

(in the definition of W*, @ = Qg is forbidden). Let R > 0 be given by (4.4). For i € {1,2}, we
write g, ¢, ¢, for the solution to (1.3a)-(1.3d) corresponding to the domain ;, & and the vorticity
function ¢;. Moreover we write v(§2;, i, i, v;) for the solution to (1.3a)-(1.3f) corresponding to €, ¢;
wi = C(Q4,&,¢) and v; = I(£;,&;,¢) (see Lemma 2.1 for the existence of such a solution), and then
extended on {(0, P) x (0,00)}\€; in a way that is independent of 21 and affine in x5 (see equation (1.3f)
on the free boundary, ¢ in (1.3a)-(1.3f) being now not given a priori).

If Q1 = Qg and Y(Q, (1, 1, v1) = (Qa, Co, pa, v2), We set

disto ((Q1,&1,¢1), (2,2, ¢2)) = ¢ — Gl ((0,P) xR)Y
IV, 6.6 — VYa,.6.0llez@)

(when actually ¢; = (2) and in all other cases write

disto((Q21,&1,C1), (Q2, &2, (2)) = infsepo,py |1 (s + ) — p2||mz,,
+1¢1 = Gl (o.p)xr)y + [V, 6,60 — VO, G, pin, v1) |20y
HIVpa, 0,00 — VO (2, Co, 2, v2) || 12 (0)

HIV(Q, G, 1, 1) — VO (Q2, G s, v2) ] 22((0,P) % (0, R))

for some parameterisations p; and p of the free boundaries (that is, p1, pa € Pg, Q1 = Qp, and Qp = Q,,,).
Observe that p;,ps : R — R? are uniquely defined only up to translations in s.

Theorem 4.4 implies that the set D(u,v, (o) of minimizers of £|y endowed with the distance distq is
compact (see (4.8) to (4.13)).

Lemma 5.1. Let ((2,&n,¢n) : n € N) C W be such that
distr2((0,P)x (0,00)) (Cmﬁuj — 0,

Cn:&nyCn) = 1y I, &0y Cn) — v, limsup L(Qn, 6n, Go) < infy L.

n—oo

Then Q, # Qg for all n sufficiently large, the distance disty of (n,&n,Cn) to the set D(p,v,(q) of

minimizers converges to 0 and lim,_ o L£(Qy,&n, () = infy L.
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Proof. Let us first suppose that Q, # Qg for all n € N. For each n, let u, = C(Qn,&n,Cn), Vn =
I(Q,, &0, Cn) and p, € Pg be such that Q, =, .

We write 1,, for the solution to (1.3a)-(1.3f) corresponding to the domain €2, # Qg, the vorticity function
Cn, circulation y,, and horizontal impulse v,,, and write &, for the trace of 1,, to the upper boundary of
Q,. In particular

C(ngmgn) = pn and I(anan) =Vn . (5.1)
Moreover we write Ay, and Ay, for the corresponding A\; and Ay given by Lemma 2.1 applied to Q,,, (p,
L, and v,.
As

'C(Qﬂdgn’ Cn) < E(Qn,gnv Cn)a

(see Proposition 2.2), we can apply Theorem 4.4 to the sequence {(Qy,&,,,(n)}n>1: the distance distg of
(Qn, &,y o) to the set D(p, v, () of minimizers converges to 0 (see (4.8) to (4.13)). We also have proved
that there is at least one minimizer.

This implies that the distance disty of (2y,,&n, (n) to the set D(u, v, (o) of minimizers converges to 0. To
see it, we write ¥q ¢ ¢ for the solution to (1.3a)-(1.3d) corresponding to the domain  # g, § and the
vorticity function ¢ (however ¢ is not assumed to satisfy (1.3f)). We let ¥n be, as in (1.1), the harmonic
function on 2, that vanishes on {25 = 0}, is 1 on .%, and is P-periodic in ;.

Looking for a contradiction, assume that some subsequence, still denoted by {(Q, &, (n)}, is such that
its distance distg to D(y, v, (o) remains away from 0. Taking a further subsequence if needed, we may
also assume that (Q2,,,&,,,¢,) tends to some (Q,&,¢) € D(u,v,¢). We get

/ V(a0 — D)2 = / 2 / VD, Pdz

n n

72/ v(@n - X1,nfE2 - XQ,an) : V(%/}Qn,gn,gn - En) dx
Q

n

) / V(A2 + Nontn) - Vi e — Tp) d
Q,

) / Vo, e, 0 i — / V5, Pdr — 20
Qn

28

*ZXLn{I(Qna 5717 Cn) - ,Ufn} - 2X2,n{C(Qna gna Cn) - Vn}
= / Vq, 60.c0|2de — / Vi, |d
Qn

n

= 2{£(Qn7§n7Cn) - ‘C(Qrugrwcn)} —0

because lim sup,, . £(Qn,&n, C) < infy £, limy, oo £(Q0,&,,, C) = infy £ by (4.12), and 1, — A\ 22 —
Xg’n{/;n has zero boundary data so it may be treated as a test function. As a further consequence,
lim,, 00 £(2,&n, ¢n) = infy £. Hence the distance distg of {(Qn,&n,¢n)} to D(i,v,{g) tends to 0,
which is a contradiction.

We have assumed ,, # Qg for all n € N. If Q,, # Qg for all n € N sufficiently large, the argument
is the same. On the other hand if Q, = Qg for infinitely many n, we can assume by extracting a
subsequence that 2, = g for all n € N. This case leads to a contradiction as follows, and therefore
cannot occur. Taking a further subsequence if needed, we can assume that ¢, — ¢ weakly in L?(2g) and
Vg .en.cn — ¥ in HY(Qgq) for some ¢ and 1. We get ¢ € R(QQ)w (see the footnote 2), C(Qq,&,¢) = p
and I(Qq,§,¢) = v, where ¢ is the trace of . Hence (Qg,¢,¢() € V, which is in contradiction with
(M1). O
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We now let ¢t denote time and prove the following stability result, after first giving a definition.

Definition: regular flow. Given # € (0,00], we call {Q(t),&(t), ((t) }1e0,7) @ regular flow if, for all ¢,
Q(t) € O, £(t) € Hyl2(S(1)) with S(t) = 09(t) \ (0, P) x {0}), ((t) € LA(Q(t)) C L*((0, P) x (0,00))
and there exists a stream function ¢ € L>((0,%), H2.,((0, P) x (0,00))) * such that ¢ (t) = ¢(t, )| is

a solution to (1.3)(a—d) for almost all ¢ € [0,%). Let ¢ give rise to the velocity field u = (9,%, —0,, %) on
(0,%) x (0, P) x (0,0). Concerning the dependence of the domain 2(¢) on ¢, we suppose that Usegoz) $2(t)
is bounded, we let X(t) be the characteristic function of Q(t), and we assume that the mapping t —
X(t) € L*((0, P) x (0,00)) is continuous on [0,?) and that ¥ € L>((0,%) x (0, P) x (0,00)) satisfies the
linear transport equation

X +div(xu) =0 on (0,%) x R x (0,00)

(in the sense of distributions, where ¥ and u are extended periodically in z1). In addition the mapping
t — ((t) € L?((0,P) x (0,00)) is supposed continuous on [0,f) and u satisfies the time-dependent
hydrodynamic problem (Euler equation or vorticity equation), which takes the form of convection of
¢ = —xAv by u according to

O¢ +div(Cu) =0

(in the same sense as above). Finally £, and C are all assumed to be conserved, that is, at all t € (0,?)
they have the same values as at ¢t = 0.

For smooth functions these conditions are weaker than those of the full evolutionary problem, for we do
not need to be more precise in the statement of the following theorem.

Our main stability result now follows. Whilst this is formulated in terms of distg, the subsequent Remarks
will discuss alternatives to distg which some readers may consider to be more natural.

Theorem 5.2. For all € > 0, there exists § > 0 such that if
(QO7£O7CO) S M/a ‘C(QO7£O7CO) < 5+m‘}n£7
distr2((0,)x (0.00)) (G0 R(%W)") <6, 1C(Q0,€0,¢0) = ul <6, [1(S0,0,C0) — v] <6,
and if
t— (Q(t),£(),¢() e W

is a regular flow on the time interval [0,t) such that (£2(0),£(0),¢(0)) = (0, &0, o) (for some t € (0, o]
that is not prescribed), then

Q) £ Qg and disto((Q(t)@(t),g(t)),p(u, v, QQ)) <e

for allt €10,1),
Proof. If not, there exist € > 0 and, for each n, a regular flow {$2,,(t),&n(t), Ga(t) }1epo 7, ) such that
1 . . —w 1
L£(2a(0),€4(0),6a(0)) < — +min £, distrz((o,P)x(0,00)) (Cn(0)7R(QO) ) <

OO0 (0),60(0), G (0) ~ ] < -, |00 (0),0(0),u(0) ] <
and t,, € [0,%,) such that either ,(t,) = Qg or

disto (2 (tn), En(tn), Cu(tn)), D(1,v,¢Q)) > €.

3By definition of this space, ¥ € L}, .((0,7) x (0,P) x (0,00)) and, for almost all ¢, ¥(t,-) € H2..((0,P) x (0,00)).

loc
Moreover all the derivatives up to order 2 with respect to z1 and x2 are in L1 ((0,%) x (0, P) x (0,00)) and the function

loc
t = 119 a2 ((0,7)x (0,00) 18 i1 L
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Therefore

C(Qn(tn)7§n( n)v(ﬂ(tn)) - C(Qn(O),fn(O),Cn(O)),
I(Qn(tn)vfn( n)7§n(tn)) = I(Qn(O),gn(O),gn(O))
We get .
distr2((0,P)x(0,00)) (Cn(tn)yﬁw) e

to see this, we introduce as in [5] a “follower” x,(t) € R for (,(t) as follows. For each n € N choose
xn(0) € R(Qn(O))w c R" with ||xn(0) — ¢n(0)]] 22, (0)) < 1/n and let t — xp(t) € L*((0, P) x (0,00))
be the unique solution of the linear transport equation O:;x, + div,(xnun) = 0 that is continuous in
t € [0,%,) (with periodicity condition in x1), where the velocity u,(t), as envisaged in the definition of
regular flow, is assumed to lie in L>((0,,), H,.,((0, P) x (0,00))).

The results of DiPerna and Lions [12] and of Bouchut [2] guarantee that, for all ¢ € (0,,,), x»(t) and ¢, (¢)
are convected by the incompressible flow and thus are rearrangements of x,,(0) and ¢, (0) respectively
vanishing outside €2,,(t). See the Appendix for a brief account of the theory in [12, 2] that is needed on
transport equations, and in particular for the existence and uniqueness of x,,.

As in [5] we have x,(t) € R" and yn — (, is a solution of the transport equation, so

[[Xn(tn) — Cn(tn)”L?(Qn(t)) = [|xn(0) — C”(O)||L2(Qn(0)) <1/n.

If Q,(t,) = Qg for infinitely many n, we would get a contradiction with the previous lemma. If Q,,(¢,,) =
Qg for finitely many n, the fact that, for large n, (2, (tn),&n(tn), n(tn)) stays away from D(u, v, (g
(with respect to distg) would again lead to a contradiction with the previous lemma. O

Remarks. 1. In the statement, the hypotheses
ﬁ(QO7£O7CO) <90 + rr%/in/:, |O(QOa§O7CO) - :u| < 5’ |I(QOa§O7CO) - V| <o

can be replaced by
Qp # Qg and disto((907§0,C0)7D(M7’/7 CQ)) <9

because
E(QO7£03 CO) - mvi,nﬁ7 0(907507 g()) - U, I(Q(h&[h CO) — VvV

as disto (€0, £0, o), D (1, v,{q)) — 0.

2. Solutions to the evolutionary problem that are considered are supposed regular enough, but nothing is
claimed about their existence. This is why the stability result is said to be “conditional”. The choice of
the distance in the statement is crucial for its meaning. Conditional stability is here with respect to the
distance distg, that is, the distance distqy to the set of minimizers is controlled for subsequent times if it is
well enough controlled initially. However nothing is said about other distances and it could be that some
other significant distance blows up whereas distg remains under control; as a consequence the solution
would nevertheless cease to exist in the considered functional space. On the other hand, a control on
distg could be the starting point of a well-posedness analysis (well-posedness of the Cauchy problem for
related settings is discussed in many papers, see e.g. [11]).

3. In the statement of the theorem, disty can be replaced by the simpler distance

disty ((Q1,81,¢1), (Q2,82,¢2)) = infsepo,pp |[P1(s + -) — p2l| 12

per

+I¢1 = Gllmr (0,p)xr)y + [IVY0, 61.¢0 — VY, .6 llL2(0,P) % (0,R)) >
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where Vg, ¢, ¢, has been trivially extended on ((0,P) x (0, R))\€; (thus dist; is defined in terms of
vorticity and velocity). Indeed, for all €; > 0, there exists ¢y > 0 such that, for all (Q,&,() € W*,

disto((ﬂ,g,g) , D(, v, gQ)) < e = dist, ((Q,f,(), D(u, v, CQ)) <e .

Otherwise there would exist ¢; > 0 and two sequences {(Q1,1,&1,n,C1,0)} C W* and {(Q2,1,82.n,C2n)} C
D(u,v,(g) such that

lim diStO((Ql,nagl,naCLn)a (QQ,n7€2,n7C2,n)) =0

n—0o0

and

infnen dist ((Q1ns €1 Cn) s (D2 E2ms Con))
> inf, ey disty ((Ql,n,ﬁl,m Cin) s D(p, v, CQ)) > €.

Taking subsequences if necessary, we can assume that
nh—{r;o diStO ((92,7’” 52,717 C27n) ) (Qa 57 C)) =0

for some (€,§,¢) € D(p,v,{g) and thus

nh—>H;<> diStO ((lev gl,n; Cl,n) ) (Qa ga C)) =0.

If @, =Q and

Vi//(Ql,m Cl,nv C(Ql,nv gl,nr CL”)’ I(le"“ 517"’ CL"))
= V(¢ C(92,€,0), 1(2.€,¢))

then
dist1 (@1 €1msC1n) s (26,0)) = disto (Rms E1ms Crn)» (R,0)).

whereas otherwise,

IV, 6161 — V.ecllL2(0,P)x 0,7)
<UVYar . 6imcn = Viaecliz@,) + I1IVeaeclliizoen..,)

<V, 061t — VO Qs Cns C( €1y Cin)s T s E1ms Cun)) |22 (000

+ IVY(Q i, Ciny C( Qs €1y Cin ) L (0 E1my Ciin)

= V§(92,(,C(9,60), 12,6, 2.0
+ ||V@(Q7 G C(EQ), 1(&,Q) - V@/Jﬂ,i,d L2(Q1,) T HVl/JQ,é,C |L2(Q\Ql)n)

<V, rmicin — VO, Cns C(Q 0, E0ms Cn)s L1005 €1y Cn )l 22(0200)

+ IVY(Qn, Ciny C( Qs €1y Cun ) L (1m0 E1my Giin)

— V(2,6 C(92,6,0), 1(Q,&, )l 22 ((0,P)x (0, 7))
+ V(2,6 C(,6,0), 1(,€,Q) — Vibaecllz )
V(G O, 6,0, 12,6, D)2 00 + IVY0.ecllz@van )

and hence

diStl ((Ql,na fl,na Cl,n) ) (Qa 67 C)) < diStO ((Ql,’rhfl,na Cl,n) ) (Qa 57 C))
+ V(2,6 C(0,,0), 1, Ol 200 + [VYaecliizone..)-
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Thus in either case we get the contradiction

0 = hm diStl ((Ql,nvgl,TMCl,n)v (Qagvc)) 2 €1.

4. In the statement of the theorem, the hypotheses
‘C(QO7£O7 CO) < 0 + m‘/i,nﬁa |C(QO7§07CO> - ,LL| < 57 |I(QO7§07CO) - V| < )

can also be replaced by
dista (20,80, G0), D(1 v, GQ) ) < 8
(compare with the first remark). Indeed, for all § > 0, there exists d; > 0 such that all (©,£,() € W
satisfying disty ((Q,f,(), D(p, v, CQ)) < 47 also satisfy
‘C(Q7£aC) < 5+m‘}n£7 ‘C(Q,f,g) - :u| < 53 |I(Q7£a<) - V| < 4.

Otherwise there would exist § > 0 and two sequences {(Q1,1,&1.0n,C1.0)} C W and {(Q2,n,&2.n,C2.n)} C
D(u,v,(g) such that

lim diStl ((Ql,nvfl,naC1,n)7 (QQ,na€2,n7§2,n)> =0

n—oo

and such that one of the following inequalities holds:
infneN E(Ql,na 61,717 Cl,n) 2 ) + m‘/i,n E,

inf,, ‘O(Ql,nafl,na Cl,n) - ,u| = 57 inf,, |I(Ql,n7€1,na Cl,n) - V| > 0.

Taking subsequences if necessary, we can assume that
i disto (22,0, 62,0, Gon) » (2,6,0)) =0

for some (,£,¢) € D(p,v,{g). Arguing as above, we get

nlL»IIc}o diStl <(92,n7 527715 CQ,TL) 9 (Qa 67 C)) = 0
and thus
nlLIIéo diStl ((Ql,TH El,n, Cl,n) ) (Qa fa C)) = O

We then get the contradiction
E(Ql,7La fl,na Cl,n) - HlViIlE, C(Ql,na 51,”7 Cl,n) - K, I(Ql,na gl,nv Cl,n) —V

(see (4.18) and (4.19) for similar computations).

6 Appendix: transport equation theory needed to construct the

follower

During the proof of Theorem 5.2 we introduce a “follower”, in ﬁw, of a regular flow, by convecting a
suitable element of R using the velocity field of the flow. Here we present the theory of transport
equations needed to justify this construction.

Let us consider a regular flow (see the above definition). As {J,¢o 7 €2(¢) is bounded, we can suppose that,
for some R > 0, Uy (o7 2(t) C (0, P)x (0, R) and the divergence-free velocity u € L*°((0, ), H}..((0, P)x
(0,00))) vanishes for x5 > R. We extend u to all of R x R? by setting u(t,z1,22) = 0 for t & [0,%),
u(t, 1, 22) = (u1(t, 1, —x2), —ua(t, 21, —x2)) for 29 < 0 and by P-periodicity in z1. We use the notation
u = (u1,uz) and u(t) = u(t, ). As, for almost all ¢, the trace of uz(f) on the set xo = 0 is trivial (see

(1.3b)), u is now well defined in L>(R, H!,,.(R?)) and still divergence free.

per
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Existence

Consider initial data x(0) € L2(92(0)) c L?((0, P) x (0,00)) and extend it periodically in z1 so that we
can see it in L2, (R x (0,00)) C L2.,.(R?) (and x(0) vanishes when 2z < 0). Mollify x(0) in z to get

per

X< (0) and mollify u in z and ¢ to get u. -(t) bounded in H,,,.(R?). This can be done in such a way that
the second component of u. ,(t) vanishes on x5 = 0. Since, for fixed € and 7, ue, € L°(R x R?), the
solution of

drx +div(xue ») =0 in [0,00) x R?

with initial data y.(0) exists for all positive time by using the flow of u. ,; denote it x. - (t) € L2, (R?).

per
Notice that wu. ,(t) is still divergence-free and therefore the flow is rearrangement-preserving, hence

Ixer )2 = lIxer ®)ll2(0.p)xm) = lIx(0)ll2 < [X(0)]2-

Then, for any 1 < s < 2, we have

X7 (B)ue,r (D)lls = [Ixer (O)uer(B)lle(0.p)xr) < IXer (D)ll2lle,r (E)]l25/(2-s)

< IxO)llzllw() [l

so we have x. ,(t)u. ,(t) bounded in L® and thus div(xe - (¢)ue ») bounded in W =15, Hence, as in Lemma
10 in [5], for 0 < t1 < to,
[Xe,r(t2) = Xe,r(t1)][=1,s < MIx(0)|[2[t2 — t]

where M is a bound on ||u(t)|| g for almost all ¢ € [ty, t2].

Let 1/r+1/s=1 (so 2 <r < 0o). Then WbH((0, P) x (—2R,2R)) — L*((0, P) x (—2R,2R)) compactly
and, taking the adjoints, L? — W =% compactly. Since the y.,(t) all lie in a ball in L%((0, P) x
(—2R,2R)) (for €,7 small enough) and hence lie in a strongly compact set in W~=%% we can apply the
Arzela-Ascoli theorem to let e,7 — 0 (along any particular sequences) and obtain a sequence converging
in L>=((0,7), Wyp*(R x (—2R,2R))) and weakly in L? on any bounded open subset of (0,7) x R? to a
limit

X € C([0,7), Wyeh* (R?)) 1 L2,((0,7) x B2) 1 L((0,7), L2,, (R?)),

per loc

where L2_,.(R?) is endowed with the norm of L*((0, P) x R). Moreover y solves the linear transport
equation on (0,%) x R? with initial condition x(0), x(t) is also weakly continuous in L? with respect to
t €10,%), x(t) vanishes for 2o < 0 and for 22 > R and x(¢) = 0 if x(0) > 0 (because of the way x(-) has
been obtained as a limit; remember that x(0) vanishes for x5 ¢ [0, R], and since u(t) vanishes for 2o > R
and the second component of u(¢) is odd in x5 it follows that the trajectories of the approximating flows

do not cross the lines x5 = 0 and 29 = R+ ¢).

Rearrangement and uniqueness

Let t — x(t) € L?_,.(R x (0,00)) be such that

per

X € C([0,2), Wiy (R x (0,00))) N Li ((0,7) x R x (0,00))

per

N Li5.((0,), Ly, (R x (0,00))),
the support of x is uniformly bounded in the zo direction and y satisfies the linear transport equation
on (0,%) x R x (0,00), that is,

/ (Orp+ V- u)xdtdr =0 (6.1)
(0,£) xRx (0,00)
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for all ¢ € 2((0,t) x R x (0,00)). Here x is not necessarily restricted to be the solution obtained just
above and, provided that x € L7 ((0,7) x R x (0,00)) N L§5,((0,7), L2,.(R x (0,00))), the hypothesis

x € C([0,7), W, .L¥(R x (0,00))) above is equivalent in this context to the requirement that t — x(¢) €

per

L2, (R x (0,00)) is continuous in ¢ > 0 with respect to the weak topology on L2,,.(R x (0, 00)).

per per

Let us check that (6.1) still holds for all ¢ € 2((0,) x R?), so that x is also a solution to the linear
transport equation on (0,7) x R? (where x vanishes if o < 0). Given such a ¢, we introduce f € C*°(R)
such that f(z2) =0 for 25 < 0, f(z2) = 1 for 2z > 1 and f is increasing. We set fs(xs) = f(x2/6) and
observe that

/ ) (F5(@2)9rp + F5(@2)Vep - u+ f(aa)pus)y didz = 0,
(0,t) xRx(0,00)

where u = (u1,uz). As x € L=((0,%), L2,,.(R x (0,00))), we get

per

/ ] (Fs(22)up + fi(a2) V- wxdide — | (B + Vo w)x dide
(0,t) xRx (0,00) (0,t)xR2

as 6 — 0, by Lebesgue’s theorem. Moreover, if ¢ is supported in (0,T) x (—A, A)? with 0 < T <, then

/ f5(x2)puax dtdx
(0,7) xRx (0,00)

< 6~ const [|ox[| 20,7 x (- 4,4)x (0,60 142 ]| o< ((0,7),22((— 4, 4) % (0,6)))
Poincaré

< const [[ox| L2 (0,7)x (= 4,4)x (0,6)) VU2 oo ((0,1),22((— A, 4) x (0,6)))

— 0

as § — 0, because x € L2, ((0,7) x R x (0,00)) (Poincaré’s inequality is available thanks to the fact that
the trace of ua(t) on o = 0 vanishes for almost all ¢; see e.g. [1], sect. 6.26 in the 1st edition or 6.30 in

the 2nd). Thus (6.1) holds for the more general ¢ as desired.

Now that we know that

X € C([0,8), Wpep* (R?)) N Life((0,7) x B?*) N L7, ((0,), Ly, (R?))

per loc per

is a solution to the linear transport equation on (0,%) x R?, we mollify in z to get x. € C([0,7), L2,.(R?)).

per

We also assume that x vanishes if z2 ¢ [0, R].
Choose any T € (0,%). Then, for bounded g € C*(R), by Bouchut [2], proof of Thm 3.2(ii) (especially
Lemma 3.1(ii) applied to eq. (3.23)), we have

Dg(x=) + div(g(xe)u) = r- — 0 in L*((0,T), Lj,.(R?)) as e — 0.

Integrating against a smooth test function of the form h(t)f(x) we have

/ hfr.dtdx
R3

‘/ h’fg(xs)dtdx+/ WV f - ug(xe)dtdx
R3 R3

< Alrellzro,myx (—p2pP)x(~2r,2R))  (6.2)
provided sup,cg |h(t)| < 1, sup,epe |f(2)| < 1, h is compactly supported in (0,7) and f is compactly
supported in (—P,2P) x (—2R,2R).

Choose f = fs € 2(R?) of the form fs(x1,72) = f1(x1)f2(z2) where f; vanishes outside [0, P + §] and
is identically equal to 1 on [§, P], while f5 is compactly supported in (—R — §, R + §) and is identically
equal to 1 on [—R, R]. We assume 0 < § < min{P/2, R}. By approximations, the class of allowed f;
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can be enlarged to continuous functions that are piecewise C', and therefore we can choose f; such that
fi(x1) =x1/6 on [0,d] and fi(x1) =1 — (1 — P)/d on [P, P 4 4]. Then

/ g(Xs)Vfa-udeZ/ g(xe) fi(x1) fo(w2)us de,

because u = (u1,uz) vanishes if zo ¢ [~ R, R] and thus fj(x2)uy vanishes almost everywhere on R?,
where ¢ is fixed in a set of full measure in (0,7). The contributions to the integral of the regions
[0,6] x [-2R,2R] and [P, P + ¢] x [-2R, 2R] are equal and opposite (because x. and u are P-periodic in
x1, and f'(z1) = £1/6 there), while g(x.)fi(x1)f2(22)u; vanishes everywhere else. Hence

|, o002V s(a) -utt.z)de = . (63

For 0 < t1 < to < T, now take h = hs in (6.2) to be any test function on (0,7") with 0 < hs < 1, vanishing
outside (t1,t2), equal to 1 on [t; + d,t2 — 4], with 0 < hjj < 2/0 on (t1,t1 +0) and 0 < —hj < 2/J on
(ta — 0,t2) (0 < 0 < (ta —t1)/2). Applying (6.3) and letting 6 — 0, we obtain

/ 9(xe (t2))dz — / g(xe(t2))dz
(0,P)x(—R,R) (0,P)x(—R,R)

< |7ell Lo,y x (- P2P)x (—2R,2R))

because g(x.) € C([0,%), L2, (R?)). Letting ¢ — 0 yields

per

/ g(x(t2))dz = / g(x(t))da
(0,P)x(—R,R) (0,P)x(—R,R)

and we deduce that x(t2) is a rearrangement of x(¢;) in L?((0, P) x (—R, R)). As a consequence x(tz2) is
a rearrangement of x(t1) in L?((0, P) x (0, R)) and hence [|x(t,-)||L2((0,P)x (0,00)) IS constant in time. As
T € (0,¢) is arbitrary, this proves any solution

x € C([0,%), W, .L5(R x (0,00))) N LE,.((0,) x R x (0, 00))

per loc

N L2.((0,%), L2, (R x (0,00)))

loc per

of the linear transport equation on (0,7) x R x (0,00) such that x vanishes for all zo & (0, R) is strongly

2

2er(R % (0,00)) (because it is weakly continuous and the L?-norm is pre-

continuous with respect to L
served). In addition x(t) is a rearrangement of x(0) for all ¢ € (0,7) and therefore if x(0) = 0 then
x(t) =0 for all t € (0,¢). If x(0) is not necessarily trivial, this implies by linearity that ¢ — x(¢) is unique

given x(0) (more precisely, unique in this class).

Let Q(t) for t € (0,t) and X be as in the definition of a regular flow in the previous section, and
assume moreover that x(0) vanishes outside ©(0). Then x2/(1 + x2) € [0,1) is a solution to the linear
transport equation on (0,%) x R? (see Thm 3.2(ii) in [2]) and so is X — x%/(1 + x?) (by linearity). As
X(0) — x(0)2/(1 + x(0)?) > 0 almost everywhere, we get X (t) — x(¢)?/(1+ x(t)?) > 0 for all t € [0,7) and
thus x(¢) is supported by Q(t) for all ¢ € [0,7).
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